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LARGE SAMPLE THEORY FOR SEMIPARAMETRIC
REGRESSION MODELS WITH TWO-PHASE, OUTCOME
DEPENDENT SAMPLING
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University of Washington, Simon Frazer University and University of Washington

Outcome-dependent, two-phase sampling designs can dramatically re-
duce the costs of observational studies by judicious selection of the most
informative subjects for purposes of detailed covariate measurement. Here
we derive asymptotic information bounds and the form of the efficient score
and influence functions for the semiparametric regression models studied by
Lawless, Kalbfleisch and Wild (1999) under two-phase sampling designs. We
show that the maximum likelihood estimators for both the parametric and
nonparametric parts of the model are asymptotically normal and efficient.
The efficient influence function for the parametric part agrees with the more
general information bound calculations of Robins, Hsieh and Newey (1995).
By verifying the conditions of Murphy and van der Vaart (2000) for a least
favorable parametric submodel, we provide asymptotic justification for sta-
tistical inference based on profile likelihood.

1. Introduction. Outcome-dependent, two-phase stratified sampling designs
can dramatically reduce the costs of observational studies by selecting the most
informative subjects for detailed covariate measurement. Although ad hoc, ineffi-
cient estimation methods often have been used with these designs, recent work has
focused on maximum likelihood estimation for semiparametric regression models.
Scott and Wild (1997), who considered simple random samples at the first phase of
sampling, and Breslow and Holubkov (1997), who considered case-control sam-
pling at phase one and worked exclusively with the logistic model, developed max-
imum likelihood estimators for binary response models. This work extended the
classical theory of Prentice and Pyke (1979) to samples that were jointly strati-
fied by outcomes and covariates. Lawless, Kalbfleisch and Wild (1999) (LKW)
and Scott and Wild (2000) generalized the approach of Scott and Wild (1997) and
demonstrated that computation of maximum likelihood estimators is feasible for a
wide range of parametric regression models and two-phase designs provided that
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the phase one data are discrete. For an example of a two-phase design, see Breslow
and Chatterjee (1999).

Robins, Hsieh and Newey (1995) (RHN) derived the semiparametric efficient
scores for a more general problem in which a portion of the covariate vector is
missing for some subjects, but the outcome variable and the other covariates are
fully known for everyone. In the general case of continuous data, calculation of the
optimal estimator involves numerical solution of an (infinite dimensional) integral
equation. When the outcomes and covariates observed for everyone are discrete
and used to define the sampling strata, in which case the problems considered by
LKW and RHN are identical, RHN calculated an optimal estimator by solving
finite dimensional linear equations to obtain the scores.

LKW remarked that the RHN methods “appear to be asymptotically equivalent”
to theirs for the case of discrete phase one data, but offered no proof. They
also remarked that they had “no theoretical justification” for their empirical
observation that inferences based on the observed information for the profile
likelihood “performed excellently” even when the covariates were continuous. Our
goal is to provide asymptotic theory that resolves these outstanding issues. We first
establish asymptotic lower bounds using the methods of Bickel, Klaassen, Ritov
and Wellner (1993) to compute the efficient score functions, (efficient) information
and efficient influence functions for the problem considered by LKW. For at least
the i.i.d. special case of variable probability (Bernoulli) sampling, these results
also follow from the more general information calculations of RHN. The models
considered here yield sufficiently explicit formulas, however, that they deserve
special consideration. Although we do not go beyond the i.i.d. Bernoulli sampling
framework here, McNeney (1998) shows that the information bounds for the more
realistic basic stratified sampling model (cf. LKW) agree with those for Bernoulli
sampling under mild conditions. We intend to give a complete treatment of the
stratified sampling model and other designs elsewhere.

In Section 3 we identify a least favorable parametric submodel and verify
that it satisfies the key hypothesis of Theorem 1 of Murphy and van der Vaart
(2000) (MvdV). In Section 4 we use the least favorable parametric submodel to
justify the asymptotic expansion of the profile likelihood in terms of the efficient
score and information, which allows it to be treated as an ordinary likelihood for
purposes of statistical inference. A corollary of this development is asymptotic
normality and efficiency of the maximum likelihood estimator 6, of 6. The final
task, undertaken in Section 5, is to prove joint asymptotic normality and efficiency
of the ML estimators. Results given for both the parametric and nonparametric
components of the model are apparently new. Our approach, which requires only
modest regularity assumptions, is via Theorem 1 of MvdV and a verification of
their hypotheses for our particular class of models.

In Section 6 we discuss other designs and further problems. The more lengthy
arguments, including derivation of the semiparametric likelihood under several
sampling designs, direct computation of the information bounds using operator
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theory, verification of regularity conditions for a least favorable parametric
submodel, a statement of the infinite-dimensional Z-theorem, connections with
the formulas of RHN and a derivation of the information formula for the important
special case of logistic regression, are spelled out in complete detail in the
companion technical report Breslow, McNeney and Wellner (2000) (BMW).

2. Information bounds, Bernoulli sampling. In this section we derive
information bounds for estimation of the regression parameters assuming that the
sampling design yields i.i.d. data. Suppose that (¥, X) has density f(y|x;6)g(x)
with respect to a dominating measure v X i on Y x X for some 6 € ® C R™ and
some G € §, where

G ={G: G is a distribution on X with density g with respect to i},

and let Oy ¢ denote the corresponding probability measure. Both X and Y may be

multivariate. Let ¥ x X = sz1 4 for a partition {4§;} into J mutually exclusive
strata. Following LKW, we set

Q;(6,G)=Pri(Y,X) € 4;] and Q}(x,0) =Prl(¥,x) € ;|X = x5 (x),

for j =1,...,J where 5}’.‘ = {x € X :for some y, (y,x) € §;}. Thus Q;(0,G) =
f ij (x,0)dG(x). Note that the 5;‘ ’s do not form a partition of X and may in fact
intersect in quite arbitrary ways.

Suppose that (Y1, X1), ..., (¥,, X,) are i.i.d. as (Y, X) with density

2.1 p(y,x; 60, g0) = f(ylx; 0p)go(x).

We assume throughout that the true distribution governing the underlying data is
given by (2.1) corresponding to (6y, Go) € ® x §. We also assume that

(2.2) Q;(, Go) >0, jefl,...,J}L

At the first phase of sampling we do not observe the complete (Y;, X;) pairs,
but only observe stratum indicators

Thus

8;=i1,....8) ~Multy (1, 0=(Q1..... 0)")
where Q; = Q;(0,G), j=1,...,J. We will sometimes use the alternative and
completely equivalent stratum variables S;, defined by S; = s if and only if §;5 = 1
for i =1,...,n. Now suppose that selection of subjects for complete response

and covariate ascertainment at the second phase of sampling is defined by the
indicators
1, if (¥;, X;) is fully observed,

Ri= 0, if only S; is observed.
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We set Dj = {i15,'j =1, R, =1}, NJ' = ?:15,'1‘ =#{i:(Y;, X;) € 5]'} and
nj=#(Dj),for j=1,...,J,s0that N = (Ny,..., Ny)T ~Mult;(n, Q).

