The Annals of Statistics
2002, Vol. 30, No. 2, 498-527
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We consider the problem of estimating the distance from an unknown
signal, observed in a white-noise model, to convex cones of positive/mono-
tone/convex functions. We show that, when the unknown function belongs
to a Holder class, the risk of estimating the L, -distance, 1 <r < oo, from
the signal to a cone is essentially the same (up to a logarithmic factor) as
that of estimating the signal itself. The same risk bounds hold for the test of
positivity, monotonicity and convexity of the unknown signal.

We also provide an estimate for the distance to the cone of positive
functions for which risk is, by a logarithmic factor, smaller than that of the
“plug-in” estimate.

1. Introduction. Let a nonparametric signal f: [0,1] — R be observed
according to the standard “signal + white noise” model, so that the observation

is a realization of the Gaussian random process X ,{ ()on|[O0,1]:
(1) dX/ = f@ydt +n7"2aw@),  0<r<1,X/(0)=0;

here W (-) is the standard Wiener process and the parameter n plays the role of
“volume of observations.” We know that f is regular (belongs to a given Holder
ball X, see below) and are interested in doing either of the following:

(I) Estimate the distance
Q. [fI1=mf{|lf —gl g €M}

from f to a given cone M in the space of functions on [0, 1]; here r, 1 <r < oo,
is fixed, and |||, is the standard L,-norm on the unit segment. To be more
specific, we consider the particular cases when M is the cone of (i) nonpositive,
(i) monotone or (iii) concave functions.

(I) Decide whether or not the signal belongs to the cone M; more precisely,
distinguish between the hypotheses

Hy: feM
and

He: ®,[f]>e.
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We quantify our abilities to handle (I) and (II) by the minimax risks defined as
follows:

1. For (I), the minimax risk is

Riq(n) =inf sup E{|FIX]]1— @, [£]]},
F fex
where the infimum is taken over all estimates [Borel, w.r.t. the uniform metric,
functionals of observation (1)] and E stands for expectation over the noise
affecting the observation.
2. For (II), the minimax risk (“resolution”) is

R*(n) =inf{e | Hy and H, are p-testable via observation (1)},

where p-testability of the pair Hy, H. via observation (1) means that there
exists a test—a Borel functional T'[-] taking values in {0, 1}—such that
) sup Py meets ol T[X; 1= 1} + sup P meets . {T[X;]1=0} < p,
fes fex
for p small (say p < 1/8). Here the probability is taken w.r.t. the distribution
of noise affecting the observation.

As usual, we are interested in the asymptotic behavior of the minimax risks as
n— oo.

We focus on the case when the set ¥ of signals in question is the Holder ball
X,(B, L) specified by the triple of parameters f > 0, L > 0 and p > 2L. It is
defined as the set of all bounded continuous functions f: [0, 1] - [—p, p] which
are m = | — 0] = max{m € Z : m < B} times continuously differentiable and
such that the mth derivative is Holder continuous, with exponent y = 8 — m and
constant 2L:

F @ — fM @ 2Ll =P v €0, 1.
Note that the minimax risk of recovering ®,[ f], f € X, cannot be worse than the
minimax risk
3) R =infsup E(| F(X]) = fll} = O(LYFTDp=PIFD)
f fex

of recovering signals f € X, the estimation error being measured in the ||-||--norm.
This observation is an immediate consequence of the fact that ®,[-] is Lipschitz
continuous with Lipschitz constant equal to 1 in the ||-||,-norm. So the worst-case
risk over f € ¥ of estimating ®,[ f] by the “plug-in” estimate

F(Y)=a,[f(V)],

associated with an estimate f(-) of f, is not worse than the worst-case ||-||,-risk
of f itself:

sup E{|®,[F(X{)]— @[£11} < sup E{IF(X) — £l).
fex fex
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Taking the infimum over f we come to

Req(n) < R(n),

est

as claimed.
Now, the minimax risk R*(n) in the hypothesis testing problem (II) cannot be

“essentially worse” than R, (n) and thus it cannot be essentially larger than R (n):

“) R*(n) <32R4(n)  [<32R(n)].

est
Indeed, given an estimate F of @[ f1 with certain worst-case (w.r.t. f € X) risk
R, we can convert it into the following test of Hp against H3pg: given X,{ , set
T = {F(X,{) < 16R} and claim that the true hypothesis is Hy if T =1 or H3pp if
T = 0. It follows immediately from the Chebyshev inequality that the resulting test
satisfies (2) with p = 1/8, ¢ = 32R; thus R*(n) < 32R. Since R can be chosen
arbitrarily close to R (n) it implies the inequality (4).

