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Packing Index of Subsets in Polish Groups

Taras Banakh, Nadya Lyaskovska, and Dusan Repovs

Abstract  For a subset A of a Polish group G, we study the (almost) packing
index pack(A) (respectively, Pack(A)) of A, equal to the supremum of cardi-
nalities | S| of subsets S C G such that the family of shifts {x A}, cg is (almost)
disjoint (in the sense that [xANyA| < |G| for any distinct points x, y € S). Sub-
sets A C G with small (almost) packing index are large in a geometric sense.
We show that pack(A) € N U {Rq, ¢} for any o-compact subset A of a Polish
group. In each nondiscrete Polish Abelian group G we construct two closed
subsets A, B C G with pack(A) = pack(B) = ¢ and Pack(A U B) = 1 and
then apply this result to show that G contains a nowhere dense Haar null subset
C C G with pack(C) = Pack(C) = « for any given cardinal number « € [4, c].

1 Introduction

Given a Polish group G and a nonempty subset A C G with nice descriptive
properties, we study all possible values of the packing index

pack(A) = sup {|S| : S C G and the family {x A} cs is disjoint}

of A, which indicate the smallness of the subset A in a geometric sense. Answering a
problem of Dikranjan and Protasov [4] the first two authors [1] constructed a subset
A C Z such that pack(A) = R but for every infinite subset S C Z the family
of shifts {xA},es is not disjoint. This example shows that the supremum in the
definition of the packing index pack(A) cannot be replaced with maximum. The
difference between max and sup is caught by the sharp packing index

packti (A) = sup {|S|+ : S C G and the family {x A} ¢y is disjoint},

which can be equivalently defined as the smallest cardinal x such that for every subset
S C G of cardinality |S| > « the family of shifts {x A},cs is not disjoint. The sharp
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packing index packﬁ (A) determines the value of pack(A) because
pack(A) = sup{x : k < packji (A)}.

The papers [1], [2], and [8] are devoted to constructing subsets with a given (sharp)
packing index. In particular, for every nonzero cardinal number ¥ < ¢ one can easily
construct a subset A C R with pack(A) = k. A less trivial task is constructing a
subset A C R with a given sharp packing index packIi (A) =k €[2,c"].

After discussing these results on the topological seminar at Wroctaw Univer-
sity, the second author was asked by Omiljanowski about possible restrictions on
the packing index pack(A) of subsets A C R having good descriptive properties
(like being compact, o -compact, Borel, measurable, or meager). This question was
probably motivated by the well-known fact that the Continuum Hypothesis (although
irresolvable in ZFC) has a positive solution in the realm of Borel subsets of the real
line: each uncountable Borel subset A C R has cardinality ¢ of continuum.

In this paper we shall give several partial answers to Omiljanowski’s question.
On the one hand, we shall show that o-compact subsets A in Polish groups cannot
have an intermediate packing index Ry < pack(A) < c¢. For a Borel subset A of a
Polish group we get a weaker result: pack®(A) cannot take the value on the interval
éq(H}) < packﬁ (A) < ¢, where éq(H}) stands for the smallest cardinality x such
that each coanalytic subset X C 2% x 2% contains a square S x S of size |S x §| = ¢
provided X contains a square of size > x. The value of the small uncountable
cardinal éq(H{) is not completely determined by ZFC axioms: both the equality
éq(H}) = ¢ and the strict inequality éq(H}) < ¢ are consistent with the Martin
Axiom (see [10]).

On the other hand, for every infinite cardinal number ¥ < ¢ in each nondiscrete
Polish Abelian group G we shall construct a nowhere dense Haar null subset A C G
with pack(A) = Pack(A) = x. Here

Pack(A) = sup{|S| : S C G and {xA},cs is almost disjoint}

is the almost packing index of A. In the above definition, a family of shifts {xA},es
is said to be almost disjoint if |[xA N yA| < |G|, for all distinct x, y € S.

To construct the nowhere dense Haar null subset A C G with a given (almost)
packing index, in each nondiscrete Polish Abelian group G we first construct a closed
nowhere dense Haar null subset C C G with Pack(C) = 1. The set C, being nowhere
dense and Haar null, is small in the sense of category and measure, but it is large in
the geometric sense because for any two distinct points x, y € G the shifts xC and
yC have intersection of cardinality |[xC N yC| = c.

In particular, CC 1 — G and thus C is a closed nowhere dense Haar null subset
that algebraically generates the group G. This result can be seen as an extension
of a result of Solecki [ 1] who proved that each nonlocally compact Polish Abelian
group G is algebraically generated by a nowhere dense subset.

