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REGRESSION RANK SCORES ESTIMATION IN ANOCOVA

By PraNaAB KUMAR SEN

University of North Carolina, Chapel Hill

In semiparametric ANOCOVA (mixed-effects) models, the role of
regression rank scores in robust estimation of fixed-effects parameters as
well as covariate regression functionals is critically appraised, and the
relevant asymptotic theory is presented.

1. Introduction. To motivate semiparametric analysis of covariance
(ANOCOVA) models, consider first the conventional model where for the ith
observation, Y;, Z, and t, stand for the primary, (stochastic) concomitant and
(nonstochastic) design variates, respectively, and, conditional on Z; = z;,

(1.1) Y =B't,+v'z, +e,, i=1,...,n,

where B and vy are the regression parameter vectors for the fixed and random
effects components, and the e; are independent and identically distributed
random variables (i.i.d.r.v.’s) having a normal distribution with mean 0 and a
finite (conditional) variance o 2. The t, are given p-vectors not all equal,
T = (t,,...,t,)" and the Z, are stochastic g-vectors, so that there are p + q
regression parameters and an additional scale parameter o. The assumed
joint normality of (Z,, e;) yields homoscedasticity, linearity of regression as
well as normality of the conditional distribution in (1.1). Without this joint
normality, a breakdown may occur in each of these three basic postulations.
On the other hand, the design vectors may still pertain to a linear regression
function. Thus, there is a need to examine thoroughly the robustness aspects
of mixed-effects models with due emphasis on all these factors. Motivated by
these considerations, we consider the following two semiparametric models.

MoDEL 1. Assume that (1.1) holds and the distribution function (d.f.)
G(elz) of e given Z = z is independent of z and is continuous almost every-
where (a.e.). Thus, only the normality part of the basic assumption is dropped.

MoDEL 2. The linearity of the regression of Y on Z is dropped, and
further, the independence of Z and e is relaxed, so that the conditional d.f.
G(:|lz) may no longer be homoscedastic.
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The main motivation for the second model is that, without the joint
normality of (Z, e), there may not be enough justification for a linear regres-
sion of Y on Z or even the homoscedasticity. As an illustrative example,
consider the following: let the conditional density of e, given Z = z, be
1 - Do(x/ay) + (n/h(@2)P(x/((Z) 7)), where n(> 0) is small and A(-) is a
nonconstant, nonnegative function, and let the marginal density of Z be a
similar contaminated normal law. For this mixture (outliers in covariates as
well as primary variate) model, one can only appeal to Model 2. In general,
for outliers with elliptically symmetrical d.f’s, Model 2 works out well.

In line with the usual nonparametric setup [namely Puri and Sen (1985),
Chapter 8], we may assume that the Z, are ii.d.r.v.’s having a g-variate d.f.
F(z) and let

(1.2) G(ylz) =G(y — B'tjlz), i=1,...,n,

where G(-) is continuous and quite arbitrary (as in Model 2). Thus, (1.2)
conforms to a parametric form with respect to the fixed-effects parameters
but to a nonparametric one for the concomitant variates. In order to quantify
further this model in terms of suitable regression functionals, we define
6(G(-1z)), a translation-invariant functional of the conditional d.f. G, such
that 0(G(- — clz)) = 0(G(-|z)) — ¢ for every real c. Here G(y — clz) stands for
the d.f. of the translated variable Y, — c. This allows the percolation of the
linear component 3't; in a natural way. As such, we consider the following
quasi-parametric model:

(1.3) 0(G,(-lz)) = 0(G(lz)) + B't;, i=1,...,n.

Thus, with respect to ANOCOVA Model 2, one has a finite-dimensional
parameter B for the design variates but a functional with respect to the
concomitant variates. It is in this generality, we like to study a general class
of robust estimators of the functionals in (1.3).

It may be quite natural for us to allow G to be a member of a broad class,
so that robustness has to be interpreted in a global sense (rather than in a
local sense where M-estimators are more appropriate). This leads us to the
preference of the so-called R-estimators (and related rank statistics) which
are scale-equivariant and possess other asymptotic optimality properties.
Due to significant contributions of Gutenbrunner and Jureckova (1992) and
Jureckova (1992), the regression rank scores (RRS) estimators have emerged
as strong competitors of the classical R-estimators, and certain asymptotic
equivalence results have also been obtained by Jureckova and Sen (1993). As
such, we shall find it more convenient to deal with such RRS estimators. To
motivate the setup, along with the preliminary notions of RRS in Section 2,
Model 1 is briefly introduced in Section 3. The main results of this study are
reported in Sections 4 and 5 where Model 2 is treated in its full generality.
The concluding section deals with some general remarks to facilitate further
the use of such RRS in ANOCOVA models.
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2. Preliminary notions. For the usual linear model
(2.1) Y=(Y,....7) =XB°+e, e=(e,...,e,),

where X is an n X r matrix of known regression constants (with r = p + q)
and B° is an r-vector of unknown regression parameters. Koenker and
Bassett (1978) formulated regression quantiles as follows. Let « € (0, 1), the
ith row of X° be denoted by x?,i = 1,...,n, and let

(2.2) po(x) =lxl{al(x>0)+(1—-a)l(x<0)}, x €R.

