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Reverse Mathematics and Uniformity in Proofs
without Excluded Middle

Jeffry L. Hirst and Carl Mummert

Abstract We show that when certain statements are provable in subsystems
of constructive analysis using intuitionistic predicate calculus, related sequential
statements are provable in weak classical subsystems. In particular, if a H% sen-
tence of a certain form is provable using E-HA® along with the axiom of choice
and an independence of premise principle, the sequential form of the statement
is provable in the classical system RCA. We obtain this and similar results using
applications of modified realizability and the Dialectica interpretation. These re-
sults allow us to use techniques of classical reverse mathematics to demonstrate
the unprovability of several mathematical principles in subsystems of construc-
tive analysis.

1 Introduction

We study the relationship between systems of intuitionistic arithmetic in all finite
types (without the law of the excluded middle) and weak subsystems of classical
second-order arithmetic. Our theorems give precise expressions of the informal idea
that if a sentence VX 3Y @ (X, Y) is provable without the law of the excluded middle,
then the proof should be sufficiently direct that the stronger sequential form

V{Xp lneN)(Y, |neN)VnO(X,,Y,)

is provable in a weak subsystem of classical arithmetic. We call our theorems “uni-
formization results” because the provability of the sequential form demonstrates a
kind of uniformity in the proof of the original sentence.

The subsystems of classical arithmetic of interest are RCA(, which is well known
in Reverse Mathematics [12], and its extension RCA with additional induction ax-
ioms. These systems are closely related to computable analysis. In particular, both
subsystems are satisfied in the model REC that has the set w of standard natural
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numbers as its first-order part and the collection of all computable subsets of w as its
second-order part. When the conclusions of our uniformization results are viewed as
statements about REC, they provide a link between constructive analysis and com-
putable analysis. Moreover, because RCA is the base system most often employed
in Reverse Mathematics, our results also provide a link between the fields of Re-
verse Mathematics and constructive analysis. Full definitions of the subsystems of
intuitionistic and classical arithmetic that we study are presented in Section 2.

In Section 3, we prove uniformization results using modified realizability, a well-
known tool in proof theory. In particular, we show there is a system Iy of intuition-
istic arithmetic in all finite types such that whenever an V3 statement of a certain
syntactic form is provable in Iy, its sequential form is provable in RCAq (Theo-
rem 3.10). Moreover, the system Iy contains the full scheme for the axiom of choice
in all finite types, which is classically much stronger than RCAy. We have attempted
to make Section 3 accessible to a general reader who is familiar with mathematical
logic but possibly unfamiliar with modified realizability.

In Section 4, we give several examples of theorems in classical mathematics that
are provable in RCAg but not provable in /y. These examples demonstrate empir-
ically that the syntactic restrictions within our uniformization theorems are not ex-
cessively tight. Moreover, our uniformization theorems allow us to obtain these un-
provability results simply by showing that the sequential versions of the statements
are unprovable in RCAg, which can be done using classical techniques common in
Reverse Mathematics. In this way, we obtain results on unprovability in intuition-
istic arithmetic solely through a combination of our uniformization theorems and
the study of classical arithmetic. A reader who is willing to accept the results of
Section 3 should be able to skim that section and then proceed directly to Section 4.

In Section 5, we prove uniformization results for RCAg and RCA using the
Dialectica interpretation of Godel. These results allow us to add a Markov principle
to the system of intuitionistic arithmetic in exchange for shrinking the class of
formulas to which the theorems apply.

2 Axiom Systems

Our results make use of subsystems of intuitionistic and classical arithmetic in all
finite types. The definitions of these systems rely on the standard type notation in
which the type of a natural number is 0 and the type of a function from objects of type
p to objects of type 7 is p — 7. For example, the type of a function from numbers to
numbers is 0 — 0. As is typical in the literature, we will use the types 1 and 0 — 0
interchangeably, essentially identifying sets with their characteristic functions. We
will often write superscripts on quantified variables to indicate their type.

Full definitions of the following systems are given by Kohlenbach [6, Section 3.4].