Our results can be summarized as follows: suppose that the “degree of
regularity” B of our signals “is coherent” with the hypothesis Hy (namely, 8 > 1
when M is the cone of nonincreasing functions and 8 > 2 when M is the cone of
concave functions). The latter assumption, roughly speaking, says that the degree
of regularity of functions from M is not better than the a priori known degree of
regularity of our signals. Then the main result of the present paper (Theorem 1
below) states that the “plug-in” estimate of ®,[-] and the associated test for
distinguishing between Hy and H, are “nearly optimal.” That is, their performance
cannot be improved by more than logarithmic factors. Specifically, we prove that
for any sufficiently large observation sample length n one has

(5) R*(n) > CB, RMInRm) P, cB.r) >0.

Note that (5) combines with (4) to imply that all three quantities R*(n), R, (n),
R(n) are “nearly” (up to factors logarithmic in these quantities) the same:

L1/QB+D) ,,—B/2+1)
( In? (n)

) < R*(n) < O()RE,(n)

(6)
< O(LV/CF+D,~B/@B+D),

The outlined result deserves some comments. From the sizeable literature on
estimating functionals of nonparametric signals and nonparametric hypothesis
testing (see, e.g., [1-27, 30, 37] and references therein) the following are known:

1. Typically, the minimax risk associated with a nonparametric hypothesis testing
problem used to “decide whether the signal underlying observations belongs
to a given set X or is at a ‘large’ |-||,-distance from the set” is essentially
less than the risk at which one can estimate the ||-||--distance from the signal
to the set X. For example, when X = {0} (“decide whether the signal f
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underlying the observations is nontrivial”’), the minimax risk, on X,(8, L), in
the testing problem is O (n=2A/@+D) for 1 <r <2 and O(n=P/GB+1=1/r))
for r > 2 [20], [37]. However, the minimax risk, on the same set X,(8, L),
of recovering || f||, is, up to factors logarithmic in n, the plug-in risk
O (n=P/2B+1)y, except for the case when r is an even integer [29]. To the best of
our knowledge, the phenomenon observed in the current paper, which we refer
to as the “near optimality” of the simplest plug-in schemes, both in hypothesis
testing and estimating the distance from f to X is new.

2. The minimax risk, w.rt. ¥,(8, L), of recovering a “good” functional F[f]
is essentially better than the risk R(n) = O(n=P/2B+Dy of recovering the
signal f itself. For example, when F is smooth (Frechet differentiable on
L, with Holder continuous, with exponent y, gradient), F' can be recovered
(cf. [11], [12], [16]) on X, (B, L) with “parametric” worst-case risk on=Y?%.
Even a nonsmooth (although otherwise “simple”) functional F[f] = || f|l2 can
be recovered on X,(B, L) with risk O (n—*F/4B+Dy [17], which still is much
better than the risk R(n) of a nonparametric estimate f of feX,(B,L) in
the ||-|l2-norm. Relation (6) says that this nice phenomenon disappears when
instead of estimating the ||-||2-distance from f to O (or from f to a linear
subspace in Ly—the latter problem turns out to be essentially as good as the
one of estimating || f||2) we want to estimate the ||-||»-distance from f to a
less trivial (although quite natural) convex cone, say, the one of nonpositive
functions.

The outlined “near optimality” result states that the plug-in estimate or test
related to ||-||--distances from the cones of nonpositive, nonincreasing or concave
functions is optimal up to logarithmic-in-n factors. A natural question is whether
one can replace “logarithmic-in-n” by “constant” here, that is, whether there is
a possibility of measuring the distances from nonparametric signals to the cones
in question asymptotically better than we can recover the signals themselves. We
demonstrate that such a possibility does exist in the case of (i), that is, when the
associated cone is the cone of nonpositive functions. However, we do not know
whether such a possibility exists in cases (ii) and (iii). Furthermore, the answer to
the following question would be of major interest:

(7) Let F[f] be a convex functional on the space CIO0, 1] of real-valued
continuous functions on [0, 1] such that F is Lipschitz continuous, with constant 1
w.r.t. the norm ||-|| (variant: let F[ f] be the ||-||--distance from f to a given convex
closed, in the uniform norm, subset X of C[0, 1]). Can F[ f] be estimated via the
observation (1) with the worst-case risk over X,(8, L) which is “better in order
than the plug-in risk.” In other words, is o(R(n)) as n — 0o?