Then the a-regression quantile of B° is expressed as

(2.3) BY(a) = argmin{ Y p,(V; — x’b):b € R"}.
i=1
Gutenbrunner and Jureckova (1992) considered a set d,,(a), i =1,...,n,

of scores, termed the RRS, which are linked to the solution in (2.3) by

Ya,(a) =max, X%, (a)=(1-a)X"1,,

(2.4)
a, [0,1]", a€(0,1).

These RRS are regression-invariant in the sense that, for every b € R’,

a,(a,Y+X’) =4,(a,Y), and this plays a basic role in the developments

on RRS in the recent past. Statistical inference based on RRS generally

involves (linear) LRRS statistics. We define these by taking a nondecreasing

and square-integrable score generating function ¢: (0,1) - R and letting

(2.5) b=~ [ d(a)dd,(a), i=1,..n.
0

Then LRRS statistics are the usual linear rank statistics with the scores
given by (2.5). We may set, without any loss of generality, ¢ = [tp(t)dt =0,
so that n™'X?_1b,, = ¢ = 0.

Let us consider the RRS estimation of B in (1.1) treating vy as nuisance
parameter. Jureckova (1992) incorporated the dispersion measure

(2.6) Dy(w) = ¥ (¥, - tw)[b,,(Y - Tu) - 9],
i=1

and proposed the estimator
(2.7) B,(¢) = argmin{D,(u):u € R?}.

Such RRS estimators coincide with R-estimators when there is no nuisance
parameter, and hence, for the estimation of the intercept 6, she proposed the
use of signed rank statistics. The regularity conditions for such RRS estima-
tors are mostly adopted from Jureckova (1992) and Jureckova and Sen
(1996), and will not be restated for brevity of presentation; only modifications
will be introduced in the respective contexts.
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3. ANOCOVA Model 1. Recall that here e; and Z; are independent, so
that the conditional d.f. G(elz) is independent of z. This enables us to
reproduce virtually the basic techniques in Gutenbrunner and Jureckova
(1992) and Jureckova (1992) to construct RRS estimators of B. Since the Z,
are stochastic, there is a need to modify their regularity assumptions to suit
working with the conditional distributions, given the Z,;. Generally, in the
literature, it is assumed that the d.f. F(-) of the Z, has a compact support,
which, in turn, ensures that the Z, all belong to a compact set, with
probability 1; this leads to the fulfillment of all the needed regularity condi-
tions. However, such a compact support is not necessary, and it suffices to
assume that

(3.1) E|Z|" exists for some r > r, > 4,

where r, may depend on other regularity conditions. Without any loss of
generality, we may set Y'_,t;, = 0 and set Q,,, = n 'X7_,t,;t’. Also, let Q,,,,
and Q,,,, be the sample dispersion matrix of the Z, and the covariance matrix
of the Z; and the t;. Then, under (3.1), it follows that Q,,,, converges a.s. to 0
and Q,,,, to X, as n — «, where X, is assumed to be positive definite. As
such, as n - =, @,,.Q,,.,Q,,, — 0 as. Therefore, whenever lim, .. Q,,, =
Q,, exists, we have Q... = Q. — Q,1.Q..Q,.c = Qu, 25, a8 n >
Hence, we may virtually repeat the proof of Theorem 1 and Lemma 1 of
Jureckova (1992) with adaptations from Ghosh and Sen (1971) to justify the
a.s. convergence of the conditional setup, and conclude that, as n — o,

(32)  n(B.(4) ~ B) =0 AQE X ti6(G(e) + 0,(1),

where « = [(g(G '(a)) d¢(a) is assumed to be positive and finite. This
first-order asymptotic representation yields that

(3.3) \/E(f}n(dﬂ - B) is asymptotically/I/(O, K*ZQ;tlAi),

where A} = 1> = [fp2(w) du — $2. In view of the fact that the conditional
density g(elz) does not depend on z, we may note that (3.3) is in complete
agreement with Theorem 1 of Jureckova (1992). Hence, for ANOCOVA Model
1, RRS estimators work out well, and they possess the same asymptotic
properties as in the ANOVA model. This picture is different in Model 2, and
we mainly focus on that study.