We confine our attention in this paper to variable probability sampling (VPS):
units are inspected sequentially as they arise from the density (2.1). When
(Yi, X;) € 8;, the ith unit is selected for full observation (R; = 1) with specified
probability p;; thus

J J

Pr(R; =11Y;, X)) =Y _ p;j{(Y;, X;) € 8;} =) _ pjdij = ps;-
j=1 j=1

Two variants of this plan depend on how the sampling is terminated:

VPS1: Inspect a pre-specified number n of units (Bernoulli sampling).
VPS2: Inspect units until a total of £ have been selected (Negative Binomial
sampling).

As shown by Scott and Wild (1997) or Appendix 1A of BMW, VPS1 (Bernoulli)
sampling results in the following density for the observed data (R,Z) =
(R, (Y, X)1ir=1] + 81[r=01) = (R, (¥, X)L{r=1] + S1[r=01): With gj =1 — pj,
j=1,...,J,

J 1—r _,
p(r, 20, 8) = [ FOIx; )20 (3 Pj5j>}r{ l_[l Qi’} {ZCIj(Sj}I
j=

(2.3)
_ .li[l{[f(ylx; g1 0V T s} (T assi)
i

This is our starting point for information calculations in the i.i.d. version of the
model. Let & be the collection of all probability distributions Py ¢ with densities
given by (2.3) for6 € ®, G € §.

PROPOSITION 2.1 (Scores for the i.i.d. model). Suppose that (R, Z) has the
density (2.3), that (2.2) holds and that for a fixed Gg € §,

dQy,G,

Qg, = {QG,GO : a0 x 1)

(.0 = £l ). 0 € 0

is a regular parametric model. Suppose 0y € O, the interior of ®, and write Py
for P, and Eq for expectation under Py, respectively. Then the score for 0
and the score operator for g at Py in the VPS1 model are given by

J

Io (r, 2) = rlg(y1x) + (1 = 1) Y8, (60, Go)/ (6o, Go)
(2.4) izl

=rlg(ylx) + (1 = ") Eo{ls(Y|X) | S = 5}
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where

. . a
Iy (ylx: 60) =g (y}x) = = log S (v1x: 0)|_, = Vi log f (vl o).

0,60, Go) = V00,60, Go) = [ 05(x,60)dGo)
and, for h € LY(Go) = {h € L2(Go): [ hdG( = 0},
1,71 (r, 2) = Agy Gy (1, 2) = Agy,Goh (1, 7 (v, X) + (1 = 1)8)
(2.5) =rh(x)+ (1 —r)Eo{h(X)| S =s}
=rh(x) + (1 —r)8" diag(1/Q)(Q* h)

where (hy, hy) = [ h1hy dG( denotes the inner product in Ly(Gy).

Computation of the scores in Proposition 2.1 and inversion of the information
operator AQT( .GoAb0,Gy» carried out explicitly in Section 2 of BMW, lead directly
to the information bounds for 6 given in the following proposition. Since the

derivation is rather lengthy, however, the proof here relies instead on results of
RHN.

PROPOSITION 2.2 (Efficient scores and information bounds for the i.i.d.
model). Suppose that the assumptions of Proposition 2.1 hold at Py and that
O0<pj<ljforeachjefl,...,J}. Define

Nk

Y (y,x) =lp(ylx) — %(x)g - Q- C)M—l%m
(2.6) =lg(y|x) — Eo{la(Y|X)|R=1, X =x}
— Eof{(Q— COM ™' diag(1/p)§ | R=1, X =x},

where

J
2.7) m*(x) =) p;jQi(x.00) = Eo(ps | X =x),

j=1
1
(2.8) M = diag(Q/q) +<g*, FQ*T>
is always nonsingular, QE (Ql, e, QJ) isanm X J matrix, Q* = (QT cee, Q*J)
is an m x J matrix of functions and
. Q*T

(2.9) C= <Q*p, - > (an m x J matrix).

=

Then the efficient score function for 6 is given by

(2.10) (r,2) =ry(y, x) + (1 —r)Eofy (Y, X) | 8},
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the information for 0 at (6y, Go) is

. )k ®2 ] .
1(60) = EO{R[Ie<Y|X> - %(X)g] } +Q-OM Q-

@.11) :EO{R[ig(YlX)—EO{ig(Y|X)|R: 1,X}]®2}
+Q-OM'Q-0O,
and the efficient influence function is
(2.12) To(r.2) = 1(00) ", 2).
REMARK 2.1. The efficient score function for 6 given by (2.10) agrees with
the calculations of RHN after making the following minor correction to their
Proposition 1. According to their equations (11), (17) and (23) and the arguments

on page 421, the expressions for the optimal U® (¢op) on pages 413 and 414
should read

U@ ):—AE[ﬂqs W)|lA=1,X V]+(1—A)¢ (W)
op JT(W) op s Ay op .
Then, withg:l—z,
(2.13) £(8) = Eo{y (Y, X) |8} =(Q - C)M™! diag(1/9)3

plays the role of RHN’s ¢op(W) and satisfies the finite dimensional, integral
(linear) equation

£(8) = Eollp — Eo(lg | R=1,X) |8}
— Eo{Eo[£(8)q” diag(1/p)8| R =1, X]|8}

that corresponds to their equation (8); see Section 3 and Appendix 1C of BMW.
For an independent recent derivation of the more general integral equation of RHN,
see Nan, Emond and Wellner (2000).

(2.14)

REMARK 2.2. Calculations based on the score operator (2.5) also lead easily
to an information bound for estimation of the distribution G as in Begun, Hall,
Huang and Wellner [(1983), Theorem 4.1, page 441], or Bickel, Klaassen, Ritov
and Wellner [(1993), Corollary 3, page 215]. See the statement of Theorem 4.1
and Section 4 of BMW.

REMARK 2.3. The hypothesis that 0 < p; < 1 for all j =1,...,J in
Proposition 2.2 can be weakened to 0 < p; <1 for all j =1,...,J. This is
important in practice since often the p;’s in strata with relatively small Q;, and
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hence small counts N;, will be taken to be 1. Note that the second term in (2.11)
can be rewritten as

(2.15) [(Q — C) diag(,/7) M~ '[diag(,/7)(Q — C)"]
where

- 1

M = diag(Q) + diag(@)< 0, — Q*T>diag(@)

is always invertible (even if some p; = 1, g; = 0) by virtue of (2.2). Also note
that if all p; = 1 so that all ¢; = 0, then the second term [as rewritten in (2.15)]
vanishes, R = 1 identically, and the first term becomes

216)  Eof(ls(Y1X) — Eo(ls (Y1) | X))*} = Eofia (v 1X)27},

the information for 6 with complete data from (2.1).

REMARK 2.4. Any (locally regular) estimator of 0 in the i.i.d. two-phase
sampling model has an influence function of the form

roo. r—m(y,x)
(2.17) ¢(r,z) = X, x) — ————c()
m(y,x) m(y,x)
for some function c:{1,..., J} — R™ where y is an influence function for some

estimator of 6 in the complete data model @, with true element Qg, in which all
the (Y;, X;)’s are observed; that is

X, %) =171 @0)lg (y]x) 4 A (y, x)

where 111(60) = Eg i, h = (h1, ..., hy) and h; L LY(G) in La(Qy) for i =
1,...,m. For a proof of (2.17), see van der Vaart [(1998), pages 379-383]. In
particular, all of the inefficient estimators considered in LKW have influence
functions of this form for some / and c.