It also extends some results of [9, §13]. In fact, the closed Haar null subset C C G
with Pack(C) = 1 is constructed as the union C = A U B of two closed subsets
A, B C G with pack(A) = pack(B) = c. This shows that the packing index is
highly nonadditive.
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Notation By o we shall denote the first infinite ordinal; N = @ \ {0} stands for
the set of positive integers. Cardinals will be identified with the initial ordinals of
given cardinality; ¢ stands for the cardinality of continuum. All topological groups
G considered in this paper will be supplied with an invariant metric p generating the
topology of G. By e we shall denote the identity element of G. For a point x € G
and a real number r by B(x,r) = {g € G : p(g,x) < r} we shall denote the open
r-ball centered at x. Also for x € G we put ||[x|| = p(x,e). The invariance of p
implies [ x| = [lx|l and [lxy|l < [lx|| + [[yll, forall x, y € G.

2 The Packing Indices of o-Compact Sets in Polish Groups

In this section we shall show that the packing index of a o -compact subset in a Polish
group cannot take an intermediate value between w and c. First we shall prove the
following useful result (proved in analogy with Proposition 5 of [3]).

Lemma 2.1  Let A be a subset of a Polish group G. If pack?(A) < ¢, then the
closure of AA~! contains a neighborhood of the neutral element e of G.

Proof Fix any complete metric p generating the topology of the Polish group G.
Assuming that AA~! is not a neighborhood of e, we shall construct a perfect subset
K C G such that the indexed family {xA},cx is disjoint, which will imply that
pack?(A) = |K|T = ¢t.

Taking into account that the closed subset AA~lisnota neighborhood of e in G,

we can find for any open neighborhood U of e, a pointh € U \ AA~! and an open
neighborhood V of e such that V=6V c U\AA~L.

Using this fact, construct by induction a sequence (by,),eq of points in G and
sequences (Uy)nee and (V;;),eq of open neighborhoods of e in G such that

1. b, eU, =U;"

Vo ba Va1 N AAT = o

2
3. b ¢ Vas1 Vo s
4. diam, (bV,,41) < 27", for any point

beB,={b; by :¢o,...,ex €1{0,1}}; and
5. U}, C Vay1 C Up.

Define a map f : {0,1} — G by assigning to each infinite binary sequence
€ = (&;)ieq the infinite product

f@ =114 = lim f,@
i=0

where £, () = []7_, b".

Let us show that the latter limit exists. It suffices to check that (f,,(€))nee is @
Cauchy sequence in (G, p).

The condition (5) implies that Ul.zJrl C U; for all i. This can be used as the
inductive step in the proof of the inclusion Uy, - - - Uy, C U,f for all m > n. Then for
everym > n

fn@) € foE) - Ups1 -+ Un C £ &) - UL, C fuE)Var
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and thus
p(fm(g)a fn(g)) =< diamp(fn(g) “Vat1) < 27"
by the condition (4). Therefore, the sequence (f;,(£))new is Cauchy and the limit
F(€) = lim,_ o0 f(£) exists.
Moreover, the upper bound p(fn(€), f4(€)) < 27" implies that the map
f :{0, 1} — G is continuous. On the other hand, the inclusions f,, () € f,(¥)-U2,
m > n, imply that

f@) € fu@) - U2 C f1(®) U C fu@) - Vs

This inclusion will be used for the proof of the injectivity of f. We shall prove a little

bit more: for any distinct vectors Z and & in {0, 1}, we get f(Z)A N f(5)A = .
Find the smallest number n € w such that ¢, # J,. We lose no generality by as-

suming that §, = 0 and ¢, = 1. It follows that f(g) € f, (E)U,?Jrl C fr1(@EbpVaaa

while £(6) = £ (0) Vi1 = fu—1(0) - € - Vip1 = fu—1(&)Vig1. Then

(f@) " fE) € VI buVis1 € G\ AA™!

by the condition (2) and hence f(£)A N f (S)A =o.
Thus for the set K = f({0, 1}*) the indexed family {xA},cg is disjoint. The
injectivity of f implies that pack?(A) > |K |t = c¢t. O

Now we can prove the main result of this section.

Theorem 2.2 If A is a o-compact subset of a Polish group G, then pack®(A)
e N U {Ro, 81, cT). Moreover, if the set A is compact, then

1. packj (A) = ¢T provided G is not locally compact;
2. packj (A) € {Ry, ¢} provided G is locally compact but not compact;
3. pack?(A) € NU {ct} provided G is compact.

Proof If A is o-compact, then so is the set AA™! = {xy~! : x,y € A} and then

the set (G \ AA~1) U {e} is a Gs-set in G. In its turn, the subset
X={(y)eGxG:y 'xe(G\AATHU{e}}

is of type G5 in G x G, being the preimage of the Gs-subset (G \ AA~!) U {e} under
the continuous map g : G x G — G, g : (x,y) — y lx.

Assuming that packIi (A) > Ry, we can find an uncountable subset S C G with
disjoint family {xA}es, which implies that S x § C X. Since the Polish space X
contains the uncountable square S x S, we can apply Theorem 2.2 of [7] to conclude
that X contains the square P x P of a perfect subset P C G (the latter means that P
is closed in G and has no isolated point). It follows from P x P C X that the family
{xA}ep is disjoint and thus ¢t = |P|* < pack?(A) < |G|T = ¢*.

