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ANALYSIS

Partial actions of groups on spaces and on C*-algebras were gradually intro-
duced in [14], [15], and [21], with more recent study of associated crossed products
shedding new light on the inner structure of many interesting C*-algebras (see
[16] for a comprehensive introduction and overview). In the purely algebraic set-
ting, the corresponding notion of a partial action or a partial coaction of a Hopf
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ABSTRACT. Partial actions of groups on C*-algebras and the closely related
actions and coactions of Hopf algebras have received much attention in recent
decades. They arise naturally as restrictions of their global counterparts to
noninvariant subalgebras, and the ambient enveloping global (co)actions have
proven useful for the study of associated crossed products. In this article,
we introduce the partial coactions of C*-bialgebras, focusing on C*-quantum
groups, and we prove the existence of an enveloping global coaction under mild
technical assumptions. We also show that partial coactions of the function alge-
bra of a discrete group correspond to partial actions on direct summands of
a C*-algebra, and we relate partial coactions of a compact or its dual dis-
crete C*-quantum group to partial coactions or partial actions of the dense
Hopf subalgebra. As a fundamental example, we associate to every discrete
C*-quantum group a quantum Bernoulli shift.

1. Introduction

algebra on an algebra was introduced in [12].
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Naturally, such partial (co)actions arise by restricting global (co)actions to
noninvariant subspaces or ideals, and in these cases, all the tools that are available
for the study of the global situation can be applied to the study of the partial one.
Therefore, it is highly desirable to know, given a partial group action or a partial
Hopf algebra (co)action, whether it can be identified with some restriction of a
global one, whether there exists a minimal global one—called a globalization—and
whether the latter, if it exists, can be constructed explicitly. For partial actions of
groups on locally compact Hausdorff spaces, such a globalization can always be
constructed, but the underlying space need no longer be Hausdorff (see [1], [2]).
As a consequence, partial actions of groups on C*-algebras cannot always be
identified with the restriction of a global action (see [1]). In the purely algebraic
setting, partial (co)actions of Hopf algebras always have a globalization (see [4],
[5]; see also [3], [6], [13]).

In this article, we introduce partial coactions of C*-bialgebras, in particular, of
C*-quantum groups, on C*-algebras, and relate them to the partial (co)actions
discussed above. In the case of the function algebra of a discrete group, partial
coactions correspond to partial actions of groups where for every group element,
the associated domain of definition is a direct summand of the total C*-algebra,
and these are precisely the partial actions for which existence of a globalization
can be proven. If the C*-bialgebra is a discrete C*-quantum group, then every
partial coaction gives rise to a partial action of the Hopf algebra of matrix coef-
ficients of the dual compact quantum group. Finally, in the case of a compact
C*-quantum group, partial coactions restrict, under a natural condition, to partial
coactions of the Hopf algebra of matrix coefficients on a dense subalgebra.

Partial coactions appear naturally as restrictions of ordinary coactions to ideals
or, more generally, to C*-subalgebras that are weakly invariant in a suitable sense.
An identification of a partial coaction with such a restriction will be called a
dilation of the partial coaction. The main result of this article is the existence
and a construction of a minimal dilation, also called a globalization, under mild
assumptions. We follow the approach for coactions of Hopf algebras in [5], but
face new technical difficulties. To deal with these, we assume that the C*-algebra
of the quantum group under consideration has the slice map property, which
follows, for example, from nuclearity (see [31]), and is automatic if the quantum
group is discrete. Briefly, the main result can be summarized as follows.

Theorem. Let (A, A) be a C*-quantum group, where A has the slice map prop-
erty. Then every injective, weakly continuous, reqular partial coaction of (A, A)
has a minimal dilation and the latter is unique up to isomorphism.

Presently, we cannot tell whether this slice map assumption is just convenient
or genuinely necessary.

Parts of the results in this article were obtained in the first and second authors’
Master’s theses. In forthcoming articles, we plan to study crossed products for
partial coactions, and partial corepresentations of C'*-bialgebras.
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The article is organized as follows. In Section 2, we recall background on
C*-quantum groups, strict x-homomorphisms and the slice map property. In Sec-
tion 3, we introduce partial coactions of C*-bialgebras, and discuss a few desir-
able properties like weak and strong continuity. In Section 4, we show that partial
actions of a discrete group I' on a C*-algebra correspond to counital partial coac-
tions of the function algebra Cy(I") if and only if the domains of definition are
direct summands of the C*-algebra. In Section 5, we relate partial coactions of
compact and discrete C*-quantum groups to coactions and actions of the Hopf
algebra of matrix elements of the compact quantum group. In Section 6, we
show how partial coactions arise from global ones by restriction, and discuss the
closely related notion of weak or strong morphisms between partial coactions. In
Section 7, we construct for every discrete quantum group a quantum Bernoulli
shift and obtain, by restriction, a partial coaction that is initial in a suitable
sense. In Section 8, we consider the situation where a partial coaction can be
identified with the restriction of a global coaction, and study a few preliminary
properties of such identifications. Finally, in Section 9, we prove the main result
stated above.

2. Preliminaries

Let us fix some notation and recall some background.

2.1. Conventions and notation. Given a locally compact Hausdorff space X,
we denote by Cp(X) and Cy(X) the C*-algebra of continuous functions that are
bounded or vanish at infinity, respectively. For a subset F' of a normed space F,
we denote by [F] C E its closed linear span. Given a C*-algebra A, we denote by
A* the space of bounded linear functionals on A, by M (A) the multiplier algebra,
and by 14 € M(A) the unit of M(A). Given a Hilbert space K, we denote by 1
the identity on H.

Let A and B be C*-algebras. A sx-homomorphism ¢: A — M (B) is called
nondegenerate if [p(A)B] = B. Each nondegenerate *-homomorphism ¢: A —
M (B) extends uniquely to a unital *-homomorphism from M (A) to M (B), which
we denote by ¢ again. By a representation of a C*-algebra A on a Hilbert space
H we mean a x-homomorphism 7: A — B(H). All tensor products of C*-algebras
will be minimal ones.

We write o for the tensor flip isomorphism AR B—+ B® A, a®b— b® a.

2.2. (C*-bialgebras and C*-quantum groups. A C*-bialgebra is a C*-algebra
A with a nondegenerate *-homomorphism A: A — M(A ® A), called the comul-
tiplication, that is coassociative in the sense that (A®ids) o A = (idg ® A) o A.
It satisfies the cancellation conditions if

[AA)(1a@A)] =A@ A= [(A®14)A(4)]. (2.1)

Given a C*-bialgebra (A, A), the dual space A* is an algebra with respect to
the convolution product defined by vw := (v ®w)oA. A counit for a C*-bialgebra
(A, A) is a character € on A satisfying (e ®@ids) o A = idy = (ida®e) o A. If it
exists, such a counit is a unit in the algebra A* and thus unique. A morphism of
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C*-bialgebras (A, A4) and (B, Ap) is a nondegenerate x-homomorphism f: A —
M (B) satisfying Ago f = (f® f) o Aa.

A C*-quantum group is a C*-bialgebra that arises from a well-behaved multi-
plicative unitary as follows (see [27], [28], [32]). Suppose that H is a Hilbert space
and that W € B(H ® H) is a multiplicative unitary (see [8]) that is manageable
or modular (see [32], [27]). Then the spaces

A= [(weidg)W : w e B(H),] and A= [(idy @w)W : w € B(H),]

are separable, nondegenerate C*-subalgebras of B(H), the unitary W is a multi-
plier of A® A C B(H ® H), and the formulas

AQ) =W ly)W*,  A) =c(W(1g@a)W) (2.2)

define comultiplications on A and A, respectively, such that (4, A) and (A, A)
become C*-bialgebras. A C*-bialgebra (A, A) is a C*-quantum group if it arises
from a modular multiplicative unitary W as above.

Let (A, A) be a C*-quantum group arising from a unitary W as above. Denote

by > the flip on H ® H. Then also the dual W := XW*% of W is a modular
or manageable multiplicative unitary and the associated C*-quantum group is
(A, A). The latter only depends on (A, A) and not on the choice of W, and is
called the dual of (A, A). The images of W and W in M(A® A) or M(A® A),
respectively, do not depend on the choice of W but only on (A, A). We call them

the reduced bicharacters of (A, A) and (A, A) and denote them by W4 and w4,
respectively. We will need an anti-Heisenberg pair for (A, A), which consists of

nondegenerate, faithful representations m of A and 7 of A on a Hilbert space K
such that the unitary

V= (ids @7)(W4) € M(A® 7(A)), (2.3)
regarded as an element of M (A ® K(K)), satisfies
V(la@m(a))V* = (ida ®7)A(a) forallae A (2.4)

(see [22, Section 3] and [25, Section 3.1]).

Every locally compact quantum group or, more precisely, every reduced C*-
algebraic quantum group in the sense of Kustermans and Vaes [18], is a C*-
quantum group.

