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Measures of association between two random variables (r.v.) that are
symmetric nondecreasing functions of the canonical coefficients provided
by the nonlinear canonical analysis of the r.v.’s are studied. These mea-
sures can be used to characterize independence. Their estimators are
obtained by estimating a suitable approximation to nonlinear canonical
analysis. When some conditions ae satisfied, asymptotic distributions of
the estimators, both under the independence hypothesis and under depen-
dence, are given. A class of tests of independence with asymptotic level of
significance can be investigated.

1. Introduction. Several measures of association between two random
variables (r.v.) based on the canonical analysis of these r.v.’s have been
introduced in the literature, and a review of such measures can be found in
Cramer and Nicewander (1979) and Lazraq and Cléroux (1988). A general
enough study of these measures is proposed in Lin (1987) and, more recently,
in Dauxois and Nkiet (1997), where a global study of the induced tests is
developed. In these works the measures considered are constructed using
linear canonical analysis (LCA) of the r.v.’s and, thus, characterize only lack
of a linear relationship. It can be interesting to look for another class of
measures of association which characterize independence.

The properties of nonlinear canonical analysis (NLCA) suggest that such a
class can be derived from this analysis, but there is little work in this
direction. The canonical coefficients from NLCA have already been used for
testing independence, but uniquely when the related random variables are
categorical [see, for instance, Tsai and Sen (1990)]. That is restrictive because
one knows that, in this particular case, NLCA is a LCA of suitable random
vectors, and thus it suffices to use classical measures of association. Conse-
quently, it appears that the use of NLCA is more interesting when the
related random variables are not categorical.

In this paper, we propose a class of measures of association between
random variables with values in any measurable spaces, constructed using
symmetric nondecreasing functions and the canonical coefficients derived
from NLCA. The properties of these measures show that they are appropriate
to characterize independence without any assumption on the distribution of
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the random variables considered. Using results about estimation of NLCA
[Dauxois and Pousse (1975), Lafaye de Micheaux (1978)] and asymptotic
theory of canonical analysis [Dossou-Gbete and Pousse (1991), Pousse (1992)],
a class of estimators is proposed for each measure, and the asymptotic
properties of these estimators are given. This leads us to introduce a class of
independence tests, and we show that this class includes tests based on the
usual chi-squared index. A test of the introduced class is obtained from a few
steps. First, the chosen infinite-dimensional measure of association (based on
NLCA) is approximated by a finite-dimensional one (based on a suitable
LCA); then the latter is estimated from an i.i.d. sample; then the test is based
on a simple function of the estimate. In Section 6.4 simulations are furnished
with the objective of evaluating performances of some tests of the introduced
class and comparing them to classical ones. The results suggest that these
tests are generally more powerful than classical tests and that the use of
B-spline approximation in the estimation of NLCA induces more powerful
tests than that based on the usual chi-squared index.

In order to emphasize the main points of the paper, certain proofs of
lemmas and propositions are left to Section 7.

2. Nonlinear canonical analysis (NLCA) of random variables. We
consider a probability space ({,.27, P) such that the Hilbert space L?(P) of
random variables with finite second-order moment is separable.

Let X and Y be random variables defined on (Q, ., P), with values in
measurable spaces (Qy, %) and (Qy, %), respectively, and with probability
distribution measures denoted by Py and Py. We denote by L?(Py) the space
of measurable real functions ¢ defined on Q and such that E(¢?(X)) < +co,
and by L?*(Py) the space analogous to L?(Py) with respect to Y.

Nonlinear canonical analysis (NLCA) is the search of two variables f; =
o(X) [, € LX(Py)l and g, = 4(Y) [, € L?*(Py)], such that the pair (f,, g,)
maximizes { f, g) = E(fg) under the constraints E(f2) = E(g?2) = 1, with iter-
ations under orthonormality constraints. This means that, for i > 2, one
searches for two variables f; = ¢;(X) [¢; € L*(Py)] and g, = ¢;(Y) [y, €
L*(Py)], such that the pair (£, g,) is a solution for the above maximization
problem with the additional constraints {f, f,> =0, {g,g,> =0, for all
refl,...,i— 1}

Considering the subspaces

Hy={¢(X); g€ L*(Px)} and Hy = {4(Y); ¢ € L*(Py))}

of L2(P), it is known [see Dauxois and Pousse (1975)] that the solution for
the NLCA problem is obtained, for example, from spectral analysis of the
(linear) self-adjoint operator T' = EXE; , that is, the restriction of EXE” at
Hy, where EX and EY are the conditional expectations relative to X and Y,
respectively. If T is a compact operator, NLCA exists and is characterized by
a triple:

{( pi)i:O ,,,,, Na(@i(X))i=o ,,,,, Nla(¢i(Y))i=0 ..... N2}>
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where N, N, N, are elements of N U {+}. In this triple, (p?);_, .y is the
sequence of nonzero eigenvalues of T arranged in decreasing order and
repeated according to multiplicity; the systems (¢,);,_o  n, and (,),_o
are orthonormal bases of L?(Py) and L*(Py ), respectively, satisfying

Vi=0,...,N, T(¢(X))=pl(X) and ¢(Y) =p 'E(¢,(X)).

The p,’s are termed the nonlinear canonical coefficients. Letting 1,, be the
constant random variable with value equal to 1, one can see that T'(1,) = 1,,.
So the first canonical terms are p, = 1 and ¢,(X) = ¢,(Y) = 1, and are
termed the trivial canonical terms.

As an important property of NLCA, one knows that X and Y are indepen-
dent if, and only if, for each i # 0, one has p, = 0. This shows the interest of
constructing measures of association by the use of nonlinear canonical coef-
ficients.

REMARK 2.1. In fact, NLCA is a generalization of linear canonical analysis
of random vectors X = (X,,..., X,) and Y = (Y},...,Y,)". Indeed, LCA of X
and Y is the computation of the above variables f; and g, in the forms

12

f,=XF  a' X, and g, = X%, b.Y,. In LCA these variables are obtained from
the spectral analysis of the finite rank operator R = V;'/2V,,V, 'V, V;1/2,
withV, =KX ®X),V,,=HKY®X) =V, V,=KY ® Y), where ® denotes
the tensor product between vectors (see Section 7.3). These operators are the
classical ones with matricial expressions EF(XX'), E(YX') and E(YY'), respec-
tively; they are covariance operators when X and Y are centered random
vectors. Throughout this paper we use operators and tensor products; for
details about the matricial correspondences, one may refer to Dauxois, Ro-

main and Viguier (1994).