Definition 2.1  The system E/-H\A(F) is a theory of intuitionistic arithmetic in all finite

types first defined by Feferman [2]. The language GC(E/—I—TA(F)) includes the constant 0;
the successor, addition, and multiplication operations; terms for primitive recursion
on variables of type 0; and the projection and substitution combinators (often de-
noted I1, ; and X5 , . [6]) which allow terms to be defined using 4 abstraction. For

example, given x € N and an argument list ¢, E—HA‘F) includes a term for Af.x, the
constant function with value x.
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The language includes equality as a primitive relation only for type O objects
(natural numbers). Equality for higher types is defined pointwise in terms of equality
of lower types, using the following extensionality scheme

E: VxVyPVZ2P7 " (x =5 y = z(x) = 2(¥)).

The axioms of E-HACF) consist of this extensionality scheme, the basic arithmetical
axioms, the defining axioms for the term-forming operators, and an axiom scheme
for induction on quantifier-free formulas (which may have parameters of arbitrary

types).

Definition 2.2 (Troelstra [13, 1.6.12]) The subsystem E-HA® is an extension of

E-HA(F) with additional terms and stronger induction axioms. Its language contains
additional term-forming recursors R, for all types o. Its new axioms include the
definitions of these recursors and the full induction scheme

IA: A(0) —> (Vn(A(n) > A(n+ 1)) —> VrnA(n)),
in which A may have parameters of arbitrary types.

The following class of formulas will have an important role in our results. These
are, informally, the formulas that have no existential commitments in intuitionistic
systems.

Definition 2.3 A formula of £(@ff’) is I-free if it is built from prime (that is,
atomic) formulas using only universal quantification and the connectives A and —.
Here the symbol L is treated as a prime formula, and a negated formula —A is treated
as an abbreviation for A — _L; thus 3-free formulas may include both L and —.

We will consider extensions of E/—EAC[U and E-HA® that include additional axiom
schemes. The following schemes have been discussed by Kohlenbach [6] and by
Troelstra [13].

Definition 2.4  The following axiom schemes are defined in L£(E-HA®). When we

adjoin a scheme to E/-IIA(F) we implicitly restrict it to oC(E/-IIACF)). The formulas in
these schemes may have parameters of arbitrary types.

Axiom of Choice For any x and y of finite type,

AC: Vx3AyA(x,y) — Y Vx A(x, Y (x)).
Independence of premise for 3-free formulas  For x of any finite type, if A is 3-free
and does not contain x, then

IPSG: (A — IxB(x)) — Ix(A — B(x)).
Independence of premise for universal formulas If Ag is quantifier free, Vx repre-
sents a block of universal quantifiers, and y is of any type and is not free in Vx Ag(x),

then
IPY: (VxAp(x) — JyB(y)) — Iy(VxAo(x) — B(»)).

Markov principle for quantifier-free formulas 1If Ag is quantifier free and 3x rep-
resents a block of existential quantifiers in any finite type, then

M?: =—=3xAg(x) — IxAg(x).
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2.1 Classical subsystems  The full scheme AC for the axiom of choice in all finite
types, which is commonly included in subsystems of intuitionistic arithmetic, be-
comes extremely strong in the presence of the law of the excluded middle. For this
reason, we will be interested in the restricted choice scheme

QF-AC”": Vx” Ay" Ap(x, y) — Y7 Vx” Ap(x, Y (x)),

where Ag is a quantifier-free formula that may have parameters.

We obtain subsystems of classical arithmetic by adjoining forms of this scheme,
along with the law of the excluded middle, to systems of intuitionistic arithmetic.
Because these systems include the law of the excluded middle, they also include all
of classical predicate calculus.

Definition 2.5 The system RCA{ consists of E/—H\A”r) plus QF-AC"-? and the law
of the excluded middle. The system RCA® consists of E-HA® (which includes full
induction) plus QF-AC!¥ and the law of the excluded middle.

We are also interested in the following second-order restrictions of these subsystems.
Let E—HA% represent the restriction of E—HA(F) to formulas in which all variables are

type 0 or 1, and let E-HA? be the similar restriction of E-HA® in which variables are
limited to types 0 and 1 and the recursor constants are limited to those of type 0.

Definition 2.6  The system RCA( consists of E/—H\A% plus QF-AC®? and the law of
the excluded middle. The system RCA consists of E-HA? (which includes the full
induction scheme for formulas in its language) plus QF-AC%? and the law of the
excluded middle.