Assuming that A C G is compact, we shall now prove the assertions (1)—(3) of the
theorem. The compactness of A implies the compactness of AA~!. If AA~! isnot a
neighborhood of e, then we can apply Lemma 2.1 to conclude that packjj (A) =ct.
This holds if the group G is not locally compact. So, we assume that AA~! is a
neighborhood of e. In this case the group is locally compact and we can take a
neighborhood U C G of e with UU! ¢ AA™L.

Therefore, for every B C G with B"!BNAA™! = {e} we get B"'BNUU! =
{e}, which implies that the indexed family {xU},cp is disjoint and the set B is at
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most countable, being discrete in the Polish space G. This gives the upper bound
pack?(A) < Ry.

If the group G is not compact, then using the Zorn Lemma, we can find a maximal
set B C G with B"!BN AA~! = {e}. We claim that BAA~! = G.

Assuming to the contrary, we can find a point 5 € G\ BAA~!. Then the set bA is
disjoint from the set BA and hence we can enlarge the set B to the set B = B U {b}
so that (xA) .z is disjoint.

The latter is equivalent to B 'BNAA™! = {e} and this contradicts the maximality
of B. The compactness of AA™! and noncompactness of G = BAA™! implies that
B is infinite and thus packjj (A) > |B|* > R. This completes the proof of the second
assertion of the theorem.

To prove the third assertion, assume that G is compact. In this case G carries a
Haar measure ¢ which is a unique probability invariant ¢ -additive Borel measure on
G.If AA~! is not a neighborhood of e, then packﬁ (A) = ¢ by a preceding case. So
we assume that AA~! is a neighborhood of ¢ and take another neighborhood U of e
with UU ™! c AA™.

Since finitely many shifts of U cover the group G, we get #(U) > 0. Now given
any subset B C G with B"!BNAA™! = {e}, we get B"'BNUU ! = {e}. The latter
equality implies that the family {xU },¢p is disjoint and then 1 = u(G) > u(BU) =
|B|u(U) implies that |B| < 1/u(U). Consequently, the packing index pack(A) <
1/u(U) is finite and so is its sharp version packjj (A). U

The equality pack(A) = sup{x : k¥ < pack?(A)} and Theorem 2.2 imply the follow-
ing.

Corollary 2.3 If A is a o-compact subset A of a Polish group G, then pack(A)
€ NU {Ro, c}. Moreover, if the set A is compact, then

1. pack(A) = ¢ provided G is not locally compact;
2. pack(A) € {Ro, ¢} provided G is locally compact but not compact;
3. pack(A) € N U {c} provided G is compact.

In light of Corollary 2.3, the following two open questions arise naturally.

Question 2.4  Are there a compact group G and a ¢ -compact subset A C G with
pack(A) = Rg?

Question 2.5 Are there a Polish group G and a Borel subset A C G with
Ro < pack(A) < ¢?

The latter question does not reduce to the o -compact case because of the following
example (in which T = R/Z stands for the circle).

Proposition 2.6  The countable product G = T? contains a Gs-subset A C G
such that pack(A) = ¢; however, each o -compact subset B C T containing A has
pack(B) < Ry.

Proof Letq:R — T = R/Z denote the quotient map, J = ¢([0, 1)) be the half-
circle, I = J = ¢([0, %]) be its closure, and D = ¢ ({0, %}) be two opposite points
onT.Itisclearthat D~ 'DNJJ ' ={e} whilel - I7! =T.

It follows that A = J“ is a Gs-subset of T with pack(A) = |D®| = ¢ because
(D) 'D” N AA™! = {e}.
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Now given any o -compact subset B D A in T, we must check that pack(B) < Ro.
Replacing B by B N I, if necessary, we can assume that B C I®. Since B C I?
contains the dense Gs-subset J* of [, the standard application of the Baire Theo-
rem yields a nonempty open subset U C /® with U C B. Without loss of generality
we can assume that U is of the basic form U = V x I®\* for some n €  and some
open set V C I". Observe that

vu Tl =vvl x ooyt = vyt e

is an open neighborhood of e in T®. Consequently, BB~! > UU ! is also a neigh-
borhood of e in T“. Proceeding as in the proof of the last assertion of Theorem 2.2,
we can see that

pack(B) < 1/u(V x T®\") < Ry. O

3 The Packing Indices of Analytic Sets in Polish Groups

In this section we shall give a partial answer to Question 2.5 related to the packing
indices of Borel subsets in Polish groups. It is well known that each Borel subset
of a Polish space is analytic. We recall that a metrizable space X is analytic if X is
a continuous image of a Polish space. A space X is coanalytic if for some Polish
space Y containing X the complement Y \ X is analytic. The classes of analytic and
coanalytic spaces are denoted by 211 and H%, respectively. It is well known that the
intersection A} = 2} N H} coincides with the class of all absolute Borel (metrizable
separable) spaces. By K, and s we denote the classes of o-compact and Polish
spaces, respectively.