REMARK 2.2. Both LCA and NLCA are particular cases of canonical
analysis of Hilbertian subspaces H, and H, of a real separable Hilbert space
H with inner product <-,-)y. Canonical analysis of H; and H, is the
computation of unit vectors f; € H, and g, € H, that maximize {f}, g,)n
with iterations under orthonormality constraints. The solution for this prob-
lem is obtained from spectral analysis of several operators. One of them is the
self-adjoint operator T' = Il Il |5 , where Il stands for the orthogonal
projector onto the closed subspace E of H. Clearly, one can also use the
operator Il I1; . When H is the space L?(P), LCA (resp. NLCA) is obtained
by taking H, = span(Xj,..., X,) and H, = span(Y,,...,Y,) (resp. H, = Hy
and H, = Hy).

The trivial canonical terms p, = 1 and ¢y(X) = ¢(Y) = 1, do not give
any information about independence of X and Y. They can be avoided by
restricting NLCA to centered variables. Let us consider the spaces

Hy = {fe€ Hx|E(f) = 0},
Hy = {g € Hy|E(g) = 0};
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one can verify that, V f € Hy, EXEly (f) = Ty Iy, | 5 (f). Canonical analy-
sis of Hy and Hy, which is called centered NLCA of X and Y, provide the
same canonical terms as NLCA of X and Y except for the trivial terms. Since
the spectral decomposition of 7' is

N N
T= Z pi2¢’i(X) ® GDi(X) = ]ln ® ]ln + Z PiQGDi(X) ® GDi(X)’
i=0 i=1

it is clear that centered NLCA of X and Y is obtained from spectral analysis
of S=T-1,® 1,.

REMARK 2.3. One can also obtain NLCA of X and Y from spectral
analysis of T’ = EY[E,),‘,Y, This operator has the same eigenvalues as T'; for all
i =0,..., N, the variable ;(Y) is a unitary eigenvector of 7' associated with
p? and ¢;(X) = p; 'E*(4,(Y)). This shows the symmetry of NLCA.

REMARK 2.4. Generally, one has lim;_, . .(p;,) = 0. So the decreasing com-
plete sequence A = (p?),_,  y of eigenvalues of T is an element of the
space c, of numerical sequences («,), < such that lim, .. u, = 0. Never-
theless, if there exists a measurable function f such that X = f(Y), then Hy
is included in Hy; thus, all the canonical coefficients are equal to 1 and the
previous property does not hold. In this latter case, we set A = 1, where 1

denotes the numerical sequence for which all the terms are equal to 1.

3. Measures of association based on NLCA. Several measures of
association in the literature are constructed as functions of the canonical
coefficients deriving from LCA. They have the form ®( pZ, ..., p?), where ® is
a symmetric nondecreasing function [Jensen and Mayer (1977)] and the p,’s
are the aforementioned canonical coefficients.

We want to define measures of association constructed analogously by the
use of canonical coefficients deriving from centered NLCA. Since the sequence
of these coefficients belongs to c,, we first need to extend the definition of
symmetric nondecreasing functions so that their definition domain could be
subsets of ¢,.

3.1. Symmetric nondecreasing functions defined on subsets of c,.

DEFINITION 3.1. A symmetric nondecreasing function is a real function ®
defined on a subset 9, of ¢, such that the following hold:

1. For each x = (x,), .y €%, and any permutation o: N — N, the sequence
X, = (%, (,)), e n belongs to Z,, and P(x) = O(x,).

2. Foreach x = (x,),.y €9, andeach y = (y,), .y €9, suchthatV n € N,
|x,| <ly,l, one has ®(x) < O(y).

3. There exists a nondecreasing real function f; with definition domain
{x eR|(x,0,...) €9} containing 0, such that

®(x,0,...) =fo(lx) and (fp(x) =0=x=0).
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Clearly, any symmetric nondecreasing function ® is a nonnegative map
and one has

(3.1) P(x)=0 o VneN, x, =0.

n

Although the sequence 1 = (1,1,...) does not belong to ¢,, we can extend
the domain of some symmetric nondecreasing functions at this point. Indeed,
let 1™ =(1,...,1,0,...) be the sequence of ¢, having 1 at the n first places
and 0 elsewhere. Suppose that, for each n € N*, 1 belongs to 9, and that
the nondecreasing sequence (®(1™)) _.. is bounded, we can set ®(1) =
lim, , ., ®(1™).

ExampPLE 3.1. The symmetric norming functions ®, [Gohberg and Krejn
(1971)] defined by

17p
() = [ Tlwl?) ", 1<p<e,

neN
and

d,(x) = max |x,|
neN

are examples of symmetric nondecreasing functions. If p is finite, the natural
domain of @, is the space [” of real sequences x = (x,),.y such that
Y,enlx,l? < 4o, and if p = +, it is the space ¢,. The definition domain of
®, is extendible to 1 as previously indicated and one has ® (1) = 1.

3.2. Definition and properties of measures of association based on NLCA.
Here, we propose a class of measures of association constructed through the
canonical coefficients of centered NLCA.

Let (X,Y) be a pair of random variables having a NLCA. We consider a
symmetric nondecreasing function ® such that ®(1) = 1; we assume that the
decreasing sequence A of squares of coefficients derived from the centered
NLCA of X and Y belongs to &, U {1}. Thus we can set r,(X,Y) = ®(A). So
we define a measure of association r;, and we have the following proposition.

ProposiTION 3.1.  The following properties hold for ry,:

L re(X,Y) = r (Y, X

2. we have ro(X,Y) = 0 if, and only if, X and Y are independent random
variables;

3. if for all real measurable functions ¢ defined on Qy there exists a real
measurable function  defined on Qy such that, almost surely, ¢(X) =
W(Y), then we have ro( X,Y) = 1;

4. if ¢ and ¢ are bijective bimeasurable functions defined on Oy and Qy,
respectively, we have re(o(X), y(Y)) = ro(X,Y);

5. when (X,Y) has the bivariate standard normal distribution with correla-

tion coefficient p, there exists a nondecreasing real function hg such that
r(l)(Xa Y) = hLI)( P2)

[y
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PrOOF. Property 1 is an obvious consequence of the NLCA symmetry.
Using (3.1), we obtain 2.

If for all real measurable functions ¢ defined on )y there exists a real
measurable function ¢ defined on Q such that, almost surely, ¢(X) = (Y),
then Hy is included in Hy. Since A = 1, we have ro(X,Y) = 1.

Property 4 comes from the fact that, putting U = ¢(X) and V = ¥(Y) and
considering H; and Hy the analogues of Hy with respect to U and V,
respectively, we have H;, = Hy and H, = H,.

When (X,Y) has the bivariate standard normal distribution with correla-
tion coefficient p, then [see Dauxois and Pousse (1975)] the NLCA of X and Y
is the triple

{( pi)ieNa(d)i(X))ieN’(d)i(Y))ieN}’
where the ¢,;’s are the Hermite polynomials. Hence
re(X,Y) = CD( pz’ P4, p6’---) = h<1)( p2)7

where hg(x) = ®(|xl, 122, |x]%,...) defines a nondecreasing function from
[0, +< to itself. O

REMARK 3.1. The previous properties of r,(X,Y) are very close to condi-
tions proposed by Rényi (1959) for good measures of dependence. In particu-
lar, property 2 shows that the measures of association considered here are
appropriate to evaluate independence without any assumption about the
distribution of the pair (X, Y).