4. ANOCOVA Model 2. As has been explained earlier, here we have a
partial linear model where the fixed-effects parameter B provides a finite-
dimensional linear setup, while the possible nonlinearity of the regression of
Y on Z and nonhomogeneity of the conditional d.f. G(-|z) call for more general
functionals in (1.3) for which local smoothness conditions appear to be more
appropriate than global linearity or other parametric forms. On the other
hand, the covariates are ii.d.r.v.’s, and hence the marginal d.f’s of the Y;
possess adequate information to provide the customary n~!/2 rate of conver-

gence for the estimators of B. The rate of convergence for the estimators of
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0(G(-|z)) is presumably slower even if g = 1. To handle this differential
picture, we proceed as follows.

First, by an appeal to the conventional ANOVA model (covariates ignored
and without the normality of the errors), Jureckova’s (1992) methodology is
incorporated in deriving some RRS estimators of B. Second, these estimators
are incorporated in formulating suitable residuals (eliminating the fixed
effects) which are to be used in a nonparametric (smooth) estimation of
0(G(:|z)). Since such residuals may no longer be independent or identically
distributed, there are some complications arising in this functional estima-
tion problem. This problem is handled through an alternative approach to
estimating conditional functionals based on perturbed observations, and this
study is relegated to Section 5. Third, we may note that the ANOVA model
based estimators of B do not utilize any information contained in the covari-
ates and hence may not be fully efficient, although they still have the n~1/2
rate of convergence. In the concluding section, we therefore discuss some
possibilities to jack up the asymptotic efficiency of such estimators. In the rest
of this section, we formulate and justify these ANOVA model based estima-
tors for ANOCOVA Model 2.

Let H,(y) be the marginal d.f. of Y;, so that, by (1.2),

a1 B = [ [Gi(yk) dF(2) = [ - [ G(y — B't,lz) dF (2),
t=1,...,n,y € R.

Thus, H(y + B't,) = [ -+ [B(ylz)dF(z) = H(y), y € R, i =1,...,n. Hence

(4.2) H(y)=H(y —-B't)), i=1,...,n,y €R.

This enables us to write formally

(4.3) Y, =B't, +n, i=1,...,n,

where the 7, are iid.r.v.’s with the d.f. H(-) defined above. This is the
conventional nonparametric ANOVA model where the covariates are ignored.
Thus, the 1, may as well be regarded as consisting of two random compo-
nents: 6(G(|Z,)) and the (conditional) error e;. For this reason, under (1.1),
the n; will have generally larger dispersion than the e;, and hence estimators
of B based on this ANOVA model may have generally larger dispersion than
the ones based on (1.1). On the other hand, if (1.1) does not hold, 6(G(-Z,))
becomes a functional (infinite dimensional), and its estimation entails a
slower rate of convergence. In this section, we present the ANOVA model in
(4.3) side by side with ANOCOVA Model 2 and study the relative efficiency
picture. 3

As in (2.7) we consider an RRS estimator B,(¢$) and proceed as in Section 3
with adaptations from Jureckova (1992). Then we have

@4) Vi (B(8) - B) =n V;'Qy X tib(H(n) + 0,(1),
=1
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where k, = [fh(H '(a)) d¢p(a) and h(y) = H'(y) is the marginal density of
1. As a result, parallel to (3.3), here we have
(4.5) n (B.(9) = B) =5 #(0, k5 °A3Q;,1).

Comparing (3.3) and (4.5), we conclude that for the ANOCOVA model in (1.1),
the asymptotic relative efficiency (ARE) of B,(¢) with respect to B,(¢) is
given by

(4.6) e(ﬁ¢;ﬁ¢) = Kg/sz

which depends on the score function ¢ and the densities g(-) and A(:), but
not on the design matrix Q,,. Keeping (1.1) in mind, we may write W, = v'Z,,
center them and assume that they are i.i.d.r.v.’s. Then, under (1.1), we have
n, =W, +e;,i=1,...,n, where, conditionally on W, = w, e; has the d.f. G(e)
with density g(e), and we denote the marginal d.f. and density of W by
F*(w) and f*(w), respectively. In order to examine the convolution H
without imposing the normality on either G or F'*, we make the following
specific assumption:

(4.7) Both F* and G are unimodal and symmetric about 0.

