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RELATIVELY COMPACT SETS IN
VARIABLE-EXPONENT LEBESGUE SPACES

ROVSHAN BANDALIYEV! and PRZEMYSLAW GORKA?
Communicated by C. Le Merdy

ABSTRACT. We study totally bounded sets in variable Lebesgue spaces. The
full characterization of this kind of sets is given for the case of variable Lebesgue
space on metric measure spaces. Furthermore, the sufficient conditions for com-
pactness are shown without assuming log-Hélder continuity of the exponent.

Variable-exponent Lebesgue and Sobolev spaces are the natural extensions of the
classical constant exponent LP-spaces. This kind of theory finds many applica-
tions, for example in nonlinear elastic mechanics (see [28]), electrorheological flu-
ids (see [27]), or image restoration (see [22]). During the last decade Lebesgue and
Sobolev spaces with variable exponents have been studied intensively (see, e.g.,
the survey paper [6]). In particular, the Sobolev inequalities have been shown
for variable-exponent spaces on Euclidean spaces (see [5], [7] and [4]) and on
Riemannian manifolds (see [10]). Moreover, other types of spaces with variable
exponent have been considered, such as Hardy spaces, Campanato spaces, and
Besov spaces (see [24] and the references therein). Recently, the theory of variable-
exponent spaces has been extended on metric measure spaces (in this context, we
especially highlight [9], [16], [17] and [23]).

In our article we investigate relatively compact (precompact) sets in the vari-
able Lebesgue space. In the classical LP-spaces, the relatively compact sets are
characterized by the celebrated Riesz—Kolmogorov theorem (see [20], [26]). The
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aim of this paper is to give a characterization of precompact sets in the vari-
able Lebesgue space on arbitrary metric measure spaces equipped with dou-
bling measures. Similar results have been shown recently (see [13]) for metric
spaces with doubling measure satisfying some additional condition. In addition,
we find sufficient conditions for compactness in these spaces, without assuming
the log-Holder continuity of the exponent. In the theory of variable-exponent
spaces, the log-Holder continuity is a commonly used assumption on the expo-
nent; in particular, it guarantees the Sobolev-type embeddings for the variable
Hajtasz—Sobolev spaces defined on metric spaces with a doubling measure (see
[16]). Nevertheless, there are results in the theory of variable-exponent spaces
achieved without log-Hélder continuity (see, e.g., [8]).

Let us mention some generalizations of the Riesz—Kolmogorov theorem (see
[13], [14] for the complete bibliography). For instance, the papers [12], [15], [19],
and [21] contain the characterizations of precompact sets in LP(X, o, 1), where
(X, 0, 1) is a metric measure space. On the other hand, a sufficient condition for
a set to be precompact in LP(R", w dx), where w belongs to the A, Muckenhoupt
class, has been proved in [3]. More recently, the Riesz—Kolmogorov-type theorems
have been extended to the variable-exponent Lebesgue spaces LP() (see [25] for
the Euclidean case and [13] for the case of metric measure spaces) and Banach
function spaces (see [14]).

This paper is structured as follows. Section 1 presents fundamental details.
In Section 2, we introduce the required norms, function spaces, and we recall
standard results from the theory of variable-exponent spaces. We also recall basic
facts about metric measure spaces. A characterization of relatively compact sets
in the variable Lebesgue space on metric measure spaces is proved in Section 3.

1. PRELIMINARIES

1.1. Variable-exponent Lebesgue spaces. We start by recalling some nota-
tion and basic facts about variable-exponent Lebesgue spaces. (Most of the prop-
erties for these spaces can be found in the book by Cruz-Uribe and Fiorenza [4]
and in the monograph by Diening, Harjulehto, Hasto, and Ruzicka [5].)

Let (€, 1) be a o-finite, complete measure space. By a variable exponent, we
mean a bounded measurable function p : Q@ — (0,00]. We denote the set of
variable exponents on Q by P(Q2). For U C ), we put

p+(U) = esssup p(x), p—(U) = ess inf p(z).
xclU zelU

It U = ), we will write p,, p_. In the present paper, we assume that the variable-
exponent functions are bounded (i.e., 0 < p_ < p; < 00).

