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The asymptotic properties of the bootstrap in the frequency domain
based on Studentized periodogram ordinates are studied. It is proved that
this bootstrap approximation is valid for ratio statistics such as autocorre-
lations. By using Edgeworth expansions it is shown that the bootstrap
approximation even outperforms the normal approximation. The results
carry over to Whittle estimates. In a simulation study the behavior of the
bootstrap is studied for empirical correlations and Whittle estimates.

1. Introduction. The bootstrap [Efron (1979)] is generally accepted as a
powerful tool for approximating certain characteristics, for example, bias,
variance or the distribution of statistics that cannot at all or only with
excessive effort be calculated by analytical means. For example, the bootstrap
provides second-order corrected approximations to sampling distributions in
the ii.d. setup [Singh (1981) and Babu and Singh (1984)]. In time series
analysis, where the data obey a certain dependence structure, this kind of
difficulty quite often comes up, particularly, if one is not willing to assume
Gaussianity of the data. In principle, one has with a time series only one
observation of a multivariate random variable and it is obvious that a
bootstrap can only be applied to parts of the data or to certain transforma-
tions (e.g., residuals). Very often this requires additional assumptions on the
dependence structure (e.g., mixing assumptions) or on the underlying model
(e.g., for a residual-based bootstrap).

Kiinsch (1989) and Liu and Singh (1992) propose resampling whole blocks
of consecutive observations. Instead of resampling from the data themselves,
another idea is to resample from residuals that are approximately i.i.d.
Freedman (1984), Efron and Tibshirani (1986), Swanepoel and van Wyk
(1986) and Kreiss and Franke (1992) consider resampling the estimated
innovations of parametric time series models.

A different approach is to apply Efron’s bootstrap method to periodogram
ordinates, more precisely to Studentized periodogram ordinates, where the
periodogram is Studentized by a spectral density estimate [cf. Franke and
Hardle (1992), Hurvich and Zeger (1987), and Nordgaard (1992)]. For obvious
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reasons this method may be denoted as a frequency domain bootstrap,
whereas all procedures above resample in the time domain. Franke and
Hardle (1992) apply this procedure to kernel spectral density estimates and
show a consistency result. They motivate the approach by interpreting the
spectral estimation problem as an approximate regression problem. Unfortu-
nately, the periodogram ordinates are only approximately independent. This
causes trouble for other estimates such as estimates of the autocovariance
function. The dependence between different periodogram ordinates leads for
non-Gaussian processes to an individual contribution to the asymptotic vari-
ance of this estimate. Since the bootstrap replicates are independent, the
additional part of the variance cannot be imitated. Therefore, the method
fails in such cases.

In this paper we study in more detail the class of estimators for which this
bootstrap with periodogram ordinates works. As mentioned above, it works
for all spectral mean estimates if the data are assumed to be Gaussian. The
procedure keeps working without this assumption for the kernel spectral
density estimate [Franke and Hardle (1992)] since these estimators have a
rate of convergence less than 7 !/2. However, in other cases the validity of
this bootstrap is not obvious. The main result of this paper is that there exists
an important class of statistics for which the bootstrap works: ratio statistics.
These statistics may be represented as ratios of spectral mean estimates and
the integrated periodogram. For example, the usual moment estimator for the
autocorrelation is a ratio statistic. This estimate is a normalized version of
the autocovariance estimate for which the procedure fails. An inspection of
the cumulants reveals that the method does not only approximate the mean
and the variance of ratio statistics, but also leads to the correct skewness.
Besides, by means of Edgeworth expansions for the statistics of interest and
their bootstrapped versions, we find that the error of the bootstrap approxi-
mation is of order less than 77 !/2 and therefore outperforms the normal
approximation.

A different approach was considered in Janas and Dahlhaus (1994). There
we have suggested a modification of the frequency bootstrap which imitates
the weak dependence structure of the periodogram and leads to a consistent
bootstrap approximation for general spectral mean estimates in the non-
Gaussian case. However, one can check that this procedure does not lead to a
correct estimate of the skewness.

The paper is organized as follows. In Section 2 we discuss the problem. The
bootstrap procedure based on the sample of the Studentized periodogram
ordinates is presented and ratio statistics are introduced. At the end of the
section we summarize the assumptions and notation needed throughout the
paper. The main results are presented in Section 3 and applied to Whittle
estimates in Section 4. In Section 5 some simulation examples illustrate the
performance of the method. To make the paper more convenient for the
reader, some of the proofs are deferred to the Appendix.

2. Preliminaries. Consider a real-valued stationary time series {X,}, .,
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with EX, = 0 and spectral density (sd) f. Let us denote by

A(d, 1)
(2.1) 7w LIS / _
=|[ 6V(a)f(a)da,..., [ $D(a)f(a)da = [¢f
0 0

the spectral mean, where ¢ are functions of bounded variation, » = 1,..., d.
The canonical estimate of A(¢, f) is

A( d)’ IT)
(2.2)

= (/0”¢<1>(a)IT(a)da,...,fo”w@(a)h(a)da)' (E fwT),

where I(«) is the tapered periodogram that is,

(23) Iy(a) = (27H, ) ' dp(a) dp(—a),
where
T
(2.4) dr(a) =) h, X, exp(—iat)
t=1

denotes the tapered finite Fourier transform with data taper &, (see Assump-
tions 5 and 6),

T
(2.5) H, r(a) = Y htexp(—iat)
t=1

is the spectral window and H, ; = H, ;(0).
The following special cases are covered by this class.

ExaMPLE 1 (Autocovariance estimate). Let ¢(a) = 2cos(au), u € Z. Then

A(b, 1) = [ Ip(a)exp(~iau) da

T
= (Hyp) ' Y R Xhy, X, =cp(u)
t=1

(with h, =0 for t <0 and ¢ > T) is the usual moment estimator with
tapered data for the autocovariance c(u) = E(X, X, ).

ExamMPLE 2 (Spectral distribution function estimate). With ¢(a) =
Xp0, (@), where y,, ,; is the indicator function on [0, A], we get the integrated
periodogram

A(S,Ip) = [Ip(@) dac= Fy(n),

which is an estimate for the spectral distribution function (sdf) F(A) =

I3 fla) da).
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ExamPLE 3 (Whittle estimate). Let = {f,: 6 € 0}, ® C R”, be a para-
metric family of spectral densities. Then the parameter # may be estimated
by minimizing the Whittle likelihood

Ir(a)

fo(@)

With ¢ = Vfy* [where V =(3/36,,...,d/36,) and f,' = 1/f,], we have
VZ(0) =0 o A(0,I) —A($, f) =0,

da.