In the case when F is the |-||,-distance from f to a closed convex set X, we
may pose a similar question about the risk of testing the hypothesis “ f € X versus
the alternative “the ||-||-distance from f to X is greater than or equal to £.”
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Recall that in all particular cases when the answer to (?) is known, it
is affirmative (e.g., the [|-[|,-norm of f € X,(B, L) indeed can be recovered
asymptotically better than f; see [8], [17], [18], [36]). Is it a “law of nature” or
merely a consequence of “simplicity” of the functionals F (sets X) which have
been studied?

There is another important point to be stressed about the result in (5). Up to now
we have only considered the case when the distance to the cone is measured with
the L,-norm with r < 0o. On the other hand, the L,-distance is a more sensitive
measure of discrepancy of functions on [0, 1]. Note that the minimax rates of
convergence for the problems (i) and (ii) for the risks associated with the Lo-
distance are well known (cf., for instance, [3], and the references therein). They are

of order O((n/log n)~PB/CP+D)  Furthermore, in the problem of the estimation of
the distance to the cone of nonpositive functions (testing the hypotheses about the
nonpositivity of f) even the sharp constant in the minimax risk has been obtained
in [30]. Quite recently, those results were extended to the case of monotone
functions in [6]. As we have already seen, in the problem studied in the literature,
the risks R} and R* for r < oo are essentially smaller than the risks associated
with the L-distance, which motivated the choice of L,-norm with relatively
small r in the test problems. An important consequence of the lower bound in
(5) is that in the problems considered in this paper there is no serious motivation
for using a distance other than L.

The rest of the paper is organized as follows. Relation (5) is carefully stated in
Section 2. Then a “better-than-plug-in” estimate of the distance from a signal to
the cone of nonpositive functions is built in Section 3. The proofs of the results are
collected in Sections 4 and 5.

2. Lower bound on R*(n). Let us fix a class X,(B, L) with p > 2L, an
r € [1,00) and a nonnegative integer ¢ < B, and let M, be the closure, in
the uniform norm on [0, 1], of the set of all C* functions with gth derivative
nonpositive everywhere. Let, further,

O, [fl1=inf{|f - gll- | g € My}

be the ||-||--distance from a continuous function f: [0, 1] — R to M. Note that,
forg =0, 1and 2, ®,[f]is the ||-||--distance from f to the cones of nonpositive,
nonincreasing and concave functions, respectively—the cones in which we indeed
are interested.

Given observation X,{ (r) in (1) of a signal f € £,(B, L) we are interested in
distinguishing between the following two hypotheses:

Hy: feMy;
He: ®,[f]>e.

Recall that we say the hypotheses Hy and H, are p-testable, n being the size of
the observation sample, if there exists a test 7'[-] [a functional of observation (1)
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taking values O or 1] satisfying (2), and we denote by R*(n) the infimum of those
¢ > 0 for which the hypotheses Hy and H, are 1/8-testable.
Our goal is to establish the following.

THEOREM 1. Let B > q. There exist C = C(B,r) > 0, & = ¥(B,r) and
M =M(B, p, L,r,q) such that for all n > M it holds that

s
o L CE+D 1 B/CEHD g () > C(%) -
nn

REMARK. When speaking about the cones of nonincreasing (¢ = 1) and
(g = 2) concave functions, we have assumed that the regularity of f is compatible
with the regularity of functions from the cone in question (i.e., respectively, 8 > 1
and B > 2). What happens when this assumption is violated? It can be easily
shown that here the plug-in estimates or tests become “essentially nonoptimal.”
Say, when B < 1, the minimax [on X,(8, L)] risk of recovering the ||-||>-distance
from f to the cone of nonincreasing functions is O (n~(1/3IN2B/@B+D)y - Thig
phenomenon is quite natural. Indeed, the degree of regularity of a monotone
function is “nearly 1.” (To be more precise, the Li-norm of the derivative f’ is
bounded.) So the projection fa of f on the cone of nonincreasing functions can
be recovered with the rate n—!/3 (see also [34]). Now, to measure the distance
from a “poorly regular” signal f to the cone of monotone functions is essentially
the same as to measure the distance from f to “the point” ﬁ, (cf. [28]). Thus the
minimax risk in this latter problem, as we have just mentioned, is significantly less
than R(n).