It follows by some routine steps that A(0) < g(0) and

(4.8) G <, H,i.e., G is r-ordered with respect to H,

where we refer to Doksum (1969) for such ordering of d.f’s. Therefore,
(4.9) H '(G(x)) — x is nondecreasing,

so that G is tail-ordered with respect to H. The last ordering, in turn, implies
that (d /dx)H (G(x)) is greater than or equal to 1 for every x € R, so that

(4.10) R(H ' (t)) <g(G'(¢)) foreveryte (0,1).

This tail-ordering property of convolutions of symmetric unimodal distribu-
tions (not necessarily of the same functional form) provides us with the
desired clue. Note that, by definition,

1 1
(411) o= | [ H(H(0) d¢<t)}/{/0 #(G7 (1) do(0))
Therefore, whenever the score function ¢(¢) is monotone and square inte-
grable and the d.f’s F* and G both satisfy (4.7), we have, by (4.10) and (4.11),
(4.12) «Z/k? < 1, with equality holding only when F* is degenerate at 0.

Let us study further the ARE in (4.6) when the density g possesses a finite
Fisher information I(g) = ”([/gHZ = [H-g'(G () /g(G 1())}* dt, where
Y, (w) = —g"(G""(w)/g(G™"(w), u € (0,1). Defining ¢, in a similar man-
ner, we have, by a theorem in Hajek and Sidak (1967), page 17,

(4.13) I(h) =yl <I(g) <=,
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where equality holds only when F* is degenerate at 0. Thus, «,/k =
{{o, 4y, 2} /{{ P, ¥, )}. As the score functions ¢(), ¢;,(-) and y,(-) all belong to
the L,-space, we may consider the projections ,(-) = ¢, ¥,() + (,() —
b, (), o) = 8, 4,() + 8, [v,() — v, O, O] + () — 8,4,() —

Sl () — v,,, ¥, ()], where the components are mutually orthogonal and

(4.14) Yhg = Uns Y0 /s 0 8, =<, 0 /by s ),
ahg = <¢’ l/jh - th¢g>/<¢h - ')/hglybg» ‘!’h - yhg(»[/g>

4.15
( ) ( 0if llfh ’)/hgd’g)

Note that ¢(-) is partially concordant/discordant to s, given i, if ‘O‘hg
is > (<)0. It is projectable on y, if §,, = 0. Further, note that y;,

p*(ihy, iy XI(R) /1(8)), where p?(y,, t!/h) <¢fg, o/l IIt!/hII}2 is less than
or equal to 1 with the equality sign holding only when §,, = 0.

THEOREM 4.1. For a monotone ¢, whenever I(g) is < o,

(4.16) Kg/K2 is >,=,< yfg, according as 8y 18 >, =,<0.

For brevity of presentation, the proof is omitted [see Sen (1993a)].

REMARK. In the normal theory ANOCOVA model, both g and f* are
normal densities, so that A is also normal with scale parameter o, > o,, the
scale parameter of g. In this case I(h) = 0%, I(g) = 0,;? and ,(-) =
(a,/03),(-), so that p(i,, ¥,) = 1. Therefore, the ARE of the ANOVA esti-
mators with respect to the ANOCOVA estimators is given by (g, / ) (< D).

In general, p(y,, #,) = 1 when

(417)  R(H ‘() = (I(h)/1(2)} *8(G"(w)),  u<(0,1).

If g and A both have the same functional form (with possibly different scale
parameters), then (4.17) holds. If g and f* both have infinitely divisible
characteristic functions for which the canonical representations differ only by
scale factors, then (4.17) holds. But such a characterization does not include
most of the common nonnormal densities where g and f* may not have a
common functional form. Thus, a possible departure from normality of either
g or f* may distort (4.17), and hence the ANOVA model based analysis may
become comparatively inefficient relative to ANOCOVA Model 1.

Let us consider next the case where linearity or the homoscedasticity
condition may not hold. As before, letting 6(G(:|z)) = 6(z), we may note that,
by virtue of our centering, then 0(Z,) = W, are ii.d.r.v.’s having a d.f. (say)

12

F*(w), where we assume that the W, are centered, too. We denote the

conditional d.f. of e, given W = w, by G, (e), e € R. The functional form of G,
may depend on w in a rather arbitrary manner. As a natural generalization
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of (4.7), we assume that the following holds:

(1) f* is unimodal and symmetric about 0,
(i1) for each w € R, g,(-) is unimodal and symmetric about 0, and
(iii) for each y € R*, G, (y — w) + G_,(y + w) is nonincreasing in w €
R*.
Let us elucidate condition (iii) a bit more. By reference to the usual het-
eroscedasticity of the 7,, conditioned on the W;, we may set