We now provide some examples of measures of association which can be
constructed using centered NLCA.

ExamPLE 3.2. Let ® be the symmetric nondecreasing function (with

definition domain [”) given by ®(x) =1 — exp(—X/” |x,”). One has
®(1) = 1. It leads to the measure of association

+ o
rl,p(X7Y) =1- exp(— Z pr%p)
n=1

ExampLE 3.3. Putting

q) e lx,l?
() =V 1% T x, P

we obtain the measure of association

+» 2p
Zn=1 Pn

o0 2 *
1+ r-:=1 pnp

r2yp(X,Y) =
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ExamMpPLE 3.4. The symmetric nondecreasing function & (x) =
\/ max, .-l x,| permits us to obtain, as a measure of association, the Rényi
maximal coefficient. Indeed, one has r(X,Y) = ®(A) = max, .y p,| = p;-

ExampLE 3.5. If (X,Y) has the bivariate standard normal distribution
with correlation coefficient p, then one has p, = p”, V n € N. So, if | p| < 1,
we obtain

1—p2p
ry (X,Y) =|pl” and r (X,Y) =|pl

p*P
N )

4. Approximating measures of association. Although NLCA can be
determined in the case of (X,Y) having a bivariate normal distribution and
in other special cases [see Lancaster (1969), Dauxois and Pousse (1975) and
Buja (1990)], it is generally impossible to determine and it is the same for
measures of association using NLCA coefficients. Nevertheless, since there
exist convergent approximations for NLCA, it is possible to deduce approxi-
mations for the measures of association.

4.1. A general approach to approximating NLCA. For all n € N, we
denote by 7y (resp. Z7) the subspace spanned by a linearly independent
system (¢/'); ;. , [resp. (4/);.;., 1in L?(Py) [resp. L*(Py)].

We assume that the sequences (7¥), < and (7¥), < are nondecreasing,
that is

VneN, wycyytl, oycryt!
and that their unions U, 7 and U, 7y are dense in L?*(Py) and L*(Py),
respectively. Then [see Dauxois and Pousse (1977) and Lafaye de Micheaux
(1978)] the canonical analysis of the subspaces (cf. Remark 2.2)

vy = span(cpf(X),..., go;n(X))
and
7y = span(y(Y),..., 4 (Y))

converges, as n — +, to the NLCA of X and Y; that is, the sequence of
operators II,,II,, converges uniformly to EXEY. Clearly, this canonical
analysis is the LCA of random vectors

¢"(X) = (e1(X),..., oy (X))
and
YY) = (9 (V) (V)
Considering the operators
Vi =E(e"(X) ® ¢"(X)), Vy=Ey"(Y)®y"(Y))
and
Vi, = E(¢"(Y) ® ¢"(X)) = (V51)*,



NONLINEAR CANONICAL ANALYSIS 1261

this LCA is obtained from the spectral analysis of
R, = (Vln) _1/2V1n2( Vzn) : 1V2nl( Vi) e
Let us remark that since {¢{(X),..., ¢, (X)} and {y7(Y),..., 4" (Y)} are
systems consisting of linearly independent random variables, V] and V' are
invertible and R, is well defined.

From now on we assume that there exist vectors a" = (af,..., @, )" and
B" =(B{,..., B;) such that

V(x,y)€Qx X Qy, Ca™, @"(x))ren Za "(x) =1,

(4.1)
(B™, " (x))ran = Z B (x) =1,
i=1

where, for all p € N*, { - |- )r» stands for the usual inner product of R?. This
means that 1, belongs to 7} N 77 and thus, the greatest eigenvalue of T,
is (pf)? = 1, and it is associated with the canonical pair (f7, g¢), where £
and g} are both equal to 1,. Hence, the vector e} = a«” is an obvious
eigenvector of R, associated with (py)? = 1, and it is easily seen that it is a
unit eigenvector. From the spectral decomposition R, = Y2, (p)%e! ® el,
we deduce that, in order to approximate the centered NLCA, we may consider
the spectral analysisof S, = R, — a”" ® a™.

Finally, the centered NLCA of X and Y is approximated by a sequence of
suitable LCA’s. To define this sequence, for each n € N we first choose
functions ¢/, 1 <i <p,,and ", 1 <i < q,, belonging to L?(Py) and L*(Py),
respectively, such that the spaces 7y and 77 spanned by those functions
have the previously mentioned properties; then we consider the nontrivial
terms of the LCA of the random vectors ¢"(X) and "(Y).

The functions ¢ and ;" can be obtained from nondecreasing sequences of
partitions, say oy and oy, of Oy and Qy, respectively.

We now exhibit examples of such constructions. The first example comes
from Dauxois and Pousse (1975) and the second from Lafaye de Micheaux
(1978); the case of random vectors may be easily given.

ExampLE 4.1 (Step functions). Let oy ={J7,...,J;} and oy =
{K7,..., K} define nondecreasing sequences of partltlons of Oy and Qy,
respectlvely Putting p/'= P(X € J[") and p/; = P(Y € K}'), let us consider
the functions ¢/ = (p/)~"/*1 . and Y = (p”) Y2 g, Where for all sets
A, 1, stands for its characteristic functlon The sequences (W ), en and
(W;‘)neN are nondecreasing and their unions are dense in LZ(PX) and
L*(Py), respectively. The operator R, admits the matricial expression

n n o.n
1 q Pik Pjr

n n n
VPiPj k=1 P 1<i,j<p,

with p/ = P(X € J"; Y € K}). Thus, the related NLCA approximation is the
sequence of correspondence analyses of the contingency tables (p;,). Since
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(4.1) is satisfied with

N s T =)

the operator S, admits the matricial expression

. 1 q" Plkpjk _\/ )
~ /pin} k \ D Pepis

by a simple calculation, we obtain

1 & (ph—pph) (P —prPG)
'\/pttlpjn k=1 p’}e .

(4.2) st =

ij

ExaMPLE 4.2 (B-splines). Let X and Y be two real random variables. For
all n € N*, let us consider dyadic subdivision of the interval [ —n, n). We
obtain a partition oy (= oy) of R consisting of the intervals (-, —n),
[n, +) and all the dyadic intervals [27"(k — 1),27"k) which subdivide
[—n,n). For s > 1, we consider the B-spline functions of order s computed on
the above partition of R. The subspaces 7y (= Z7) spanned by these
functions satisfy the required properties [see Lafaye de Micheaux (1978)]. So
they can be used for approximating centered NLCA as indicated in this
section.