Z1(0) = (277)1/0”{1og fila) +

where f is the true spectral density.

The basic idea of a bootstrap for A(¢, I;) relies on the fact that I.(a)/f(a)
are for a fixed set of frequencies {«;,..., agx} with a; # Omod 7 asymptoti-
cally independent exponential variables [cf. Brillinger (1981), Theorem 5.2.6].
This suggests the following bootstrap procedure. Let n =[7/2] and I; =
1,2mj/T).

Bootstrap procedure.

. Obtain the sample of periodogram ordinates {I;} for j = 1,.

. Obtain an estimate f of the spectral density f (e g., a kernel estlmate)

. Form the Studentized periodogram ordinates {&;} = {I, /fj}

. Rescale 2'J- and consider {éj} = {é‘j/é'.}, where .= (1/rL)Z;-‘=1 §j.

. Draw independent bootstrap replicates {sj*} from the empirical distribu-
tion of the &;.

. Define bootstrap periodogram values by {I}} = { f;sf}.

QUi WO N =

2]

REMARK 1. The rescaling in step 4 avoids an unneccessary bias at the
resampling stage.

REMARK 2. Exploiting our knowledge about the asymptotic distribution of
I (a)/f(@), we may modify the procedure by replacing {&;'} by independent
and standard exponentially distributed variables {E}}. As in step 6 we get
modified bootstrap periodogram values {I;"} = { f E*} We see in the next
section that all results hold for both the orlgmal procedure as well as the
modified one.

We now try to approximate the distribution of A(¢, I;) — A(d, ) by the
distribution of B(¢, 1) — B(¢, £), where

S1a
I8

(2.6) B(¢,1Iy) = o; 1

Jj=1

and ¢, = ¢pQ2mj/T).
To get an idea on the quality of this bootstrap approximation, we study the
asymptotic behavior of both statistics.
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It is well known [cf. Dahlhaus (1983, 1985a)] that VT'(A(¢, I,) — A(, )
is asymptotically normal. For a linear process {X,} (cf. Assumption 1) and
h, = 1, the asymptotic variance is given by

(2.7) 2m | §°f? + (K4/«r4)(f d>f)2,

2 is the variance of the innova-

where «, is the fourth cumulant and o
tions &,. )
Under appropriate assumptions VT (B(¢, I) — B(, f)) is also asymptoti-

cally normal, but with a variance proportional to

(2.8) 277[ 22,

The difference in the two asymptotic distributions relies on the fact that the
I} are independent while the dependence structure of the I, cannot be
neglected completely.

Therefore, this bootstrap can only work if the additional term in (2.7)
vanishes. There are two cases in which this term is 0.

CaseE 1. [¢f = 0.If V[ log f, = 0 this is fulfilled for A(¢, I;;) in the case of
the Whittle estimate (Example 3). Note that V[ log f, = 0 holds for several
parametrizations. This can be deduced from Kolmogorov’s formula [cf. Brock-
well and Davis (1987), Section 5.8].

CASE 2. k4, = 0. This condition is fulfilled, for example, if the innovations
are assumed to be Gaussian.

In these cases the procedure leads to a correct approximation of the
variance. In general, there is no hope for this. For instance, consider the
examples of the autocovariance estimate (Example 1) and the sdf estimate
(Example 2) in the non-Gaussian case.

In this paper we prove that the above bootstrap can be used successfully
for the important class of ratio statistics defined below. Denote the normal-
ized spectral density by

(2.9) g(a) =f(a)/F(m),

where F is the sdf. We consider the functionals A(¢, g) = [¢pg, where
b =(oY,..., D) and ¢: [0, 7] > R are functions of bounded variation
(r=1,...,d).

Note that A(¢, g) is the normalized spectral mean. The corresponding
normalized spectral mean estimate is defined by

(2.10) A, ) = [(d(a)Ir(a)da (= [o7,),

where J; is the normalized periodogram, that is, J,(«a) = I (a)/F;(7) with
F; being the integrated periodogram (see Example 2).
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The estimate A(¢, J;) can be written as a ratio of two spectral mean
estimates

(2.11) A($,Jr) = [ ¢(a)1T(a)da/f I;(a)da,
0 0
and is therefore denoted as the ratio statistic.

ExAMPLE 4 (Autocorrelation estimate). Let ¢(a) = cos(au), where u € Z.
Then

A(d, Jyp) = f:TIT(a)exp(—iau) da/f_:IT(a) da

= cp(u)/cr(0) = pr(u)

is an estimator for the autocorrelation p(u) = c(u)/c(0) of lag u.

ExampLE 5 (Normalized sdf estimate). With ¢(a) = x;y ,(a), where A €
[0, 7], we get

A(d,dr) =Fp(A)/Fp(m),

the normalized integrated periodogram which represents an estimate for the
normalized sdf F())/F ().

Often, only the information about the normalized quantities is needed. For
instance, the Yule-Walker estimates of autoregressive parameters are based
on estimates of the autocorrelations and not on the autocovariances, and
Bartlett’s U,-statistic for a goodness-of-fit test is based on the normalized
version of F [cf. Dahlhaus (1985b)].

Easy calculation shows that

VT
T (A, Tr) ~A(d.8)) = [ v,

with ¢ = ¢/ f — [¢f. Since [ f = 0 it follows that the asymptotic distribu-
tion of VT (A(¢, J;) — A(¢, g)) does not depend on the fourth-order cumu-
lant. Furthermore, it is equal to the asymptotic distribution of the corre-
sponding bootstrap statistic

ar n
(2.12) B(¢,Jr) = — Y d7,

T n
Jjﬂ< =IJ*/(; Z I:),
k=1

with I defined as above. This is a necessary property for the bootstrap to be

valid. In Section 3 we will prove that the above bootstrap really works for
ratio statistics.

where
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We now set down the assumptions.

AssumpTioN 1. {X,},., is a real-valued linear process, that is,

Xt = Z au§t7u7

ue’z

where { £}, . , are i.i.d. random variables satisfying E¢; = 0, E&2 = 1, E&2 <
and X, u?la,| < «. Denote by A(a) =¥, ., a, exp(iau) the transfer function
and by f(a) = (27) 'A(a)|® the spectral density of {X,}. It is assumed that
inf, ¢ ;o ,; f(a) > 0.

AssuMPTION 2. The third moment of the innovations vanishes, that is
E&2 = 0.