(4.18) g,(e) =0a,'gy(e/a,), o,=0_,(>0), w,ecR.
Under homoscedasticity, o, = o, for all w € R. On the other hand, under
heteroscedasticity, we assume that o,, > o, for all w, so that the variability

is a minimum at the center value of w. Suppose now that the o, satisfy the
following growth condition:
(4.19) w([(d/dw)log g,] <1 forevery w > 0.
Now (4.18) implies that
1-(w—-y)o,(d/dw)o, 21+ (w +y)ao, (d/dw)a,

for every w,y € R, while assumption (ii) implies that g,(y — w)/0,) >
g0y + w)/a,) for every w,y € R*. Therefore, we may conclude that (iii)
holds. Note that these are sufficient but not necessary conditions for (iii) to
hold. Nevertheless, they bring the relevance of heteroscedastic errors in
ANOCOVA models, and (ii1) is in a sense a representation for this. Then,
parallel to (4.9), we conclude that, under the above conditions, G, is tail-
ordered with respect to H, so that A(H 1(¢)) < g,(G;'(¢)) for every ¢ € (0, 1).

Note that this tail-ordering of G, and H can readily be incorporated in
extending Theorem 4.1 to the general ANOCOVA Model 2, where we need to
replace the homogeneous density g(-) by the dominating one g,(-) (and y,
accordingly). In this setup, if we stick to the linearity of 6(z), but may not like
to impose the homogeneity of the g, (-), as has been done earlier, then this
extension covers the RRS estimation of B for which such an extended
Theorem 4.1 would be applicable. This covers the so-called heteroscedastic
linear models. However, as has already been noticed earlier, in a general
ANOCOVA model, the linearity of the regression on the covariates may not
be universally true, and the very way the 6(z) have been introduced, we are
faced with nonparametric estimation of such conditional functions. Since
such estimators have typically slower rates of convergence, first, in Section 5,
we treat B as a nuisance parameter and estimate 6(z), and then, in the
concluding section, we present a method of improving the ANOVA model
based estimators of B for a general ANOCOVA model.

5. Estimation of covariate functionals. Our primary goal is to pro-
vide nonparametric estimators of 6(z) = 6(G(lz)), treating B as a nuisance
parameter. As in Section 3, denote the RRS estimator of § by B, = B,(¢),
and consider the aligned observations:

(5.1) Y,=Y —p,t, fori=1,...,n.
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Recall that the residuals in (5.1) have perturbations of the order n~!/2, even
for the ANOCOVA model under consideration. Next, consider the set of
stochastic (¢ + 1)-vectors:

(5.2) (Y,.,Z;), i=1,...,n.

We intend to incorporate (5.2) in the estimation of 0(z). Among the possibili-
ties of adopting a kernel and a nearest-neighborhood method of smoothing,
we will pursue the latter one for its comparative simplicity and relatively
wider scope of applicability for moderately large sample sizes. Both of these
methods share the common asymptotic properties [namely Sen (1993b)] and
hence, apparently, there is no need to present them side by side.

A basic consideration in this estimation problem is the identification of the
stochastic nature of the concomitant variates Z,, and, in view of that, it is
necessary to formulate the functional 6(z), allowing z to vary over an
appropriate domain. Choosing a fixed set of points z;, j = 1,..., k, may not
serve the estimation purpose well, and hence a stochastic process formulation
appears to be far more rational. We therefore look into the problem of
estimating 6(z) when z lies in a compact set &, embedded in the essential
support of the distribution of the concomitant vector Z. Often, such a com-
pactification can be achieved by means of suitable transformations on z.
However, in practice, practical considerations mostly guide us to the choice of
such a compact %, and, further, compactification may not be that crucial.
Thus, we confine ourselves to the estimation of the functional process:

(5.3) 0(%) = {0(G(‘lz)):z € #} for some compact Z.

The nearest-neighborhood method can be readily adopted for the estimation
of the functional in (5.3). The only point which merits a careful study in this
context is the technical difficulty arising from the facts that the Y,; in (5.1)
are not independent or identically distributed, so that the usual asymptotic
theory of k-NN methods developed earlier by Bhattacharya and
Gangopadhyay (1990) and Gangopadhyay and Sen (1992, 1993) and others,
may not be directly adoptable. In the current context certain uniform conver-
gence results on perturbed empirical distributions provide the access to the
desired asymptotics.