The system RCA( (and hence also RCAY) is able to prove the induction scheme for
Z? formulas using QF-AC* and primitive recursion on variables of type 0, as noted
by Kohlenbach [8].

The following conservation results show that the second-order subsystems RCA
and RCA( have the same deductive strength for sentences in their restricted lan-
guages as the corresponding higher-type systems RCA” and RCA(), respectively.

Theorem 2.7 ([8, Proposition 3.11)  For every sentence ® in L(RCAyp), if
RCAJ F @ then RCA( - @.

The proof of this theorem is based on a formalization of the extensional model of
the hereditarily continuous functionals (ECF), as presented in Section 2.6.5 of Troel-
stra [13]. The central notion is that continuous objects of higher type can be encoded
by lower-type objects. For example, if a is a functional of type 1 — 0 and « is con-
tinuous in the sense that the value of a(X) depends only on a finite initial segment
of the characteristic function of X, then there is an associated function [5] of type
0 — 0 that encodes all the information needed to calculate values of a. Generalizing
this notion, with each higher-type formula @ we can associate a second-order for-
mula ®gcF that encodes the same information. The proof sketch for the following
result indicates how this is applied to obtain conservation results.

Theorem 2.8  For each sentence ® in L(RCA), if RCA” = ® then RCA +~ @.

Proof The proof proceeds in two steps. First, emulating Section 2.6.5 and Theo-
rem 2.6.10 of Troelstra [13], show that if RCA” ~ ® then RCA + ®gck. Second,
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following Theorem 2.6.12 of Troelstra [13], prove that if @ is in the language of
RCA then RCA + ® < ®gcr. O

The classical axiomatization of RCAg, presented by Simpson [12], uses the set-based
language L, with the membership relation symbol €, rather than the language based
on function application used in E/—IIACF) The system defined above as RCA( is some-
times denoted RCA(Z) to indicate it is a restriction of RCAG. As discussed by Kohlen-
bach [8], set-based RCA( and function-based RCA(Z) are each included in a canon-
ical definitional extension of the other, and the same holds for set-based RCA and
function-based RCAZ. Throughout this paper, we use the functional variants of RCAg
and RCA for convenience, knowing that our results apply equally to the traditionally
axiomatized systems.

3 Modified Realizability

Our most broadly applicable uniformization theorems are proved by an application
of modified realizability, a technique introduced by Kreisel [9]. Excellent exposi-
tions on modified realizability are given by Kohlenbach [6] and Troelstra [13] [14].
Indeed, our proofs make use of only minute modifications of results stated in these
sources.

Modified realizability is a scheme for matching each formula A with a formula
t mr A with the intended meaning “the sequence of terms ¢ realizes A.”

Definition 3.1 Let A be a formula in L£(E-HA®), and let x denote a possibly empty
tuple of terms whose variables do not appear free in A. The formula x mr A is defined
inductively as follows:

(1) xmrAis A, if x is empty and A is a prime formula.

2) x,ymr(AAB)isxmrAAymrB.

3) 2% x,ymr(AV B)is(z=0— xmrA) A (z #0 — ymrB).

4) xmr(A — B)isVy(ymrA — xy mr B).

(5) xmr(Vy” A(y)) is Vy” (xy mr A(y)).

(6) z7, xmr(Iy” A(y)) is x mr A(z).
Note that if A is a prime formula then A and  mr A are identical; this is even true for
3-free formulas if we ignore dummy quantifiers.

We prove each of our uniformization results in two steps. The first step shows that
whenever an V3 statement is provable in a particular subsystem of intuitionistic arith-
metic, we can find a sequence of terms that realize the statement. The second step
shows that a classical subsystem is able to leverage the terms in the realizer to prove
the sequential version of the original statement.

We begin with systems containing the full induction scheme. For the first step,
we require the following theorem.

Theorem 3.2 ([6], Theorem 5.8)  Let A be a formula in L(E-HA®). If
E-HA® + AC+IPGH A
then there is a tuple t of terms of L(E-HA®) such that E-HA® + t mr A.

