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RISK ESTIMATE OPTIMALITY OF JAMES-STEIN ESTIMATORS

BY TERRY MOORE AND RICHARD J. BROOK
Massey University

This note extends a result of Efron and Morris on domination of the
maximum likelihood estimator for the mean of a multivariate normal dis-
tribution. We show that this result and our extension follow from a certain
differential inequality.

In a certain class of estimators having a unique unbiased estimator for
the quadratic risk we find necessary and sufficient conditions for risk esti-
mate dominance of a particular set of estimators. We show that, in the
sense of risk estimates, these conditions imply that there are no estimators
in this class which dominate the James-Stein or truncated James-Stein
estimators.

.

We wish to estimate the unknown mean, &, of a k = 3 dimensional random
normal vector, X, with variance matrix ¢°/. We suppose that we have observed
X and S where S/o* has a chi-squared distribution with n degrees of freedom.
Our results also include the case of known variance in a similar way to Efron
and Morris (1976).

Let 2 = ||£|*/(207), let the loss funct:on be L(&, &) = ||E — &|]}/o? and let = =
7(F) be absolutely continuous with derivative z’. We consider estimators of
the form

o= (= ((F) + )/F)X where F = [|X|p/(k — 2)}/[S/(n + 2)],
o) and where the risk R (1) is finite and the expectation of each
term in (2) exists.

Efron and Morris prove the following extension of a theorem of Stein.

THEOREM 1. There is a unique unbiased estimator based on F for R_(2) given by
@) R(F) =k —[(k — 2)[F)(1 — (F)) — 4'(F)(1 + ¢ + cx(F))
where ¢ = (k — 2)/(n + 2).

Note that when ¢ + 0 the expectation of each term in (2) does not exist if
3) T (F) = O(F~"*4) as F— oo or

T(F) = O(F*»%) as F—0.
Suppose the estimator &, is in the class considered, then we can compare &,

with éf by comparing their risk estimates. If these risk estimates are such that
R. < R, i.e., R(F) < R(F) for all F and it is false that R,(F) = R,(F) almost
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everywhere, then f, is said to dominate éf in terms of risk estimates. This risk
estimate dominance property is clearly weaker than dominance, since, although
R. < R, — R. < R, itisnottrue that R, < R, = R, < R,. However, as Efron
and Morris (1976) show, this property is strong enough to imply that certain
estimators do in fact dominate the maximum likelihood estimator, in cases for
which this fact was not previously known. Our purpose is to show that James-
Stein estimators are optimal in the class considered in terms of risk estimates.
This shows that these estimators are so good that very powerful methods will
be needed to obtain alternatives which dominate them. We remark that James—
Stein estimators have negative estimates of the risk for small F.
Now R, < R, if and only if

4 (I + be(F))c'(F) — at®(F)[F = (1 + &f(F)) f'(F) — af*(F)[F
where
a=(k—2)/(41 + ¢)), b=c/(1 +¢).

In the case of known variance, b # 0, this differential inequality has not been
solved in general, while for & = 0 it has. The former case is Abel’s differential
inequality, the latter is Riccati’s. Abel’s differential equation is to be found in
Kamke (1948) and Riccati’s appears in Ince (1939). The case most easily solved
is that for which f = ¢ = constant, or more generally

S (1 + 6f(F) f'(F) — afX(F)[F = aalF
where (3) implies that « = 0.
In this case, solution of the inequality (4) gives

THEOREM 2. A necessary and sufficient condition that R, < R, is that
©) P(F) = F7o[(F) — 21" (F) — [)/(=(F) + [he 1+ 0
= F~°c(F) exp(—t~(F)) t=20
is a nonincreasing function of F when *(F) < t* and nondecreasing when
™(F) > .
This theorem together with the next generalise Theorem 2 of Efron and
Morris (1976).

THEOREM 3. Necessary conditions that R. < R, are that

™ —l =<
3) if 3F, suchthat ©(F\)= —|t| then t(F)= —|t| VFIF
©) if 3F, suchthat t©(F,) = |t| then o(F)= || VF>F,

(condition (8) is not necessary if |t| = 1 + (1/c), ¢ # 0).

The proof of Theorem 3 is similar to that of Efron and Morris ((1976), Theo-
rem 2), but uses (3) when ¢ # 0 which avoids quoting a result, true only for
|f) = 1, in Efron and Morris (1973).
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Since £, is the James-Stein estimator, condition (7) implies

THEOREM 4. No estimator in the class considered dominates the James—Stein
estimator in terms of risk estimate.

Our final result is that this also applies to truncated James-Stein estimators.
Let

f(F)y =1 F=1+1t
=F—1 FZ1+1¢t where 0<r<1.

Denote &,, R, and R, respectively by &,*, R,* and R,*.
THEOREM 5. If R, < R,* then t = f.

The proof of this uses the argument of Theorem 3 to show that if 3 F, such
that ¢(F,) < f(F,) then ¢(0) < —1. Thus by Theorem 3, R, £ R_, (where &_,
is the maximum likelihood estimator). However, by Theorem 3, R*<R_,
and this is a contradiction.
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