ASSUMPTION 3. f is an estimate of f, which is uniformly strongly consis-
tent, that is,

sup |f(a) — f(a)l - 0 almost surely (a.s.).

ac[0, 7]

AssumMPTION 4. ¢ = (¢D, ..., ¢?) is a d-dimensional vector of bounded
functions ¢‘: [0, #] » R having bounded variation. For convenience, we
assume that ¢ is extended to the real line with ¢(—a) = ¢”(a) and
o (a+ 27) = ¢ Na), r=1,...,d.

AssuMPTION 5. The taper #, is of the form h, = h(¢/T), where h: R —
[0,1] is a function of bounded variation, A(x) = 0 for x & (0,1] and H, =
[¢ h?(x) dx > 0.

Such a taper A is introduced in practice to reduce leakage effects [cf.
Dahlhaus (1988)]. In addition to Assumption 5, we assume the following.

AssuMPTION 6. The function A is given by h, = h(t/T) = h'*7(t/T),
where

h(p)(x) = u(x/P)X(o,p/2)(x) + X[p/Z,l*p/Q](x) +u((1- x)/P)X(1fp/2,1](x)

and u: [0,1/2] — [0, 1] is twice differentiable with bounded second derivative
and u(0) =0, u(1/2) =1 and 0 < p < 1 denotes the proportion of the data
which is tapered. Furthermore, p depends on T, such that p; ~ T~°, where
§<1/6.

Most of the tapers used in practice are of the form A(”(x). The assumption
pr=T"° implies that the sequence of tapers fulfills A"7(x) — x, 1, (x)
pointwise, which is called “asymptotically vanishing.”

To derive Edgeworth expansions, we need the following assumptions.
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AssumpPTION 7. The filter coefficients {a,} and the Fourier coefficients
{(w)} of ¢ decrease exponentially that is, for all large u,

la,l < 74, lé(u)ll < 7

where 7 is a fixed number with 0 < 7 < 1.

ASSUMPTION 8. (¢, £2) satisfies Cramér’s condition that is, there exist
8> 0 and d > 0 such that, for all ||¢]| > d,

|Eexp(it' (&, é2))| <1 - 8.

AssuMPTION 9. Denote by S, the eight-dimensional finite Fourier trans-
form

T‘l/z(dT(Z—;j(l)),...,dT(z%j(S))),, (j(1),...,j(8) € {1,...,T/2 — 1})

or the (d + 1)-dimensional spectral mean estimate [(¢’,1)I,. In both cases
Y =lim, ., D(S;) exists and is positive definite, where D denotes the
dispersion matrix. Furthermore, the matrix W = [ (¢, 1) (¢', 1)f? is positive
definite.

3. The validity of the bootstrap procedure. We now prove that the
bootstrap approximation holds for ratio statistics. In particular, the following
theorem states that the bootstrap approximation is even better than the
normal approximation. The result is proved by using Edgeworth expansions
for the original and the bootstrapped statistic and by comparison of the
cumulants in both expansions. The evaluation of the cumulants will give
additional insight into the approximation. In particular, we will see that the
skewness of the distribution is correctly approximated.

To bootstrap the distribution of A(¢, J;) — A(d, g), we use the statistic
B(¢, J}) — B(¢, §), where

§j:f;‘/(z if;)

Furthermore, let D2 = VT , where V,, is the dispersion matrix of VT A(¢, J,)
and D2 = V; !, where V, is the dispersion matrix of VT B(¢, J3).

By P”< we denote the conditional distribution given the data and by E* the
corresponding conditional expectation.

THEOREM 1. Suppose Assumptions 1-9 hold. Then for almost all samples

sup |P(VT Dy (A(d,Jy) — A(d,g)) € C)
ceg?

— P*(YTDy(B(¢, J§) — B(¢,8)) € C)| = o(T~/?).

where ¢ denotes the class of convex measurable C C R

Before proving the theorem we make some comments on the result.
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REMARK 3. The theorem says that the bootstrap approximation holds for
the distribution of ratio statistics that fulfill Assumptions 1-9. Thus the
method of resampling from standardized periodogram ordinates is consistent.
Furthermore, Theorem 1 gives an upper bound for the rate of convergence of
the bootstrap estimate: the accuracy of the bootstrap approximation is of
order less than 7 /2 and therefore outperforms the normal approximation.
This is an unexpectedly strong result, since the method does not even imitate
the covariance structure of the underlying periodogram sample.

REMARK 4. If the mean is unknown we may use X, — X instead of X, for
the calculation of I,. Unfortunately, this causes an extra bias of the peri-
odogram and we have only EA(¢, I;) = A(¢, f) + O(T~1). This implies that
Theorem 2 holds only with O(T~!/2). Furthermore (3.2) no longer holds—we
have only cum(V; ) = O(T~'/?) and cum*(V} ,) = O(T~'/?) a.s., which leads
to the same result as in Theorem 1 with o(T~ ) %) replaced by O(T 1/2) Thus
the bootstrap approximation is in this case at least as good as the normal
approximation and we may hope that it still does better in practice. At least
it is better in certain misspecified situations (cf. the second example in Sec-
tion 5).

REMARK 5. As indicated in the proof of Theorem 4, the above result does
not hold if Assumption 2 is violated, that is, if E£? # 0. In this case (3.4) no
longer holds. Both sides of (3.4) are of order O(T'/%) which leads to the
result of Theorem 1 with o(7T~!/2) replaced by O(T1/2).

REMARK 6. The proof of the validity of the bootstrap procedure in this
section reveals that all results hold, if we replace the variables {&} by
variables drawn from the known asymptotic distribution. By Theorem 1 we
know that this modified procedure is accurate up to order o(7T~1/2) as well as
the original one. On the other hand the formal Edgeworth expansions show
that for both methods the approximation is not better than O(T 1), since the
fourth-order cumulants of bootstrapped and unbootstrapped terms do not
match. Unfortunately, higher-order asymptotics does not detect differences
between both approaches [as conjectured in Franke and Hardle (1992)] and
none of them is preferable. However, there exists a significant difference
between both methods. The modified procedure avoids one potential error
source: resampling from the Studentized periodogram ordinates. At this
stage the bias of the spectral density estimate influences the method heavily.
It seems reasonable to avoid this danger and to use the information on the
asymptotic distribution of the residuals.