For any formula A, E-HA® + AC + IP; is able to prove A <> 3x(x mr A). How-
ever, the deduction of A from (# mr A) directly in E-HA® is only possible for some
formulas.
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Definition 3.3 T is the collection of formulas in £(E-HA®) defined inductively
as follows.

(1) All prime formulas are elements of I';.

(2) If Aand BareinI'|,thensoare A A B, AV B,VxA, and dxA.

(3) If A is 3-free and B is in I'{, then (3xA — B) is in I'j, where dx may
represent a block of existential quantifiers.

The class I'1 is sometimes defined in terms of “negative” formulas [13, Defini-
tion 3.6.3], those which can be constructed from negated prime formulas by means
of V, A, —, and L. In all the systems studied in this paper, every 3-free formula
is equivalent to the negative formula obtained by replacing each prime formula with
its double negation. Thus the distinction between negative and 3-free will not be
significant.

Proofs of the following lemma are provided by Kohlenbach [6, Lemma 5.20] and
by Troelstra [13, Lemma 3.6.5].

Lemma 3.4  For every formula A in L(E-HA®), if Aisin 'y, then
E-HA” - (¢ mr A) — A.

Applying Theorem 3.2 and Lemma 3.4, we now prove the following term extraction
lemma, which is similar to the main theorem on term extraction via modified realiz-
ability (Theorem 5.13) of Kohlenbach [6]. Note that Vx 3y A is in '] if and only if
AisinIy.

Lemma 3.5 Let Vx” Ay" A(x, y) be a sentence of L(E-HA®) in Ty, where p and ©
are arbitrary types. If

E-HA” + AC + IPG - Vx” 3y" A(x, y),
then RCA® = Vx? A(x, t(x)), where t is a suitable term of L(E-HA®).

Proof Assume that E-HA® + AC + IP& = Vx”3y" A(x, y) where A(x, y) isin I'y.
By Theorem 3.2, there is a tuple ¢ of terms of L£(E-HA®) such that E-HA® proves
t mrVx”3y* A(x, y). By Definition 3.1(5), E-HA® I Vx?(t(x) mr3y* A(x, y)). By
Definition 3.1(6), ¢ has the form fg, t; and E-HA® F Vx”[t1(x) mr A(x, tp(x))]. Be-
cause A(x, y) is in I';, Lemma 3.4 shows that E-HA® F Vx? A(x, t9(x)). Because
RCA® is an extension of E-HA®, we see that RCA® F Vx” A(x, to(x)). O

We are now prepared to prove our first uniformization theorem.

Theorem 3.6  Let Vx3dyA(x, y) be a sentence of L(E-HA®) in T'y. If
E-HA” + AC + IP& F Vx 3y A(x, y),
then
RCA® =V{x, | n e Ny3(y, | n € N)Vn A(x,, yn).

Furthermore, if x and y are both type 1 (set) variables, and the formula¥x 3y A(x, y)
is in L(RCA), then RCA® may be replaced by RCA in the implication.

Proof Assume that E-HA” + AC + IP% F VxP3y"A(x,y). We may apply
Lemma 3.5 to extract the term ¢ such that RCA® F Vx”A(x, t(x)). Working in
RCA®, fix any sequence (x, | n € N). This sequence is a function of type 0 — p,
so by A abstraction we can construct a function of type 0 — 7 defined by An.f(x,).
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Taking (y, | n € N) to be this sequence, we obtain Vn A(x,, y,). The final sen-
tence of the theorem follows immediately from the fact that RCA® is a conservative
extension of RCA for formulas in £(RCA). U

We now turn to a variation of Theorem 3.6 that replaces E-HA® and RCA” with
E—HA(F) and RCAG, respectively. Lemmas 3.7 and 3.8 are proved by imitating the
proofs of Theorem 3.2 and Lemma 3.4, respectively, as described in the first para-
graph of Section 5.2 of Kohlenbach [6].

Lemma 3.7 Let A be a formula in OC(E/-\HACF)). IfE/H\A(F) + AC + IP&% = A, then
there is a tuple t of terms onC(E/-H\ALF)) such that E/-H\A? FtmrA.

Lemma 3.8 Let A be a formula ofcﬁ(E/--H\Acru). If Aisin Ty, then
E-HAY F (rmrA) — A.