The variable-exponent Lebesgue space LP()(Q) consists of those p-measurable
functions f : 2 — R, for which the expression

oy (f) = / F@)" du(z)
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is finite. This is a quasi-Banach space with respect to the expression

1f oy = inf{)\ >0 pp(.)<§> < 1},

where f € LP0)(Q). In the case when p_ > 1, the variable-exponent Lebesgue
space is a Banach function space. The variable Lebesgue space is a special case of
the Musielak—Orlicz spaces. If the variable exponent p is constant, then LP()(Q) is
an ordinary Lebesgue space. It is needed to pass between norm and semimodular
very often. In general, there are no functional relationships between norm and
modular, but we have the following useful result.

Proposition 1.1. Let 0 < p_ < p, < 0o and let f € LP). Then,

win{ (o, (£)) """ (0 (1)L < Lo

1/p_ 1/
< max{ (pp() (1) " (Por () 77}
Moreover, if p_ > 1, then the Holder inequality

||f9||L1(Q) < 2||f||LP(')(Q)||g||LP’<<>(Q)

holds, where, as usual, 1 = - 5+ ﬁ. Furthermore, we have the following lemma.

p(z)
Lemma 1.2. Let 0 < p_ < p, < oo and let f,g € LP)(X). Then

a2 re
1f + gl vy ) < max{2#-,27- }(Hf”m»)(x) + HgHLP(')(X))'

Proof. For brevity and the convenience of the reader, we give only a sketch of the
proof. From the well-known inequality

(a+b)* < max{1,2* '} (a™ + b*),
where a,b > 0 and o > 0, we obtain
/ ( |/ (x) + g(2)] p(@)
* Mmase{ 27, 25 11 o + 1900 0x)
< maX{1,2p+1}/ ( | f(z)] p(z)
X

1 Py
max{27~, 27~ (|| 1l o) x ) + 191l o0 (xp0))

+maX{172p+l}/< l9(z)] )p(z) du(x)

T
Xt max{27-, 27 (|| fll oo x ) + 191l 2re) (x0)

< max{1, 27+~ 1} /X [zmax{1,2p+1}}‘p5”(|w—x)|))p(” du(z)

| fll o) (x

_p@) p(z)
+max{1,2p+—1}/ [2max{1, 2P+ '}] = (M) du(z)
X HgHLP(‘)(X,u)

1 /()| p(@) lg(x)] p()
: 5(/X(”f||m<~>(x,m> )+ /x(||g||i<.>(x,u>> i) =1
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Thus,

a1 Py
1+ gl e (x,p) < max{27-,27- }(Hf”LP(')(X,;L) + ||g||LP(')(X,p))' u

Let (X, p) be a metric space @ C X. We say that a function p : Q@ — R is
locally log-Holder-continuous on €2 if
Cy

ST
log(e + p(my))

E|C’1>0 vx,yGQ |p(3§’) - p<y>‘

In addition, we say that the exponent function p satisfies the log-Holder decay
condition at infinity with a fixed point xy € X if
Co
log(e + p(z, z0))
We also say that p is globally log-Holder-continuous on € if it is locally log-Holder-

continuous on () and satisfies the log-Holder decay condition at infinity. Then,
the constant

Fpwer Ieus0 Vaca  |P(2) — poo| <

Clog(p) = max{(]l, 02}

is called the log-Holder constant related to an exponent p. Subsequently, we define
the set of log-Holder continuous exponents by

1
Prog(2) = {p € P(Q): , is globally log-Holder continuous}.

1.2. Metric measure spaces. Let (X, o, 1) be a metric measure space equipped
with a metric p and the Borel regular measure p. Denote by

B(z,r)={ye X :p(z,y) <r}
a ball of the radius » > 0 with a center x € X. We assume throughout the
present article that the measure of every open nonempty set is positive and that
the measure of every bounded set is finite. Additionally, we suppose that the

measure p satisfies a doubling condition. This means that there exists a constant
C), > 0 such that for every ball B(z,r),

1(B(z,2r)) < Cup(B(z,1)).
It is well known (see [18]) that the doubling condition implies that there exists a
positive constant D satisfying
w(B(xa,72)) < D(E
u(B(x1,7m1)) r1

for all balls B(zy,79) and B(xq,r1), with ro > 1 > 0 and x; € B(xa,79). It
follows from the above inequality that if we fix a ball B(xg, R), then there exists
b > 0 such that the following inequality holds for z € B(xzg, R) and for r < R:

w(B(z,7)) > bre. (1.1)

In particular, if X is bounded, then there exists b > 0 such that the following
inequality holds for r < diam X:

pw(B(z,r)) > bre. (1.2)