3. Distance to the cone of positive functions. Let us denote f(f)=
f(®1s)>0. We consider the problem of estimating from the observation (1) the
functional

1 1/r
olf1=lel = [ srwar)
We consider the maximal risk of the estimator CT),l:

RE(Dy) = sup Ef|®D, — O, f]
fex

’

where ¥ = X (8, L) is the Holder ball of functions such that || f||co < 1.

THEOREM 2. Forany 1 <r < oo there exist an estimator cT>,, and a constant
C such that, for n > no(L, B, r),

‘R:st(aﬂ) < CLl/(Zﬁ-H)(n lnn)—zﬁ/(25+1)_
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The proof of the theorem is presented in Section 5. The idea of the estimation
algorithm described below is as follows:

1. We start with the classical kernel smoothing ﬁ,(t) of the observation X (¢)
with some “bandwidth” k. The parameter £ is chosen in such a way that the
smoothing f(¢) of the function f is at the desired distance from f, so that to
estimate the distance @, [ f] it suffices to estimate the functional ®,[ f3].

2. To this end we use the technique suggested in [29]: we approximate the function
t"1;~0 with a trigonometric polynomial 7x of high order N and construct
the unbiased estimate Tg}(ﬁ, (1)) of Ty(fn(2)) [here Ty (:) is a trigonometric
polynomial of degree N with specially corrected coefficients]. Finally, we set
S = (fo Ty (Fu@)dn'r.

Let m be the largest integer smaller than § and let K (-) be a kernel of order m
with compact support. That is, K satisfies the conditions
K@) =0 for |t] > 1,

/K(t)dt:l,
/t’K(t)dt:O fori=1.....m.

Along with the kernel K we consider the corrected left kernel K ¥ (¢), supported
on [0, 2] and the right kernel K ~ (¢), with its support in [—2, 0], which satisfy the
moment relations above and have the same L;-norm.
Let [r] stand for the integer part of ». We define a partition function r(¢): Rt —
RT, r(r) > 0 such that its ([r] + 1)st derivative » "1+ (7) is bounded and
rit)y=1 ifr <1,
) O<r(t)<1 ifl<t<2,
ri)=0 if t > 2.

ALGORITHM 1.
Step 1. Set
h = (L*nlogn)~!/GPD,

and compute the smoothing

- 1 ! t—u
f(t)=zfo K( P )dX(u).

This is a standard kernel estimator of f(¢). In fact, to correct the boundary
effects we have to use, for ¢ € [—1, —1 + h], the corrected kernel K+ and, for
t € [1 — h, 1], the kernel K . To simplify the notation in what follows we use the
same notation K for all three kernels.
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Note that the estimate f (¢) possesses deterministic and stochastic components:

@) = fu(t) + M&n (o),

where

©) fh(f)Z%/OlK(t;M>f(u)du

and

e[ (o)

£ (0) 1 /1K<t—u) ~12 W () 1 /1K<t—u)dW( )
= — — In u)=——— — u).
e T\ IKIovido "\

Here ||-||2 stands for the Ly-norm and & (¢) is clearly N (0, 1). Hence

Efu(®) = fu(r),
Var fi (1) = E(fu () — fu(0)> =22
Step 2. Define the function g(¢) as
qt) =t"1,-0r().

Let o, k =0,1,..., be Fourier coefficients of q(-): ax = fOZq(t)wk(t)dt,
where

Yor (1) =272 cos(rkt /2), Yokt (1) =272 sin(rke /2).
Set
N = [0L~V/CHD (n1og )P/ 2F+D],
where 0 < 0 < «k, with
4
7K lav/rRB+ 1)
4

forr > 2,

(10) K=
forl <r<2.