Lemma 3.9 LetVx” Ay A(x, y) be a sentence ofc,C(E/—I-TACF)) in T'y, where p and ©
are arbitrary types. If

E-HAY + AC + IPZ F Vx?3y" A(x, y),
then RCAy = Vx? A(x, t(x)), where t is a suitable term och(E/--I-TA(F)).

Proof Imitate the proof of Lemma 3.5, substituting Lemma 3.7 for Theorem 3.2
and Lemma 3.8 for Lemma 3.4. (]

‘We now obtain our second uniformization theogn& This is the theorem discussed in
the introduction, where I refers to the theory E—HACrO + AC + IPe“;.

Theorem 3.10 Let Vx yA(x, y) be a sentence onC(E/-\HACF)) inTy. If

E-HAY + AC + IP% + Vx3y A(x, y),
then
RCAG = V(x, | n € N)I(y, | n € N)Vn A(xy, yn).
Furthermore, if x and y are both type 1 (set) variables, and the formula¥x 3y A(x, y)
is in L(RCAy), then RCAy may be replaced by RCA in the implication.

The proof is parallel to that of Theorem 3.6, which did not make use of induction or
recursors on higher types. Theorem 2.7 serves as the conservation result to prove the
final claim.

4 Unprovability Results

We now demonstrate several theorems of core mathematics which are provable in
RCA( but have sequential versions that are not provable in RCA. In light of Theo-
rem 3.6, such theorems are not provable in E-HA® + AC + IP&. Where possible, we
carry out proofs using restricted induction, as this gives additional information on
the proof-theoretic strength of the principles being studied. The terminology in the
following theorem is well known; we give formal definitions as needed later in the
section.

Theorem 4.1  Each of the following statements is provable in RCAqy but not prov-
able in E-HA® + AC + IPZ.
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Every 2 x 2 matrix has a Jordan decomposition.

. Every quickly converging Cauchy sequence of rational numbers can be con-
verted to a Dedekind cut representing the same real number.

3. Every enumerated filter on a countable poset can be extended to an un-

bounded enumerated filter.

N =

There are many other statements that are provable in RCA( but not E-HA®+AC+IP&;
we have chosen these three to illustrate what we believe to be the ubiquity of this
phenomenon in various branches of core mathematics.

We will show that each of the statements 4.1(1)-4.1(3) is unprovable in
E-HA® + AC + IPg by noting that each statement is in I'; and showing that
the sequential form of each statement implies a strong comprehension axiom over
RCAy. Because these strong comprehension axioms are not provable even with
the added induction strength of RCA, we may apply Theorem 3.6 to obtain the
desired results. The stronger comprehension axioms include weak Konig’s lemma
and the arithmetical comprehension scheme, which are discussed thoroughly by
Simpson [12].

We begin with statement 4.1(1). We consider only finite square matrices whose
entries are complex numbers represented by quickly converging Cauchy sequences.
In RCAy, we say that a matrix M has a Jordan decomposition if there are matrices
(U, J) suchthat M = UJU ™" and J is a matrix consisting of Jordan blocks. We call
J the Jordan canonical form of M. The fundamental definitions and theorems re-
garding the Jordan canonical form are presented by Halmos [3, Section 58]. Careful
formalization of 4.1(1) shows that this principle can be expressed by a Hé formula
in I'y; the key point is that the assumptions on M, U, J, and U ~1 can be expressed
using only equality of real numbers, which requires only universal quantification.

Lemma 4.2 RCA proves that every 2 x 2 matrix has a Jordan decomposition.

Proof Let M be a 2 x 2 matrix. RCA( proves that the eigenvalues of M exist
and that for each eigenvalue there is an eigenvector. (Compare Exercise 11.4.11 of
Simpson [12], which notes that the basics of linear algebra, including fundamental
properties of Gaussian elimination, are provable in RCAy.) If the eigenvalues of M
are distinct, then the Jordan decomposition is trivial to compute from the eigenvalues
and eigenvectors. If there is a unique eigenvalue and there are two linearly indepen-
dent eigenvectors then the Jordan decomposition is similarly trivial to compute.
Suppose that M has a unique eigenvalue 4 but not two linearly independent
eigenvectors. Let u be any eigenvector and let {u, v} be a basis. It follows that
(M — 2I)v = au + bv is nonzero. Now (M — AI)(au+bv) = b(M — 1I)v, because
u is an eigenvector of M with eigenvalue A. This shows (M — A[) has eigenvalue b,
which can only happen if b = 0, that is, if (M — AI)v is a scalar multiple of u. Thus
{u, v} is a chain of generalized eigenvectors of M; the Jordan decomposition can be
computed directly from this chain. O

It is not difficult to see that the previous proof makes use of the law of the excluded
middle.