) where s = log, C,,,
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On the other hand, if the metric measure space equipped with a doubling measure
is not bounded, then inequality (1.2) does not necessarily hold.
Furthermore, we define (f)4 the integral average of the function f over the set

A; that is,
1

1.3. Space of measurable functions L°(X). Let (X, ) be a measure space
such that p(X) < oco. Then, by L°(X) we denote the space of measurable func-
tions on X. This space is a complete metric space with respect to the metric

(f.9) = [ of = g)d
X
where
o) = .
1+ |t]
It is well known that the convergence in this metric is equivalent to the con-

vergence in measure. Using the method from [21], one can show the following
theorem.

Theorem 1.3. Let (X, p, i) be a totally bounded metric measure space such that
u(X) < oo. A subset F of L°(X) is totally bounded if it is almost uniformly
bounded and almost equicontinuous; that is, for any ¢ > 0, there exist 6 > 0
and A > 0 such that, for any function f € F, there exists a measurable subset
E(f) C X satisfying the properties

(1) n(E(f)) <e;

(2) |f(z) = f(y) <& forz,y € X\ E(f), p(x,y) <6;
B3) [f(2)] <A forz e X\ E(f).

2. TOTALLY BOUNDED SETS IN LP0) (X o, 1)

In this section, we study totally bounded sets in LP") (X, o, i), where (X, o, it)
is a metric space equipped with a doubling measure. We start with the following
version of the Lebesgue—Vitali compactness-type theorem.

Theorem 2.1. Suppose that (X, u) is a measure space such that p(X) < oo
and p € P(X,p), 0 < p_ < py < oo. Then, a subset F of LPV)(X, ) is totally
bounded if and only if the following conditions are satisfied:

(i) F is totally bounded in L°(X);

(ii) the family F is p(-)-equi-integrable, that is,

Yoo 3o Vacx 1(A) <3 = sup [ 70 duto) <=
ferFJA

Proof. Assume that (i) and (ii) hold. Then, for a fixed € > 0, there exists § > 0
such that, for each set E satisfying u(F) < 0, we have

sup/E }f(x)‘p(x) du(x) < e.

feF
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Next, let us fix a € (0,1) such that a?-u(X) < 2P+*le, and suppose that
{fe}i, € F is a dp(a)net in L°(X). Then, for any f € F, there exists
ke {1,...,n} such that do(f, fr) < 0¢(c). Therefore, we get

Lvm-wm”%m>
_ /X 1£(@) — u@)[" d(z)

:c—kxp(m)d:c :c—ka:p(x)d:c
<[ W@ R@P e s [ () i )

{|f—frl>a}

< /Xap(x) du(z) + / [F(@) = f@) [ du(a)

{1f = frl>a}
< pu(X)aP- 4 2+t sup/ 9(x) |p(x) du(z).
{1f=frl>a}

geEF
Moreover, in view of the monotonicity of ¢ and the Markov inequality, we get
M({|f — fil > Oé}) < ﬂ({¢(’f - fk|) > ¢(04)})

1

< m/xﬂ\f—fﬂ)dﬂz

dO(f’ fk)
¢(a)

< 4.

Hence,
[ 1@ =A@ duta) < 272
X

which proves that the set F is totally bounded in LPO)(X).

Now, assume that the family F is totally bounded. We aim to show that con-
ditions (i) and (ii) are satisfied.

(i) Let us fix ¢ > 0 and take a € (0, 1) such that ¢(a)u(X) < e. Additionally,
let {fx}7_, denote a caP--net in LP()(X). Then, for any f € F, there exists
ke {1,...,n} such that

Lum—mmmwwsMﬂ

Therefore, we obtain

i == [ oot [ olf - s
7 () — fula) P
< p(a)u(X) + /U_MM du < e +/X —@ du(zr) < 2,

which proves (i).

(ii) We fix € > 0 and assume that {f,}?_, is a e-net in LP0)(X). Since f, €
LPO(X, p), there exist 6, > 0, k = 0,1,...,n, for which the following property
holds:

Vi=01,.n Vacx WA) <0 = / |fk(:c)}p($) du(z) < e.
A
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Then, for 6 = min{d; : k =0,1,...,n} and A C X satisfying pu(A) < J, we have

[ 18P duo) < =
A

Since, for any f € F, there exists k such that [, |f(z) — fi(2)[P™ du(z) < e, we

get
J 1@ P auta) <2 ( [ |te) = 1@ duto) + [ |3 duto))

< 2P++16'

Consequently, F is p(- )-equi-integrable. O
The following theorem will be needed in our further proofs.