EXAMPLE 2.1 (Logistic regression for stratified case-control studies). Sup-

pose that
eQTx y 1 1—y
row=rolo=(F—m) (7m)

(2.18)
ye{0,1}, xe R", 6 € R".

Then, since the logit is the canonical link function for the Bernoulli distribution
[see McCullagh and Nelder (1989), pages 28-31], ly(y|x) = x[y — f(1]x)]. For
stratified case-control sampling, as discussed by Scott and Wild (1997) or Breslow
and Holubkov (1997), the partition of Y x X is formed by intersecting a partition
of X into J sets {X;} with the sets 1{y = 0} and 1{y = 1}. This leads to 2J
strata §y; =1{Y =y, X € X;} fory=0,1; j=1,..., J. Continuing this double
subscript system, let p,; denote the corresponding sampling probabilities for
selection at phase two.
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COROLLARY 2.1 (Information for 6, logistic regression special case). Sup-
pose that the model is given by (2.18). Then (2.11) yields

1) = XJ: LT POjPL fOlx) f(1]x)

x dG(x)
o i (x)
(2.19)
poj P (g, xR dG ()

J
Z Q0 Q1) SO fAlx)
J=1 po;00;+p1;01,—p0j P1,G(X) fx RGN dG(x)

where n;?(x) = po; fOlx) + p1; f(1|x) for x € X;.

PROOF. See Appendix 1D of BMW. The same expression may be derived by
using the linearization discussed in Section 4 of Breslow and Holubkov (1997),
and additional Taylor series expansions, in a direct computation of the influence
function for the maximum likelihood estimator. [

REMARK 2.5. Consider the special case where J = 1, so that sampling

depends only on the binary outcome, and drop the j subscript in what follows.

Suppose the linear predictor contains an intercept: f(0|x) = (1 + ef1+07 -l

Let f™(y|x) = pyey(91+92Tx)/(po + p166'+62Tx): Pr(Y = y|X =x, R =1) denote
the logistic regression probabilities of the “biased sampling model” Q = Qy ¢
induced by the condition R = 1. Then the information matrix may be written

1 uT 1 ul
1(0)= EQ[VarQ(Y|X)]{ |:M M2:| +c |:,U« ,U«MT1| }
where
B wEg[Varg(Y|X)1(poQo + p1Q1 — pop1)
~ pop1QoQ1 — mEg[Varg (Y 1X)](poQo + p1Q1 — pop1)’
_ Eg[XVarg(Y|X)]  [xf"(Olx) f7(1x)7*(x) dG(x)
 Eg[Varg(Y[X)] [ f7(0lx) f*(1]x)m*(x) dG(x)

and
Eo[XXT Varg(Y|X)] _ [xx” f7(0lx) f™ (1|x)7*(x) dG (x)
Eg[Varg(Y[X)] SO fF(A|x)m*(x)dG(x)
and where m = 7 (0, G) = Pr(R = 1). Now the information for 6, is
I(P|02, P) = In(0) — 121(9)11_11(9)112(9)
= Eg[Varo(Y|X)1(ua — pe")

EolX Varg(Y]X)]\®?
E[Varg(Y|X)]

o =

VarQ(Y|X)}.
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This expression, which agrees with formulas (4) and (9) of Breslow, Robins
and Wellner (2000), is precisely the information about 6, obtained by fitting an
ordinary logistic regression model to the second phase data alone. It confirms
once again that, for simple case-control sampling, “prospective” logistic regression
analyis of the “retrospectively” sampled data yields efficient estimates of the odds
ratio parameters in logistic regression models [Prentice and Pyke (1979)].

PROOF OF PROPOSITION 2.2. This follows from Proposition 1 of RHN after
the corrections noted in Remark 2.1. We rewrite (2.14) [or equation (4.2) of Nan,
Emond and Wellner (2000)] as a matrix equation and express the solution in terms
of the inverse of a certain matrix. First,

(2.20) Eoflp | 8} = Qdiag(1/ Q)8
and
(2.21) Eo{Eo(lg | R =1, X) |8} = Cdiag(1/Q)8

where C is as defined in (2.9). Thus the first term on the right-hand side of (2.14)
is

(2.22) Eo{ls — Eo(lg | R=1,X) |8} = (Q — C) diag(1/Q)3.

Furthermore, writing & (§) = ZJJ':1 §j8j =§&§ foran m x J matrix & = &, §J),
we can rewrite the second term on the right-hand side of (2.14) as

(223)  Eo{Eo[£(®)q" diag(1/p)8| R =1, X]|8} = & diag(q)D diag(1/0)$

where D = (Q*, #Q*T). Substitution of (2.22) and (2.23) into (2.14) and
rearranging yields

(2.24) £(+ diag(g)D diag(1/0)) = (Q — C) diag(1/Q),
or, with M = diag(Q/q) + D as in (2.8),

(2.25) £ diag(@)M = (Q — O).

Note that

J
a"™Ma =Y (0,/9))a%+ |a" Q* /7?0

j=1
for all @ # 0. Therefore the matrix M is nonsingular, M~! exists and
(2.26) £=(Q—COM diag(1/9).

Using (2.26) in the (corrected) formula for U ) (¢op) in Remark 2.1, together with
UM in RHN’s Proposition 1, yields the claimed efficient score given in (2.10). [
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3. A least favorable parametric submodel. An alternative approach to un-
derstanding of the efficient scores and influence function for 6 in the semiparamet-
ric model (2.3) is to determine a least favorable submodel for G as in MvdV. We
initially determine a candidate least favorable submodel by partial maximization
of the expected log-likelihood, assuming that G is discrete. Subsequent calcula-
tions show that our submodel satisfies MvdV’s key conditions for a least favorable
parametric submodel; we give regularity conditions under which the remaining
hypotheses of their Theorem 1 hold. This provides theoretical confirmation for
LKW’s simulation studies, which showed that inferences based on the observed
information matrix of the profile likelihood function had appropriate frequency
properties.

Suppose then that X takes K values {x;} with probabilities g, Y ; gx = 1.
Define

Q;(1—pj)
0

where Q; = Q;(0, G) is defined in Section 2, and note that 7;(Q;) = p;. With
E = Ey ¢ denoting expectation with respect to (6, G), we also define

(3.1 Ti(Q)=1- for Q € (0, 1],

J

gl =81(0.G)= E(Rlx=xy) = Y_ p; Q% (xi: ).
j=1

For ¢ in a neighborhood of 6 and H ranging over the discrete distributions for X,
our goal is to find the distribution

G;=G:(0,G)=argmax Ellog p(R, Z; t, H)]
H

that maximizes the expected log-likelihood £(t, H) = £(¢t, H; 0, G) given by
L(t, H)y=E[Rlog f(Y|X;t)]+ E[Rlogh(X)]
+ E[(1 — R)log Qs(t, H)].
Towards this end we fix ¢t and maximize (3.2) as a function of H = {hj} subject to
> 1 hi = 1. Following the arguments in Scott and Wild (1997) and LKW, introduce

the Lagrange multiplier A for the side condition (3_; hx — 1) = 0 and jointly solve
the K + 1 equations

oLe(r, H) + M(Ch— D] _ g}

(3.3) ™ e + ;(1 —

(3.2)