To motivate this approach, consider first the case of iid.r.v’s (Y,°,Z)),
i=1,...,n, where Y=Y, — B't,, i = 1,...,n, so that the Y,° are not af-
fected by the regressors t; and are i.i.d. Consider a specific point z, € #, and
conceive of a suitable metric p(z,z,): R? X R? —» R™. In particular, one may
choose a quadratic norm for p(:). Consider then the nonnegative r.v.’s:

(5.4) D, =p(Z,,z,), i=1,...,n.

Note that the D, are i.i.d.r.v.’s with a d.f. dependent on z,, p(:) and the d.f. on
Z,. In a k-NN method, corresponding to the sequence {n} of sample size, one
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may choose a nondecreasing sequence {k,}, such that n~ 'k, is nonincreasing
in n. Typically, we set

(5.5) k, ~a[n**?] for some a € R".

Further,let D,.; < -+ < D,., be the order statistics corresponding to the D,
defined by (5.4); by virtue of the assumed continuity of the d.f. of D, ties
among the D, can be neglected with probability 1. Then we define a £-NN
(stochastic) neighborhood of z, by

(5.6) nhd(zy; p, k,) = {z € ©: p(z,2,) <D,.;, }.

Now, corresponding to the pivot z,, we define the antiranks S,,...,S,, by
letting D,.; = Dg, i = 1,..., n. Consider then the set of observations

(5.7) (Y9,Zs), i=1,....k,

The k-NN empirical d.f. of the Y;° with respect to the pivot z, and metric p(-)
is defined as

ky
(5.8) G (y) =k L I(YS<y), yeR

i=1
Let us denote the conditional d.f. on Y°, given Z = z, by G°(y|z), z € € and
y € R. Then we are interested in functionals #(G°(lz,)) of the d.f. G° at
various z, € €. Typically, 6(-) is a location parameter of the d.f. G°, and
hence, based on robustness considerations, we propose to use M-, L- and
R-functionals. Gangopadhyay and Sen (1992, 1993) have considered some
general asymptotics relating to two broad classes of such functionals, namely,
(i) 6() is a conditional quantile functional [namely 6(G°(| z,)) =
infly: G%(ylz,) > a} = (G°)"'(a), where « € (0,1), and (ii) 6(-) is a (typi-
cally, Hadamard or compact differentiable statistical functional. For the case
of ¢ = 1(.e, scalar Z,), # is a compact interval on R, and they have studied
the asymptotics for stochastic processes relating to the estimator of @(%).
Sen (1994) has a general treatment of this for ¢ > 1. As such, we are
naturally tempted to use a functional of the corresponding empirical d.f. in
(5.8) as the desired estimator. We let

(5.9) T(2z,) = 0(G) ), 2, €€.

In passing, we may remark that the empirical d.f. in (5.8) is specifically based
on the pivot z, in the sense that the antiranks S; and hence the set of
observations in (5.7) are all geared to a specific choice of z,,. As z, varies over
#, they also vary, resulting in different empirical d.f’s. Based on this con-
struction, we consider the stochastic process:

(5.10) W,(z) =k, {T,(2) — 0(z)}, ze<c?.

The weak convergence of W, to a Gaussian random function on # follows
from general results of Gangopadhyay and Sen (1993) and Sen (1994). The
interesting feature of (5.10) is that, if %, satisfies (5.5), the asymptotic bias of
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W.(z) may not be typically equal to 0, and hence the drift function of such a
Gaussian function may not be null. On the other hand, if we choose k&, =
o(n?@*9) then this asymptotic bias is 0, and hence the drift function is also
null.

Let us now consider a compact .#Z € R”, containing 0 as an inner point,
and let

(5.11) Yib)=Y"—-n"1%b't,, i=1,...,n,bex

We introduce the same notation as in (5.4) through (5.6), and, as in (5.7), we
consider the set

(5.12) (V%(b),Z;), i=1,... .k

As such, as in (5.8), we arrive at the empirical d.f’s

kﬂ
(613) G, (y;b) =k,' L I(Y5(b) <y), yeERbeX

i=1
At this stage, we may assume that the d.f. of Z, denoted by F, admits a
continuously differentiable (up to the second order) density function f(z),
z € R?, and that f(z) is positive for all z € #. Note that, by definition, the
density function for the D, is given by

(5.14) fo(dszo) = [ f(z)dz, deR",

(Z: p(Z,Zy)=d)
so that the differentiability properties of the density f(z) transmit onto f5,(-)
as well. Also, note that the conditional d.f. and density of Y,°, given D, = d
(at the pivot z,), are, respectively, given by

(5.15)  Gp(ylzy,d) = {f( f(2)G°(ylz) dZ}/fD(d,zo),

Z: p(Z,Z,)=d)

(5.16)  g(ylzg, d) = { J F(2)8°(yi) dz} /fD(d,zo>,

Z: p(Z,Z0)=d}
defined for y € R, d € R" and z, € #. We assume that, for every z, € %,
g>(|d,z,) admits a continuously differentiable first derivative with respect to
d € [0,n] for some 1 > 0. Also, in (5.13), to stress the dependence on the
pivot z,, we write the empirical d.f. as G, , (y;b,z,). Then we have the
following result.