We will use regularity of C*-quantum groups, which was studied for multi-
plicative unitaries in [8] and for reduced C*-algebraic quantum groups in [9, Sec-
tion 5(b)]. We follow the approach of [24, Definition 5.37] and call a C*-quantum
group (A, A) regular if its reduced bicharacter satisfies [(A® 1,)WA(1; ® A)] =
A®Ain M(A® A). This is equivalent to the condition [(1; ® A)WA(A®1,)] =
A® A (see [24, proof of Corollary 5.39]). For the unitary (2.3), this translates
into

(La@#(A)V(A@1,,)] =A@ #(A) in M(A#(A)). (2.5)
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In [24], this condition is referred to as weak regularity. However, every reduced
C*-algebraic quantum group (A, A) is regular in the above sense if and only if
it is regular in the sense of [9, Section 5(b)]. One implication is contained in |8,
Proposition 3.6], and the other follows easily from [9, Proposition 5.6].

A compact C*-quantum group is, by definition, a unital C*-bialgebra G =
(A, A) that satisfies the cancellation conditions, and is indeed a weakly regular
C*-quantum group (see [33]). Associated to such a compact quantum group is a
rigid C*-tensor category of unitary finite-dimensional corepresentations (see [23]).
We denote by Irr(G) the equivalence classes of irreducible corepresentations. Their
matrix elements span a dense Hopf subalgebra O(G). The dual (A, A) is called a
discrete C*-quantum group, and the underlying C*-algebra A is a direct sum of
matrix algebras, indexed by Irr(G). We also denote the underlying C*-algebra A
of G by Co(G).

2.3. Strict *-homomorphisms of C*-algebras. Recall from [19, Section 5,
Corollary 5.7] that a *-homomorphism 7: B — M(C) is strict if it is strictly
continuous on the unit ball, and that in that case, it extends to a *-homomorphism
M(B) — M(C) that is strictly continuous on the unit ball. We denote this
extension by 7 again. Using this extension, we define the composition of strict
x-homomorphisms, which evidently is strict again. Hence, C*-algebras with strict
x-homomorphisms form a category.

Recall that a corner of a C*-algebra B is a C*-subalgebra of the form pBp for
some projection p € M(B).

Strict *-homomorphisms are just nondegenerate *-homomorphisms in the usual
sense from the domain to a corner of the target. Indeed, if 7: B — M(C) is a
strict *-homomorphism, then p := 7(1g) € M(C) is a projection, pCp C C' is
a corner, and the corestriction 7: B — M (pCp) is nondegenerate. Conversely,
given a corner Cy C C' and a nondegenerate x-homomorphism 7: B — M (Cy),
we get a strict extension M (B) — M (Cp), a natural strict map M (Cy) — M(C)
[11, I1.7.3.14], and the composition is a strict *-homomorphism.

This description of strict *-homomorphisms immediately implies that the min-
imal tensor product of strict morphisms is a strict morphism again, and that an
embedding of C*-algebras B < (' is a strict *-homomorphism if and only if B
is a nondegenerate C*-subalgebra of a corner of C'. We will call such embeddings
strict.

In the commutative case, partial morphisms correspond to partially defined
continuous maps with a clopen domain of definition. Indeed, let X and Y be
locally compact Hausdorff spaces. Then every continuous map F' from a clopen
subset D C Y to X induces a strict x-homomorphism F*: Cy(X) — M(Cy(Y)) =
Cp(Y') defined by

(F*())w) =0 ify¢gD,  (F(f)w=f(Fly) ifyeD.

Conversely, if m: Cy(X) — M(Cy(Y)) is a strict *-homomorphism, then (1)
is the characteristic function of a clopen subset D C Y and the corestriction
7: Co(X) — M(Cy(D)) is the pullback along a continuous function F': D — X.



848 F. KRAKEN, P. QUAST, and T. TIMMERMANN

2.4. The slice map property. In Sections 8 and 9, we need the following
property. A C*-algebra A has the slice map property if, for every C*-algebra B
and every C*-subalgebra C' C B, every x € B ® A satisfying (id®w)(z) € C
for all w € A* lies in C' ® A (see [31]). This property holds if A is nuclear, or,
more generally, if A has the completely bounded approximation property or the
strong operator approximation property (see [30] for a survey). In particular, this
condition holds whenever (A, A) is a discrete quantum group, or, more generally,
whenever (A, A) is a reduced C*-algebraic quantum group whose dual is amenable
(see [10, Theorem 3.3]).

3. Partial coactions of C*-bialgebras

The definition of a partial coaction given for Hopf algebras in [12] carries over
to C*-bialgebras as follows.

Definition 3.1. A partial coaction of a C*-bialgebra (A, A) on a C*-algebra C' is
a strict x-homomorphism ¢: C' — M(C ® A) satisfying the following conditions:

(1) 6(C)(le®A) C O ® A;
(2) 0 is partially coassociative in the sense that
((5 (059 idA)(S(C) = ((5(10) X 1A) (idc X A)(S(C) (31)

for all ¢ € C, or, equivalently, the following diagram commutes:

C d M(C ® A) (3.2)
1 L5®id
(5016)®14) (1dc ® )5
M(C ® A) M(C®A® A)

Let § be a partial coaction of a C*-bialgebra (A, A) on a C*-algebra C. For
every functional w € A* and every multiplier T' € M (C'), we define a multiplier

weT = (ide®@w)d(T) € M(C),
where we use the fact that we can write w = av or w = v'a’ with a,a’ € A and
v,v" € A* by Cohen’s factorization theorem.
Let ¢ € C and w € A*. Then conditions (1) and (2) in Definition 3.1 imply
that wec € C and that
d(wre)=(1de®idg @w)(d ®ida)d(c)
= d(1¢)(ide ®idg @w)(ide ® A)d(c). (3.3)
In particular, for every character y € A*,
x> (wpe)=(x>1le) (idc ®(x ®w)A)5(c) = (x> lo)(xwrc). (3.4)

The following conditions on a partial coaction are straightforward generaliza-
tions of the corresponding conditions on coactions, and they will play an equally
important role in the following.

Definition 3.2. We say that a partial coaction 0 of a C*-bialgebra (A, A) on a
C*-algebra '
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e satisfies the Podles condition if [0(C)(1c ® A)] = [6(1¢)(C ® A)],
e is weakly continuous if [A*>C| = C,
e is counital if (A, A) has a counit ¢ and (ideg ®¢) 0 § = id.

Remark 3.3. If § is a partial coaction as above and X C A* is a subset that sep-

arates the points of A, then a standard application of the Hahn—Banach theorem
shows that [X > C] = [A*>C].

Every counital partial coaction evidently is weakly continuous. A coaction sat-
isfying the Podles condition is automatically weakly continuous, and is usually
called (strongly) continuous. For partial coactions, this implication no longer holds
in general, and so we avoid this terminology.

Lemma 3.4. Let 6 be a partial coaction of a C*-bialgebra (A, A) on a C*-algebra
C that satisfies the Podles condition. Then

(1) 0 is weakly continuous if and only if [(A*>1¢)C] = C,

(2) 0 is counital if and only if (A, A) has a counit € and e> 1o = 1¢.

Proof. (1) By assumption, the closed linear span of all elements of the form aw >
¢ = (lde®w)(6(c)(le ® a)), where w € A*, a € A, and ¢ € C, is equal to the
closed linear span of all elements of the form (ide ® w)(d(1¢)(c®a)) = (awr1e)e.
Now, use Cohen’s factorization theorem.

(2) If e> 1¢ = 1¢, then elements of the form ae > ¢, where a € A and ¢ € C,
are linearly dense in C, and for every w € A* and ¢ € C, (3.4) implies that
eb(wpe)=1¢- (wro). O

For regular reduced C*-algebraic quantum groups, weakly continuous coac-
tions automatically satisfy the Podle$ condition (see [9, Proposition 5.8]). More
generally, we show the following.

Proposition 3.5. Let (A, A) be a reqular C*-quantum group. Then every weakly
continuous partial coaction of (A, A) satisfies the Podles condition.

Proof. We proceed in a manner similar to that in the proof of [9, Proposition 5.8],
and we use an anti-Heisenberg pair (m,7) for (A, A) on some Hilbert space K
and the unitary V in (2.3).

Let 0 be a weakly continuous partial coaction of (A, A) on a C*-algebra C. By
(3.3) and Remark 3.3,

[0(C)(1c ® A)]
= [0worrC)(le®A) 1w € B(K),]
= [(5(10) . (id(j@idA(XJw OW)((idc@A)(é(O))) . (10 &® A) w e B *

To shorten the notation, let d, := (ide ®7) o 0. We use the relations (2.4), (2. 5)
and [7(A)B(K).| = B(K)., and we find that

)
[(ldc@ldA ®w o W)((ldc@A)( (O))(lc RA® 1A)) TwE B(K)*]
= [(1dc®ldA®w)(V235 )13Va3 (A ® W(A))gg) twe B(KM

= [(ide ®ida @ w) (Va3 (C 13(A®7T(A)) ) ‘w e B(K),]
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= [(ldc ®1dA ®w>((1A (024 7%(14))23‘/23@4 & 1K)2357r(c>13) NS B(K)*}
= [(ide ®ida ®w) (4 ® 7(4)),,0(C)rs) : w € B(K).]
=[A*>C)® A,

whence [6(C)(1c ® A)] = [0(1¢)(C @ A)]. O

Partial coactions on C correspond to certain projections, as shown in the fol-
lowing lemma.