Lo Q50D N
PiL; 220 Q7 (xe, Dhe

A=0

fork=1,...,K, and

> e —1=0.
k
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Multiplying (3.3) by A; and summing over k gives ER + (1 — ER) + X =0 or
A = —1. This allows (3.3) to be reexpressed as

_ 8k
Xl Q% (x, 1)

Substituting for sy in (3.2) using (3.4) yields the profile expected log-likelihood
Elogp(R,Z;t,G;) = E[Rlog f(Y[X;1)]

— > alog)y mi[Q;(t, G)IQF (i, 1)
k J

(3.4) hi

3.5
+ Z(l —pj)Qjlog Q;(t, G;) + constant.
J

This depends on G; = {g;(xx)} only through the values of
(3.6) QL) =0,(t.G) = Q% g (xp).
k

By substitution of g;(x;) = hi from (3.4) into (3.6), the Qj- (t) are determined for
each ¢ from the equations
Q% (xk; g

(3.7) ol = L =1,
! ; Y e[ Q) ()10% (u; 1)

It follows that G, has point masses g;(xy) that arise by substitution of Qj.(t) for
the Q; (¢, G;) in (3.4). Thus for x =x;, k=1,..., K,

I pjQi(x,0)
J T * 8(x).
> 00105 (x, 1)

Generalizing (3.7) and (3.8), suppose now that G; = G;(0, G) has density g;
with respect to G given by

(3.8) 8i(x) =

Y1 pjO%(x,0)
I Q5 010%(x. 1)

(3.9) _ dG, _
. g;(x):E(x)—

where the Q}(r) = Q;(t, G,) satisfy
i peQi(x,0)
S el QY105 (x, 1)

[In the next section we will also use the notation Qj (t,0,G)=0;(t,G,(0,G)).]
The log-likelihood for one observation for our proposed least favorable submodel

(3.10) Qh= Q%(x,ndG(x),  j=1,....J.
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is given by
l(t’ 0, G)(r’ Z) = l(t7 Gl(e’ G))(r7 Z)

—r(lo fylx;t) +1lo @(x 0 G))
(3.11) y ’ P Te R

J
+(1=r) )" 8;log 0 (1).
j=1

Since the Q; themselves satisfy (3.10) when 7 =6, it follows that Gy = G and
thus that the submodel passes through (6, G) as required by MvdV’s equation (8).

To calculate 5(9, 0, G), the t derivative of (3.11), let A.; = an (t)/0t evaluated
at t = 6. The corresponding m x J matrix A has elements Ay;, rows Ay. and
columns A.;. Differentiating both sides of (3.10) with respect to ¢ shows that, for
each k, the 1 x J gradient vector Ag. solves a system of linear equations. In fact,
with M and C as defined in equations (2.8) and (2.9), it is given by
(3.12) Ar.=(Q — C).M ™" diag(Q/q)
where Q — C has components
a3 (Q—C)j = Q;(E[lg,(Y1X) | S = j]

— E|E[l,(Y|X)|R=1,X]|S=j}).

One interpretation of equations (3.12) and (3.13) is that the finite dimensional
random variable £(S) = A.g/ Qg satisfies the linear equation [cf. equation (2.14)]

(3.14)  &(S)=E[ly—Edg | R=1,X)|S]— E{E[gsp5'&(S)|R=1, X]|S).
From (3.9) we have

YA 0% (x,0) + X pj OF (x,0)
7*(x)

Vilog g (xX)]i=¢ = —
(3.15)

A. .
:_E["S 5 ‘R:l,X:x} —E[ly|R=1,X =x],
psQs

where 77 =97 /30|g=0; = (1 — p;)/Q;. Similarly,

1 * 1 )*
Vilog Q0. Glimo = - A 2L 05) - -3 pe( 2. 03)
(3.16) Qi % d Q; %\

_ —E{E[qSA'S +19(Y|X)]R - 1,X]]S:j}.
psQOs

Combining equations (3.11)—(3.16), we find
(3.17) £0,0,G)(r,z) = ry(y,x)+(1—=r)EYY,X)|S=s]
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where

qsA.s
psQOs

(3.18) ¥ (y.x)=ls(ylx) — E[ig |[R=1,X =x] - E[ ‘R: l,X:x]

In view of (3.14),

A. .
EW[S)=§(S) = Q—j = Adiag(1/0)8 = (Q — C)M ™ diag(1/¢)s.

Consequently, we see that

(3.19) £0,0,G)(r,z) = G(r,2) =ry(y,x) + (1 —r)&(s)

is the efficient score given by (2.10). Equation (3.19), corresponding to MvdV’s
equation (9), is the key condition for a least favorable submodel.

4. Asymptotic theory via the least favorable submodel. The main goal here
is to give hypotheses which imply the conditions, and hence also the conclusions,
of Theorem 1 of MvdV. Then we will prove a theorem giving joint asymptotic
normality and efficiency of the estimators (@;, @n).

The first issue is consistency. Although the models we are considering are quite
closely related to those treated by van der Vaart and Wellner (1992) (they are
exactly the same if 6 is known), the sufficient conditions for consistency given
there fail in the present situation. In particular, (3.3) on page 138 of van der
Vaart and Wellner (1992) fails in our current setting. However, a slightly different
approach yields consistency in our case. van der Vaart and Wellner (2001) have
established consistency of (5,,, @n). For completeness we give a brief statement of
their results.

Al. pj>0forj=1,...,J.
A2. The pair of parameters (0, G) is identifiable in the model

Q={00,6:d0p,c/dvx n)=q(;6,G), 6 €0, Ge§},

where g (v, x;0,G) = f(y|x; 0)g(x) asin (2.1).

A3. Q;(0, Go) € (0,1) for j =1, ..., J; this holds without loss of generality.

C1. X is a semimetric space that has a completion that is compact and contains
X as a Borel set.

C2. The maps (0, x) Q’;(x, 0) are uniformly continuous and 6 +— f(y|x;0)
are upper semicontinuous for all (y, x) € Y x X.

C3. © is a compact metric space.

C4. Poy(supyee log(f (Y1X;0)/f (Y]X; 6)) < oo

PROPOSITION 4.1 [Consistency of @,Gn)]. Suppose that A1-A3 and
C1-C4 hold. Then 6, — .. 00 and sup,cy (G, — Go)h| —4.5. O for every G
C-class J that is bounded in L1(Gy).
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The proof of Proposition 4.1 is given in van der Vaart and Wellner (2001).

With consistency established, we now turn to a study of the asymptotic
distributions of the profile likelihood and the maximum likelihood estimators for
the special case of VPS1 (Bernoulli) sampling. We will rely on the results of MvdV
[see also Murphy and van der Vaart (1997), (1999)]. We have already verified the
key condition (9) of Theorem 1 of MvdV in (3.19) of the previous section.