4.2. Approximation of measures of association. Now, given a symmetric
nondecreasing function ®, we want to approximate the measure of associa-
tion defined by ry(X,Y) = ®()) by a suitable numerical sequence. This is
possible by using the previous results on NLCA approximation.

When subspaces 7%y and 7y having the required properties have been
chosen, we denote by A, the sequence (regarded as an element of R”") of
eigenvalues of S, arranged in decreasing order and repeated according to
multiplicity.

Moreover, we consider the restriction of ® at R”», that is, the real function
defined as

D, (x1,..,%, ) =P(xy,...,%,,0,...)
with definition domain

Dy, = {xeRp";(xl,...,x 0,...) 69(1,}.

p”7
Assuming that each A, belongs to &, , we put rg(X,Y) = ®,(1,). Then we

have the following proposition.

ProprosiTiON 4.1. If ® is continuous, the numerical sequence
(r{(X,Y)), c - converges, as n — +o, to re(X,Y).
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REMARK 4.1. Let us recall that ¢, is a Banach space with norm

llxll.. = max |x,|.
neN

The previous continuity hypothesis of ® is relative to this norm. This result
shows that we obtain an approximation of the measure of association r4(X,Y’)
by the sequence ri(X,Y).

We now consider an example of such an approximation.

ExamPLE 4.3. Considering r(X,Y) = 1 — exp(—X;-%, (p)?) (see Example
3.2), if the subspaces 7§ and 77 as in Example 4.1 are chosen, we have to
approximate r(X,Y) by the sequence (r,(X,Y)), cn+ such that r (X,Y) =
1 — exp(—XP7! p2) = 1 — exp(—tr(S,)). Using (4.2), we obtain

2
Pn  Pn n _ onpn
r(X,Y) =1—exp|— ¥ 5 (P —Pip)

n n
i=1j=1 pi.p.j

so this measure is based on the usual chi-squared index.

5. Estimating a measure of association. For any fixed sufficiently
large n, we consider an approximation of r4(X,Y) provided by rj(X,Y)
obtained as specified in the previous section.

Let {(X;,Y))}; . ;. be an ii.d. sample of size m, where each pair (X,,Y;)
has the same distribution as (X,Y ). The aim of this section is to show how to
estimate the approximation of ry(X,Y) and to underline the asymptotic
properties of the related estimator.

5.1. An estimator for rj(X,Y). A natural way to estimate r3(X,Y) is to
take an estimator S, ,, of S, and to consider the random variable rg' " (X,Y)
= ®,(%, ), where A, ,, =(A™),_,., is the sequence (regarded as an
element of R”») of eigenvalues of S arranged in decreasing order and
repeated according to multiplicity.

Let us consider the following random operators:

n,m

13

1 m 1
Vi =— 3 e"(X;) ® ¢"(X)), Vgt = — " (Y;) © ¢ (Y))
m ;1 mi_1

and
Vig™ = %iélpn(yi) ® ¢"(X;) = (Var™)*.
We obtain an estimator of R, by putting
Ry = (V) v (vim) g (v

By the law of large numbers, V;»™ (resp. V™, V/4™) converges almost
surely, uniformly, as m — +o, to V;* (resp. V3, V{%). Since V" and V' are
invertible, this shows that R, , is well defined for a sufficiently large m and
that R, , converges almost surely, uniformly, as m — +=, to R,.
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REMARK 5.1. In the literature there exist methods which permit us to
estimate the canonical functions ¢, and i, associated with the greatest
nontrivial canonical coefficient p; [see, e.g., Breiman and Friedman (1985)].
The method introduced here may not be used for this estimation problem.
Indeed, the fact that a sequence (A,) of operators converges uniformly to an
operator A does not generally ensure the convergence of the kth eigenvector
of A, to that of A [see Dunford and Schwartz (1963)]. So the canonical
functions obtained from the spectral analysis S, ,, are not convergent esti-
mators of the ¢,’s and ;’s.

m

For determining an estimator of S, we must first look for a trivial
eigenvector of R, , associated with the eigenvalue 1.

LEMMA 5.1.  Almost surely, (V{"™)"*a™ is a unit eigenvector of R, ,,
associated with the eigenvalue 1.

This lemma shows that

S, .=R

n,m

o = (V) 2ar ] o (Vi) ar]
may be an estimator of S,. From the previous convergence results, it is a
convergent estimator.

Putting rg-™(X,Y) = ®,(A, ,,), we obtain the following proposition.

ProposITION 5.1.  If ® is a continuous symmetric nondecreasing function,
then, almost surely, ri"™(X,Y) converges as m — +x to ri(X,Y).

PrOOF. Since S converges almost surely and uniformly to S,, there

n,m

exists [see Dunford and Schwartz (1963)] a permutation o of {1,..., p,} such
that, for all i €{1,..., p,}, A};}} converges almost surely to A}. Let us put
Ap™ = (A7 )1 << p,- Then by the continuity of ®,, which comes from that of

®, ®,(A»"™) converges almost surely as m — +» to ®,(A,). By the symmetry
of ®,, one has ®,(\}™) = ®,(A, ,,) and the result follows. O

REMARK 5.2. In practice, for computing an estimate of the measure of
association when data (x,, y,); ., ., are observed, one must first transform
these data by the chosen functions ¢ and " so as to obtain two matrices
(¢/'(x},)),; and (¢"(y,));, ;- Then, after centering the columns of these matri-
ces, one has to calculate the usual canonical analysis from them. So the
required estimate is ®,(l), where [ is the sequence of canonical correlation
coefficients.

5.2. Asymptotic distribution of the estimators. Here we determine the
asymptotic distribution of rj»™(X,Y), both in the general case and when X
and Y are independent random variables.
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From now on we assume that the considered symmetric nondecreasing
function ®, is twice differentiable in an open set & containing A and each A,
and that there exists areal M, > 0such that, for any x € @, the second- order
differential D2®,(x) at x satlsﬁes ID*®,(x)ll < My, (of course, || is the
norm of continuous bilinear forms).

Moreover, let Aj+,..., A¢* be the sequence of eigenvalues of S, arranged in
strlctly decreasing order ()\”* /\”*) For each i =1,...,s, we set

= {J; A} = A]+}; from the properties of CI> (see Section 7. 4) (0D /dx,)A,)
1s constant for k e Let Ki (1,) be this constant We assume that there
exists i €{1,...,s,} such that K} (A,) # 0. Then we have the following
proposition.

PROPOSITION 5.2. Vm (r»"™(X,Y) — rl(X,Y)) converges in distribution,
as m — +«, to a centered Gaussian random variable with variance oy, | 2(A,) =
on Kq, (A )Kq) (A,)o%, where o} is a real number depending on the
canomcal terms provzded by the spectral analysis of S,,.

The entire expression of ;7 can be found in (7.4).