Lemma 3.6. Partial coactions of a C*-bialgebra (A, A) on C correspond bijec-
tively to projections p € M(A) satisfying

(p®14)A(p) =p®p. (3.5)

Proof. Projections p € M(A) correspond to strict *-homomorphisms §: C —
M(C® A) = M(A) via p = (1), and under this correspondence, (6 ®1id4)d(A\) =
A®@p®pand (6(1) ® 14)(ide ®A)(6(N) =A@ (p® 14)A(p). O

Note that if (A, A) is cocommutative, for example, if A = C*(G) or A = C}(G)
for a locally compact group G, then (3.5) just means that p is group-like in the
sense that (p®14)A(p) = p®p = (1La®p)A(p). Group-like projections were also
studied in connection with idempotent states (see [17, Section 2]). Elementary
examples related to groups are as follows.

Ezxample 3.7. Let G be a locally compact group.

(1) Consider the C*-bialgebra (Co(G), A). A projection p € M(Co(G)) is just
the characteristic function of a clopen subset H C (G, and it satisfies
(3.5) if and only if p(¢)p(gg") = p(g9)p(¢’) for all g, ¢" € G, that is, if and
only if H C G is a subgroup. Thus, partial coactions of (Cy(G),A) on C
correspond to open subgroups of G.

(2) Consider the reduced group C*-bialgebra (C(G), A). For every finite nor-
mal subgroup N C G, the sum p = ) geN Ag 1s a central projection in
M (C}(G)) satistying (3.5), where )\, denotes the left translation by g € G.
(More information on group-like projections in C*(G) and C*(G) can be
found in [20, Proposition 7.6] and [29].)

Every central projection satisfying (3.5) gives rise to a quotient C*-bialgebra
(A,, Ap) of (A, A) whose coactions can be regarded as partial coactions of (A4, A).

Lemma 3.8. Suppose that (A,A) is a C*-bialgebra with a central projection
p € M(A) satisfying (3.5). Let A, = pA, and define A,: A, — M(A, ® A,) by
a— (p®@p)A(a). Then (A,, A,) is a C*-bialgebra, the map A — A,, a — pa, is
a morphism of C*-bialgebras, and every coaction of (A, A,) can be regarded as
a partial coaction of (A, A).

Proof. All of these assertions are easily verified. For example, if § is a coaction of
(Ap, A,) on a C*-algebra C, then for all ¢ € C,

(0(1e) @ 1a)(ide @ A)d(c) = (e @ p @ 1a) (1o @ A) ((1e @ p)d(c))
= (lc @ p®@ p)(idc ® A)d(c)
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= (le®A,)d(c)
= (ide ® A)d(c). O

Ezample 3.9. Let G = (A, A) be a discrete quantum group, so that A is a cg-sum

~

of matrix algebras indexed by Irr(G). Consider a central projection p € M(A)

supported on J C Irr(G). Then (p ® 1)A(p) = p ® p if and only if the following
condition holds:

IfaeJ,B,velr(G) and o ® S contains v, then § € J if and only if y € J.
(3.6)

If (A4,, Ap) is a discrete quantum subgroup of (A, A), then 7 is closed under taking
duals and summands of tensor products, and then Frobenius duality implies (3.6).
Conversely, suppose that (3.6) holds. Taking v = «, we see that J contains the
trivial representation, and taking this for v, we see that J contains the dual of
«. Thus, finite sums of representations in J form a rigid tensor subcategory, and
(Ap, A,) is a discrete quantum subgroup of (A, A).

4. The relation to partial actions of groups

We now relate partial actions of a (discrete) group I' to counital partial coac-
tions of the C*-bialgebra Cy(I"). Recall that a partial action of I on a C*-algebra
C is a family (D,)ger of closed ideals of C together with a family (6,)ger of
isomorphisms 6,: D,-1 — Dy such that (see [16], [21])

(Gl) D, = C and 0, = id¢, where e € T" denotes the unit,
(G2) 0,-1040, = 0,-104, and 0,0,0,-1 = 04,0,-1 for all g,h € I' as partially
defined maps.
We show that partial coactions of Cy(I") correspond to partial actions of I' as
above, where each ideal D, is a direct summand, and adopt the following termi-
nology.

Definition 4.1. A disconnected partial action of I' on a C*-algebra C'is given by a
family (pg)ger of central projections in M (C') and a family () ser of isomorphisms
b,: pg—1C — py,C such that ((pyC)ger, (0y)g4er) is a partial action.

Remark 4.2.

(1) Let X be a locally compact Hausdorff space. Then partial actions of I'
on Cy(X) correspond bijectively to partial actions of I' on X (see [16,
Corollary 11.6]), and a partial action on Cy(X) is disconnected if and
only if for every group element g € I', the domain of definition of its
action on X is not only open but also closed. This condition also implies
that the partial action on X admits a globalization that is Hausdorff (see
[16, Proposition 5.7]).

(2) A partial action of I" on an algebra C' admits a globalization if and only
if for every group element g € I', its domain of definition is not just a
two-sided ideal of C' but also unital, that is, a direct summand (see [16,
Theorem 6.13]).
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We denote by Cy(I'; C') the C*-algebra of norm-bounded C-valued functions
on I'; and we identify this C*-algebra with a subalgebra of M (C' ® Cy(I')) in the
canonical way. For each g € I', we denote by ev, € Cy(I')* the evaluation at g.
Proposition 4.3. Let I' be a group, and let C' be a C*-algebra.

(1) Let § be a counital partial coaction of Cy(I') on C. Then the projections

Py i=evyl 1o
are central and the maps 0,: p1C — p,C given by
O,(c) :==evy>c

form a disconnected partial action of T" on C.
(2) Let ((pg)ger, (04)ger) be a disconnected partial action of I' on C'. Then the
map

5: C — Cy(I;C) — M(C @ Co(1))
defined by

(6(c))(9) == b4(pg-1¢) (c€C,geT)
is a counital partial coaction of Co(I") on C.

Proof. (1) For each g € T', the map ©,: C' = C given by ¢ — ev, > c is a strict
endomorphism. Since ¢ is counital, ©, is the identity on C'. Let g,h € I'. Then

Oy(04(c)) = (evy 1c)(evyevy, b ) = pgOgn(c); (4.1)
in particular,

Oy(pn) = PyPyn; Oy(0,-1(c)) = pye, Oy-1(0,(c)) = py-1c. (4.2)

Since ©,00 -1 is a *-homomorphism, the second equation implies that p,c = cp,
for all ¢ € C; that is, p, is central and D, := p,C' is a direct summand of C'. The
second and third equations imply that ©4 and ©/4-1 restrict to mutually inverse
isomorphisms

09
-1 = D,

9g—1

D

g9
It remains to show that ,-16,, = 6,-10,0,. But the relations (4.1) and (4.2)
imply that
(Bg-1 ©Ogn)(¢) = pg-10n(c) = (g1 © Oy 0 B)(c)
for all ¢ € C, and that the compositions 0,-10,, and 6,-10,0;, have the domain
On-14-1(pg)C = pr-1g-1Pp-1C = Op-1(pyg-1)C.

(2) For each g € T', denote by o, € Cy(I") the characteristic function of {g} C I'.
Then

M) (le®@Ay) =04(pgc) @A, (geT, cel).
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We conclude that §(C)(1c @ Cy(I")) is contained in C'® Cy(I"), and that & core-
stricts to a nondegenerate x-homomorphism from C to ¢(C ® Cy(I")), where
q= der Py ® Ay, so that ¢ is strict. To verify that § is partially coassociative,
it suffices to check that for all g,h € I' and ¢ € C, the element

(ide ®evy @ evy,) (6 ®ida)d(c) = by (pg—16k(ph-10))
is equal to the element
(ide ®ev, ® evh)((é(lc) ® 1A) (ide ® A)é(c)) = 04(pg-1)0gn(Pp-14-1¢),
and this follows easily from the definition of a partial action. O

The following example shows that the correspondence between partial coactions
of Cy(I") and partial actions of I" does not easily extend from groups to inverse
semigroups.