Remark 4.3  Proofs similar to that of Lemma 4.2 can be used to show that for
each standard natural number n the principle that every n x n matrix has a Jordan
decomposition is provable in RCAp. We do not know whether the principle that every
finite matrix has a Jordan decomposition is provable in RCA.
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The next lemma is foreshadowed by previous research. It is well known that the func-
tion that sends a matrix to its Jordan decomposition is discontinuous. Kohlenbach [8]
has shown that, over the extension RCA{j of RCA to all finite types, the existence
of a higher-type object encoding a non-sequentially-continuous real-valued function
implies the principle 3. In turn, RCA” +3? proves every instance of the arithmetical
comprehension scheme.

Lemma 4.4  The following principle implies arithmetical comprehension over
RCAg (and hence over RCA). For every sequence (M; | i € N) of 2 x 2 real
matrices such that each matrix M; has only real eigenvalues, there are sequences
(Ui |i € Ny and (J; | i € N) such that (U;, J;) is a Jordan decomposition of M; for
alli e N.

Proof We first demonstrate a concrete example of the discontinuity of the Jordan
form. For any real z, let M (z) denote the matrix

M(z)=(l (1))

The matrix M (0) is the identity matrix, and so is its Jordan canonical form. If z # 0
then M (z) has the following Jordan decomposition:

mo=(1 )= )6 ) o)

The crucial fact is that the entry in the upper right-hand corner of the Jordan canoni-
cal form of M(z)is0if z =0and 1if z # 0.

Let & be an arbitrary function from N to N. We will assume the principle of the
theorem and show that the range of 4 exists; this is sufficient to establish the desired
result. It is well known that RCA can construct a function n +— z,, that assigns each
n a quickly converging Cauchy sequence z,, such that, for all n, z, = 0 if and only n
is not in the range of 4. Form a sequence of matrices (M (z,) | n € N); according to
the principle, there is an associated sequence of Jordan canonical forms. The upper
right-hand entry of each of these canonical forms is either O or 1, and it is possible to
effectively decide between these two cases. Thus, in RCA(, we may form the range
of h using the sequence of Jordan canonical forms as a parameter. O

We now turn to statement 4.1(2). Recall that the standard formalization of the real
numbers in RCAy, as described by Simpson [12], makes use of quickly converging
Cauchy sequences of rationals. Alternative formalizations of the real numbers may
be considered, however. We define a Dedekind cut to be a subset Y of the rational
numbers such that both ¥ and Q \ Y are nonempty, and if p € Y and g < p then
g € Y. We say that a Dedekind cut Y is equivalent to a quickly converging Cauchy
sequence (a; | i € N) if and only if the equivalence
qeY &g < limg;
11— 00

holds for every rational number g. Formalization of 4.1(2) shows that it is in I'y.

Hirst [4] has proved the following results that relate Cauchy sequences with
Dedekind cuts. Together with Theorem 3.6, these results show that statement 4.1(2)
is provable in RCAg but not E-HA” + AC + IPZ.
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Lemma 4.5 (Hirst [4], Corollary 4)  The following is provable in RCAg. For each
quickly converging Cauchy sequence x there is an equivalent Dedekind cut.

Lemma 4.6 (Hirst [4], Corollary 9)  The following principle is equivalent to weak
Konig’s lemma over RCAg (and hence over RCA). For each sequence (X; | i € N) of
quickly converging Cauchy sequences there is a sequence (Y; | i € N) of Dedekind
cuts such that X; is equivalent to Y; for each i € N.