If X and Y are independent random variables, then A, = 0 and oy, | 2(A,) =0
(see Section 7.6). So Vm (r»™(X,Y) — ri(X, Y)) converges in probability, as
m — 4+, to 0. Nevertheless, assuming that the constant K, = (9®/dx,)0)
is different from 0, we have the following proposition.

PROPOSITION 5.3. When X and Y are independent, mKy'ri™(X,Y) con-
verges in distribution, as m — +, to X(zp g, 1)

REMARK 5.3. It is interesting to note that these results hold whatever
type of approximation has been chosen for approximating NLCA. Thus, this
lemma is a generalization of the properties of the chi-squared index estima-
tor.

6. A class of independence tests. These results permit us to construct
a class of tests based on measures of association described above.

6.1. Constructing the test. The independence hypothesis of X and Y,
which is denoted by H,, is equivalent to the fact that r (X,Y) = ®(A) = 0,
where ® is a suitable symmetric nondecreasing function. Since we have, in
practice, an approximation of the measure r,(X,Y), we replace the latter
hypothesis by ri(X,Y) = ®,(1,) = 0 (this new hypothesis is denoted by
Hi ), where n is assumed to be sufficiently large. So we can choose
re™X,Y)=®,(), ) as a test statistic. Of course, concretely, this test
works with A, . ; so it will be a test with an asymptotic level of significance.

The limitlng distributions of r3™(X,Y) under the null hypothesis and its
alternative r3(X,Y) # 0 come from Propositions 5.2 and 5.3, respectively.
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The approximated critical region (for a significance level «) is
Com(a) = {Kglrg™(X,Y) > m 12},
where ¢! is such that P(x% _,,, 1) > tl) = a.

6.2. Convergence of the test. The following proposition shows that the test
is convergent.

PROPOSITION 6.1. Under hypothesis H{ : rg(X,Y) > 0, for each o€
[0,1], one has lim,, , .., P(Cg’"’”(a)) = 1.

ExaMPLE 6.1. Let ® be the symmetric nondecreasing function ®(x) =
1 —exp(—X'”; |x,D. Considering the approximation of centered NLCA ob-
tained from step functions (see Example 4.2), an estimator of the related
measure of association is given by

re™(X,Y)=1- exp(— kil( pgvm)z) =1- exp(—tr(Sn’m)).

By a simple calculation, the expression of tr(S, ,,) may be given and the
previous relation becomes

2
n,m _ . n,m,n,m
Pn In (pij PP )
K
i=1j=1 b D,

I"(ﬁ’m(X,Y) = 1—exp(— Z Z n,m,n,m

n,m

where p/:™, p/»™ and p!;™ denote the usual estimators (frequencies) of the
probabilities p/, p/ and p’;, respectively, derived from a sample of size m.
So we obtain a test based on the chi-squared independence test statistic.

6.3. Simulations. In this section, we illustrate the previous procedure for
testing independence by applying it to various data sets. In order to evaluate
performance on finite samples, the procedure is applied to simulated data
from bivariate random variables (X,Y) with known distributions.

The objective is to estimate the powers of some tests of our class and to
compare these powers to those of classical independence tests. In all the
examples, we considered the symmetric nondecreasing function

PN

®(x) = 14+ % Ix,]

The estimates of the related measure of association were computed by
using the NLCA approximations provided by step functions (see Example 4.1)
and B-spline functions of orders 2 and 3. All these functions were obtained
from a partition of R using dyadic intervals as in Example 4.2. The induced
independence tests were to be compared in terms of power with the test based
on the empirical correlation coefficient » and the nonparametric Spearman’s
tau and Kendall’s rho tests. In all the examples we used level of significance
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a = 0.05. For computing the power estimates, in each of the following exam-
ples, 100 data sets were generated, each set consisting of a number of
bivariate observations. For the NLCA approximations, we took n =1 or
n = 2. All the results are given in Table 1.

Our first example consists of m bivariate observations (x,, ¥.)1-4 -
generated from the pair (X,Y) such that X has the standard normal
distribution and Y = X 2. One can see that, for this example, the tests of our
class (step functions, spline 2 and spline 3) are more powerful than others.
Although these results are not surprising because, for the considered model,
X and Y are uncorrelated; the results illustrate that our tests are more
appropriate for testing independence. Indeed, they report on independence
without any assumption on the distribution of (X,Y ) whereas the tests based
on r, Spearman’s tau and Kendall’s rho detect only the lack of correlation,
which is not generally equivalent to independence. Of course, this first
example is a little extreme because Y depends on X through a function.

As an example where the dependence between X and Y is not functional
but stochastic, we generated 500 bivariate observations from a pair (X,Y)
having the uniform distribution on the unit disk D = {(x, y) € R%; x2 + y2 <
1}. In this example, X and Y are also uncorrelated. Even in this case, our
tests lead to greater values for the power estimates than the classical tests.

The next issue we address is how do our tests perform, relative to the
classical tests, when the data are generated from correlated random vari-
ables. We generated 500 observations from a bivariate random variable
(X,Y) having the standard normal distribution with correlation coefficient
p = 0.8. In this example, the classical tests are more powerful, the tests with
B-spline approximations give a good level for the power estimates and the
chi-squared type test (step functions) is less interesting. The superiority of
the classical tests does not surprise because one knows that, in the bivariate
normal case, the r-test is uniformly the most powerful. These last results lead
us to research what happens in the nonnormal case.

TABLE 1
Power estimates for (X,Y) having several distributions, level a = 0.05: I,Y = X? and
X ~ N (0, 1); II, uniform distribution on the unit disk; III, bivariate standard normal
distribution with p = 0.8; IV, mixture Py ¢ o5 with 6 = 0.50; V, mixture P, 55 with 6 = 0.75

Powers
n m Step functions Spline 2 Spline 3 r Rho Tau
I 1 200 1.00 1.00 1.00 0.43 0.10 0.23
2 400 0.95 1.00 1.00 0.44 0.14 0.24
IT 2 500 0.81 0.99 0.99 0.03 0.03 0.02
II1 2 500 0.38 0.99 0.73 1.00 1.00 1.00
v 2 500 0.41 1.00 1.00 0.51 0.78 0.81
A% 2 500 1.00 1.00 1.00 0.39 0.33 0.44
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For 0 € [0, 1], let P, , be the mixture
Py ,=0Q,+(1-0)Q, ,,

where @, is the distribution of the bivariate random variable (X, X?) such
that X has the standard normal distribution and @, , is the standard
bivariate normal distribution with correlation coefficient p. Our last example
consists of 500 bivariate observations generated from the distribution P, ,
with p = 0.25. Clearly, a pair (X,Y) with such a distribution consists of
correlated random variables X and Y and is nonnormal if 6 # 0. The results
suggest that, for data coming from a nonnormal population, our tests perform
better than the classical tests. They illustrate that, unlike ours, the r-test is
not robust with respect to departures from the normal distribution and shows
the value of our procedures as nonparametric tests for independence. Al-
though the Spearman’s rho and Kendall’s tau are also nonparametric, it
seems that they generally induce smaller values for the power estimates than
ours.