REMARK 7. Returning to the examples, it is to say that Theorem 1 is
applicable for the autocorrelation estimate (Example 4). If, for example, the
underlying process is an ARMA( p, g) process, then all assumptions can be
fulfilled including the technical one, Assumption 7. This assumption causes
some trouble for the normalized sdf estimate (Example 5). The reason is that
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for ¢ = x;o,,, the Fourier coefficients do not decrease exponentially. This
problem can be solved by modifying the estimate with a smoothed function ¢.
On the other hand, the authors conjecture that the Edgeworth expansion is
also valid under a weaker condition than Assumption 7. But the proof seems
to be rather complicated. In Section 4 we consider Whittle estimates (Exam-
ple 3) in some detail.

Proor or THEOREM 1. Let

= VT (A($, JIy) — A(d, g))

and
Vi =VT (B(¢,Jf) — B(¢,8)).

We need Edgeworth expansions for DV, and IjTV;‘ as proved in Theorems
2 and 3 below. We then have only to verify for the occurring expansion terms

(3.1) Ap5(C) = N 5(C) = o(T71/%)

uniformly in C. These expressions are the usual terms in an Edgeworth
expansion [cf. Bhattacharya and Ranga Rao (1976), pages 51-57]. In this
special situation Ay 3(+) is the signed measure with density

d
1- ) cum((DTVT)r)&_

r=1 r
1 d J J d
—gr Szt:1cum((DTVT)r7(DTVT) (D Vy), ) v o, 9%, Jlj e(x;),

where ¢(x) is the density of the standard Gaussian distribution, and A% ()
is the signed measure with the analogous density with cum* (D Vi), ‘and
cum* (D, Vi), (D, V), (D, V#),). In order to verify (3.1) we therefore have
to prove

(3.2) cum(Vy ) = cum*(VF ) +o(T'?) as,
(3.3) cum(Vy ., Vp ) =cum®(V7 Vi ) +0o(1) as.,
(84) cum(Vy .,V ,Vp,) =cum* (V7 Vi VE) +0o(T71?) as.

Since V; and V} are ratio statistics, these cumulants are difficult to calcu-
late. However, due to Bhattacharya and Ghosh [1978, Theorem 2(b)], it is
sufficient if we prove these equations for stochastic approximations W, . and
Wi . with

WT,r = VT,r + Op(T_l/z)’
Wi, = Vi, +0,.(T"1/2).

This is done in Theorems 4 and 5 below. Several lemmas provide the
technical details.
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THEOREM 2. Suppose Assumptions 1-9 hold. Then the following approxi-
mation holds uniformly over convex measurable C C R%:

P(\/TDT(A((Z’, Jp) —A(h,8)) € C) = Ap 5(C) + o(T~1/2).

Proor. From Janas [(1993) Theorem 2.3], we obtain the following
Edgeworth expansion for the statistic A(¢, I;), where ¢’ = (¢',1) and ¢ is as
defined in Assumption 4:

P(\/T(A(é, IT) — [EA((Z’,IT)) e C) = \IIT’S(C) + O(T—(s—2)/2)

(cf. Gotze and Hipp [(1983), page 217] for the definition of ¥, ). Lemma 1
(below) yields EA(¢, I;) = A(¢, f) + o(T"1) and we can therefore replace
EA(¢p, I;) by A(e, f) in this expansion for s = 3. We now apply the transfor-
mation lemma of Bhattacharya and Ghosh [(1978), Lemma 2.1], with the
transforming function

H( ) ( Xy x, )
Xipees Xy ¥) = —5.oe, —|.

' P y y
We have to check that this function is sufficiently smooth in a neighborhood
of uw= [(¢',1)f and that (grad H)(u) has full rank p. The first statement
follows from the positivity of F(a) = [f, the variance of the underlying
process {X,}; the second is trivial. O

THEOREM 3. Suppose Assumptions 1-9 hold. Then, for almost all samples
{I;} and uniformly over convex measurable C C R¢

P*(VTDy(B($, J5) — B($,8)) € C) = Ky 4(C) + o(T?).

Proor. We only sketch the proof. As in Theorem 2, we first establish an
expansion for the statistic B(&, I#) with ¢ = (¢',1) and then apply the
transformation lemma to get the expansion for the ratio B(¢, J7). Note that
B(¢, I}) is a weighted mean of independent and identically distributed
random variables with common distribution function F,, the empirical distri-
bution function of the rescaled Studentized periodogram ordinates {éj} de-
fined in step 4 of the bootstrap procedure. Corollary 1 (below) shows the weak
convergence of F, to an exponential distribution. Now we can prove the
Edgeworth expansion as it was done for the ordinary sample mean in Babu
and Singh (1984). Only two changes are required: the cumulants have to be
replaced by averaged cumulants (cf. Bhattacharya and Ranga Rao [(1976),
page 71]) and Cramér’s condition has to be modified in an obvious way. O

We now construct stochastic approximations for V; . and V. for which
we check afterwards the required equality of the cumulants. We start with an
approximation for V. . Let

(3.5) a0 = (60~ [og]e,
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where g = f/[f is the normalized spectral density. Then we have
6L f¢(”f)
[Ty If
J(¢7 — J6'"g)g(Ir/f)
J1g(1r/f)

e AV
/& (Ir/1)
=TV2[A(Ip/f)(2 = [g(Ip/f)) + 0,(T71/?).
The last equation follows since 1/x = 2 — x + o(|Jx — 1|). Note the equality
(3.6) [AD =0,

which is of particular importance as will be seen later. Define the above
approximation of V. = as Wy , that is,

W, = T1/2fA(”(IT/f)(2 - fg(IT/f))'

To calculate the first three camulants of Wy ., we need the following lemma.