Statement 4.1(3), which is our final application of Theorem 3.6, is related to count-
able posets. In RCA(, we define a countable poset to be a set P € N with a
coded binary relation < that is reflexive, antisymmetric, and transitive. A function
f: N — P is called an enumerated filter if for every i, j € N there is a k € N such
that f(k) < f(i) and f(k) < f(j), and for every ¢ € P if there is an i € N such
that f(i) < g then there is a k € N such that f(k) = ¢g. An enumerated filter is
called unbounded if there is no g € P such that ¢ < f (i) for all i € N. An enumer-
ated filter f extends a filter g if the range of g (viewed as a function) is a subset of
the range of f. If we modify the usual definition of an enumerated filter to include
an auxiliary function #: N2> — N such that for all i and j, f(h(i, j)) < f(i) and
f(h(, j)) < f(j),then4.1(3)isin I'}.

Mummert has proved the following two lemmas about extending filters to un-
bounded filters (see Lempp and Mummert [10] and the remarks after Lemma 4.1.1
of Mummert [11]). These lemmas show that 4.1(3) is provable in RCAg but not
E-HA® 4+ AC + IP.

Lemma 4.7 (Lempp and Mummert [10], Theorem 3.5) RCAq proves that any enu-
merated filter on a countable poset can be extended to an unbounded enumerated
filter.

Lemma 4.8 (Lempp and Mummert [10], Theorem 3.6)  The following statement is
equivalent to arithmetical comprehension over RCAq (and hence over RCA). Given
a sequence (P; | i € N) of countable posets and a sequence (f; | i € N) such that
fi is an enumerated filter on P; for eachi € N, there is a sequence (g; | i € N) such
that, for each i € N, g; is an unbounded enumerated filter on P; extending f;.

We close this section by noting that the proof-theoretic results of Section 3 are proved
by finitistic methods. Consequently, constructivists might accept arguments like
those presented here to establish the nonprovability of certain theorems from sys-
tems of intuitionistic arithmetic.

5 The Dialectica Interpretation

In the proofs of Section 3, applications of Godel’s Dialectica interpretation can re-
place the applications of modified realizability. One advantage of this substitution
is that the constructive axiom system can be expanded to include the scheme M®,
which formalizes a restriction of the Markov principle.

This gain has associated costs. First, the class of formulas for which the uni-
formization results hold is restricted from I'; to the smaller class I'; defined below.
Second, the independence of premise principle IPJ; is replaced with the weaker prin-
ciple IPy. Finally, the extensionality scheme E is replaced with a weaker rule of
inference

QF-ER: From A9 — s =, t deduce Ag — r[s/x"] =, r[t/x"],
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where Ag is quantifier free and r[s/x”] denotes the result of replacing the variable
x of type p by the term s of type p in the term » of type 7. We denote the systems
based on this rule of inference as @AT and WE-HA®.

Extended discussions of Godel’s Dialectica interpretation are given by Avigad
and Feferman [1], Kohlenbach [6], and Troelstra [13]. The interpretation assigns to
each formula A a formula AP of the form dxVy Ap, where Ap is quantifier free and
each quantifier may represent a block of quantifiers of the same kind. The blocks of
quantifiers in A? may include variables of any finite type.

Definition 5.1  We follow Avigad and Feferman [1] in defining the Dialectica in-
terpretation inductively via the following six clauses, in which A? = 3xVy Ap and
BP =3uV¥v Bp.

(1) If A is a prime formula then x and y are both empty and A? = Ap = A.

(2) (A A B)P =3x3uV¥yVo (Ap A Bp).

(3) (Av B)P =3z3x3uVyYo (z =0 A Ap) vV (z = 1 A Bp)).

@) (V2 A2)? =3XV2¥y Ap(X (2), ¥, 2)-

(5) (Fz A(x))P =3z3xVy Ap(x, v, 2).

(6) (A — B)P =3U3rvxV¥o (Ap(x, Y (x,v)) = BpU(x),v)).
A negated formula —A is treated as an abbreviation of A — L.

We begin our derivation of the uniformization results with a soundness theorem
of Godel that is analogous to Theorem 3.2. A detailed proof is given by Kohlen-
bach [6, Theorem 8.6].

Theorem 5.2  Let A be a formula in £L(WE-HA®). If
WE-HA® + AC + IP? + M F Vx 3yA(x, ),
then WE-HA® - Vx Ap(x, t(x)), where t is a suitable term of WE-HA®.