Now let the log-profile likelihood £7 (6) be defined by

eP©0) =10ogL, (6, Gu(-,0))

where G,,(-, 0) is the maximizer of log L, (8, G) over distributions G concentrated
at the observed X;’s as in LKW. Thus for a Borel subset A of X

R R
(4.1) Gn(A,0) =Pn<1A(X)W)

where, with N; =nP,1;5—;; and n; = nlP, (R1s=;)) as defined in Section 2,

J PR— .
(4.2) fn<x,Q,0>=Z(1—N’ ”’)Qj(x,e),
= j:1 nQ]
and Qn = Qn(e) satisfies
—_ R
43 0) =P, ——=——0%(C,0)).
@ £, <sn<-,2,,<9),0>2( )>

Then @1 = argmax, E,’;(Q), and Gn = (A}n(~, @l).
In order to establish the remaining conditions of MvdV’s Theorem 1 we assume
the following:

LO. Assumptions A1-A3 and C1-C4 hold.

L1. The maps 6 — {lg(y|x):y € Y, x € X}, 0~ Q*(-,0) and 0 > 0*(-,0) are
all Lipschitz in the sense that, for all #,s in a neighborhood of 6y and all
(y,x) e Y x X:

i (y1x) — I (y|x)| < M(y, )|t — s

where

PoM? = / M2(y, x)f (v, 60) dv(y) dGo(x) < 00;

Q% (x, 1) = Q% (x, )| < M)t — 5]

where

Go|M|? :/Mz(x)dGo(x) < 00;
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and

|0*(x, 1) — O*(x,8)| < M(x)|t — s

where
G0|M|2:/M2(x)dG0(x) < 00.
L2. For some &y > 0 the collections of functions
[Pl k1 1x) |t —6o) < 80, k,I=1,...,m)
and
{rO% (. n:lt =60 <80, j=1,.... 0, k,I=1,....m)}

are Pp-Glivenko—Cantelli classes of functions.

L3. There is no m-vector a such that a’ly(Y|X) is constant in ¥ for G-a.e. X.
[Equivalently, the information matrix for # with no missing data given
in (2.16) is nonsingular.]

_ THEOREM 4.1.  Suppose that LO-L3 hold. Then for any random sequence
0, — p Op it follows that

ef Gn) = €5 00) + G — 00" Y 15 (Ri, Zi) — 1n (B — 60)" 1(00) (6, — 60)
4.4) i=1

+0,(V/nl16, — 60l +1)°
where I is given by (2.10) and I (0y) is given by (2.11).
As shown by MvdV in their Corollaries 1 and 2, the expansion (4.4) together

with invertibility of 7(6p) implies 6, is asymptotically linear with efficient
influence function ly =1 (90)_113 given by (2.12),

—~ 1 &
(4.5) @ —00) = —= 3100 "G (Ri, Z;) + 0, (1).

ﬁ i=1
Moreover, the expansion
6r On) =25 On) + On — 0" D V5(Ri. Zi) — 5n (G0 — 0,)" 1(00) (0 — On)
(4.6) i1

+0,(v/nln — 6ol +1)°,

also holds and the likelihood ratio statistic based on the profile likelihood is
asymptotically x2:

(4.7) 208 @) — €F 00)) —a x2.
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PROOF OF THEOREM 4.1. We begin by verifying conditions (8)-(10) of
MvdV. Condition (8) of MvdV is indeed satisfied by the submodel (¢, G;(9, G))
given by (3.9); (¢, G;(6, G)) passes through (0, G) at t = 6. We have already seen
iﬂ (3.19) that condition (9) of MvdV holds. Condition (10) of MvdV requires that
G, (0), the maximizer of the log-likelihood over G for fixed 6, satisfies

4.8) Gn(6n) = Go

for every random sequence 6, with 6, — p 0o. This holds by virtue of the
arguments in van der Vaart and Wellner [(2001), pages 281 and 282].

We will postpone verification of condition (11) of MvdV; in fact, verification of
this condition will occupy most of our proof.

To verify the Donsker and Glivenko—Cantelli hypotheses of Theorem 1 of
MvdV, we need first to compute the functions l, (t,0,G) and lt(t 0,G). The
log-likelihood for one observation for the least favorable submodel is given by
[(t,6,G) in (3.11) where Qj.(t) =Q;t,G0,G)), j=1,...,J. We need to
calculate the first and second derivatives of this function with respect to ¢. To do
this, we first calculate the first and second derivatives of log(dG;/d G)

V,log(%(x;@,G))
=Y VA = (Q;(1 = pj)/ Q5 1)) Q% (x, 1)}
I_1(1=(Q;(1 = p)/QL®))Q%(x. 1)
*+9) Y- - pp/Qh e 0t
Y= (1= pp/ Qs N QY1)
Y 1Q(x 0(Q, (1= pp/IQNP )th*0>
11 (1= (Q; (1= pj)/ Qs N Q% (x. 1)

Here the derivative vector V; Q A(t) satisfies a linear equation which can be derived
by differentiating across (3.10); see (3.12) and (A.3). Note that this is basically a
ratio of a (family of) linear combination(s) of the functions Qj(-, 1), Qj( t) and
the family of functions s; given by

J
Qi(1—=pj)\ -«

4.10 =3 (1- =L 0% (x. ).
(4.10) 5 (x) ;( G )ejtn
We also define

Lo Qja—p)
(4.11) so(x, 0,6) = Z(l - ’7’) 0% (x,6)

j=1 Qi

where QO Q (60, Go). Note that sg,(x; 6, Go) = 7*(x) = so(x, 0, 8p) for all
xeX w1th * as defined in (2.7). Thus we also write (in a slight abuse of notation)
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so instead of 7 *. Calculation of the second derivatives yields

dGy
V; (Vl log(w(x, 0, G)))
th ®2
= {V, log(—(x; 0, G))}

. )¢
Z{( Qm) 0% (x, 1)
Q]( Pj)
“4.12) QL)1
Q;(1—pj)
[Q; O
Q;(l—pj)
(05 0P
+ 0, >7Q o) (r)}/s,m
where s, is defined in (4.10). Thus we find that
[(t,0,G)(r,2) = V,l(t,0,G)(r, 7)
(4.13) :r(l}(ypc)+v,1og<@(x;9,6)>)
L V,0;(G))
1 YA
+( I”)Z Jj Qj(t Gt)

j=1

(0% (x,1)®?