Another fact which emerges from the table is that the tests with B-spline
approximations of NLCA are generally more powerful than the test based on
the chi-squared index (step functions). This raises the possibility to improve
the power of the chi-squared test by using other NLCA approximations.

7. Proofs.

7.1. Proof of Proposition 4.1. The sequence of eigenvalues of Il,,Il,,
arranged in decreasing order and repeated according to multiplicity is X, =
(A},..., A2 ,0,...) and that of EXEY is A = (p?);_,, . From Lemma X1.9.4
in Dunford and Schwartz (1963), it follows that,

Vi=0,...,N, |A:L_pl2|S||HW§HW{]L_[EXEY”,

.....

where || - || denotes the usual operator norm.
Thus

X, = All. < IITL,,TL,, — EXEY.

Since IT,,11,, converges uniformly to EXEY, the latter inequality shows
that (X,),.n converges in ¢, to A. We deduce that, for all continuous
nondecreasing functions & having the specified properties, one has
lim, , ., ®P(X,) = ®(1). O

7.2. Proof of Lemma 5.1. Let us put ul = (¢(X)),..., ¢/(X,)) and
vl = ("(Y)),..., ¢ (Y,)). For all ® € (, the linear map

pn
L (w): a €RPr > ) au’(w) €R™
i=1
admits the adjoint operator

L(o)*:yeR" = (..., {(u}(w),y)rn,...) € R,



NONLINEAR CANONICAL ANALYSIS 1269

Denoting by M,(w) the analogue of L,(w) with respect to the v/'(w)’s,
Jj=1,...,q,, one can verify the following equalities:

mV{""(w) = L,(0)*L,(w), mVy""(0) =M,(0)*M,()

and
mViy"(w) = M,(0)*L,(w).
Putting
A (0) =m (V" (0)  L,(0)*
and

B,(0) =m 'M,(0)(V5"" (@) M,(w)*,
since (4.1) implies L, (w)a” = M,(w)B", we have
B,(0)L,(0)a" =B, (0)M,(0)B" =M, (0)B" =L,(w)a";
thus
n,m “rn,m n,m “YLYrn,m n
(Vi""™(w)) Vig"(o)(Vs""(w)) Vi™(w)a
=A(0)B,(0)L,(0)a"=A,(0)L,(0)a” =a".
Premultiplying this last equality by (V*™(w))/?, we obtain
R, (0)(Vi""(@)) " = (V/"(0) " an.

The result comes from the equalities

n,m 172 p 2 n,m n n -1 n||2
(Vi m (@) e g = (Vi (@) a®, a™yge = m= UL, () a3

and the fact that, from (4.1), we have ||L (w)a"||gs = m. O

7.3. Asymptotic distributions of S, ,. Here we determine asymptotic
distributions of the random operator S, ,, both in the general case and when
X and Y are independent random variables.

In this section, when E and F are two Euclidean spaces Z(E, F') denotes
the space of linear maps from E to F. When E and F' are identical, it is
denoted by Z(E). For a pair (u,v) in E X F, the tensor product z ® v is the
element of Z(E, F) defined as,

VheE, (v ®v)h =<u, hygv,

where ( -, - )g denotes an inner product in E. The tensor product of operators
is denoted by ® and it is defined as previously, relative to the inner product
(A | B) = tr(AB*), where tr denotes the trace operator and B* is the adjoint
of B.

Without loss of generality, we can assume that the systems (¢"); .,
and ("), .;., are orthonormal in L?(Py) and L?(Py), respectively, and
that p, < g,. Hence, one has V{" = I, , V;' = I, and R, = V{3,V,;, where, for
all p € N*, I, stands for the identity of R?.

Denoting by r, the range of R,, we consider (A}),.;., _; the decreasing
sequence of nonzero eigenvalues of R, (/') _;., _; a sequence of orthonor-
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mal eigenvectors of R, such that e is associated with A7, and we put
hi = (p/)~V3ie], where p' = N

Completing the above systems so as to obtain orthonormal bases
(e/)o<i<p —1and (h})g_; ., _; of RP» and R respectively, one has

pp—1 q,—1

(7.1) e"(X) = X flel and y"(Y)= ) glhl,
i=0

i=0
where [ = (¢p"(X), el )rr» and g = (y™(X), h})re. These last variables

13

are the canonical variables, so we have f =g} = 1, and, for i > 0 and
J>0,
E(f") =E(gf) =0, E(f'f}) = &
[E(ging;l) = 0;; and [E(fing;l) =0;; P
where §;; denotes the Kronecker symbol.
Considering the random variable

no= XA = 8) — 2N (frgl — AT 8,)
VAL (glgr — 8i) + Sio(fit — 84o)s

we have the following lemma.

LemMMA 7.1. The random operator U, , = \/E(Sn,m — S,) converges in
distribution, in Z(R?:), as m — +«, to a centered Gaussian random opera-
tor U, with covariance operator

K,=i X Y EFRFp)T, @ 1,

0<i,j<r,—-10<k,l<p,—1
where 7/, = e ® e} + e ® el
Proor. We can write \/Z(Sn’m -S,) = \/E(anm -R,)+C, ,, with
n,m —M([(V{“m)lﬂan] ® [(Vln’m)l/za”] —a”®a”)
i ([((vem =)o o (v -1, o]

—I—[((V{“’”)l/2 — Ipn)a”] @ a" + a" ® [((Vl"’m)l/2 — Ipn)a”]).

c

Putting
Z" = (e"(X),9"(Y)), Z!=(e"(X)),v"(Y))),

V,=K2z"®Z") and V, , =m 'Y Z'e® Z!,
i=1

we deduce from the central limit theorem that the random operator
H, B = \/E(Vn’m — V) converges in distribution, in A(R?»"9), as m — +o,
to a centered Gaussian random operator H, having the same covariance
operator as Z" ® Z".



NONLINEAR CANONICAL ANALYSIS 1271

For each element S of #(R”»*9:) one can associate a matrix (relative to
the canonical basis of R?»%9») in the form

S 1 SIZ

S 21 S 2 ’
and, identifying each operator with its matrix, let us consider the following
operators:

u;: SeZ(RPn*n) » 8, e Z(RPn),

Uy: S€ L(RPHI0) > S, € (R, RPn),

uy: Se Z(Rretin) — 8y € Z(RP»,RI),

u,: Se Z(RPa*90) » S, e Z(R?).
From the equality

-1
(Vi) =, = (v )V )

p

we deduce C, ,, = B{""(H, ,) + By>"(H, ,), where B{""™ and Bj*™ are the
following random operators:

-1
BE(8) = —m 2 |w(S) (v 1) e

®

w(S) (Vi) +1,) "),

By (S) = -

w(S)((Vi) 4 1,) ] @ ar

+ a” ®

uy (S) (Vi) + Ip")_lan].