To prove our uniformization result, we will need to convert A” back to A. Unfortu-
nately, RCA® can only prove AP — A for certain formulas. The class I',, as found
in (for example) Definition 8.10 of Kohlenbach [6], is a subset of these formulas.

Definition 5.3  I'; is the collection of formulas in L£(WE-HA®) defined inductively
as follows.

(1) All prime formulas are elements of I'>.

(2) If Aand B arein I'p, thensoare AA B, AV B,VxA, and 3xA.

(3) If A is purely universal and B € I'y, then (3xA — B) € I'», where 3x may
represent a block of existential quantifiers.

Kohlenbach [6, Lemma 8.11] states the following result for WE-HA®. Since RCA”
is an extension of WE-HA®, this suffices for the proof of the uniformization result,
where it acts as an analog of Lemma 3.4.

Lemma5.4  Foreach formula A of £L(WE-HA®) in Ty, WE-HA® - AP — A. This
— —
result also holds for WE-HA| for formulas in L(WE-HA}).

Proof The proof is carried out by an external induction on formula complexity with
cases based on the clauses in the definition of I';. For details, see the proof of
part (iii) of Lemma 3.6.5 in Troelstra [13]. The proof of each clause depends only
on the definition of the Dialectica interpretation and intuitionistic predicate calculus.

—
Consequently, the same argument can be carried out in WE-HA} . U
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We can adapt our proof of Lemma 3.5 to obtain the following term extraction result.

Lemma 5.5 Let Vx”3y" A(x, y) be a sentence of L(WE-HA®) in I'» with arbi-
trary types p and t. If WE-HA” + AC + IPY + M® = Vx”3y"A(x, y), then
RCA® F Vx? A(x, t(x)), where t is a suitable term of WE-HA®,

Substituting Lemma 5.5 for the use of Lemma 3.5 in the proof of Theorem 3.6, we
obtain a proof of the Dialectica version of our uniformization result.

Theorem 5.6  Let VxIyA(x, y) be a sentence of L(WE-HA?) in T',. If
WE-HA® + AC + IPY + M? = Vx3y A(x, y),

then

RCA” = V(x, | n e N)3{y, | n € N)\Vn A(xp, yn).

Furthermore, if x and y are both type 1 (set) variables, and Yx3yA(x, y) is in
L(RCA), then RCA® may be replaced by RCA in the implication.

As was the case in Section 3, these results can be recast in settings with restricted
induction. As noted by Kohlenbach [6, Section 8.3], Theorem 5.2 also holds
with WE-HA® replaced by @A? Applying the restricted-induction version of
Lemma 5.4 leads to the restricted form of Lemma 5.5. Combining this with the
conservation result for RCA7 over RCAg (Theorem 2.7) leads to a proof of the
following version of Theorem 5.6.

Theorem 5.7 Let Vx3AyA(x, y) be a sentence of £(WE-HA) in Ta. If
WE-HA{ + AC + IP? + M® I Vx 3y A(x, y),

then

RCAG FV(x, | n € N) Iy, | n € N\)Vn A(xp, yu).

Furthermore, if x and y are both type 1 (set) variables, and Yx3yA(x, y) is in
£L(RCAy), then RCAF may be replaced by RCA in the implication.

Uniformization results obtained by the Dialectica interpretation are less broadly ap-
plicable than those obtained by modified realizability due to the fact that I'; is a
proper subset of I'1. In practice, however, the restriction to I'> may not be such a
serious impediment. Examination of the statements in Theorem 4.1 shows that the
hypotheses in their implications are purely universal, and consequently each of the
statements is in I';. Thus an application of Theorem 5.6 shows that Theorem 4.1
holds with E-HA” + AC + IP& replaced by WE-HA” + AC + IPy + M®.

While I'; may not be the largest class of formulas for which an analog of The-
orem 5.7 can be obtained, any class substituted for I’y must omit a substantial col-
lection of formulas. For example, imitating the proof of Kohlenbach [7], working
in @A? + AC one can deduce the T collection schemes, also known as BITY.
These schemes contain formulas that are not provable in RCAy, and any class of for-
mulas for which Theorem 5.7 holds must omit such formulas. The same observation
holds for Theorem 3.10.
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