Example 4.4. Denote by I' the inverse semigroup consisting of the 2 x 2 matrices

0 (00 . (01 . (00 . (10
"= 1 o0)0 Y “Noo) YUTlo1) YUTloo

with matrix multiplication as composition. Then C(I') is a C*-bialgebra with
respect to the transpose A of the multiplication. For x € T', define ¢, € C(I") by
Y — 0z y. Then, for example,

A(byer) = G @ Ay + Gy @ Ay, A(0y) = Oppr @ Ay + 0y @ Ay

Now, the *-homomorphism

§: C* = C* @ O(I), (o, B) = (,0) @ Ayey + (0,0) @ A,
is a partial coaction. Indeed, for all o, 8 € C,

(6 ®@idem)d((a, 8) = (,0) @ Apey @ Ay + (0, 0) @ Ay @ Ay

is equal to the product of

0((1,0)) @ Loy = (1,0) @ Ay @ Loy + (0,1) @ Ay @ Loy
with

(idez ® A)S (@, B)) = (@, 0) @ (Gpro @ Ay + Fpr @ Ay
+ (07 Oé) ® (5’0 ® Av*fu + 51;1)* ® A”L))

But the maps ©,, := (id®ev,,) 0 §, where w € T, are given by
60 - @U* - @UU* = 07 @U((a7 6)) = (07 O[), GU*U((a7/8)) - (Oé, O)a
in particular, ©,0,.0, = 0 and ©,0,-, = O,.
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5. Partial coactions of C*-quantum groups that are discrete or
compact

Let G = (A, A) be a compact C*-quantum group, and denote by O(G) C A
the dense Hopf subalgebra of matrix elements of finite-dimensional corepresen-
tations. We now relate partial (co)actions of G and of the discrete dual G to
partial coactions and partial actions of the Hopf algebra O(G), respectively. Note
that (4, A) and (A, A) are regular, so that weakly continuous partial coactions
automatically satisfy the Podle$ condition by Proposition 3.5.

Recall that a partial action of a Hopf algebra H on a unital algebra C'is a map

HxC— C, h®cw hbc

satisfying the following conditions (see [12]):

(H1) lgpec=cforall ce C,

(H2) h>(cd) = (hay>c)(h@)>d) for all h € H and ¢,d € C,

(H3) h> (k> c) = (hay> 1c)(h@k>c) for all h,k € H and ¢ € C;
and that such a partial action is symmetric if additionally (see [7])

(H4) h (kDC) = (h(l)]{?D C)(h(g) > 10) for all h,k € H and c € C.
If additionally h>1¢ = (h) for all h € H, we have a genuine action; in that case,
(H3) and (H4) reduce to h> (k> c) = hk > c.

Recall that the C*-algebra A of the discrete C*-quantum group G is a co-direct
sum of matrix algebras A, indexed by a € Irr(G). The Hopf algebra O(G) can

A

be identified with the subspace of all functionals w € A* that vanish on A, for
all but finitely many « € Irr(G), and then

Alw)(@®b) =w(@) and  (vw)(a) = (vOw)(a)
for all v,w € O(G) and a,b € A.

Theorem 5.1. Let G = (A, A) be a compact quantum group, and let 0 be

a counital partial coaction of the discrete dual G = (121, A) on a unital C*-
algebra C'. Then the formula

v@c—vbe=(ide®v)(6(c) (veO(G), ceC)
defines a symmetric partial action of the Hopf algebra O(G) on C.

Proof. Condition (H1) holds because the unit of O(G), regarded as a functional on
A, is the counit. Let v, w € O(G) and ¢,d € C. Choose central projections pqE A
such that v(pa) = v(a), w(a) = w(qa), and v (a)v@)(b) U1y (pa)v(a) (pb) for all
a,b e A. Then

v ed = (ide @v) (1o © p)(c)d(d) (1c @ p)).

Since (16 ®p)d(c) and §(d)(1c ®@p) are contained in the tensor product of C' with
the finite-dimensional C*-algebra pA + gA, this expression is equal to

(id®v()) (L @p)d(c)) - (id @ve) (0(d)(1 @ p)) = (va) > o) (v > d).
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Thus, condition (H2) is satisfied. Likewise,
v (Wi e) = (ide @vew)((d®id4)d(c))
= (ide®@vew)((le ® p @ q) (3(1c) ® 1) (ide @A) (6(c))),
and a similar argument as above shows that this expression is equal to
(ide ®vey) (6(1¢)) (ide @ (ve) @w) © A) (6(c)) = (vay > 1e) - (VW > ).
Therefore, condition (H3) holds as well, and a similar argument proves (H4). [

Next, we consider partial coactions of the compact C*-quantum group (A4, A),
and relate them to partial coactions of the Hopf algebra O(G). Recall that a
partial coaction of a Hopf algebra H on a unital algebra C' is a homomorphism

60:C—C®H

satisfying the following conditions (see [12]):

(CH1) (6®idg)(d(c)) = (0(1c) @ 1) - (ide @ Ag)(0(c)) for all ¢ € C, and
(CH2) (ide ®ep)(dp(c)) = ¢ for all ¢ € C.

Theorem 5.2. Let § be a partial coaction of a compact C*-quantum group G =
(A, A) on a unital C*-algebra C'. Then the following conditions are equivalent:
(1) ¢ is weakly continuous, §(1¢) lies in the algebraic tensor product C@O(G),
and (ide ®€)(0(1¢)) = 1o, where e denotes the counit of O(G);

(2) 0 restricts to a partial coaction of O(G) on a unital dense x-subalgebra Cy

of C.

Proof. Denote by O(@) C A the algebraic direct sum of the matrix algebras A,
associated to all a € Irr(G), and recall that we can canonically identify O(G)
with a subspace of A*.

(1)=(2): By Remark 3.3, the subspace Cy = O(G)>C of C' is dense. We show
that Cy C C' is a subalgebra. Let ¢,d € C' and v,w € O(G). Then

(v e)(wrd) = (ide @V w)(6(c)120(d)13),

where we use the leg notation on d(c) and d(d). Now, we find finitely many

N

v}, w, € O(G) such that
v(a)w(b) = Z(Uf ®wi)((a® 14)A(D))

for all a,b € A, and then
(e o) (wed) = (ide®v]@w])((6(c) ® 14) (id @ A)(5(d)))

(2

= (ide @0} @ w))(§ ®ida) ((c ® 14)3(d))

= ZU; > (c(w)>d)) € Cp.
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Next, we show that §(Cp) is contained in the algebraic tensor product C®O(G).
Let w € O(G) and ¢ € C. Since O(G) has a basis of elements (uf);)a,; satisfying
Aug;) = Yo, uf @ ug; (see [33, Proposition 5.1]), we can find finitely many

~

U1, .. ., 0, € O(G) and ay, . .., a, € O(G) such that
(ida @w)(A(D) = vi(b)a;
i=1

for all b € O(G), and then
dwre)=(de®idg @w)(d ®ida)d(c)
=§(1¢) - Z(Wc) ® a;

A

lies in the algebraic tensor product of C' with O(G). Using a basis for O(G) con-
sisting of functionals (¢f';)a,:,; such that ¢f; (ufl) = 04,30; k0, (see [33, Section 6]),
we see that 0(Cp) is contained in the algebraic tensor product Cp ® O(G).

To finish the proof, note that with w, ¢ as above, (3.4) implies that

eb(wpc) = (ide®e)(0(1c)) - (wre) =wbde.

(2)=(1): Since Cy C C is dense, the unit of Cy has to be 1, whence §(1¢) lies
in the algebraic tensor product C' ® O(G) and (id®¢€)d(1¢) = 1. To prove weak
continuity, we show that for every ¢ € Cj, there exists some w € A* such that
wbc = c. So, take ¢ € Cp, and write §(c) = Y1, d; ® a; with d; € C and q; €
O(G). By the Hahn—-Banach theorem, the restriction of € to the finite-dimensional
subspace of A spanned by aq,...,a, extends to a bounded linear functional w €
A* that satisfies w>c=cep>c=rc. OJ

6. Restriction

Like partial actions of groups and partial (co)actions of Hopf algebras, partial
coactions of C*-bialgebras can be obtained from nonpartial ones by restriction.

Definition 6.1. Let dp be a partial coaction of a C*-bialgebra (A, A) on a C*-
algebra B. We call a C*-subalgebra C' C B weakly invariant if

55(C)(C @A) CC® A,

and strongly invariant if the embedding C' < B is strict and 05(C) C M(C ®
A)CM(B® A).

Note here that if the embedding C' < B is strict, then the embedding C ® A —
B ® A is strict as well and extends to an embedding M(C ® A) — M(B ® A).
Remark 6.2.

(1) Every ideal C' C B is weakly invariant but not necessarily strongly invari-
ant.
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(2) A corner C' C B is strongly invariant if and only if 1o € M(C) C M(B)
is strongly invariant in the sense that

05(lc) = dp(lc)(le ® 1a),

as one can easily check. If one thinks of elements of M (B) and M(B®A) as
2 x 2 matrices with respect to the Peirce decomposition B = 1¢B+ (15 —
1¢) B, then strong invariance of C' means that d5(C') is contained in the
upper left corner, while weak invariance of C' means that the off-diagonal
part of d5(C') vanishes.

Example 6.3. Suppose that dp is the partial coaction corresponding to a discon-
nected partial action ((py)ger, (64)ger) of a discrete group I' on a C*-algebra B as
in Proposition 4.3, and assume that C' C B is a direct summand. Then C' is auto-
matically weakly invariant, but strongly invariant if and only if ,(p,~1C) C C
forall g € T'.