+ Q%(x. 1) v, 0

—20%(x,1) (V: 0] f(1)®

and
4.14)  1t,0,G)(r,z) =V, 0,G)(r, 2)

. dG;
=r(zl<y|x>+vl(vtlog( )))
.
+(1_r)28 {Q © 1050 }

ot 1ofor)

We now show that there is a neighborhood V of (6y, 89, Go) such that the classes
of functions

(4.15)

{lk(t,0,G):(t,0,G) eV, k=1,...,m}

with (t,6, G) as given by (4.13) and (4.9) are Py-Donsker with square integrable
envelope function. First note that by L1 the collections

[Pl (1,0,G) eV, k=1,...,m},
r@4¢.0:.0.6)ev, j=1,....J}
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and
(rO5C0:(.0.G) eV, j=1,....J, k=1,....m]

are Pp-Donsker by virtue of the Jain—Marcus CLT [see Example 2.11.13, page 213,
van der Vaart and Wellner (1996)]. Then, since products of these functions
with bounded families of constants are also Pp-Donsker by an application of
Corollary 2.10.13, page 193, van der Vaart and Wellner (1996), the individual
terms appearing in the numerator of (4.9) are also Pyp-Donsker, and hence also
their sum by application of Example 2.10.7, page 192, van der Vaart and Wellner
(1996). Then, since sg(x) is bounded uniformly away from zero by Al and
> j Qj(x, 6p) =1, s¢(x) is also bounded away from zero uniformly in x and ¢ in
a sufficiently small neighborhood of 6y. Hence the ratio appearing in (4.9) is also
Po-Donsker by virtue of Example 2.10.9, page 192, van der Vaart and Wellner
(1996). Furthermore, the neighborhood V of (8y, 6y, Gg) can be chosen so that the
class of functions

{I(t,6,G):(t,6,G) e V}

with Z'(t, 0, G) given by (4.15) and (4.12) is Py-Glivenko—Cantelli with_integrable
envelope function. This follows from L2 [to handle the terms involving /;(y|x) and

Q;k’l(x, t)], Lemma 2.10.14, page 194, van der Vaart and Wellner (1996), and the
Glivenko—Cantelli preservation theorem of van der Vaart and Wellner (2000) to
handle the remaining terms.

We now turn our attention to verification of the remaining condition (11) of
MvdV. The discussion leading to MvdV’s (16) applies so that, in place of their
condition (11), it suffices to verify that for convergent sequences 6,

(4.16) Poé (60, 60, Gn(6n)) = 0, (116, — 6ol +n~"/?).

As argued by MvdV, page 458, (4.16) can be shown to hold if their display (18)
holds; in our context their display (18) becomes

(4.17) 1Gn(6n) — Gollge = O, (10, — 6oll) + Op(n~"/?)

where J# is a universal-Donsker class of real-valued (measurable) functions on X.
Once again the key observation comes from LKW: to find G,, one does not need
to estimate all of G, but just the quantities Q;(6, G) which, for fixed 6, are
determined by equations (3.10). We view this system of equations as processes
in 6 in a neighborhood of 6y and show that the convergence of the corresponding
Q ;(0) processes is uniform in 6. Towards this end, consider

R
Yy (Q)(O0) =0 —Py| =————07(. 0

and

0% (- 0) J;

R
QO =2 A5 52 ¢ 0)



1128 N. BRESLOW, B. MCNENEY AND J. A. WELLNER
here s, is given by (4.2) and s¢ (-, 0, 0)is given by (4.11). Note that W, (QH(G))(G)
= 0 defines Q (0), while \IJ(QO(Q))(Q) = 0 defines 20(9). Also note that
Q9,60 =0"= Q(eo, Go).

PROPOSITION 4.2. Suppose that LO-L3 hold. Then for some (sufficiently
small) closed ball B(6y) in R™ centered at 6,

(4.18) (2,0~ Q,0)= Q@)  inC[B@)

where Q(0) is a zero-mean Gaussian process.

Once we have proved (4.18), the next step is to show that (4.17) holds for any
random sequence 6, — ,, 6. In other words, we want to show that

(4.19) [V(G(h; 6,) = Go) ] 4 = Op (1) + /(G — 60).

To this end, we first abbreviate notation slightly: 5, (x, Qn(én), 0,) =5, (x, 0,).
Then we have

V(G 8) = Goh)) = Vi (B (=) = Po( 50

Sn (- 0n) 50
= ﬁ([@n(gh> - P0<§h>>
(4.20) + vy (Rh (; (.15 ) %))

R 6,) —
:Gn<—h)—]P’< RVICAD) So))
S0 5., 6,)50
=I,(h) — II,(h).
Here G, = \/n(P, — Po) is the empirical process and hence || 1, ]| = O, (1) easily

via standard theory. To understand the term /1, (h), we write

Rh
I,(h) =-P,| —————
( ) <S0§n(', Qn)\/ﬁ

J 0
Nj—n; 1 0;(0—pj)
(O — = 0
XX_j( n Q](H)Q( "o o) 2ic °)>>

+1P>n( ZfQ( On) — Qj(-,eo>))
505 (-,

o) 1o

1 Rh 3
421) =-— 01 — )A _ Pn< _ *-,9,,)
4.21) Zf( ) st e st aLeLe
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9 én Rh
()n ) n

o Qj(9n>QQ
J
0;@,) - 0
+ 3Vl =S 00— B (0
; "170,@)0° R (osn< 3 )

P, 6, — 0
+ <s0sn<e>)z”fQ( 5/ (G — 0)

Here Q;(0,) = Qjo(0,) satisfies W(Q ,(6))(6,) = 0. Now [|A,[l5¢ = Op(1) by
VA((Nj—nj)/n— Q9(1 — pj)) = 0,(1), consistency of G, and uniform (in )
convergence of Qn(Q) in a neighborhood of 6y; || B,l|l = O, (1) by Proposi-
tion 4.2 and consistency of @n; ICullze = Op (Wn (én — 6p)) by differentiability
of the maps 6 — Qy; (0)3nd consistency of G,; and || D, || % = Op(ﬁ(én —09p))
easily by consistency of G,,.

But in view of the differentiability of QT (00,0,Go)=Q 0(9) with respect to 0

proved in (A.2) [using the definition of Qj.(t, 0, G) following (3.10)], we have, by
the mean-value theorem,

Vi(Qy6n) = (60)) = Vo Q ((O)]y_gz - /110 — b0),

and thus we see, by combining /,, and [I,, together with a bit more Glivenko—
Cantelli, that (4.19) holds. [

PROOF OF NONSINGULARITY OF I(f)) AND (4.5)—(4.7). We now prove
that 7(6p) is nonsingular and hence, via Corollaries 1 and 2 of MvdV, that

(4.5)—(4.7) hold. Recall the formula for 7 (6g) given in (2.11),

B Q* ®?2 . 1 T
(4.22)  I(6p) = Eo\ R le(YIX)——(X)P> +Q-OM Q-C).

It is clear from the form of the two terms in (4.22) that each is nonnegative definite.

Thus, to be invertible, at least one term must be positive definite.
In the first term in (4.22) we have

J
Q* X)p =" p;Q;(X) = Eo(Rlp(Y|X) | X)
=1
since . ! )
070X = Eo(8;lp(Y1X) | X)

and we recall that

Q—(X)P Eo(lg | X, R=1).



1130 N. BRESLOW, B. MCNENEY AND J. A. WELLNER

Consider quadratic forms of this matrix with an arbitrary m-vector a. We have

Eo(Rlp(Y|X) | X>)®2}a

; .
a EO{R<19(Y|X) B

J Ty 2
_ 5. Tj _ Eo(Ra le(YIX)IX)) ‘ )
_EO{;])JSJE()((CI ly(Y1X) (%) )

. . Eo(RaTlg(Y1X) | X))\
zfglnijo{(“Tle(Y'X)_ : nim )}

which is O if and only if
Eo(Ra"lg(Y|X) | X)
*(X)
This would require a’lp(Y|X) to be constant in Y in which case the equality

follows from the fact that Eq(R | X) = 7*(X). Thus L3 implies that the first term
in (4.22) is positive definite, and hence / (6p) is invertible. [J

ally(Y|1X) = , Py-a.s.