We shall say that a subset X C 2% x 2“ contains a square of size x if there is a
subset A C 2? with A x A C X and |[A x A| = k.

Given a class C of spaces denote by 5q(C) the smallest cardinal x such that each
subspace X € C of 2 x 2% that contains a square of size x contains a square of
size ¢. Theorem 2.2 of [7] (applied in the proof of Theorem 2.2) guarantees that
30(%s) = N1. On the other hand, 3q(K,) > min{R,, c}; see [0]. It is clear that
3q(Ky) = f’q(Z]]) = .aq(l'[}) = ¢ under the Continuum Hypothesis. Yet, the strict
inequality 3q(I1}) < c is consistent with ZFC+MA (see [10, 1.9, 1.10]).

Proposition 3.1  Let A be an analytic subset of a Polish group G. If pack®(4) >
3q(I1}), then pack® (A) = ¢+ and pack(A) = .

Proof Using the fact that each Polish space is a continuous one-to-one image of a
zero-dimensional Polish space, we can show that »f’aq(l'[i) coincides with the smallest
cardinal x such that for any Polish space X a coanalytic subset C C X x X contains
a square of size ¢ provided that C contains a square of size > «.

Given an analytic subset A of a Polish group G we can see that both sets AA™!
and AA™! \ {e} are analytic and thus the set C = {(x, y) € GxG :ylx ¢
AA™"\ {e}} is coanalytic.

Assuming that packﬁ (A) > éq(Hi), we can find a subset S C G of size
|S| > éq(H%) such that the family {x A} cs is disjoint. The latter is equivalent to
S71.S c G\ (AA"'\ {e}) and to § x § C C. By the equivalent definition of
Bq(H}) (with 2? replaced by any Polish space), the coanalytic subset C C G x G
contains a square K x K of size ¢ (because it contains the square S x S of cardinality
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|S x S| > sq(H})). It follows from K x K C C that the family {x A},cx is disjoint
and thus pack?(A) > |K|* = ¢t and pack(A) = c. O

A similar result holds for the almost packing index
Pack(A) = sup{|S| : S C G and {x A} ¢y is almost disjoint}
and the sharp almost packing index
Pack’ (A) = sup{|S|" : S C G and {xA},cs is almost disjoint}

of A. We recall that {x A} cs is almost disjoint in G if [xA N yA| < |G| for any
distinct points x, y € S.

In the proof of the following theorem we shall use a known fact of the Descriptive
Set Theory saying that for a Borel subset A C X x Y in the product of two Polish
spaces the set {y € Y : |A N (X x {y})| < Ro} is coanalytic in Y (see [5, 18.9]).

Proposition 3.2 Let A be a Borel subset of a Polish group G. If Packf(A) > éq(Hi),
then Pack? (A) = ¢t and Pack(A) = .

Proof It follows from Pack’ (A) > éq(H{) > Ry that the Polish space G is un-
countable and hence |G| = c.

Let us show that the subset C = {x € G : |[ANxA| < Rp} is coanalytic. Consider
the homeomorphism 2 : G x G — G x G, h : (x,y) — (x, y~'x), and the Borel
subset B=h(Ax A) C GxG.SinceC ={z€ G :|BN(G x{z})| < Np}, we can
apply the mentioned result [5, 18.9] to conclude that the set C is coanalytic. Then
the set D = {(x, VWeGxG:ylxeCu {e}} is coanalytic being the preimage of
the coanalytic subset under a continuous map between Polish spaces.

Assuming that Pack? (4) > éq(H}), we can find a subset S C X such that
|S] > éq(H%) and the family {xA},cs is almost disjoint. Then for any dis-
tinct x,y € § the intersection xA N yA, being a Borel subset of cardinality
|xA N yA| < |G| = c, is at most countable. Consequently, y~'x € C and thus
S x S C D. By the equivalent definition of Sq(Hi), the coanalytic set D contains
a square K x K of size ¢. It follows from K~'K C C that the family {xA} cx
is almost disjoint. Consequently, ¢t = |K|t < Pack!(A) < |G|t = ¢t and
Pack(A) = c. (|

It would be interesting to study the cardinals $q(C) for various descriptive classes
C. If such a class C contains the square of a countable metrizable space, then
N} < 3g(C) < c¢ and thus 3q(C) falls into the category of the so-called small
uncountable cardinals; see [14]. However, unlike other typical small uncountable
cardinals, 3q(C) does not collapse to ¢ under the Martin Axiom (see [10]).

Problem 3.3  Explore possible values and inequalities between classical small un-
countable cardinals and the cardinals $q(C) for various descriptive classes C.