THEOREM 5.1. Under the assumed regularity conditions on t,, k, and

fD('), gD(')’

(5.17) sup sup sup k%G, , (y;b,2) — G, , (¥;0,2)| >p 0 asn — .
ze@ beZ yeR

OUTLINE OF THE PROOF. A relatively stronger result for the marginal
empirical d.f. is well known [namely Sen and Ghosh (1972)]. In that case, as
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k, = n, the factor b't; in (5.11) may generally contribute a drift function in
(5.17). However, in the current conditional case, &, = o(n) and the covariates
Z, are i.id.r.v’s, so that their clusterings around a pivot does not stochasti-
cally affect the relative partitioning of the (centered) t,; thus, the drift
function is null in the current case. Let us define the antiranks as in (5.7),
and, as they are constructed by reference to the pivot z,, we write

(5.18) S,.(zy) = {Sl(zo),...,Skn(zo)} for everyz, € %.

Then we may rewrite (5.13) as

519y Crn(yP2) “hI I ES,@)I(VID) <),

yeR,bex,zc?.

Let us also denote by
U,.(y;b) = G(y + n_l/zb,tilzi) - G(y1Z,),

(5.20) )
i=1,....,n,bez,y €R.

Then, for every b €.%, z € # and y € R, we have
k(G (930,2) = G, , (730,2)]

N gn‘, I(i €8,(z))U,;(y,b)

(5.21) "
bRl ; I(i € S,(2))[ I(Y,2(b) <)

—1(Y* <y) = U, (y;b)].

Since the cardinality of S,(z) is equal to k, = o(n), the first term on the
right-hand side of (5.21) is easily seen to be O,(n"'k,)"/?) = 0,(1), while,
conditional on the Z;, we may use the central limit theorem on the second
term and show that it converges (in law) to a degenerate normal (0,0)
variable. Therefore, the left-hand side of (5.21) converges in probability to 0.
This shows that the finite-dimensional distributions of the (p + ¢ + 1)-
parameter stochastic process

Wno(y’b’z) = krlz/Z[Gn,kn(y,b’z) - Gn,kn(yaoaz)];

(5.22)
yeR,bex,zc@,

are all degenerate. Hence, to prove (5.17), it remains only to show that W.°(-)
is tight. If we define by 9= R X% X € (a subset of R?*7"1) then W°(-)
belongs to the space D[7]. Thus, if we define two blocks, say %, and %,,
belonging to .7, which are not overlapping, then proceeding as in Bickel and
Wichura (1971) and using the decomposition in (5.21), it can be shown that
the multiparameter Billingsley-type inequality holds for the increments
W (,) and W°(%,) over these blocks. These, in turn, ensure the tightness.
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Therefore, W —_ to a null functional on D[.7], and this completes the proof
of (5.17). O

Consider now the functional formulation of (5.9), and, side by side, we
write

(5.23) T,(z,;b) = O(Gn’kn(~|b,z0)), be%,z,c?.

Assume that the functional 0(H) is Hadamard (or compact) differentiable at
G(-Z,), uniformly in z, € C; its Hadamard derivative agrees with the influ-
ence function which we denote by 6,(G(|z,), y) for y € R and every z, € &.
Since (5.9) relates to a location functional, from robustness considerations, it
may be quite appropriate to assume that this influence function is bounded
and monotone in y € R. Theorem 5.1 may then be readily incorporated to
show that, as n — o,

(5.24) sup{ky/?|T,(z;b) — T,(2,0)|:b €%,z € €} —p 0.

Let us now define the residuals Y,; as in (5.1) and note that b, = Vn (§, —
B) €.%, in probability, for a suitable compact .#. Therefore, if we let

(5.25) T,(z) =T,(z,b,), zec@,
then by virtue of (5.24) and (5.25), we have, for n — o,
(5.26) sup{Vn |T,(z) — T,(z,0)|:z € &) -, 0.

On the other hand, the weak invariance principle in (5.10) applies to 7, (z, 0),
so that the same weak invariance principle holds for

(5.27) W.(z) = V&, (T,(z) — 6(z)), =zee.