PROOF OF PROPOSITION 4.2. We will apply van der Vaart’s Z-theorem;
see van der Vaart (1995) and van der Vaart and Wellner [(1996), Theorem 3.3.1,
page 310]. To this end, note that

Zn(Q)(6) = Vn(¥a(Q)(6) — ¥ (Q)(9))

R
—Go(—E_0*.0
<so<-,g,9>2( ))

_Pn<R o1 /LN :np/n - 0% - pPIOHC, 9)/Q]2*(., 9))
Sn('» 2’ Q)SO(" Qv 9)

_ —Gn(@g‘(-,e))

J
NA_ .
= va(H - o pp)
Jj=1

RO*(-0)/0;
P, = J *(,0)).
<sn<-,g,0>so<-,g, 0 )

Now it follows easily from L1 and the Jain—Marcus CLT that
Zn(Q 1)) = Zo(0)
as a (vector of ) process(es) indexed by 8 € B(6p), and that

sup ”Zn(g) - Zn(go) ”B(g()) = Op(l)
QeLip[B60))Y : 1Q2(0)—=Q ()| <8x
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for every sequence &, — 0. Furthermore,

R *
gl ¢ %ent. 0.0)

ﬁ 0°(.0)ding(QV(1 - p)/ @D Q"))

is always nonsingular, and hence via the chain rule we see that the derivative
map V7 :Lip(B(Go))J = Lip(B(@o))J exists and has a bounded inverse at Q 0=
{Q,©0):0 € B(6)}. U

VoW (Q) =1+ Po(

=I+P()<

5. Joint asymptotic normality and efficiency of (@,, (3,,), Bernoulli sam-
pling. We now turn to a study of the Jomt asymptotic distributions of the
maximum likelihood estimators (MLE) (9,,, Gn) for the spemal case of VPS1
(Bernoulli) sampling. The density for the data under VPS1 given in (2.3) is our
starting point. We will use the infinite-dimensional Z-theorem given in van der
Vaart (1995), van der Vaart and Wellner [(1996), pages 314-319], and van der
Vaart [(1998), Section 25.12], primarily as a way to organize the statement of the
theorem. In fact the proof will use the development of Section 4.

Our first job is to calculate the score functions W,, [using the notation of van der
Vaart (1998)]. It follows from (2.3) that

J
log L, (8, G>=Z{ > [log £ (Y;1X;; 0) + log g(X1)]+ (N; —n;)log Q; (6, G)}

j=1lieD;

(5.1 Z{ (log f(Y;1X;: 0) +log g(X;))

J
+(1—=Ri) ) 8ijlogQ;(, G>}.
j=1

With the notation as in Proposition 2.1, this yields

1. 1
(0, 6) = ;ln9(97 G)= ;Ve log L, (6, G)

J
0;(6,G)
— Rl Y| X; 1—R; 81—~
Z{ o (Yi|Xi) + ( )Z 10,6, G)}
QS(H,G)>
05(0.G))’

so that the MLE (0, G) of (0, G) satisfies W,,; (8, G) = 0. Now let G be the MLE
of G and, for any bounded real-valued function /# on X, let

dG, = (1 +t(h — /hdé)) dG.

_IP’,,(Rig(YlX)+(1 —R)
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Then, with
(5.2) V2(0, G)(h) =Py Ag,ch — Po.gAs,Gh,
where Ay ¢ is given by (2.5), we find that the MLE (@\, G} of (6, G) also satisfies

1. ~ ~
0=-1,(0,G)
n

1 & _
=;;{Ri<h(xi)—fhd6)
[ Oj(x, 0)(h(x) — fhd(A})d(A}}
+(—R)Y 6
( >JZI ! 0;0.G)
=PnAgch— PygAgch="Yn® G)(h).

The population version of the score for 8 is

(5.3)

W1 (0, G) = Py(ly(0. G)) = P()(ng(Y|X)+(1_R)X:(S 0,, G))

(5.4) Q;,6)

= Po(Rly(Y]X) +Q(0, G) diag(Q™"é(1 — R)).
Similarly, the population version of the score for G is given by
(5.5) W2 (0, G)(h) = PoAg,ch — Py,gAg,Gh.

Under the hypotheses of the following theorem, W = (¥, ¥7) is differentiable in
a suitably strong sense with derivative W : (R™ x £°(J)) — (R™ x £>X°(H)) at
(6o, Gp) € © x § given by

W 0—60\ (Y ¥ 0 — 6
G—-Go) \W¥y Wn)\G-Go)’

where
\ifll :R™ - R™
is given by W1 (0 — 6o) = —111(60) (0 — 6p),
Wy, 0°(H) —> R
is given by W12(G — Go) = — / Allp d(G - Gy),
(5.6)

Wy 1 R™ — £°(H)
is given by \1121(9 —0p)h=—(0 — QO)T / thig dPy,
Wy 1 £°(H) — £2°(H)

is given by Wy, (G — Go)h = — f AL Aohd(G — Gy).
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Here
111(60) = Po(I$*(R, Z; 69, Go))
= Eo{m (Y, X)I$*(Y|X)} + Qdiag(q/ Q0)QT,

with i@(R, Z; 0o, Go) given by (2.4), is the information for & when G is known.
It is shown in Section 2 of BMW that the information operator A Ag =17 1,

given by

(5.8) A§ Aoh(x) = *(x)h(x) + Q*T (x) diag(q/ Q)(Q*, h)

is invertible with

(5.7)

*T %
(Ang)_lh(x): 0 >M_1Q (x)

¥ (x) * *(x)
From this it follows, using standard formulas for inverses of operators deﬁned
in blocks as above (the same as for block-matrices), that the inverse \Ifo
(R™ X £2°(F)) — (R™ x £2°(F)) exists, is continuous, and is given by

y-! —V_I\illzlifz_zl )
—‘112_21 Y% \112—21(\1122 + Uy V_l‘iflz)‘i’{zl

h(x) — <h,

(5.9) vl = (

where V = \1111 — \iflzlilz_zl \1121 and

T 1o— 1.7 _ T —1 ATy T

WipWo, W1 (0 —6p) = — / Ao(Ag Ag)™ Aglgly (0 — 6p) d Py
—/(Ang)—lAgigAgig(e —60)dGo
~ [aF A0 Afio(aF Ay (AF A0y ATF 6 — 60 dGo
—/Ao(Ang)—lAging(A({Ao)—lAgig(e —0p)d Py

= —Eo(Ao(Af Ag) T AJIZ?) (0 — 60).
Note that (5.9) is not the same as the block inverse form in van der Vaart [(1998),
page 422]. Thus
V=—1(60) =—In+ Eo(Ao(A§ Ao) ™ AJIE?) = —Eo(I52?),

which equals minus one times the efficient information matrix given in (2.11).
Here are the additional assumptions we will impose to establish joint asymptotic
normality of (6, G).