Evidently, partial coactions can be restricted to strongly invariant C*-
subalgebras. Restriction to weakly invariant C*-subalgebras is a bit more deli-
cate unless the embedding of the C*-subalgebra is strict.

Proposition 6.4. Let dg be a partial coaction of a C*-bialgebra (A, A) on a
C*-algebra B, and let C C B be a weakly invariant C*-subalgebra. Then we have
the following:

(1) dp restricts to a x-homomorphism dc: C — M(C ® A),
(2) if the embedding C — B 1is strict, then the composition of 6c with the
embedding of M(C ® A) into M(B ® A) is strict and
50(6) :5B(C>(1C®1A) (CE C),
(3) if ¢ is strict, then it is a partial coaction of (A, A) on C.
Proof. (1) This follows immediately from the definition.

(2) Suppose that the embedding C' < B is strict. Then so is its composition
with 0 and hence also d¢. To prove the formula given for §¢(c), choose a bounded
approximate unit (u,), for C, and note that dc(c)(u, ® 14) = dp(c)(u, @ 14)
converges strictly to dc(c) in M(C ® A) and to dp(c)(lc ® 14) in M(B ® A).

(3) Let (u,), be as above, and let ¢, € C. Then by definition of d¢,

( ®14®14) (6c ®@ida)(Sc(c)(uy ® 14))
= (@14 ®14) - (0o ®@ida) (05(c)(u, ® 14))
=((®1a®1,4)- (05 ®1d,4)( )) (50 uy) @ 1A)
= (ide ® A) ((¢ @ 14)65(c)) - (dc(uy) ® 14)
( ®1A®1A) (ldc®A)( (C)) (5(}(“1/)@114)

Since ¢ € C' was arbitrary, we can conclude that

((SC X idA) (50(0) (u,, X 1,4)) = (idc X A) ((50(0)) . (50(%,) X 1A)-
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As v tends to infinity, dc(c)(u, ® 14) converges strictly to d¢(c), and since dc and
hence also 6 ® id4 are strict, the left-hand side converges to (0¢ ®id4)dc(c) and
the right-hand side converges to (ide ® A)(d¢(¢))(dc(1le) @ 14). O

Remark 6.5.

(1) As a corollary, a (partial) coaction on a C*-algebra C
restricts to a partial coaction on every direct summand of C' because
every direct summand is weakly invariant by Remark 6.2(1).

(2) The restriction dc can be strict without the embedding C' < B being
strict; for example, this is the case if dp is the trivial coaction b — b® 14
and C' C B is a closed ideal that is not a direct summand.

Ezample 6.6. Let G = (A, A) be a discrete quantum group so that A is a ¢p-sum
of matrix algebras A, with o € Irr(G). Then for every subset J C Irr(G), the
restriction of A to the co-sum A; := @, ; Ao yields a partial coaction. But if 7 is
nontrivial, then A; is not strongly invariant: if « ¢ J and v € J, then a®(a'®7),

where a' denotes the dual of «, contains 7, and hence A(A,)(A4, ® 1) # 0.

Closely related to the concept of restriction is the notion of a morphism of
partial coactions.

Definition 6.7. Let dp and dc be partial coactions of a C*-bialgebra (A, A) on
C*-algebras B and C, respectively. A strong morphism from ¢ to dp is a strict
s-homomorphism 7: C' — M(B) satisfying

(m®ida)dc(c) = dp(m(c)) (ce€C).
A weak morphism from d¢c to dp is a *-homomorphism 7: C' — M(B) satisfying
(m®@ida) (6c(c)(d ® a)) = dp(m(c)) (7(d) ®a) (¢, €C,ac A).
We call such a weak or strong morphism 7 proper if 7(C) C B.

Evidently, partial coactions with strong morphisms or with proper weak mor-
phisms as above form categories.

Remark 6.8.
(1) Clearly, 7 is a strong or a weak morphism if and only if

T(wee)=w>w(c) or  ww>sor(d) = (wem(c))w(c), (6.1)

respectively, for all w € A* and ¢, € C.

(2) If 7 is a weak or a strong morphism and proper, then its image is weakly
or strongly invariant, respectively.

(3) Suppose that dp is a partial coaction of (A, A) on a C*-algebra B and
that C' C B is a C*-subalgebra that is weakly or strongly invariant. If the
embedding C' < B is strict, then this embedding is a weak or a strong
morphism with respect to the restriction of dg to C' defined above.

Let us look at the special case of partial coactions associated to disconnected
partial group actions.
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Proposition 6.9. Let B and C' be two C*-algebras with disconnected partial
actions ((pg)g: (Bg)g) and ((¢g)g, (V4)g), Tespectively, of a discrete group I'. With
respect to the associated partial coactions of Co(I'), a strict x-homomorphism
m: B — M(C) is a strong morphism if and only if

7(py) = qom(1c) and mof, Cryyom forallgel, (6.2)

and a weak morphism if and only if

7T(lc’)’yg (QQ—lﬂ-(lC‘)) = ﬂ'(pg) =Y (W(pg—1)> and

6.3
mofy Cygom forallgel. (6:3)

Proof. Denote the partial coactions by dp and d¢.
(1) Suppose that 7 is a strong morphism. Then the definition of g and d¢
implies that

(70 By)(pg-1b) = (7 @ evy)dp(b) = (idc ®@evy)dc (m(b)) = 74 (gg17(b))  (6.4)

for all g € I" and b € B. Taking b = 1¢ or b = p,-1, we conclude that

V9 (@517 (pg1)) = 7(pg) = Y4 (g517(1c)),

and in particular, that 7(p,)q, = m(p,). We use this relation on the left-hand side
above, apply 7,1, and get m(py) = g,m(1c). Moreover, 7(p,B) C ¢,C, and (6.4)
implies that mo 8, C 740 7.

Conversely, the first relation in (6.2) implies that g,~17(1¢ —p,-1) = 0, whence
both sides in (6.4) are zero for all b € (1 — p,~1)B, and the second relation in
(6.2) implies that (6.4) holds for all b € p,-1B. Combined, (6.2) implies that
(m®id)dp = ¢ o .

(2) Suppose that 7 is a strict weak morphism. As in (1), we find that

(70 By) (pg=1b) = m(1c)v (g1 7()) (6.5)

for all g € T and b € B, and arguments similar to those in (1) yield the first
equation in (6.3). Now, we apply ~,-1 to this relation and find that

Vo1 (7(pg)) = V=1 (ggm (1)) 7(1c) = m(pg—1)-

In particular, this relation and (6.5) imply the second relation in (6.3).
Conversely, (6.3) implies that both sides of (6.5) coincide for all b € p,-1 B, and
that for all b € (1¢ — py-1)B,

(1e)v, (qyf”r(lC - pgfl)) = 7(pg) — m(pg) =0,

whence both sides of (6.5) are zero for all b € (1¢ — p,-1)B. But this implies that
(r®id) o dp = (m(le) ® 14)(0¢ o ). O
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7. The Bernoulli shift of a discrete quantum group

The Bernoulli shift of a discrete group I' is its action on the power set P(I),
which we identify with the infinite product {0, 1}, by left translation. Restriction
to the subsets containing the unit er yields an important example of a partial
action. To a discrete quantum group, we now associate a quantum Bernoulli shift
and obtain, by restriction, a partial coaction that is initial in a natural sense.

The space {0,1}' = P(T") parameterizes all maps from T to {0,1} or, equiv-
alently, all subsets of I', which correspond to projections in M (Cy(I")). Given
a discrete quantum group G, it is natural to define its quantum power set as
a universal quantum family of maps from G to {0,1} in the sense of [26] or,
equivalently, as the unital C*-algebra C' that comes with a universal projection
in M(C ® Cy(G)). However, we need an additional commutativity assumption.

Let G = (Cy(G), A) be a discrete C*-quantum group with counit € and compact
dual G.

Definition 7.1. Let C be a C*-algebra. We call a projection p € M(C @ Cy(G))
admissible if in M(C ® Cy(G) ® Cy(G)),

(p©1)-(dxA)(p)=(1d2A)(p) - (pe1). (7.1)

Remark 7.2. For every partial coaction § of Cy(G) on a C*-algebra C, the pro-
jection 6(1¢) € M(C ® Cy(G)) is admissible.

Proposition 7.3. Let G be a discrete C*-quantum group. Then there exists a
unital C*-algebra C(Bg) with an admissible projection p € M (C(Bg) ® Co(G))
that is universal in the following sense: for every C*-algebra C with an admissible
projection ¢ € M(C(Bg) ® Co(G)), there exists a unique unital x-homomorphism
m: C(Bg) = M(C) such that ¢ = (7 ®id)(p).