VT, r = Tl/z

— T1/2

LeEmMA 1. Suppose ; are bounded functions and Assumptions 1, 5 and 6
hold. Then we have

(i) cun( [nr) = [ +o(T),
(i) cun [ty fu,1y) = 0T,
(iii) cum(/qBIIT,...,/d/ZIT) =o(T"?) 123,

Proor. We give only a sketch. Assumption 1 implies Zu|u|2|c(u)l < o and
therefore also

f(a+B) —f(a) - Bf' ()l < KB?,

with some constant K. Then we obtain

cum(/wllT) — [nrf
H, 7 (B)’

1 = T
5[_7¢1(a)f_ﬂ{f(a+ B) —f(a)}%—br”dﬁda

- |H 2
sK/ Bz—l 1r(A)l dB < O(T 2+%) = o(T™ 1)

-7 HZ,T
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by using Lemma 5.4 of Dahlhaus (1988) [note that the taper of Assumption 6
is of degree (1,28) in the terminology of that paper]. The proof of (ii) and (iii)
is standard (cf. Dahlhaus [(1983), Lemmas 6 and 7]). O

The application of this lemma leads to the following expressions:

(3.7 cam(Wy ) = _T+1/2cum(fA(r)(IT/f)’fg(IT/f)) +o(T™ %),
Cum(WT,r’WT,s)

(3.8) = Tcum(/A(’)(IT/f),fA(S)(IT/f)) +o(T?),
and
cum(Wr ., Wy ,Wp )
= T3/2cum(fA(r)(IT/f):fA(S)(IT/f),fA(t)(IT/f))
- 2T3/2cum( [ A(1/f), [e(r/f ))
Xcum(fA(s)(IT/f),fA(t)(IT/f))
(3.9)

~ 2T3/2cum( [ A9 L/f), [e(Ir/f ))
Xcum( [ AL f), [ A1/t ))

- 2T3/2cum(fA”)(IT/f), fg(IT/f))
Xcum(/A(’)(IT/f),fA(S)(IT/f)) +o(T/%).

Observe that all cumulants can be expressed in terms of cumulants of second
and third order of statistics of the form [¢"(I,/f) with ¢ € {A"), g}. For
an asymptotically vanishing taper these cumulants are given in the next
lemma.

LEMMA 2. Under Assumptions 1 and 4-6, we have
G Tem([60(/F), [0

=27 [ ¢ + (r3/ ) [ S + 0(1);
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(i) TZcum( [ /), [$9(Tr/f), [ ¢<”(IT/f))
= 8W2f¢(’)¢(s)¢(t) + (K32/0'6)47T

X

¢(”(0)f¢(s)f¢>(” + ¢<s>(0)]¢(r>]¢,(t) + ¢,<t)(0)f¢(r)f¢(s)

+f07rfo7f¢(r>( @) O (a){d () + ay) + dO(a; — ay)

+dD(—ay + ay) + ¢(—ay + ay)} dey daQ]
+(K4/a4)47r(f¢(’>¢<3>f¢<” + /¢(r>¢<t>f¢(s> + f¢,<s)¢(t)f¢(r>)

+(x6/%) [¢7 [ [6© + o(1),
where k,;, is the kth cumulant of the innovations &,.

PrOOF. The lemma is proved by using the product theorem for cumulants
(cf. Brillinger [(1981), Theorem 2.3.2]) and applying again Lemma 5.4 of
Dahlhaus (1988). We omit the details. O

For the calculation of the cumulants of Wy ,, we need only three kinds of
cumulants of the statistics [A(I;/f) and [g(I;/f). Since [A") = 0 we obtain
for these cumulants from Lemma 2 under Assumption 2 (k; = 0) the follow-
ing expressions:

(3:10)  Teum( [ 8(L/0), [o(/f)| = 2w A0 + o(1),
(3.11) Tcum(/A(”(IT/f),fA(S)(IT/f)) = 27 [ AVA® + o(1),
(3.12) TZCum(fA")(IT/f),fA(S)(IT/f),fA”)(IT/f))

= 872 [ ADAA® + o(1).

Due to the central equation (3.6) (which holds since we are dealing with
ratio statistics), the above cumulants are independent of the cumulants «,
and kg4 of the innovations (while x; = 0 has to be assumed). In particular, all
contributions from the dependence structure of the periodogram ordinates
disappear. For the above cumulants it makes no difference if we replace the
dependent {7 j/fj} by iid. r.v.’s {E]—} where E; is exponentially distributed.
Later we will see that the bootstrap counterparts of {I;/f;} behave similarly

J
as independent and exponentially distributed variables, and that the corre-
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sponding bootstrap cumulants have the same limits as above. We now
summarize our results on the cumulants of Wy, .

THEOREM 4. Under Assumptions 1, 2, 4 and 6, we have
cum(W, ) = —T*1/227Tf ANg + o(T1/2),

cum(Wy ,, Wp,,) = 27 [ AVA® + o(1),
and

cum(WT,,, WT,s’ WT,t)

= T‘1/28772(fA<”A<S)A(” - fA‘”g/ AGAD

_fA(s)gf AAD fA(”gf AWA(S)) +o(T1/?),
where A7) = (¢ — [6g)g, g = f/F(m).
Before calculating the bootstrap cumulants of the corresponding approxi-
mation of V;  , we set down some auxiliary results. Let G, denote the
empirical distribution function of {I,/f;} and G(x) = 1 — exp(—x). The next

lemma provides a Glivenko—Cantelli lemma for {I;/f }.

LEMMA 3. Suppose Assumptions 1, 4 and 6-8 hold. Then

(1) sugIGn(x) - G(x) >0 a.s.
and
(ii) j:g(x) dG,(x) - f:g(x) dG(x) a.s.

for every function g(x) which is piecewise uniformly continuous and satisfies

lg (%)
sup ——=
xer 1+ |x|8

Proor. The proof is analogous to the proof of Theorem 1 in Chen and
Hannan (1980). However, due to the data taper we have to replace the
required Edgeworth expansion by the expansion given in Theorem 4.3 of
Janas and von Sachs (1995) O

From Lemma 3 we deduce the following corollary. Let F, (F,) denote the
empirical distribution function of {&;} ({&;}). Here F, = F means that the
distribution F, converges weakly to F' (F, may be random).
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COROLLARY 1. Under Assumptions 1-3, 5 and 7-9, we have

]_ n
(i) ~ Y& > Ext as.
j=1
and

]_n
— 2 & > Exf as.
=1

for all p < 8 where x, ~ G, and
(ii) F,=G as. and F,=>G a.s.

The proof is given in the Appendix. 3

The corollary says that the bootstrap distribution F, converges to the
exponential distribution in the Mallow’s metric d, defined as in Bickel and
Freedman (1981). The exponential distribution is absolutely continuous and
fulfills Cramér’s condition, which is important in the context of Edgeworth
expansions. From the first part of the corollary and by the linearity of the
cumulants, we obtain the next lemma on the cumulants of the bootstrapped
statistic B(¢, I}).

LEMMA 4. Under Assumptions 1-5 and 7-9, we have, for all p < 8,

n

. (roy* T 5 (rp)*
;Z¢jllj7"'a;'z¢jp1j
Jj=1

Jj=1

TP~ leum*

p
- (p—1)l2m)"" j 147" a.s.,
j=1
wherery,...,r, €{1,...,d}.
ProOOF. The result follows by using straightforward calculations. O

The lemma shows that the cumulants of order p > 2 of the bootstrapped
statistic B(¢, I}) do not converge to the same limit as the cumulants of
A(¢, I). We already know the reason why the bootstrap approximation fails
in this situation: independent resampling does not take care of the depen-
dence structure among the random variables in the basic sample.