4 The Packing Index and Unions

Let us note that the union of two subsets A, B C G with large packing index can
have the smallest possible packing index. A suitable example is given by the sets
A = R x {0} and B = {0} x R on the plane R2. They have packing indices
pack(A) = pack(B) = ¢ but pack(AU B) = 1. The same is true for each nondiscrete
Polish Abelian group.
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Theorem 4.1  Each nondiscrete Polish Abelian group G contains two closed
subsets A, B C G such that pack’(A) = packf(B) = ¢t bur pack(A U B) =
Pack(AU B) = 1.

Proof Fix an invariant complete metric p generating the topology of the Polish
Abelian group G; see [5, §9.A]. Since G is Abelian, we use the additive notation for
the group operation on G. The neutral element of G will be denoted by 0.

We define a subset D of G to be ¢-separated if p(x, y) > ¢ for any distinct points
x,y € D. By the Zorn lemma, each ¢-separated subset can be enlarged to a maximal
g-separated subset of G.

Pute_1 = g9 = 1 and choose a maximal 2¢q-separated subset Hy C G containing
zero. Proceeding by induction we shall define a sequence (hy,),eny C G of points, a
sequence (&,)neq Of positive real numbers and a sequence (H, )< of subsets of G
such that for every n > 0,

(i) B(0,&,-1) \ B(0, 33¢,) is nonempty and &, < 27 %,_1;
@i1) [|Anll = Sen; and
(iii) H, D {0, h,} is a maximal 2¢,-separated subset in B(0, 8¢,_1).

It follows from (i) that the series >_, _ &, is convergent and thus for any sequence
X, € H,, n € w, the series Znew Xy is convergent (because ||x,| < 8&,—1 for all
n € N according to (iii)). Therefore, the following sums are well defined:

o= {ZXZn D (X2n)new € H H2n},

new new
= { - 2x2n+1 : (204 Dnew € H H2n+1}_
new new

Let A and B be the closures of the sets Xp and X; in G. It remains to prove
that the sets A, B have the desired properties: packﬁ A = packﬁ(B) = ¢T and
Pack(A U B) = 1. This will be done in three steps.

1 First we prove that packjj (A) = ¢*. By Lemma 2.1, this equality will follow as
soon as we check that A — A is not a neighborhood of the neutral element 0 in G. It
suffices to find, for every k € w, apoint g € B(0, e2x)\A — A. By condition (i), there
isapoint g € G with 33¢e2;41 < ||g]| < &2r. Weclaimthatg ¢ A — A = Zg — Xo.
More precisely,

dist(g, A — A) = dist(g, o — Zo) > min{ek+1, &2k /2}-
Take any two distinct points x, y € ¢ and find infinite sequences (x2,)new, (V2n)new

€ [lhew Hon Withx =2 xopandy =D yo,.
Letm = min{n € w : x3,, # yau}. if m > k + 1, then

e =yl =11 D" x20 = y2all < D, Ix2all + Iy2n ]l <

n>m n=m
<2 8epu 1 <32em-1 < 32exnt1 < gl — ent
n>m

and hence p(x — y, g) > &2k+1-
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If m < k, then
lr = Yl = 1Geam — yam) + D (r2n — y2u) | =
n>m
> [lx2m = yamll = D (Ix2all + l1y201) =
n>m

3 1
>2¢eom — 32em41 = ESZm > gl + §g2m

and again p(x — y, g) > %82,,, > %82](.
2 In the same manner we can prove that packﬁ (B) =ct.

3 Itremains to prove that Pack(AU B) = 1. First we recall some standard notation.
Denote by 2= = J,,c, 2" the set of finite binary sequences. For any sequence
s = (50,...,51—1) € 2<“and i € 2 = {0, 1} by |s| = n we denote the length of s
and by s"i = (s0,...,S,—1, 1) the concatenation of s and i. For a finite or infinite
binary sequence s = (s;)i<, and [ < n, let 5|l = (s;);<;. The set 2¢ is a tree with
respect to the partial order: s < ¢ if and only if s = |/ where [ = |s| < |t].

The equality pack(AUB) =1 will follow as soon as we prove that |[AN(g+B)| > ¢
for all g € G. We shall construct a sequence of points {x;}sec2<e such that for every
sequence s € 2= the following conditions hold:

1. x5 € Hi5) C B(0, 8¢i5-1);

2. |lxg~o — X511l > €3 and

3. lg — 2155 x|l < 7€|s\'
We start by choosing a point xg € Hy with p(xg, g) < 26— = 2¢p. Such a point
X exists because Hy is a maximal (0, 2gp)-separated set in G. Next, we proceed by
induction.