Almost surely, as m — +o, B{»™ converges uniformly to the null operator
and BJ'™ converges uniformly to the operator defined as

B3(S) = —271((5'101") ®a" + a" ® (Sla”)).

Moreover, one knows [cf. Pousse (1992)] that we have
6
\/E(Rn,m - Rn) = Z Bjnym(Hn,m)’
j=3
where B/"™, 3 <j < 6, is a random operator which converges almost surely
uniformly as m — + to an operator B, with

Bi(S) = —3(wi(S)R, + R,uy(85)),  BJ(S) = uy(S)V3i,
B (S) = Vizus(8), Bg(S) = —Viuy(S)Var.

Hence, we have the equality

6
Un,m = ‘/n_/L(Sn,m - Sn) = Z Bjn’m(Hn,m)’

Jj=1
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from which we deduce that U, , converges in distribution, as m — +©, to
the centered Gaussian random operator U, = £5_, B/(H,). The covariance
operator of U, is that of £¢_, B(Z" ® Z" — H(Z" ® Z™)). From relation (7.1)
and the spectral decompositions

+ o0 + oo
R,= )Y Me'®e' and V= ) /A'h! ®el,
i=0 i=0

we obtain
B} (Z"® Z" - E(Z" ® Z™))
Tn-1 Pn-1
= _% Z Z aio(fkn - BkO)ein ®ey +e; e,
i=0 k=0
B (Z"® Z" - E(Z" ® Z™))
Tn-1 Pn-1
=—3 N(fPfE — 8;)el ®ep +ep ®ef,
i=0 k=0
and

Tn-1 Pn-1

Bi(Z'®Z" ~KZ"®Z") = ¥ ¥ VAI(figl — A 8 )el ®ef,

i=0 k=0

rnfl pnfl
Bi(Z"®Z"'—K(Z"®Z") = ¥ ¥ AI(frgl — X 8,)el ® el

i=0 k=0

Tn-1 Pn-1

By(Zr®Z" —E(Z"®Z")) = ¥, Y XX} (glgl — du)el ® ef.

i=0 k=0
From these equalities, we deduce
6 Tn-1 Pn-1
Y BN(Z"eZ"-KZ"®Z") = -3 X X Fith,
j=2 i=0 k=0

where 7/, = e ® e} + e, ® e'. Thus, the covariance operator of U, is as
stated in the lemma. O

LEMMA 7.2. When X and Y are independent random variables the follow-

ing hold:

1. The random operator \/ﬁSn,m converges in probability in Z(RP»), as
m — +x, to the null operator.

2. The random operator mS, , converges in distribution, in Z(R?"), as
m — +w, to a random operator %, having the Wishart distribution
W, _(q, — 1,1, ), whereI, _, is the identity map of R”»'.

PrOOF. When X and Y are independent, we have
" =Ey"(Y) ® ¢"(X)) =E(y"(Y)) ® E(¢"(X)).
From (7.1), E(¢"(X)) = ej = o™ and E(yy"(Y)) = h{; hence
S, = Viy"Vi" — o ® ot

=(v§®EN(Ef V) —a"®a” =@ & —a”®a” =0.
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Moreover, since r, = 1 (thus, for i > 1, A’ = 0), we deduce that, for all
pairs (i, k), the random variable F/; is almost surely null. So K, is null and
thus U, is the constant random operator equal to 0. From Lemma 7.1 it
follows that Vm S, converges in distribution (thus, in probability) in Z(R?~),
as m — +o, to the null operator.

Considering the operator u, introduced in the proof of Lemma 7.1, we have

mS

n,m

n,m\~1/2yrn,m n,m\ lyrn,m n,my~1/2
=m(V"") / Vig™(Va™) Ve m(vit™) /
n,m\—1/2 n.my—1 n.my\—1/2
= (V™) / uy(H, ) (Ve ™) ug(H, )" (V™) 2

Hence, mS, , converges in distribution, as m — +=, to the random
operator 7, = u,(H,)u,(H,)*. Since H, is a centered Gaussian operator,
so is u,(H,). Its covariance operator is equal to that of u,(Z" ® Z" —
E(Z" ® Z™)). Using (7.1) we obtain

pPn—1 q,—1
uy (Z"®Z" —E(Z"e® Z")) = Z Z fi”gj"h;‘ ®el.
i=1 j=1

Thus we can write u,(H,) = Xf21" L9yt 207 ® ef!

Lh i, where z[' is a real
random variable which satisfies

[E(ZianZZ) = [E(finfkng;lgln) = [E( ﬁnfkn)[E(gfgzn) =& 511-

This last equality shows that the g, — 1 column vectors of the matrix relative
to uy(H,) are independent centered Gaussian random vectors having a
covariance operator equal to I, _;. Hence, 7, has the Wishart distribution
W, (g, — 11, ). 0O

7.4. A property of symmetric nondecreasing functions. In Section 5.2 we
have stated that (d®,/dx,)(A,) is constant when % belongs to .#" and that
(0®,/x,)0) is equal to a constant whatever is the value of % in {1,..., p,}.
Here we prove a property of symmetric nondecreasing functions from which
these assertions are deduced.

Let @ be a symmetric nondecreasing function defined on R”. For any
vector x = (xl,...,xp) € R?, the xs are valued in a set which will be
enumerated in the form {x7,..., x*}, r < p, where x¥ > x5 > --- > x*. For
i=1,...,r,weset E(x)={k; 1<k <p, x, =xF}.

LEmMMA 7.3. If ® admits first partial derivatives at x € R?, then there
exists a real Kg(x), i =1,...,r, such that, for any k € E(x), one has
(0®/dx, x) = Ki(x).

Proor. Let @, , be the kth partial map of ® at x, that is, the map
defined on a suitable subset A, of R?” by ®, (¢)=®d(xy,...,x, 4,1,
Xpi1s---5X,). Let s, be the cardinality of E,(x); since ® is a symmetric
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function, for » € R, k € E,(x) and j € E,(x) with j # k, one has

O, (x, +h) =c1>(x>f,...,xf,...,x7 +h,x?‘,...,x?‘,...,x;“,...,x;")
s; terms s; terms s, terms
=®;, (x; +h),
from which it follows that
P Q) (xp +h) — Dy (%)
—(x) = lim — ’
dxy, h—0 h
b (x;+h)—D (x; P
_ 11m Js ( J ) Js ( J) — _(x) 0
h—0 h &xj

As a consequence of the previous lemma, we have that, if ® admits first
partial derivatives at the null vector of R?, since E(0) ={1,..., p},
(0®,/dx,)0) is constant when % belongs to {1, ---,p}.