However, for ratio statistics we now prove that the bootstrap approxima-
tion with independent resampling is sufficient. Let W, denote the bootstrap
version of W, , that is,

3I=1

n £
wip =72 % A(r)I (

n ;i

?.h
\\'5>|“«

where

k=1

A T N T A
A(jr)E ¢j(r)_ ; Z ¢)I(er)gk)gj’ ngfj/(_ Z fk)-
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Replacing the cumulants in (3.10)—(3.12) by the corresponding bootstrap
cumulants from Lemma 4 and proceeding as in the proof of Theorem 4 (with
the integrals replaced by sums) leads to the following result on the bootstrap
cumulants [note that E*(7/n)X A7(I" /f;) = 0].

THEOREM 5. Under Assumptions 1-5 and 7-9, we have

cum* (W7 ,) = —T1/2277f ADg + o(T7Y?) a.s,

cum* (W7 ., Wi ) = 277[ APDA® +0(1) a.s.,

and
* %k %k *
cum (WT,r’ Wz, WT,t)

= T1/287.,2(/A<r>A(s)A(t) - fA(”gf AGAD

_fA(s)gf APAD — fA(t)gf A(rws)) +0o(T"Y2) a.s.

Since the first three caumulants of W, , and Wy, are the same, we have
established Theorem 1.

4. Whittle estimates. Whittle estimates are based on the periodogram
[Whittle (1953)]. They are obtained by minimizing the distance Z,(6) of
Example 3 between the periodogram and the parametric form of the spectral
density. A detailed discussion may be found in Dzhaparidze and Yaglom
(1983).

Suppose {X,},., is a linear process with spectral density f that fulfills
Assumptions 1, 2 and 7 and we fit a parametric model & = {f,: 0 € 0} to the
data. Suppose 0 = (0%, 7), f,(a) = 0?h_(a) and Kolmogorov’s formula holds,
that is,

2

T g
| log fy(a)da=2mlog,—.
. 2

This is, for example, true for ARMA models where o“ is the innovation
variance and 7 contains the ARMA parameters [c.f. Brockwell and Davies
(1987), Section 5.8]. We do not assume that f € .7, that is we allow the model
to be misspecified. )

The Whittle estimate 6, = (67,%;) is determined by minimizing the
Whittle function #,(6) of Example 3; that is it fulfills the equations

[ () V. fi (@) da =0

2

and

1 .« )
—[hi () (@) da= 1.
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It is known that 6, converges to 6, = (o2, 7,) which minimizes the corre-
sponding theoretical function

1 B
2(6) = 5 [ {log fy(@) +£,(6) " f(a)} da
70
that is, 6, is determined by the equations

[)vf(a)VTfal(a)da=O

and
1 .= B
;j;feo(a) "fla)yda = 1.

The bootstrap version of Z,(0) is
1 o’ 1 2 2mj
ZF(0) = —log— + — H—=|I¥
70 = ey + g L5 )

and the bootstrap Whittle estimate 6* = (¢ %", 7*) is determined by minimiz-
ing ##(6) which leads to the equations

and

It is heuristically obvious that 6* — 6 will converge to 0, where 8 = (72, 7) is
obtained by minimizing

_ 1 o2 ” 2
Zr(0) = Slog— + o Z f”( J)f
and f is the (nonparametric) estimate of the bootstrap procedure Here 6
fulfills the same equations as 6* with I* replaced by f (Intuitively, one
might expect  as the limit of 6*. The limit 6 is a consequence of the
bootstrap which implies that E*I is equal to f and not equal to /,.) Note that
6* and 6 depend on 7.

The heuristics in Section 2 indicate that the bootstrap is valid for the
parameter 7 (since [fV, f@_o1 = 0). This will be proved below. However, the
bootstrap does not work for the parameter o2 unless k, = 0 (e.g., if the
innovations are Gaussian).

We restrict ourselves to the one-dimensional case. However, we conjecture
that an analogous result also holds in the general case. To eliminate the
dependence of the parameter o2, we note that #,(r,, 7%,7) are also the
minima of Lp(7) = [Izh~ ! [L(T) Jfh ', Ly(r) = (m/n)L,[Fh 2mj/T) ",
L(r) = (m/n)XL; f]hT(Zw i/ T) , respectively]. We need the following assump-
tion in addltlon to Assumptmns 1-9.
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AssuMPTION 10. The set of parameters 7 C R is compact. The parameters
are identifiable; that is, 7, # 7, implies A # h, on a set with positive
Lebesgue measure. The function % () is four times continuously differen-
tiable with respect to 7 € 9 and two times continuously differentiable with
respect to « € [0, w]. Here h_(a) and its derivatives are uniformly bounded,
thatis, 30 <c<c<xV71eg, ac|0,n],

(2] e

(i)jm(a)

Jda
Let ¢.= (oW, 2, o) with ¢ =(d/d7)'h; ', i =1,2,3. There exists

T T

d, > 0 such that K(r) = L®(7) = [¢*f > d, for all T € .

<ée, i=1,...,4,

c<h(a)<c,
and

<&, j=1,2.

Furthermore, in Assumption 9 we have to replace [(¢', 1)1, by [¢_I; and
to define the weight matrix W as [¢ ¢ f% In addition, let J(7) =
27 [(pV)2, J (1) = TE*(LP(7))? and K (1) = E*L(7).

THEOREM 6. Suppose Assumptions 1-10 hold. Then, for almost all sam-
ples {1},

sup | P((TK?(79) /7 (70)) (37 = 70) <2

xeR

— _\\1/2 _ B
_P*((TKi(T)/J*(T)) (7% = 7) < x)‘ =o(T 1/?).
The proof is deferred to the Appendix.

REMARK 8. Without proof we remark that the bootstrap also works for o 2
if k, = 0. In the case of an AR(p) model, 6* is the Yule-Walker estimate
with the covariances

27 2 2mj
* = — I# —ul.
c*(u) - J§1 § cos( T u)

5. Practical considerations and simulation examples. We now re-
port on two simulation examples and make remarks on the design of the
bootstrap with respect to the estimate f/ and to data tapers.