L4. X is a bounded convex subset of R? with nonempty interior and # is
a universal Donsker class of real-valued measurable functions defined
on (X, B).
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Let h* € (L9(Gg))™ given by

_ : Q* : L, 0"
(5.10)  h*(x) = (A§A0) " (Af (Ip))(x) = —@p+Q-OM 1;@)
denote the least favorable direction. Then we have:

THEOREM 5.1 (Joint asymptotic normality and efficiency of the MLE, i.i.d.
sampling). Suppose that conditions LO-L4 hold. Then it follows that

i(&TR ) st m=w=(g!) R e
where W1 ~ N4(0, 1(60)~") and W, is a mean-zero Gaussian process indexed
by Jt with
Cov(Wa(h1), Wa(hp)) = (h1 — G (h1), (AL Ag) ™ (ha — G (h2)))
+ (1, BT 1(00) " (ha, 1), hy, hy € 3,
where the inner products are in Lo(Gg). Moreover,
Cov(Wyi, Wa(h)) = —1(60) (k¥ h),  heH.

Further, (0, Gn) is asymptotically efficient; in particular 6, has influence function
19 given by (2.12).

PROOF. Replacing 5,, by 5,, in (4.20) and (4.21) yields

V() = Go(h) = Vi (B (=) = Po(S1) )

Sn (-5 On) S0
(5.11) G <£h>—IP> <Rhﬁ(§n(.,@)—so)>
"\so " 50 On)so

= Iy(h) — 11, (h),

where the term I1,,(h) can be written as

1 Rh
n(h) = 0 1 - ——P, 9
n = Zf( R p’)>Q,~<9n> (e 2e®)
00— QG o,
+ZI{ 0,@)0" |03t = ppma( oy 036 B)
(5.12)
J o) 0
Q@) — 0 Rh
+J§1ﬁ{ 060 }QJ( pJ)P( o8B 2 9))

Rh o R
+IP) <S()Sn( 9 ))ZPJQ ( n)\/ﬁ(en—eo)
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Upon use of the differentiability arguments in the Appendix, careful grouping of
terms and using Proposition 4.1, equations (4.5), (5.11) and (4.21), we find that

(5.13)  V/n(Gu(h) — Go(h)) = G, (Ao(AL Ag) ™ h) — G, (IF ) (h*, h) + Ry (h)

where Iy = 1(00)_11’5 is given by (2.12) and || R, || s = 0 (1). Theorem 5.1 follows
immediately from (4.5), (5.13) and standard arguments. [J

6. Discussion: other designs and further problems. The proof of Theo-
rem 5.1 given in Section 5 differs from our first attempts which are given in BMW.
Our present hypotheses LO-L4 are apparently weaker (and easier to verify) than
the hypotheses imposed there in DO-D5 and especially D5. Another advantage is
that the present Theorem 5.1 allows for many more classes of functions #. We do
not yet know how to use the Z-theorem approach of BMW to prove Theorem 5.1
under LO-L4.

A. Other designs. In this paper we have treated the variable probability
sampling (VPS1) or Bernoulli (i.i.d.) version of the two-phase designs. We expect
similar results to hold when the sampling is carried out without replacement within
strata. Indeed, McNeney (1998) shows that the information bounds calculated here
carry over to this. Proofs of asymptotic efficiency remain to be established for these
versions of the designs.

B. Choice of p’s to maximize information. It would be of interest to study
the optimal choice of p;’s to minimize the asymptotic variance of some particular
function of 6. It is intuitively clear that an efficient choice of the p;’s will often
entail choosing p; =1 for the strata with small (rare events) Q; (0, G).

C. Other models. If the basic model f(y|x;6) is not just parametric, but
semiparametric as in the case-cohort sampling designs studied by Self and Prentice
(1988), then the methods of the present paper do not apply. Although some work
on information bounds has been carried out by Robins, Rotnitzky and Zhao (1994)
and RHN, we do not know of any easily implementable efficient estimators in
these models.

Although the LKW approach accommodates continuous outcomes, its key fea-
ture is that the phase one data, those available for all subjects, are reduced to
counts of subjects in a finite number of strata. This implies a loss of infor-
mation if in fact continuous outcome data are available. Chatterjee, Chen and
Breslow (2003) developed a semiparametric “pseudo-score” estimator that only
requires discretization of the phase one covariates. They demonstrated in simula-
tions that its efficiency was sometimes substantially superior to that of the LKW
profile likelihood estimator, even when 6 categories were used for discretization
of the continuous outcomes. The information loss for the pseudo-score estimator
in comparison with the semiparametric information bound for the general RHN
problem has not yet been investigated.
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D. Asymptotic distribution of the estimators of the model. 1t would be of
interest to apply the Z-theorem when the parametric model does not hold to
better understand what parameters are being estimated and how we should estimate
variances robustly.

E. Validity of the bootstrap. 1f asymptotic normality of the estimators could
be proved via the Z-theorem, then it would be straightforward to verify that the
nonparametric bootstrap (and many other weighted bootstraps) is asymptotically
valid via the results of Wellner and Zhan (1997).

APPENDIX

Differentiability arguments. At several points we need to understand how
Q'(t.0, G) changes with ¢ and 6. Recall that Q' (1.6, G) = Q;(t. G(+1 0, G)),

j=1,...,J,satisfy the following system of equations:
,0
0}1.0.6)= [ — wf

X Qj(x,t)dG(x), j=1,...,J
Differentiation across (A.1) with respect to 6 yields
V9 0'(1.0.G)

iy PO (x,0)
s1(x3 0, G)

J
Vv 0,G)(1 —

+ Z QQI(T )(

=1 Q[ (tv 6’ G)

Q1(9 G)(1 —pp)

Q5 (x,1)dG(x)

pl) s(x, 9) . .
/[st(x 6,G)] le (x,1) Q5 (x,1)dG(x)

s(x,0) . .
/[s;(x 6, G)]2Q’( ,DQ5(x,1)dG(x) - Vg Q, (1,0, G).

Putting this in matrix form, we see that

1
< +dlag<Q;(t,9,G)) [St(x’e’G)]zg (x,0)Q"(x,1) dG(x))

x Vo Q'(1,0,G)
Y pOf(x,0)

(A2)

0*(x,1)dG(x)

s¢:(x,0,G)
= (1= p1) s(x,0) X X T
+leag(Q;(t,9,G)> [s,(x,G,G)]zQ (x,)Q"(x,1)" dG(x).
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Similarly, differentiating across (A.1) with respect to ¢ yields

Vv, 0%(t.0.G)

:/Mij(x,t)dG(x)

5:(x; 0, G)
s(x,0) < 016, G)(1— p) .
,/[s;(x 9, G)]22< Q;(I,Q,G) )Ql( vt)Qj(X,t)dG(x)
s(x,0)

[s¢(x; 6, G)]?
J —
XZQI(QT, G)(1—pp)
= [0/(,6,G)1?

or, in matrix form

S(X 9) * . Q[(Q, G)(l —pl) T )
( ./[s,(x 0. G)]zQ (x,t)dlag( [Q;(t,Q,G)]Z )Q (x,1)dG(x)

07 (x,HVQi(t,0,G) Q% (x, 1) dG(x),

x Vv, 07(1,0,G)

_ s(x,0) N
(A.3) /St(x 5. G)Q (x,1)dG(x)

s(x,0)
[s¢(x; 6, G)]?

J
01(0,G)(1 — Pz)) .
xS (1 - OF(x.1) Q% (x. 1 dG (x).
1:21< 0/(1,6.G) : 7
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