~

Proof. Write Cy(G) = @, I, where a varies in Irr(G) and each I, is a matrix
algebra. Choose matrix units (ef});; for each I,. Denote by C'(Bg) the universal
unital C*-algebra with generators 1 and (p§;)a,i ; satisfying the following relations:

A

(1) the finite sum p® 1=}, . pf% ® ef; is a projection for every a € Irr(G),
(2) (p* @ 1)(id@A)(P°) = (id@A)(P°)(p* ® 1) for all a, 5 € Iir(G).
Then the sum p = " p* € M(C(Bg) ® Cy(G)) converges strictly because each
summand p® lies in a different summand of C'(Bg) ® Cy(G) = P, (C(Bg) ® 1,)
and has norm at most 1. By (1) and (2), this p is an admissible projection, and
by construction, C'(Bg) has the desired universal property. O

We denote by Cy(B¢;) C C(Bg) the nonunital C*-subalgebra generated by all
pffj’s.
Ezample 7.4. In the case in which G is a classical discrete group I', we can identify
C(Br) with C({0,1}"). Indeed, in that case, Irr(I') can be identified with I' so

that C'(Br) is generated by 1 and a family of projections p”, where v € I'. Denote
by d, € Cy(I') the Dirac delta function at v € I'. Then p = > p? ® A, and the
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admissibility condition takes the form
[ZW@A ®1LY pPTeA @A, ]
vy

or, equivalently, [p?,p""] = 0 for all v,7” € I'. Thus, C(Br) is commutative.
Therefore, the map that sends p? to the projection of {0,1}! onto the yth com-
ponent induces an isomorphism C'(Br) = C({0,1}"). Under this isomorphism,
the C*-subalgebra Cy(Bg) corresponds to Co(P(I') \ {0}).

The quantum space Bg comes with a natural action of G, as follows.
Proposition 7.5. There exists a unique coaction § of Co(G) on C(Bg) such that
(B ®id)(p) = (id© A)(p). (7.2)
This coaction is counital and restricts to a coaction on Co(Bg).

Proof. The projection ¢ := (id® A)(p) € M((C(Bg)®@Cy(G)) ® Co(G)) is admis-
sible because

(id®id® A)(q) = (id@ A®)(p) = ([d® A ®id)(id ® A)(p)

commutes with ¢® 1 = (id® A ®id)(p ® 1). The universal property of p yields a
unital *-homomorphism §: C'(Bg) — M (C(Bg) ® Cy(G)) such that ( ®@id)(p) =
qg=(id® A)(p). We have (0 ®id)d = (id ® A)J because by definition of §,

(f®id)d®id)(p) = (d®id®id)(id ® A)(p)
(id®id® A)(0®@id)(p)
(ide A®id)(id® A)(p)
(id®A)s®id) (p).

Next, ((id®e)d®id)(p) = (I[d®(e®id)A)(p) = p and hence (id®e)d = id.
Finally, (7.2) implies that §(p;)(1 ® Co(G)) € Co(Bg) @ Co(G). O

We will restrict the coaction ¢ to the direct summand of C'(Bg) that is given
by the following projection.

Lemma 7.6. The projection p. := (id®¢)(p) € C(Bg) is central and 6(p.) = p.

Proof. We apply id®e®1id to (7.1) and obtain (p. ® 1)p = p(p. ® 1). Thus, p.
commutes with (id ® w)(p) € C(Bg) for every w € Cy(G)* and hence with C'(Bg).
Moreover,

d(pe) = (0®e)(p) = (dRid®e)(d®id)(p) = ([dRid®e)(id® A)(p) =p. O

Ezample 7.7. If G is a classical group I' (see Example 7.4), then € is the evaluation
at the unit er and p. = pr. Therefore, restriction of the coaction ¢ above to the
direct summand p.C'(Bg) of C(Bg) corresponds to restriction of the Bernoulli
shift on P(I") to the subsets containing the unit er.

We can now define the quantum analogue of the partial Bernoulli shift.



862 F. KRAKEN, P. QUAST, and T. TIMMERMANN

Definition 7.8. Let G be a discrete C*-quantum group, and write C(Bg,) for the
direct summand p.C(Bg) of C(Bg). Then the partial Bernoulli action of G is the
partial coaction §° of Cy(G) on C(BBE) obtained as the restriction of the coaction
0 as in Proposition 6.4, that is,

0°(b) = 0(b)(p. ® 1) for all b € C(Bg).
Proposition 7.3 immediately implies the following.

Corollary 7.9. Let C be a C*-algebra, and let ¢ € M(C®Cy(G)) be an admissible
projection such that (id®¢)(q) = 1¢ € M(C). Then there exists a unique unital
x-homomorphism w: C(Bg) — M(C) such that ¢ = (7 ®id)(p).

The partial Bernoulli action is initial in the following sense.

Proposition 7.10. Let 6c be a counital partial coaction of Co(G) on a C*-
algebra C'. Then there exists a unique unital x-homomorphism w: C(Bg) — M (C)
such that

(r®id)(p(pe ® 1)) = dec(1e), (7.3)

and this 7 is a strong morphism of partial coactions, that is, (T ®id)od® = dcom.

Proof. The projection dc(1¢) € M(C @ Cy(G)) is admissible and d¢ is counital.
Hence, Corollary 7.9 yields a unique unital x-homomorphism 7: C(Bg) — M(C)
such that (7 ®id)(p) = dc(1e). We show that (7 ®id) o §° = d¢ o 7. First, (7.2)
and Lemma 7.6 imply that
(0% @id) (p(p- @ 1)) = (§@1d) (p(pe @ 1)) - (p- @ 1)
= (i[d®A)(p) - (p®1)- (p-®@1&1).

We apply 7 ®id ®id, use (7.3), and find that

((r®id)o® @id) (p(p: ® 1)) = (1@ A) (p(p- @ 1)) - (7 @id) (p(p- ® 1))
= (id®A)(6c(1c)) - (0c(le) ®1)

= (dc ®id)dc(1¢)
= (0c oT®id) (p(p€ ® 1))
But this relation implies that (7 ®id) o 6° = §¢ o 7. O

We will study this partial Bernoulli shift in a forthcoming article. In particular,
the partial coaction ¢° should give rise to a partial crossed product that can be
regarded as a quantum counterpart to the partial group algebra of a discrete group

(see [16, Section 10]) and as a C*-algebraic counterpart to the Hopf algebroid Hp,,
associated to a Hopf algebra H in [7].

8. Dilations

Let (A,A) be a C*-bialgebra. Given a partial coaction of (A, A), a natural
and important question is whether it can be identified with the restriction of a
coaction to a weakly invariant C*-subalgebra as in Proposition 6.4.



PARTIAL ACTIONS OF C*-QUANTUM GROUPS 863

Definition 8.1. Let 6¢ be a partial coaction of (A, A) on a C*-algebra C. A dilation
of d¢ consists of a C*-algebra B, a coaction g of (A, A) on B, and an embedding
t: C' — B that is a weak morphism from d¢ to dp that satisfies

65(e(c)) () ®a) = (t®ida) (dc(c)(d ®a)) (c,d €C,ac A).

Ezample 8.2 (Disconnected partial actions of groups). Let C' be a C*-algebra with
a disconnected partial action ((py),, (6,),) of a discrete group I', and consider the
associated partial coaction ¢ of Cy(I') as in Proposition 4.3.

A dilation of d¢ is given by a C*-algebra B with a coaction of Cy(I"), that is, by
an action (ay)ger of I' on B, and an embedding C' < B that is a weak morphism.
Suppose that this embedding is strict. By Proposition 6.9, it is a weak morphism
if and only if

Py = leay(lc) and 0y = aglp,c (g€l)

In particular, 1o commutes with o, (1¢) for each g € I'. We claim that our partial
action coincides with the set-theoretic restriction ((Dy)g, (a4lp,)q) of o to C,
where D, = a,(C') N C for each g € I'. Indeed, for every element ¢ € D, with
0 <e¢<l1g, we have ¢ < 1¢ and ozg_l(c) < 1¢, whence ¢ < o,(1¢)le = p, and
¢ € p,C. On the other hand, if ¢ € p,C, then ay-1(c) = 0,-1(c) € C and hence
c€a,(C)NC = D,.

Conversely, suppose that « is an action of I' on a C*-algebra B that contains
C' and suppose that « is a dilation in the usual sense, so that C' C B is an ideal,
pyC = ay(C)NC, and 0, = ayl,,c for each g € T'. If the embedding C' C B is strict,
then C'is a direct summand, that is, C' = 1¢B, and then a,(C) N C = oy(1le)le
for each g € T, so that the coaction dp corresponding to « is a dilation of d¢.

The main question is, of course: Which partial coactions have a dilation? We
start with a necessary condition.

Definition 8.3. We call a partial coaction dc of (A, A) on a C*-algebra C' regular
if

(idC®A)(6C(C)) (le®@1aA) CMC® A A (8.1)
Fxample 8.4.

(1) Every coaction is easily seen to be regular.

(2) The question of regularity arises only if C' is nonunital because every
partial coaction on a unital C*-algebra is regular.

(3) If Ais a direct sum of matrix algebras, for example, if (A, A) is a discrete
quantum group, then every partial coaction of (A, A) is regular.

Regularity is necessary for the existence of a dilation with a strict embedding.