A natural candidate for f seems to be a kernel estimate as suggested in
Franke and Hardle (1992). However, our simulations with kernel estimates
were not convincing. It is usually recommended for a bootstrap in nonpara-
metric regression to choose a bandwidth which is a bit larger than the
optimal one [cf. Franke and Hardle (1992)]. However, choosing a large
bandwidth leads to a strong bias in the neighborhood of peaks in the
spectrum. We are convinced that this trade-off is the reason for our bad
results.
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The behavior of our estimates became much better when smoothing the log
periodogram. Although this method is less efficient than smoothing the
periodogram itself it is obvious that the bias is strongly improved in the
neighborhood of peaks. Furthermore, the log transformation is asymptotically
variance stabilizing for the periodogram. In the simulations below we used a
kernel estimate with Epaneénikov kernel. A bias correction is obtained from
the following heuristic consideration. Suppose Z; are ii.d. exponentially
distributed random variables with (constant) mean f()) (this is the asymp-
totic distribution of the periodogram ordinates in a local neighborhood) and
w; are the kernel weights. Then

E(exp (X wilog Z;)) = [1EZP = F(M) I T(1 + w)),
J J
where I' is the Gamma function. We therefore estimate f;, by

exp(Z[wﬂogIkH —log I'(1 + w, ]),
J
where
K 1 27j
W= g (37)
and

KM)=Zwb—(%r) {lx| < 7}.

With this estimate the results turned out to be quite good. In particular,
they were insensitive with respect to the choice of . We therefore chose b by
“eye inspection” having in mind that the bandwidth in the bootstrap step
should be a bit larger than the optimal one (with respect to the mean square
error).

Our theoretical results hold only for an asymptotically vanishing taper
(which is a realistic assumption). Since a taper is very often essential to
obtain reasonable results for small samples, we recommend to correct for the
taper by using

VTH4,T/H2,T(B(¢a J%k) - B(d)’ gA))

as the bootstrap estimate for the distribution of

A(,Jr) — Ao, 8).
The additional factor tends to 1 for an asymptotically vanishing taper and to
a correct (first order!) bootstrap approximation in the general case.
In the first example we considered the estimate for the autocorrelation
function from Example 4. Samples of size 64 of the AR(1) process

X, =aX, | + g,
with @ =09 and &, uniform on [— V3,V31 were considered. A 10%
Tukey-Hanning taper was applied and the bandwidth of the above estimate

was chosen to be b = 0.1. Figure 1 shows the logarithm of the periodogram of
the sample together with the logarithm of the kernel estimate.
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T T T T T T T T T T I
0.0n 0.21c 0.4r 0.6m 0.8 1.0n

Fic. 1. Log periodogram and kernel estimate for an AR(1) process.

Note that p;(1) is also the Yule-Walker estimate for a. It is known that
\/T( pr(1) — P(l)) g /V(O’ (H4/H22)(1 - az)),

where H, = lim T 'H, ».r- In Figure 2 this asymptotic distribution is shown
as the dashed line. The solid line is the true distribution (simulated with
2000 replications). The dotted line is a “typical” bootstrap approximation with
the frequency bootstrap as described above calculated from 2000 bootstrap
samples. The corresponding plots for eight additional original processes can
be found in Figure 3. The bootstrap approximation is always better than the
asymptotic distribution. In particular, it gives a good bias correction.

The second example shows the bootstrap in a much more complicated
situation. In this example T' = 64 observations of an ARMA(4, 2) process with
AR roots 0.9 1027 (0.9 le=i027 (9 1057 (0 9-1e=i057 = MA roots
0.871ei0357 (0.8~ 1e=i0:357 gnd umform 1nnovat10ns on[— V3,V3] were gener-
ated. A (misspeciﬁed) AR(4) model was fitted to the data and the Whittle
estimate 4, for the parameters with a 10% Tukey-Hanning taper was

1.0
0.8
0.6

0.4

| I S I S|

0.2

0.0

1

Fic. 2. True (solid), asymptotic (dashed) and bootstrap (dotted) distribution of the first-order
correlation for an AR(1) process.
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0.0 * ==---" 0.0 ===
T T T T T T T T T T T T T T T T T T T

T T
-2.5 -1.7 -0.9 -0.1 0.7 15 -2.5 -1.7 -0.9 -0.1 0.7 15

T

Fic. 3. True (solid), asymptotic (dashed) and bootstrap (dotted) distribution of the first-order
correlation for eight different realizations of an AR(1) process.
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calculated (in this case the Whittle estimate is identical to the Yule-Walker
estimate). Our goal is now to estimate the distribution of the Mahalanobis
distance in this misspecified situation.

If the AR(4) model were correct we would have

VT (a7 — ag) —5 (0,(H,/H3 )o?371),

where % is the covariance matrix. In the misspecified case a similar result
holds with a different limit covariance matrix where a, now is the minimizer
of Z(0) (cf. Section 4). In that case a, is the best approximating value.
Suppose we want to construct a confidence set for a,. In the correct
specified case the above result implies for the Mahalanobis distance

THZ ,
H4,T

! 1 A
(dT - ao) ?E(aT - ao) e X42-

Replacing (1/02)3 by a consistent estimate leads to an asymptotic confi-
dence set for a,. As proved in Section 4, 4, is approximately a ratio statistic.
Furthermore, we may estimate

1 . .
mzij by pr(i —J)
and

0_2

c(0) =

which again are ratio statistics. Therefore, it is heuristically clear that the
frequency bootstrap also works for the above Mahalanobis distance.

Figure 4 shows the logarithm of the true spectral density of the ARMA(4, 2)
process (connected crosses) and the parametric AR(4) spectral density esti-
mate (solid line). Figure 5 shows the tapered periodogram with the kernel
estimate as discussed above where b = 0.05. In Figure 6 the asymptotic
xZ-distribution of the above distance is shown as the dashed line. The solid

p
Jj=1

T T T T T T T T T T 1
0.0 0.2x 04rn 0.6 0.87c 1.0

FiG. 4. Log spectrum of an ARMA(4,2) process (crosses) and an AR(4) fit (solid line).
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-10

0.0 0.2n 0.4r 0.6 0.8 1.0

Fi1G. 5. Log periodogram and kernel estimate for an ARMA(4, 2) process.

line is the true distribution of the statistic with (1/02)3 replaced by the
above estimates (in the misspecified situation!). It was obtained by simulation
with 2000 samples. The dotted line again is a “typical” bootstrap approxima-
tion with the frequency bootstrap calculated from 2000 bootstrap samples.
The corresponding plots for eight additional original processes can be found
in Figure 7.