Suppose that for some n the points xg, s € 2=", have been constructed. Given
a sequence s € 2"! we need to define the points x,~¢ and x,~; € H,. Let
8 = 8 — X<y i Since |Igs + hnll < lgsll + llanll < Ten—1 + Sen < Ben—i
and H, is a maximal 2¢g,-separated subset in B(0, 8¢,_1), there are two points
Xg~0, Xg~1 € Hy with p(gs, x~9) < 2&, and p(gs + hy, x~1) < 2&,. The condition
(2) follows from

lxg~0 — x5t 1l = llgs — (g5 +hn)ll — lIgs — x50l — lIgs + hn — X211l >
> S5¢, — 26, — 26, = €.

The condition (3) follows from the estimates

lg— D xill =llg = xs0 = D_xill = llgs — Xyl < 2e0 =235

1<s"0 t<s
and
lg— D xll=llg—xo1 = D xill = llgs + hn — Xy — hall <
1<s"1 t<s
<|lgs + hn — xs~ 1l + hnll < 2&n + Sen = Tep5my).

After completing the inductive construction, we can use the condition (3) to conclude
that for every infinite binary sequence s € 2 the following holds:

8 = szln = sz\Zn + sz|2n+l~

new new new
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We claim that the set
Dy = {szpn 1S € 2‘“}
new
lies in the intersection A N (g + B). It is clear that Dy C Xy C A. To see that
Do C g+ B, take any point x € Dy and find an infinite binary sequence s € 2¢ with
X = Znew Xs|2n- Then

x = szpn + sz\Zn-H — ZXS\Q,H_] cg+Xi Cg+B.
new new new

It remains to prove that | Dg| > ¢. Note that the set Dy, being a continuous image of
the Cantor cube 2¢, is compact. Now the equality |Dg| = ¢ will follow as soon as
we check that Dy has no isolated points. Given any sequence s € 2 and J > 0, we
must find a sequence ¢ € 2 such that

0<| zxs|2n - th\Zn” < 0.
new new

Find even number 2m € w such that Zan 20e2,—1 < o and take any sequence
t € 2®? such that t|2m — 1 = s|2m — 1 but t|2m # s|2m. Then

I Z-xs|2n - th|2n” =l Z Xs|2n — Z xt\Zm” =

new new n>=m n>m
< D Il + Ixepall < D 326201 < 6.
n>m n>m

On the other hand, the lower bound || xs2» — X;2m || > €2m, supplied by (2), implies
I sz|2n - th|2n” =]l Z Xs|2n — Z xt\2n|| =
new new n>=m n>m

> [1xXs2m — Xrjam | = | D (sjan — xe2a) 1| >

n>m

> eam — D 166251 > &am — 3282m11 > 0

n>m
(the latter two inequalities follow from (i)). Now we see that |Dg| = ¢ and thus
|[AN (g + B)| = |Do| = ¢, which implies that Pack(A U B) = 1. O

5 Relation of the Packing Index to Other Notions of Smallness

Taking into account that a subset A with large packing index pack(A) is geometri-
cally small, it is natural to consider the relation of the packing index to other known
concepts of smallness, in particular, the smallness in the sense of category or mea-
sure.

We recall that a subset A of a topological space X is said to be meager if A can be
written as a countable union of nowhere dense subsets. We shall need the following
classical fact.

Proposition 5.1 (Banach-Kuratowski-Pettis)  For any analytic nonmeager subset A
of a Polish group G, the set AA™" contains a neighborhood of the neutral element
of G.
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A similar result holds for analytic subsets that are not Haar null. We recall that a
subset A of a topological group G is called Haar null if there is a Borel probability
measure x on G such that 4 (xAy) = 0 for all x, y € G. This notion was introduced
by Christensen [3] and thoroughly studied in [13] and [12]. In particular, a subset A
of a locally compact group G is Haar null if and only if A has zero Haar measure.
Nevertheless, Haar null sets still exist in nonlocally compact groups (admitting no
invariant measure).

Proposition 5.2 (Christensen)  If an analytic subset A of a Polish Abelian group G
is not Haar null, then AA™" contains a neighborhood of the neutral element of G.

We shall use these propositions to prove the following theorem.

Theorem 5.3  If an analytic subset A of a Polish Abelian group G has packing
index pack(A) > R, then A is meager and Haar null.

Proof Suppose not. Then we can apply Propositions 5.1 or 5.2 to conclude that
AA~! contains a neighborhood U of the neutral element e of G. Find another neigh-
borhood V C G of e with VV~=! c U c AA™L.

Since pack(A) > Ry, there is an uncountable subset § C X such that the family
{xA}yes is disjoint, which is equivalent to S™'S N AA~! = {e}. It follows by the
choice of V that S~!1SNVV~! c §71SNAA~! = {e} and thus the family {xV} cs
is disjoint. Since V is an open neighborhood of e, the set S, being discrete in G, is
at most countable. This contradiction completes the proof. O

It should be mentioned that Theorem 5.3 cannot be reversed.

Theorem 5.4  Each nondiscrete Polish Abelian group G contains a closed nowhere
dense Haar null subset C with Pack(C) = 1.