TKll2v/2CB+ 1)

For k=0, ..., N we define the functions

Gok (1) = exp(r k222 /8) Yok (1), Pokp1. (1) = exp(aw kA2 /8) Yok 41 (t)
and the polynomial

N
(11) T ()= oy (1),

k=0
Finally, we define the estimator CTDn of @, as

~ 1 R 1/r
o, = (/0 T;’Ah(fh(t))dt) :
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4. Proof of Theorem 1. The idea of the proof realized below can be
summarized as follows. We construct a parametric family {G,(¢)} of functions
from ¥ and two discrete (and asymmetric) prior distributions o and p on the
parameter set which depend on n. We ensure that when drawn from the measure
wo random functions G,(¢) are in the cone M, while those generated from 1t}
“typically” have a “significant non-M,” part: ®,[G,] > §, with certain §, > 0.
Then assuming that the hypotheses Hy and Hj, are testable, it should be possible
to distinguish well between the two hypotheses on observations (1) saying that
the observations are associated with random G distributed according to priors g
and w1, respectively. On the other hand, we will show that our priors result in
the distributions of observations (1) too close to each other to allow for reliable
identification. Thus, the assumption that it is possible to distinguish well between
the hypotheses Hév and Ha{\: leads to a contradiction, whence R*(n) > §.. Note
that similar ideas are used in the study [19].

The technique used here is close to that in [29] and is rather nonstandard. For
instance, the prior measures o and 1 possess a number of moments, increasing
in n, that coincide. Their construction is based on the theory of Chebyshev
polynomials.

4.1. Setup.
4.1.1. Function G,(-). Let us partition the segment [0, 1] into ¢ + 1 equal
segments Ay, £ =0,1,...,q, and let t; be the left endpoints of these segments.

Given a C*-function g which vanishes outside A, consider the (¢ + 1) x (g + 1)
matrix A[g] with entries

aie[g]=f t'g(t — 1) dt, ,i=0,1,...,q.
Ay

Of course, one can choose g to be positive on the interior of Ag and such that the
matrix A[g] is nonsingular (look what happens if g is a probability density close,
in the weak sense, to the unit mass placed at the midpoint of Ap). Let us once and
for all fix a nonnegative C°°-function g which vanishes outside of Ay, is positive
on the interior of the segment and is such that the matrix A[g] is nonsingular. Since

Alg] is nonsingular, there exist reals wy, £ =0, 1, ..., g, such that
il 0, i<gq,
(12) Y waielgl = X o
=0 , i=gq.
It is clear that among the reals wy, £ =0, ..., g, some are positive (otherwise

> ¢ weagelg] would be nonpositive). Let £, € {0,1,...,¢q} be such that wy, is
positive. Also let @ = maxy |wg|. We define the function G,(¢) (¢ is a real
argument, u is a real parameter) as follows:

1. When g =0, we set
Gyu(t) =ug().
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2. When g > 0, we set G, (t) =0 for t <0 and

t _ \q—1 q
Gu(t)=/0 %(Z[weu—we]g(f—@)

o~ 07 g = g*a
Wy = .
w, otherwise,

for t > 0. In other words, G, (-) vanishes on the nonpositive ray; when ¢ > 0,
G, (+) satisfies the relation

G (f)—Z[weu—we]g(t—fe)
13) | £=0
L

dti

Note that by construction

G,t)=0, i=0,1,...,q—1.
t=0

Gu()=G() +uD(),
where both G and D are C*°-functions vanishing on the nonpositive ray.

We make the following claim.
G.1. dtq G (¢t) and D(-) vanish outside of [0, 1].

Clalm G.1 is evident when g = 0; let us verify this claim for g > 1. The fact that
dﬂ, G (t) vanishes when ¢ > 1 is readily given by (13), so that all we need is to
verify that D(¢) vanishes outside of [0, 1]. We already know that D(¢) = 0 when
t <0.Fort>1 we have

t(t — q-1 4q
D(t)=/0 %[szg(r—tz)}dr

h(7)

: (t — t)q : : . .
= / 1) ————h(r)dt [since h(-) vanishes outside of [0, 1]]

_ -
= Zc,-(t)/ t'h(r)dr
= Zc, (t)sza,e[g]

i=0
=0 [see (12)].
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G.2. When—-1=<u=<0,G,(t) € My, and when 0 <u < I, we have
(14) P, [G,()]=K1u

(from now on, x; > 0 depend on 8, r only).