Lemma 8.5. If a partial coaction has a dilation (B,dp, (), where ¢ is strict, then
the partial coaction is reqular.

Proof. Suppose that ¢ is a partial coaction of (A, A) on a C*-algebra C' with a
dilation (B, dp,¢). It suffices to show that the product

(L®idA®idA)((idc®A)(SC(C)) . (13 ® 14 ®A)
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lies in M (B ® A) ® A. Since ¢ is a weak morphism, this product is equal to
(ide ® A) (05 (1(0))) - ((le) ® 14 ® A),
which by coassociativity of d5 can be rewritten as
(65 ®@ida) (65 ((C)) (1 @ A)) - ((lc) ® 14 @ 14),
and this product lies in M (B ® A) ® A because dg(¢(C))(1p® A) C B A. O

If (A, A) is a regular C*-quantum group, for example, a compact one, and if
0c is weakly continuous, then regularity of dc can be tested on the unit.

Lemma 8.6. Let (A, A) be a regular C*-quantum group, and let 6c be a weakly
continuous partial coaction of (A, A) on a C*-algebra C' such that

(ide ®A)(0c(1e)) - (le @14 ® A) C M(C ® A) @ A.
Then ¢ is reqular.

Proof. We use the same notation and a similar argument as in the proof of Propo-
sition 3.5. By (3.3),

(ldc X A) ((50(&) > C))
= (ide ® A) (dc(1e)) - (ide ®ida ®ida @ w)(ide ® A®)de(c)
for all w € A* and ¢ € O, where A® = (A®idy)A = (idy ® A)A. Since d¢ is
weakly continuous, we can conclude that [(ide ® A)dc(C) - (1c®@14® A)] is equal
to the product of (idg ® A)(dc(1¢)) with
[(ide ®ida ®ida ®@w)((ide ® AP)(5c(C)(le ® 14 @ A® 14)) 1w € A].
Similarly as in the proof of Proposition 3.5, we rewrite this space in the form
[(ide ®ids ®ida ®w) (Vs (ide @(ida @7)A) (6c(C)) 1, Vi (A ®@ 7(A)),,)
w € B(K),]
= [(de®@ida®ids @ w)((A @ 7(A)),, (ide ®(ids @7)A) (6(C)) ) -
w € B(K).]
CMC®A) A
Summarizing, we find that
(ide ® A)oc(C) - (le ® 14 ® A) C (ide ® A)de(1e) - (M(C® A) @ A).
By assumption on d¢(1¢), the right-hand side lies in M(C' ® A) ® A. O

For partial actions of a group G on a space X, a canonical dilation can be
constructed as a certain quotient of the product X xG (see [1] or [16, Theorem 3.5,
Proposition 5.5]). We now give a dual construction. Although this one will be
improved upon in the next section, we include it for informational purposes (see
also Example 8.8).
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From now on, we almost always assume the C*-algebra underlying our C*-
bialgebra to have the slice map property, which holds, for example, if it is nuclear
(see Section 2.4).

Proposition 8.7. Let ¢ be an injective, regular partial coaction of a C*-bialgebra
(A, A) on a C*-algebra C, and suppose that A has the slice map property. Denote
by CRAC M(C® A) the subset of all x satisfying the following conditions:

(1) [, 00(1c)] =0,
(2) (bc ®ida)(x) = (dc(le) ® 1a)(ide ® A)(x) = (ide @ A)(2)(5c(1e) ® 1a),
(3) z(le ® A) and (1¢ ® A)x lie in C ® A,

(4) de@A)(2)(1le®@14®@ A) and (1c ® 14 ® A)(ide @ A)(x) lie in M(C ®
A) ® A.

Then C'X A is a C*-algebra, idc ® A restricts to a coaction of (A, A) on C K A,

and (CK A,idec ® A, d¢) is a dilation of d¢.

Proof. Clearly, C K A is a C*-algebra. It contains dc(C) by (3.1) and regularity
of dc. Next, we need to show that

([de @A CKRA)(1Ie®@ 14, @A) C (CKRA) ® A

Condition (4) implies that the left-hand side is contained in M(C' ® A) ® A. Since
A has the slice map property, it suffices to show that for every y € C' X A and
w € A*, the element

2= (ide ®ida @ w)(ide ® A)(y) = (ide @(ida @ w)A)(y)

lies in C' X A (i.e., it satisfies conditions (1)—(4) above). In cases (2)—(4), we only
prove the first halves of the statements; the others follow similarly.
(1) The element  commutes with dc(1¢) because (ide ® A)(y) commutes with

(0c(1c) ® 14) by (2), applied to y.
(2) We use (1) for y and coassociativity of A to see that

(6c ®ida)(z) = (ide ®ida ®(ida @w)A) (6c @ida)(y)
= (ide ®ida ®(ida ® w)A) ((6c(1) ® 14) (ide ® A)(y))
dc(le) ®14) (ide @(ida @ ida @ w) AP (y)
dc(le) @ 14)(ide ® A) (ids @(ida @ w)A) (y)
= (0c(10) ® 14) (ide ® A) ().

(3) Write w = av with a € A and v € A* using Cohen’s factorization theorem,
and let a’ € A. Then

33'(10 X a') = (idc ®idy ®U) ((idc X A) (y)(lc ®Rd® CL))

We use the relation A® A = [A(A)(A® A)| and condition (3) on y and find that
z(leg ® d') lies in C' ® A, as desired.
(4) With a, d’, v as above,

(1dc ® A)(LL’) . (10 ® 1A ® CL/)
= (ide ®id4 ®ida @) ((ide ® AP)(y) - (1e ® 14 ® d ® a)).

o R R
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We use the relation A ® A = [A(A)(A® A)] again and find that
(idc &® A(Q))<y) . (10 R1la®d® a)
€ (Ide®ida @A) (([de @A) (y) - (le @14 ® A)) - (le @ 14 @ A® A).

Condition (4), applied to y, implies that the expression above lies in M(C'® A) ®
A ® A. Slicing the last factor with v, we get (idde®@A)(z) - (1¢ ® 14 ® d') €
M(C®A)® A. O

Ezample 8.8 (Case of a partial group action). Consider the partial coaction d¢
associated to a disconnected partial action ((p,), (6,),) of a discrete group I" on a
C*-algebra C'. Identify M(C®Cy(I")) with Cy(I'; M (C')), and let f € Cy(I'; M(C)).
Then conditions (1) and (4) in Proposition 8.7 are automatically satisfied by f,
condition (3) is equivalent to f € Cy(I'; C'), and condition (2) corresponds to the
invariance condition

Og(pg-1f(R)) = pgf(gh) (g,hel).

In particular, if C' = Cy(X) for some locally compact Hausdorff space X, then
each p, is the characteristic function of some clopen D, C X, each 0, is the pull-
back along some homeomorphism ay-1: Dy — Dy-1, and the invariance condition
above translates into

f(z,gh) = f(ozgfl(x), h) (9,h e,z e Dy),

so that f descends to the quotient space of X x I with respect to the equivalence
relation given by (z,gh) ~ (ay-1(z),h) for all g,h € I' and = € D,. This space
is, up to the reparameterization (x, g) — (g7, ), the globalization of the partial
action ((Dy)y, (ag)g) of T on X (see [16, Theorem 3.5, Proposition 5.5]), and
Co(X) X Cy(I") can be identified with a C*-subalgebra of Cy,((X x I')/.).

9. Minimal dilations

Among all dilations of a fixed partial coaction dc of a C*-bialgebra (A, A),
we now single out a universal one, which we call the globalization of 6c. More
precisely, we show that (1) every dilation of dc contains one that is minimal in
a natural sense, and (2) that all such minimal dilations are isomorphic. We need
to assume, however, that dc is regular and injective, that A has the slice map
property, and, for (2), that (A, A) is a C*-quantum group.

Definition 9.1. Let 6c be a partial coaction of (A, A) on a C*-algebra C. We call a
dilation (B, dp,t) of d¢ minimal if 1(C') and A*>¢(C) generate B as a C*-algebra.

Remark 9.2. Let (B, dp, ) be a minimal dilation of a partial coaction d¢ of (A, A)
on some C*-algebra C. Then «(C') C B is an ideal because ¢(C)(A* > (C)) =
(C) (A" > C) C o(C) by (6.1). If, moreover, ¢ is strict, then +(C') is a direct
summand of B.

Ezample 9.3. If, in the situation above, (A, A) is the C*-bialgebra of functions
on a discrete group I', then the coaction dp corresponds to an action a of I' on

B, and the dilation is minimal if and only if > . ay(c(C)) generates B as a
C*-algebra.
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Ezample 9.4 (Partial Bernoulli shift). Let G = (Cy(G),A) be a discrete C*-
quantum group. Denote by ¢ the coaction of Cy(G) on C(Bg) (see Section 7),
denote by 6° its restriction to a partial coaction on C'(Bg), denote by 6* the coac-
tion of Cy(G) on Cy(B¢) obtained as the restriction of § (see Proposition 7.5),
and denote by ¢: C'(Bg) — Cy(B¢) the inclusion. Then (Cy(Bg), 0%, ¢) is a dila-
tion of 6 because 0 is a restriction of §*, and this dilation is minimal. Indeed,
6*(pe) = p by Lemma 7.6, whence Cy(G)* > ¢(Co(IBG)) contains pf; for every a, i,
J, and these elements generate Cp(Bg).