7.5. Asymptotic distribution of ri’™(X,Y) in the general case. Here we
consider notation and assumptions introduced in Section 5.2. Almost surely,
we can write

q)n(/\n,m) - q)n(An) = Dq)n(An)(An,m - /\n) + R(Dn( /\n,m? /\n)
By Taylor’s formula we have, almost surely,
Mq,n
2
where || - [|g» is the usual Euclidean norm of R”.

(7.2) IRo (A s Ayl < A, = Agllion,

n,m?

LEMMA 7.4. The random variable Vm Rq,n()\
ity, as m — +o, to 0.

A,) converges in probabil-

n,m»

ProoF. Let us put U, ,, = Vm (S, ,, — S,). From Lemma 7.1, we know
that U, ,, converges in distribution, as m — +«, to a centered Gaussian
random operator U,. Considering the orthogonal projector @*™ onto the
eigenspace of S, , associated with A}>™, and the random operator

gin’m(Un,m) = \/E(Qin’msn,inn,m - )\?*an’m)’
one knows that [see Dossou-Gbete and Pousse (1991)] that the sequence

(Vm (Ap™ — AF)), o s consists of all the eigenvalues of ¢ ™(U, ,,). Hence
pVL

Y (Ym (A =AY

i=1

- Y X (mOp - )
=1kes"”

HM()\n,m - )\n)”él)"

13

Z tI‘( gin’m(Un,m)gin’m(Un,m)*)’
i=1
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where tr denotes the trace operator. Since (¢ ™ (U, ,,)); ;. converges in
distribution, as m — 4+, to the centered Gaussian random variable
(&" U<, where £"(U,) = Q!'U,Q] and @ is the orthogonal projector
onto the eigenspace of S, associated with A!* [see Dossou-Gbete and Pousse
(1991)], the random variable [Vm Ay — /\,)H%@pn converges in distribution to
Yo tr( MU ENUD*). From (7.2) it follows that

M,
2Vm

|\/ER<IJ,L( /\n,m’ /\n)l = ||M()\n,m - )‘n)Hﬁp”’

and the assertion follows. O
PROOF OF PROPOSITION 5.2. From the previous lemma, we deduce that the

random variables Vm (®,(1, ,,) — ®,(1,)) and Vm D®,(A, XA, ,, — A,) have
the same asymptotic distribution. Moreover, we have

%Dq)n(/\n)(/\n,m - /\n) = Z Ix (/\n)‘/ﬁ(/\?’m - /\:L)
i=1 i
5 ID,
Y e op - )
i=1kesm %k

Sn

Y Ky (A)tr( & (U, ),

i=1

this random variable converges in distribution, as m — +«, to the random
variable v, = Xir; Kg (Atr(E2(U,)). As (£(U,)), ., ., is centered Gauss-
ian, so is v,. The variance is

s

(73)  o2(A) = X X Kb (A)Kh (A)E(tr(£7(T,))ee( £2(T,)))-

i=1j=1

Let us introduce the usual inner product (A | B) = tr(AB*) of rank finite
operators. We can write

E(tr(&"(U,))tr(£7(U,)))
— E((&"(U,) & &(U))(1,) 1 (1,,))
- E(uf(er@ & g@)(1,)) = Elunl(& (U, & U) &) (3,,))
= E((&'K, &)(1,,)) = tr((&" (K.(QD))))-

From the expression of K, and the equality @ =X, »e; ® e we
deduce

K,(Q')=2" X > Y E(EF,F)mis

pef" 0<k<r,—-10<l<p,—-1
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hence
1
gjn(Kn(an)) = QJn(Kn(an))QJn = E Z Z [E( pnp qnl)Tqr?’
PeS (q,De(FM?

and it follows that

tr((fJn(Kn(Qtn)))) = Z Z [E(Fponqnq)'

pecfl'ﬂ qE]]n
Consequently, the variance is
0'(1,2"()\”) = Z K(ll)n(/\n)K{Dn()\n)a-z;’
1<i,j<s,
with
(7.4) o = Y oy [E(Fp”qu”q). O
pPES" qeF"

7.6. Asymptotic distribution of r§"™(X,Y) in case X and Y are indepen-
dent. When X and Y are independent, one has A, = 0 and since for all pairs
(i, j) we have F/: = 0 (almost surely) we deduce from (7.4) that o5'(1,) = 0.
Otherwise, almost surely, we can set ®,(4, ,,) = D®,(0)(A, ) + Ry (A, ,,,0),
and we have

n,m»

M,

(7.5) IRy (Ay s 0)] <

2
n,m? ||An’m||Rp"-

LEMMA 7.5. The random variable m Rq,n()\ 0) converges in probability,

as m — +x, to 0.

n,m?

Proor. Let A be the continuous function which associates with each
operator the decreasing sequence of its eigenvalues. Since Vm (S, ,) con-
verges in distribution (m — +) to 0, using Theorem 5.1 in Billingsley
(1968), we obtain the following convergence in distribution (thus, in prob-
ability):

lim [Vm A, ,llze. = lim IA(Vm (S, ) )lren = 0.
m— + o

m-— +x

In consequence, Lemma 7.5 is deduced from the fact that, using (7.5), we
have almost surely

MRy, (Ay > 0)| < 27 My IVm A, 30 O

PrOOF OF PROPOSITION 5.3. We deduce from the preceding lemma that
m®, (A, ) has the same limit distribution as mD®,(0)(A, ,,). Since we have

Pn

i1 9%;

n

(O)m)\?’m = KCDn t-’r(rnSn,m)’
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the limit distribution of mKg'®,(A, ) is that of tr(mS, ). The latter is
the distribution of tr(%7,), that is, the chi-squared distribution with (p, — 1) X
(g, — 1 degrees of freedom. O

7.1. Proof of Proposition 6.1. Under H{ , one has [®,(), )l > 0. Let & be
a real number such that the inequality 0 < & < |®,(A,)| holds. Then

(7.6)  P(/I0,(A,,)] = [0,(A)I] < &) < P(I9, (A, )| = 10,(1,)] = &) < 1.

Since |®,(A, ,,)l converges in probability, as m — +=, to |®,(A,)], one has
the convergence of P(||®,(A, ) —[®,(A)I| < &) to 1. Then from (7.6) we
deduce that

P(IK3! ®,(A, ) = 1K (19,(1,)] — )
converges, as m — +», to 1. Moreover, for a sufficiently large m, one has
m=tl <|K'(1P,(A,)] = €).
It follows that, for some m,, if m > m,, then we have
P(IKG @, (A, )l = 1Kol [(19,(A,)] = €))
< P(IKy!®,(A, )1 >m ) < 1.
From this inequality, we deduce the equality

lim P(m|Kg'®,(A, ,)>¢) =1 i

m-— +oo
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