Theorem 2.2 (see [1]). Suppose that: (X, p, ) is a metric measure space with a
doubling measure, p € Piog(X, 1), and suppose that p_ > 1. Then,

Cp_
MO oo e < E’|f|lLP('>(X,p)’
where a constant C' depends on p(B(zo, 1)), Cy-doubling constant of measure p,
and where Cog(p) stands for a log-Hélder constant of p.

Now, for ¢ > 0, let

Mufte) =sup(f |l an) ™

r>0

denote the family of the Hardy-Littlewood maximal functions. We next state the
following claim.

Corollary 2.3. Let (X, p, pt) be a metric measure space with a doubling measure,
P € Pog(X, 1), and let p_ > q. Then,

Cp_

”Mq(f)HLp(-)(X#) < <p_ _ q> ||f||LP(‘)(X,,u)7

where a constant C' depends on pu(B(zo, 1)), Cy-doubling constant of measure p,
and Ciog(p)-log-Hdlder constant of p.

Proof. Since (p/q)_ > 1, by Theorem 2.2 we get
/
My = MU

Cp7 C 1/q
p—
< < ) fq 14 = < > f p(-) .
— pq_ || ” p() " B q || ||L (X,p) 0

We are in a position to state and prove our main result, which reads as follows.

Theorem 2.4. Let (X, o, 1) be a metric measure space equipped with a doubling
measure, let p € Plog(X, 1), and let 0 < p_ < p. < oo. Then, the family F C
LPO(X, ) is totally bounded in LPV) (X, ) if and only if the following conditions
are satisfied:
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(a) F is bounded in LPO)( ; that is Iprs0,

sup/ ‘f !p x)d
fer
(b> EI0<q<p_7

iy [ (f 176 sl duw)"™" i) = 0

(c) for some xg € X,

lim sup/ [z |p wu(z) = 0.
R—00 fe F J X\B(x0,R)

Proof. Assume that F is totally bounded in LP() (X, u). We fix 0 < ¢ < 1 and
1

define € := (%)1_55 < 1, where C' is a constant from Theorem 2.2. We also

assume that {fx}r=1 is a enet in F. For f € F, we fix k € {1,...,N}

satisfying

.....

ka - f”LP(‘)(X“u) <E.
By virtue of Proposition 1.1, we have

/ | fulx) = f (w)!”(x’ du(z) < &-.

.....

are satisfied.
(a) Let f € F. It follows from Lemma 1.2 that

1 P+
1l 2o (xpy < max{ 27, 27= F(|| fill oty (x) + 11 = Sl oo x )
1 P+
< max{27-,27- }(M; +¢) = M.

(b) Direct calculations lead us to the following estimates

/X <]i(x , |f(z) = F(y)| d,u(y)) o du(z)

: /X(Jiu,m»fm — f<y>w<y>) " )

<2 [ 1)~ @)™ duto)
+4P+/X<]i(w | fi(x) = fr(y)|" dp y))p;)du(w)
o [ (f - f(y)lqdu(y)> " duta)

= 2001 + 4Pt I + 4P* 5.
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Now, we give the bounds for integrals I; — I3.
It is obvious that I; < £P-. Moreover, by Corollary 2.3, we have

(F Jato =sr a) ™
<2 (!fk<x>|q + Ji InP )

< gp+(tg <|f ‘p (]{3(“ ’fk ‘q ))pqz)>

< 7+ DY (| (@) P9 M fe(@)] ") € Ly (X, p).

Since |f1|? € LL (X, i), it follows from the Lebesgue differentiation theorem that

][ ‘fk |q y) _>07
B(z,r

for r — +0 and almost all x € X. Hence, by virtue of the Lebesgue dominated
convergence theorem, I, < ¢ for sufficiently small r > 0.
In order to give the bound for I3, observe that in view of Corollary 2.3, we have

Cp—

HMq(fk e < 1.