Every dilation contains a minimal one.

Proposition 9.5. Let ¢ be a partial coaction of (A, A) on a C*-algebra C with
a dilation (B,dp,t), and suppose that A has the slice map property. Denote by
By C B the C*-subalgebra generated by 1(C) and A* > 1(C).

(1) The coaction dprestricts to a coaction 6, on By, and (B, 0p,,t) is a
minimal dilation of dc.

(2) If (A, A) is a regular C*-quantum group and dc 1is weakly continuous,
then [A* > o(C)] C B is a C*-algebra. If additionally ¢ is strict, then
By = [(A*1>(C))(Clg + Cu(1e))].

Proof. (1) To prove the first assertion, we only need to show that
5B(L(C))(1B®A) QB(]@A and 5B(A*DL(C))(1B®A) QB()@A

But for all c € C, v,w € A*, both (id®w)(d5(c(c))) = wri(c) and (id@w)(dp(ve>
t(c))) = wv>(c) lie in By. Since A has the slice map property, the desired
inclusions follow.

(2) We follow the proof of [9, Proposition 5.7], using the same notation and
manipulations as in the proof of Proposition 3.5. To shorten the notation, let
U:= (r®id,4)(V) and 6 := (idp @) 0 d5 0 . Then by (3.3),

(A" > u(C)]

= [A*>(C(A* > C))]

[ (idp®@v@w (((5B®idA)((C® 14)0c(C) )) v,w E A*]
[(idp @U@ w)((0p @ida) ((C @ 14)05(C))) : v,w € A*]
[(idp @vom@wom)((65(C) ®14)(idp @ A)dp(C)) : v,w € B(K),]
[(1dB XU QW ((5 (0)12U2357F<C)13U23) TV, W E B( )4
I
I
[

idp @U@ w) (0x(C)12U230-(C) 13 (7(A) @ 7(A)),,) : v,w € B(K),]

idp @V @ w) (3(C)12(m(A) ® 7(A)) 1,0x(C)13) : v, w € B(K),]

(47> () (A" o(O)) ]

Thus, [A*DL(C)] is a C*-algebra. If ¢ is strict so that ¢(1¢) is well defined, then this

C*-algebra commutes with ¢(1¢), and by (6.1) the product is [.(A* > C)] = ¢(C).
This proves the last assertion concerning By. 0

If we apply Proposition 9.5 to the canonical dilation (C'X A,idc ® A, §¢) con-
structed in Proposition 8.7, we obtain the following dilation.
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Theorem 9.6. Let (A, A) be a C*-bialgebra, where A has the slice map property,
and let 0¢ be an injective, reqular partial coaction of (A, A) on a C*-algebra C.
Denote by &(C) C M(C ® A) the C*-subalgebra generated by

{(ide ®ide ®w)(ide ® A)dc(c) :w € A", c € C} and  0c(C).
Then ide ® A restricts to a partial coaction on &(C), and
&(6c) == (6(C),idc ® A, b¢)
s a minimal dilation of d¢.

Proof. By an argument similar to that in the proof of Proposition 8.7, we only
need to show that for every ¢ € C' and v,w € A*, the elements

(ide ®ida @v) ((ide @ A)de(c))
and
(ide ®id4 ®@v) ((ide ® A) ((ide ®ida @ w) (ide @ A)de(c)))

lie in &(C'). In the first case, this is trivially true, and in the second case, one finds
that the element is equal to d = (ide ® id4 @uw)((ide ® A)oc(C)) € B(C). O

Remark 9.7. Suppose that (A, A) and d¢ are as above.

(1) Be aware that ¢ is strict as a map from C to M(C ® A), but this does
not imply that d¢ is strict as a map from C' to &(C).

(2) If d¢ is weakly continuous, then (3.3) implies that &(C) C M(C' ® A) is
equal to the C*-subalgebra generated by {(idc ® ide ® w)(ide ® A)dc(c) :
we A* ce C} and 6c(1¢).

Ezample 9.8 (Case of a partial group action). Consider the partial coaction d¢
associated to a disconnected partial action ((p,), (6,),) of a discrete group I" on a
C*-algebra C, and identify M (C' ® Cy(I")) with C,(I'; M(C)). In that case, &(C)
is the C'*-algebra generated by all functions of the form

fc,h = (ldc X id()o(p) X th)(idc X A)(sc(c) g Qgh(ph—lg—1c),

where ¢ € C and g,h € I'. The action p of I' corresponding to the coaction
ide ® A is given by right translation of functions, whence pp/(fen) = fenn for all
h'el.

We will use the following notion of a morphism between dilations.

Definition 9.9. Let 6 be a partial coaction of a C*-bialgebra (A, A) on some
C*-algebra C. A morphism between dilations B = (B, dp, (%) and D = (D, dp, (")
of d¢ is a x-homomorphism ¢: B — D satisfying

¢(:P(c)) =P (c) and

forall c e C, b € B, and a € A. Evidently, all dilations of a fixed partial coaction
dc form a category; we denote this category by Dil(d¢).

(9.1)
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Remark 9.10. The second equation in (9.1) is equivalent to the condition that ¢
is a morphism of left A*-modules; that is, w > ¢(b) = ¢(w > b) for all b € B and
we A*

If §c is injective and regular, then the dilation &(d¢) is terminal among the
minimal ones.

Proposition 9.11. Let 6c be an injective, reqular partial coaction of a C*-
bialgebra (A,A) on a C*-algebra C, let B = (B,0p,t) be a minimal dilation
of 0c, and suppose that A has the slice map property. Then there exists a unique
morphism ¢p from B to &(d¢), and on the level of C*-algebras ¢p is surjec-
tive. For each b € B, the image ¢p(b) is the restriction of dp(b) to the ideal
(CY®A=ZC®Ain B® A.

Proof. Uniqueness follows from the fact that B is generated by ¢(C') and A*>¢(C).
To prove existence, define ¢p as in (3). Since ¢ is a weak morphism, ¢gor = d¢.
The relation (idg ® A)dp = (6 ®id4)dp implies that

(65 910 (5a()(V © @) = (ido @ A) (680 (6s(¥) @ a)
for all b, € B and a € A; in particular,
o5 (w > i(c))gp(b) = (ide ®@ida @ w)((ide ® A)dc(C)) ds(b)

for all ¢ € C and w € C*. Now, the definition of &(C) and minimality of B imply
that ¢g(B) = &(C). O

If (A,A) is a C*-quantum group, then the morphism above is injective and
hence an isomorphism. To show this, we use the following observation.

Lemma 9.12. Let dp be a coaction of a C*-quantum group (A, A) on a C*-algebra
B, and let b,b' € M(B). Then op(b)(b'®@14) = 0 if and only if (b®14)dp(b") = 0.

Proof. Choose a modular multiplicative unitary W for (A, A) so that A(a) =
Wi(a® 1)W* for all a € A. Then

(0B ®idA)(5B(b)) : (5B(b/) ® 1A) = (idp®A) (53(5)) : (53(5,) ® 1A)
= Wa3(0p(b) @ 14) Wi (65(0) ® 14).

Since dp ® id 4 is injective and W is unitary, we can conclude that dp(b)(b' ® 14) =
0 if

(05(b) ® 14)Wa3(05(0) ® 14) = 0. (9.2)
A similar argument shows that (b ® 14)dg(b') = 0 if and only if

(65(b) ® 14)Was (0p(b) @ 14) = 0. (9.3)
Now, both (9.2) and (9.3) are equivalent to the condition d5(b)(1p ®
A)ogp(t') = 0. O

We can now prove claim (2) stated in the introduction to Section 9.
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Proposition 9.13. Let 6c be an injective, reqular partial coaction of a C*-
quantum group (A, A) on a C*-algebra C, suppose that A has the slice map prop-
erty, and let B be a minimal dilation of dc. Then the morphism ¢ from B to
&(5¢) is an isomorphism.

Proof. Write B = (B, dp,t). It suffices to show that ¢z is injective on the level
of C*-algebras. On the direct summand ¢(C) C B, the morphism ¢ is given
by tc(c) — dc(c) and hence injective. Since B is minimal, the direct summand
(15 — t(1¢))B of B is generated by (1p — ¢(1¢))(A* > ¢(C)). Given a nonzero
b e (1p — t(l¢))B, we therefore find some ¢ € C such that dp(c(c))(b ® 14) is
nonzero, and then (¢(¢) ® 14)05(b) is nonzero by the lemma above, whence ¢z(b)
is nonzero. 0J

Corollary 9.14. Let (A, A) be a C*-quantum group, and suppose that A has
the slice map property. Then all minimal dilations of an injective, reqular partial
coaction of (A, A) are isomorphic.
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