Proof By Theorem 4.1, the group G contains two closed subsets A, B C G with
pack(A) = pack(B) = ¢ and Pack(A U B) = 1. By Theorem 5.3, the sets A, B
are Haar null. Then the union C = A U B is Haar null, and, being closed in G, is
nowhere dense. O

6 Constructing Small Subsets with a Given (Sharp) Packing Index

In this section we shall develop Theorem 5.3 and shall prove that nondiscrete Polish
Abelian groups contain nowhere dense Haar null sets of arbitrary (sharp) packing
index.

In the following theorem, we put [G], = {x € G : x? = e} for a group G, where
peN.

Theorem 6.1  For a nondiscrete Polish Abelian group G and a cardinal k € [2, ¢T]
the following conditions are equivalent:
(1) there is a subset A C G with pack® (A) = k;
(2) there is a nowhere dense Haar null subset A C G with pack® (A) =
Pack® (A) = «; and
() if |G/[Gla| <2 thenk # 4; if G = [Gl3, then k # 3.

Taking into account that pack(A) = sup{x : k¥ < packIi (A)}, we can apply Theo-
rem 6.1 to deduce the following corollary.
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Corollary 6.2  For a nondiscrete Polish Abelian group G and a nonzero cardinal
Kk < ¢, the following conditions are equivalent:

(1) there is a subset A C G with pack(A) = k;

(2) there is a nowhere dense Haar null subset A C G with pack(A) =
Pack(A) = «x; and

(3) if |G/[Glo| <2 thenk # 3 andif G = [Gl3, then x # 2.

Theorem 6.1 follows immediately from Theorem 5.4 and the following combinato-
rial result.

Theorem 6.3  For an infinite Abelian group G, a cardinal 2 < k < |G|", and a
subset L C G with Pack(L) = 1 the following conditions are equivalent:

(1) there is a subset A C G with packﬁ (A) =«;
(2) there is subset A C L with packj (A) = Pack’ (A) = k; and
(3) if|G/IG12| <2, then k # 4 and if G = [G]3, then k # 3.

Proof The implication (2) = (1) is trivial while (1) = (3) was proved in [8].
To prove the implication (3) = (2), assume that the cardinal x satisfies the condi-
tion (3). If k = |G|™, then for the set A we can take a singleton A = {a} witha € L.
So, we assume that k < |G].

The construction of a set A C G with packﬁ(A) = Packﬁ(A) = k is based on the
following lemma whose proof will be given after the proof of the theorem.

Lemma 6.4 The group G contains a subset B, = —B, of G having the following
three properties:

(a) for every cardinal o. < k, there is a subset B, C G of size |By| = a with
B, — B, C By,

(b) B — B ¢ By for every subset B C G of size |B| = k; and

(¢) LN(g+L) ¢ F+By forany g € G and any subset F C G of size |F| < |G]|.

Without loss of generality we can assume that O € L.

Let BY = B, \{0}. We shall construct a subset A C L such that (B; +A)NA = @.
Moreover, the subset A will be constructed so that G\B, C A — A.

Let A = |G| and G\B; = {g, : @ < A} be an enumeration of G\B;, such that for
every g € G \ B; the set {a < 4 : g, = g} has cardinality 4.

The set A will be of the form A = |J a<ilba, ga + aq} for a suitable sequence
{ag}a<s C G such that (B2 + A) N A = @. We define this sequence by induction.

We start with ag = 0. Assuming that for some ordinal o < A the points ag, f < a,
have been constructed, put A, = {ag, gp +ap : f < a}. According to the prop-
erty (c), we can pick a point a, € L N (gq + L) so that

ag & (A + By) U (Ag — go + By).

This gives (By + A) N A = @.

It remains to show that x < packti (A) < Pack? (A) < k. The inequality
packﬁ (A) > « will follows as soon as we check that packj (A) > a for all cardinals
o <k.

According to the property (a) of the set B, for each cardinal @ < « there is a sub-
set B, C By of size a such that B, — B, C B,. From the fact that (B, + A)NA =@
we conclude that (b — ' + A) (| A = @ for all distinct b, b’ € B,,. Thus the family
{b+ A :b e B,} is disjoint, witnessing that packﬁ(A) >at > a.
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The inequality Pack?(A) < « will follow as soon as we check that for every subset
B C G of size | B| = « the indexed family {b + A},cp is not almost disjoint. Given
any subset B C G with |B| = k, we can use property () to find points b,b’ € B
such that b — b’ ¢ B,. The choice of the enumeration {g,}, <, guarantees that the
set A = {a < 1 : g, = b — b’} has cardinality |A| = 1 = |G|. Observe that for
everya € A we geta, € AN (A —gq) = AN (A + b —b). Consequently,

[(b+A)ND +A)|=|AN(A+D —Db)| =|A| =|G|

witnessing that the family {b 4+ A},cp fails to be almost disjoint. (|

Proof of Lemma 6.4 Given a cardinal k < |G| and a subset L C G with
Pack(L) = 1, we need to construct a subset B, C G possessing the properties
(a)—(c) of Lemma 6.4. By [8], the group G contains a subset B, of size |B,| = «
such that

(1) for every cardinal a < x, there is a subset B, C G of size |B,| = a with
B, — B, C By;
(i) B — B ¢ By for every subset B C G of size |B| = k.
If © < |G| then, this subset B, satisfies the requirements of the lemma. So it remains
to consider the case k = |G]|.
Let G = {gq : @ < k} be an enumeration of the group G such that gg = 0. For
every ordinal & < x, put G, = {gp, —gp : B < a}. We put

Be = | J B« — Bs

a <K

where a set B, = {bg : f < a} C G of size |a| will be chosen later.