p- — q)l—é

Moo < (52 )ka Flsovn < (%

Thus, by Proposition 1.1,

p(z)
b= [ (1560 = sl an)  dnte)
< [ (M1~ ) @)™ duta)
X
< HMQ(|fk |)} LrC) (X, p)
- —aq\P-
( Cp_ ) =
(c) For k=1,..., N, we fix Ry satisfying
/ ‘fk(a:)’p(w) du(z) <e
X\B(zo,R)
Then, for R = max{Ry : k=1,..., N}, we have
[ P du
X\B(z0,R)
p+ p(z) p(x)
<o ([ 5@~ h@ )+ [ @ i)

< 2p+ 5p )
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Now, let us show the converse (i.e., the sufficiency of conditions (a)—(c)). Let
us fix € > 0. Then, there exists R such that

sup/ !f(x)}p(z) du(x) <e. (2.1)
feF JX\B(wo,R)

Now, let us introduce the following Lipschitz cut-off function with the Lipschitz
constant }%:

£(2R — p(z,x0)) if 2 € B(xo,2R) \ B(xo, R),

1 if z € B(z, R),

0 if € X\ B(zo,2R),

and define the set Fg by

or(x) =

Fr={for:feF}

Our objective is to show that F is totally bounded in LPO)(B(z, R)). We start
with the following lemma.

Lemma 2.5. The family Fr satisfies the following conditions:
(i) Fg is bounded in LPO)(X);
(i)

. p(x)/q
lim sup / <][ |9(x) = g(y)|" du(y)) dp(r) = 0.
"=V g9eFr JX \J B(w,r)

Proof. The proof of (i) is straightforward and we omit it. Thus, we turn to the
proof of condition (ii). Let ¢ € Fg. Then, g = ¢rf, where f € F. Applying the
properties of the cut-off function ¢g, we have

]{9( )\g(fv)—g(y)!qdu(y)
2 x) — 6% (y) d
<2(f 15— 1)) duty
w(z) — b U d
+]{W)\¢ () — om()|")f@)]" du(y) )

<2(f 15 - @ o)+l

Hence, we conclude that

(Ll = sl ant) dute
S </X <]é( p /() = fw)]* du(y))p(m)/q dp(x)

e [ 7@ duta)),

which completes the proof of the lemma. O
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Lemma 2.6. The family Fg is p(-)-equi-integrable.

Proof. Tt is obvious that

|f@)|* <2(|f (@) = fFW)|" + |f@W)]")-

Averaging it with respect to y € B(x,r), we get

@) < 2( [£(@) = FW)" duly)

1
w(B(z,r)) /B(:Jc,r)
| q
+E@@754mMﬂW\W@D

Subsequently, we raise the above inequality to the 2 bl

newly obtained expression over £ C X. By the Holder inequality, we have

Luuwwwu>

< ot @) — 1) du)”" du(e)
E N B(z,r)
p(x)

'+(/;<ZR2§52353(/;QWQ!f<y>r7du<y>)qdu<x>)

f””/(f 7) — 1) ()" )

z)

p
27
£ 20 [ (s el 0er) T dio)

p()—q
Due to Proposition 1.1, we get
P49 P——q

110y sty < mac{ (B )] 5 (B )] 7 )

Therefore, by (1.1), there exists a constant C' such that

m : |’1||Lp€§2q(3(x,r)) < max{ [M(B(mﬂ"))}_i, [M(B@,T))]_’%}

59

< C9max{r ot TP } Clr v,

provided that r < 1.
It is clear that

10z =1L, By < M*

q

341

p @) pp power and integrate the
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Therefore, we get

/E £ du(z)

<2 ([ (f, 1= sl )" dnte)

+2% (MO + 1)p+r*fu(E)>,
and we obtain that the family Fg is indeed p(- )-equi-integrable. OJ
Lemma 2.7. Fg is totally bounded in L°(B(xg, R)).

Proof. Let us note that, since the measure p is doubling, the metric space (X, p)
is doubling (see [18]). Thus (B(xg, R), p) is a doubling metric space and hence,
(B(xo, R), p) is totally bounded.