Only the fourth picture of Figure 7 shows a bad result. In this case the
nonparametric estimate showed a third (small) peak and one of the two peaks
of the fitted bootstrap AR(4) model sometimes fell on that small peak result-
ing in a large Mahalanobis distance.

In the other cases the bootstrap distribution is quite close to the true one.
Since the bootstrap is a nonparametric bootstrap, it can be used to estimate
also the effects due to model misspecification.

It is obvious that more simulation studies are needed. In particular, it
would be interesting to see how the above bootstrap compares to an AR(x)
bootstrap or to a block bootstrap.

T v T T T T T T T T T

0.0 6.0 12.0 18.0 24.0 30.0

Fic. 6. True (solid), asymptotic (dashed) and bootstrap (dotted) distribution of the Maha-
lanobis distance for an AR(4) model.
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T T
12.0 18.0 240 30.0

T T T T T T T T T T T T T T T T T

T T
0.0 6.0 12.0 18.0 240 30.0 0.0 6.0 12.0 18I.0 24’.0 3(;.0
Fic. 7. True (solid), asymptotic (dashed) and bootstrap (dotted) distribution of the Maha-
lanobis distance of an AR(4) model for eight different realizations of an ARMA(4,2) process.
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APPENDIX

Proor oF COROLLARY 1. As in Bickel and Freedman (1981), we introduce
the metric d, as a measure for the distance between distributions F' and G,
for which the pth absolute moment exists:

. 1/
(A1) d,(F,G) = inf(EIX — YF'}"/?,

where the infimum is taken over all pairs of random variables X and Y
having marginal distributions F and G, respectively. For p = 2 this metric is
Mallow’s metric. We write d,(X,Y) instead of d,(F,G).

We show that

(A.2) d,(x1,67) >0 as.

By the triangle inequality we have

(A3) d,(x1,&F) <d,(x1,87) + dp(sf, 2‘1) +d,(&,,¢7),

where the df of & (2,) is the edf G, (F) of the true residuals {L;/f} (of the
unscaled empirical residuals {I; /f }) We prove that all three terms on the
right-hand side of (A.3) converge to 0 almost surely.

For the first term the assertion follows from Lemma 3. To get an upper
bound for d (&7, 2,), we choose the joint distribution of (81, 31) such that it
assumes the value (I;/f;, I; /f ) with probability n~ !, j = 1,..., n. Then

J

o 1 I I
dp(sf,sl) s;z < - =
J=111j J
1 7 (I.\" £
:_Z(_J) 1-— 2
nj=1\1j i
p p
1o (T
<sup1—££ —Z(—J)
J Gl =1\

By Lemma 3(ii) we obtain

12 (1\°

-y (—J) > Exf <» as.
n !

Therefore, the second term in (A.3) converges to 0 by the convergence of the
estimate f to f (Assumption 2).
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Using exactly the same argument as above, we get also

1 n
d,(&et)" <~ Tl - &)
j=1
12 |ge—1)
:_Z s 7
n ;i
1 "1 12\
=;E§J ;Z /(;Z%)
Jj=1 = j=1
-0 a.s.

by Lemma 3(ii) and Assumption 2. O

PROOF OF THEOREM 6. As in the proof of Theorem 1, we derive Edgeworth
expansions for the distribution of the Whittle estimate and for its boot-
strapped version. Then the result follows by a comparison of the corre-
sponding coefficients of the polynomials occurring in these expansions. The
Edgeworth expansion for the Whittle estimate is given in Janas [(1993),
Theorem 3.1], for the case where the model is correctly specified (f = f; ). The
proof for the more general case discussed here is exactly the same. The
expansion for the bootstrap counterpart can be deduced in a similar way.
Therefore, we mention only the essential steps.

We set down

(A.4) V., =VT (7" - 7),

(A5) Z§(r) = VT (L9(r) — ELY(7)),
(A.6) K,(r)= —E*L(Z)(T)

and

Z0(r) | 1 29(r) Z8(7)
K.(r) VT Ki(7) E.(7)

1 Z9(r) (z;”(r) )

Ui(r) = =
(A7)

T 2/T K. (1) | K.(7)

We will show that the following stochastic expansion holds:
1
(A8) Ve = Ua(7) + 3o,

where ¢, satisfies P*(|¢,| > pp/T) = o(T~1/2) a.s. for some sequence p, —
0, ppVT — < as T — o,

By a lemma of Chibisov (cf. Janas [(1993), Lemma 4.5]), the Edgeworth
expansions for V,, and U, (7) match up to order 77'/2. However, the Edge-
worth expansion for U, (7) follows from Theorem 1 by the transformation
lemma of Bhattacharya and Ghosh [cf. Janas (1993)].
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For the proof of (A.8) we consider the following Taylor expansion. Since
LY(r*) = 0, we have

1
0=VTLY(7) + Wzg?(;)v* + K, (7)V,

(A.9) ) )

+WL(§')(?)V>E + G—TL(i)(%)VS,

where |7 — 7| < |7* — 7|. We rewrite (A.9) as
VT LY(7) ZP(7)
" K.(7) K.GWT T
L I9e) o, L9G)
2K, (FWT % 6K, (7)T *

(A.10)

The following bounds for tail probabilities can be derived analogously to the
corresponding bounds in Janas (1993).
For every o > 0 there exist positive constants d,, d, and d; such that

(A.11) P*(Ir* — 7> d,T*"V/?) = o(T"/2) as.
(A12) P*(ILY(7) — E*LY(7)|>d,T*'/?) = o(T~/?) as.fori=1,2,3,
(A.13) P*(sup IL(j,f)(T)|>d3T"‘) =o(T %) as.

€T

By (A.11)-(A.13) with 0 < a < 1/10, we can write (A.10) as
VTLP(7) 1 ;
N + [ 5
K, (7) VT °*
where P*(|€,.| > d,T?%) = o(T~'/?) a.s. for some d, > 0.

Substituting (A.14) for the right-hand side of (A.10) and noting
E*LY(F) = 0 a.s., we have

(A.14) V, =

_ VG 1 Z03) Z29(7)
" KW(7) VT K. (7) Ki(7)

1 L9F) (Z0F)\ 1
*()( (7) —

T o/T K. (7) | K.(7)

where P*(|&,| > d;T3*) = o(T~'/?) for some d5 > 0. O

Acknowledgment. The computations were done together with M. Diller
by using a version of SPECSIM which is based on the framework of RAN-
DOM&TEMPLATE.
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