The important feature of (5.27) is that the rate of convergence of the func-
tional estimators does not depend on an initial estimator of B, as long as the
latter is Vn -consistent, and the intricate structure of the ANOVA-ANOCOVA
Model 2 and the i.i.d. nature of the covariates allow us to exploit this fully
with the aid of the estimators of B considered in Section 3.

6. Improved estimation of B in ANOCOVA Model 2. Theorem 4.1
reveals that, in general, the ANOVA model based estimator of B is not fully
efficient relative to the ANOCOVA Model 2 estimators (based on the common
score function). This picture becomes even more complex in the case where
the d.f. G(-}z) may violate the homogeneity (with respect to z) and/or the
linearity of the regression on the covariates. Faced with the basic fact that
0(z), z € %, is an infinite-dimensional nuisance parameter, an optimal esti-
mator of B in this general model is rather difficult to construct. On the other
hand, since the ANOVA based estimator of B is Vn -consistent and valid for
ANOCOVA Model 2, too, it may be incorporated in some way or other to yield
a better estimator of B. We intend to pursue such an estimator here.
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The basic idea is simple and is based on the stratification of the concomi-
tant vectors into a number of relatively homogeneous subsets and then
combining the ANOVA model based estimators from these subsets into a
pooled one. The very basic reason that this simple idea of pooling works out
well is that the covariates Z, are themselves ii.d.r.v.’s, independent of the
design variates, so that their stratification does not affect the allocation of the
design vectors t; beyond the normal chance variation level, while the error
distributions within the strata become relatively more homogeneous and
thereby reduce the margin of errors for the estimates based on them. This
stratification may even be made data oriented. For example, if the Z; are real
valued, one may use the order statistics to define a number of nonoverlapping
strata (intervals). We consider here the more general case # € R? and divide
& into a number of nonoverlapping subsets, say &, j = 1,..., M, where M is
a fixed positive integer. While a few of these subsets may be partially
unbounded (namely, the frontier ones when # = R?), the rest of these are all
compact and convex. Let there be n; observations in the subset @, j =

.» M. Generally, the n; are stochastic, but under fairly general regularity
conditions, we may assume that

M=

(6.1) n;/n—p:0<p; <1, l1<j<M, p;=1.

1

J
Treat these n; as nonstochastic and, pertaining to the subset &, frame an
ANOVA model and use an RRS estimator as in (2.7); we term 1t B (@) for
Jj=1,..., M. Subject to (6.1), the verification of the classical Anscombe (1952)

uniform contmuzty in probability condition can be carried out as in Sen
(1981), Chapter 10, so that, parallel to (4.5), we would have here

(62)  /n; (B, (¢) — B) =5 (0, x2A%2Q;1),  j=1,...,.M,

where Ai, Q,, are defined as before,

(6.3) A—f HY(w))d¢(u), j=1,...,M,

and H j(~) is the error d.f. pertaining to the set &, for j = 1,..., M. Moreover,
for each j, the Jureckova (1992) linearity of RRS processes can readily be

incorporated to estimate the k,; consistently, and these estimators are
denoted by k,;, j = 1,..., M. We introduce a set of nonnegative weights:

(6.4) w,; =n; KOJ/(ZI’L Kor), Jj=1,...., M.

The pooled estimator of B is then proposed as

A M A
(6.5) W(6) = Xow,B, ().



1600 P. K. SEN

Defining k*% = Zj—‘il p;ky;, we have from (6.1), (6.2) and by some standard
steps that, as n — oo,

(6.6) Vi (BE(6) — B) =5 #{0,(A2/x*%)Q7).
Comparing (4.5) and (6.6), we obtain that
(6.7) ARE(B*(¢);B(9)) = (x**/x3),

which is bounded from below by (X}, p;k,)*/ k. Therefore, whenever the
densities A (-) satisfy the basic condition that ¥, p;k,; > , (6.7) is bounded
from below by 1. As in Section 4, we may introduce the score functions #,(u),
y € (0,1), corresponding to the densities 4;, and write k,; = (¢, §;), j =
1,..., M. Then, under the heteroscedastic and some other related models, it
can be shown that (¢, y;) = (¢, §,) for every j=1,..., M, so that (6.7)
remains bounded from below by 1. If M is chosen large and the individual p;
small, then the increase in the ARE in (6.7) is perceptible even more, but this
may also invite a comparatively larger sample size to justify the adequacy of
the asymptotics on which (6.7) is based. In any case, the proposed pooled
estimator remains relevant for ANOCOVA Model 2 as well.
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