Let us fix ¢ > 0. We take § > 0 such that, for all f € Fg, the following
condition holds:

/X(]Z]_;(x 26) @) - f(y)lq dﬂ(y)>p(x)/q dp(r) < P+t

Hence, in view of the Markov inequality, we get

u{w : (]i(m){f(l‘) — f(y)\qdu(y))l/q > 6}

1 p(z)/q

<o [ (f,, o sl ) dute) < =

eb+

Next, for any =,y € B(xg, R) satisfying p(z,y) < d, we have

@)= 1)) <2 (f (5@ = s autw)

B(z,9)

- (ﬁw) |f(y) = f(2)|* du(2)>1/q)-

Since B(z,d) C B(y,20) and the measure is doubling, the last inequality implies
that, for any x,y € X satisfying p(x,y) < 9,

0=l <2 ((f 1 - s )

(f, o - swl ) ")

By virtue of the Markov inequality and boundedness of Fz in Ly.)(X), we have

a7 > A} = il > v} < o [ (1@ dute) < 5

Therefore, there exists A such that
sup u{|f] > A} <e.
feF
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We set
= {:L' : ‘f(:z:)‘ > )\} U {:l:: <]€3($25)}f(x) —f(y)|qdu(y))1/q > 5}.

Then, p(E(f)) < 2e. Moreover,
|f(x)‘ <\ forz € Bz, R)\ E(f),

, 1
|[f(x) = f()| < 2*74C,"e for o,y € B(xo, R) \ E(f), p(z,y) <.
Thus, by Theorem 1.3, we get that Fp is totally bounded in L°(B(zg, R)). U

Thus, by Lemmas 2.6 and 2.7, conditions (i) and (ii) of Theorem 2.1 are sat-
isfied. Hence, we proved that Fg is totally bounded in LP*)(B(zg, R)). Finally,
combining the total boundedness with inequality (2.1), we obtain that F is totally
bounded in LP")(X, p1), which completes the proof of Theorem 2.4. O

3. REMARKS

We summarize the paper with some remarks. Following the proof of Theo-
rem 2.4, we get the result below.

Theorem 3.1. Let (X, o,p1t) be a metric measure space equipped with doubling
measure, let p € Plog(X, 1), and let 0 < p_ < p. < oo. Then, the family F C
LPO(X, 1) is totally bounded in LPV) (X, ) if and only if the following conditions
are satisfied:

(a) F is bounded in LP) (X, p); that is, Inr=o,
sup/ ‘f !p @ du(
feF

(b) v0<q<p_ )

iy [ (f 1) - s ()" du(z) = o

(c) for some xg € X,

lim sup/ ‘f(x)|p(w) du(z) = 0.
R—00 e F J X\ B(xo,R)

Moreover, combining Theorem 2.4 with Theorem 3.1, we get the following
characterization of precompact sets in LP0) (X, o, ).

Theorem 3.2. Let (X, o, 1) be a metric measure space equipped with doubling
measure, let p € Plog(X, 1), and let 1 < p_ < p. < oo. Then, the family F C
LPO(X, 1) is totally bounded in LPV)(X, ) if and only if the following conditions
are satisfied:

(a) F is bounded in LPO) (X, u); that is, Inr=o,

sup [ £ dutz) < M

feFJXx
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(b)
p(z)
igsup [ (£ (1) = )] dut))"” dua) = 0
r—0 feF B(z,r)

(c) for some xg € X,

lim sup/ ‘f |p wu(x) = 0.
R—00 e 7 ) X\ B(z0,R)

The above assertion is very similar to the result stated in [13]. Let us note that
n [13], the authors assumed additionally that

inf{p(B(z,1)) :z € X} > 0.

Let us stress now that an arbitrary doubling measure does not necessarily satisfy
this assumption (see [13] for details). More recently, it was shown that if the metric
measure space (X, p, p1) with doubling measure p admits the Sobolev inequality
(see [11]) or the Trudinger-Moser embedding (see [2]), then the lower bound for
the measure holds.

Finally, following the proof of Theorem 2.4, we get the sufficient conditions for
compactness in the form of the claim below.

Theorem 3.3. Let (X, o, 1) be a metric measure space equipped with doubling
measure, and let p be a measurable map such that 0 < p_ < p, < oo. If the
family F C LPO(X, 1) satisfies the conditions

(a) F is bounded in LPC) (X, u); that is, Inr=o,

p(x) .
fcgg/X\f@)\ dp(z) < M;

(b) E|O<q<p, )

}g%?gg / ( ]{9 - | f(x) = f(y)\qdu(y)y(z)/q dp(x) = 0;

(c) for some xg € X,

lim sup/ ’f |p wu(x) = 0;
R—=0o0 feF J X\B(z0,R)
then the family F is totally bounded in LPC) (X, ).

It is worth mentioning that there are no assumptions on the regularity of expo-
nent p in Theorem 3.3.
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