To simplify notation we shall write B, instead of | B<a (Bs — Bg) and B, in-
stead of (J, <3 (Bg—Bp). By B we shall denote the initial interval {b}, : y < B}
of B,.

Now we are in a position to define a sequence of sets B, forcing the set B, to
satisfy the properties (a) and (c) of Lemma 6.4. To ensure property (c) we will
also construct a transfinite sequence of points (h)y<x of L N (g4 + L) such that
hg € Gg + By.

We start putting By = {0} and taking any nonzero point iy € L. Assume that for
some ordinal a < x the sets By and the points hg, B < a, have been constructed.
Then pick any point &, € L N (g, + L) with

ha € Go + Bg.
Such a point exists because the size of the set G, + B., does not exceed
Ro - la| <k =|G]|. Let
Hy = {hg, —hp : f < a}.
Next we define inductively elements of B, = {bg 1 f < a}. We pick any bg with
bg € G\B_,. Next we choose bg € G so that

() bl ¢ BiP +Gy+By
@ ve ¢ B;? — B;? + B;? + G, and
3) bl ¢ B;? + G, + H,.
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To ensure properties (1), (2), and (3), we have to avoid the sets of size < |G]|.

Now let us prove that the constructed set B, satisfies the properties (a)—(c) of
Lemma 6.4. In fact, the property (a) is evident while (c) follows immediately from
(3). It remains to prove the following claim.

Claim The set B, has property (b).

Let B, be a subset of G of size |B,| = x. Fix any pairwise distinct points
c1,¢,¢c3 € By. If B, — B, C B, then B, C ﬂ?zl(ci 4+ By) and k¥ =
|Bel < 1Nz (i + Byl

So to prove our claim it is enough to show that | ﬂ?zl(ci + Bx)| < k. Find
an ordinal @ < «x such that ¢, —¢; € G, forany 1 < p,q < 3. Assuming that

| ﬂf’zl(ci—i—Bkﬂ = k we may find a point b € ﬂ?zl(ci—l—[BM)\{ci}. A contradiction
will be reached in three steps.
Step 1  First, show that there is f > a withb € ﬂ?zl(ci + Bp — Bp).

Otherwise, b —cp, € B, — B, and b — ¢q € By — By for some y > f > a and
some p # g. Findi, j <y withb — ¢, = b; - bﬁ. The inequality b # ¢, implies
i # j' 5 . . .

Ifi < Jjrthenby = bl —b+cp,=bl, —b+cg—cy+cp Cb —Bp+ By + F,
C B, + B, + F,, which contradicts (1). If i > j, then b}, = b} +b—c, =
b£ +Bg—Bg+cyg—cpC By<" + B<, + F,, which again contradicts (1).

Step 2 We claim that if b — ¢, = biﬁ - bé and b — ¢g = by — by then
max{i, j} = max{s, t}. '

It follows from the hypothesis that ¢, — ¢, = b;; - b;)’ + b;; - b%. To
obtain a contradiction, assume that max{i, j} > max{s,z}. If j < i, then
b% =cy—Cp+ b;; — btﬁ + b% e‘ Fp + Bﬂ<i — BEi + B.<", wh-ich con?radicts
2).Ifi < j,thenb;), =cp—¢y +blﬁ+b’ﬁ —b; € Fﬁ—i-B;] —I—B;J —B;], again
a contradiction with (2).

Step 3  According to the previous step, there exists f > a and [ such that
G b—c = b}'), - b';'g where max{i, j} is equal to /;

i) b—cr = b% — b’ﬁ where max{s, ¢} is equal to /; and

(iii) b —c3 = b% — bZ’ where max{q, r} is equal to /.

In this case we obtain a dichotomy: either among three numbers i, s, g two are equal
to or among j, ¢, r two are equal to /. In the first case we lose no generality assum-
ing that i = s = [; in the second, that j = = 1. .

In the first case, we get G, > ¢ —c] = b’ﬁ — bé, which contradicts (1). In the
second case, we get G, > cp—c] = b% —b}, which contradicts (1) again. Therefore,
there is n0 b € (1, (¢; +B=o)\{ci} and hence [B,| < | N3_,(ci + B-y)| <x. O
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