Indeed, when —1 < u < 0, the right-hand side in (13) is nonpositive (since g
is nonnegative, wy, > 0 and @; > |w¢| when £ # £,), that is, g,(-) € M, for the
indicated u. Now let 0 < u < 1. By (13), the gth derivative of G, (-) is nonnegative
on Ay, and is greater than or equal to k1 j# on a permanently fixed segment
A C Ay,. Hereafter let ¥ be a fixed nontrivial nonnegative C*°-function which

vanishes outside of A, and let 6(¢) = (—l)q%w(t). Whenever h(:) € My, we

have %[Gu(t) — h(t)] > k1,1u on A, whence

d4
/[Gu(t) —h(D]0(r)dt =/A <W[Gu(t) —h(t)]>l/f(t)dt > K1,2U,

so that |G, () —h() ||, > “eﬁl/ﬁ and (14) follows.

We set
dk
WGu(t)

’

(a) KO_1 = 1 + maxg<x<g41 mMax =i
(15) 0<t<l1

(®)  ke=x0llDO)2.
4.1.2. Parameters N, h and a(N). Given n, let us set
() N = [(200Lk,)* P+D (nInn) /D
(16) h=N"1
(b) «(N)=Liun'/2N=F=1/2,
Note that for all sufficiently large values of n the following holds:

(17) 0.001 < a(N) < 0.01
o .
VInn — ~ V/InN
4.2. Translation to the space of sequences. We are about to translate our
problem of hypothesis testing to the space of sequences. Let I1, ..., Iy be the
partition of the segment [0, 1] into N segments of length % each, and let #; be the
left endpoint of /;. We associate with a point 8 = (61, ..., 8y) from the unit cube

By =[—1, 1]V the function

N
fo) = Liogh? Y Gg,(h™(t — 1;))

i=1

N N
= L/cohﬁ[ZG(h_l(t —t)+ > 6:D(h~ 't — zi))}
i=1

i=1

(18)

F(t)
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and claim first that fy € X,(B, L).
Indeed, by construction fy is a C°°-function on the axis which vanishes on the
nonpositive ray. For 8 + 1> p > g we have

N
_ _ dr
3P0 = LiohP Y HY (W' — 1), HP ()= S5 Ga 0.
i=1
Since p > g, the functions Hl-p vanish outside the respective segments /; (by G.1).

Taking into account the origin of ky, we conclude that whenever § + 1> p > ¢
the following hold:

19 fP@ =0, i=1,....N; |20 <LhfP,  0<r<l.

Now consider two cases: (a) § is not an integer; (b) § is an integer.

In the case of (a), the largest integer, m, which is less than or equal to g, is
greater than or equal to g, so that (19) is valid for p =m and p =m + 1. Let
t <t be two points of [0, 1]. If ¢, ¢ are from the same segment of the partition
[0,1]=11 U---U Iy, then from (19) as applied to p =m + 1 it follows that

@) — f™ @) < LEF Y — g
< L= — g p—mpl=Ptm — s — ¢ |f.

If the points ¢ < ¢’ belong to two distinct segments of the partition, then let
t+ <t_ be, respectively, the right endpoint of the segment containing ¢ and the

left endpoint of the segment containing ¢’. Taking into account that fg(m) vanishes
at z+ by (19) and applying the above computation, we get

" O1=11" @) = f3" @)l < Lit =12 P7" < Ll = 117,
" O = 11" ) = f" @l LI = )f~m < Ll =1,
whence
"0 = "M 2L — 1P e e (o, 1,

so that fy € #(B, L).

In the case of (b), (19) is valid for p = 8 (recall that g < ). It follows that
| fe(ﬂ )(t)| < L; that is, fg(m) = 9(5 D s Lipschitz continuous with constant L,
whence fy € H (B, L).

We have seen that fg € #£(B8, L). This inclusion combines with the fact that fp
is a C*°-function vanishing on the nonpositive ray to yield that | fp(t)| <2L < p
on [0, 1]. Thus, fy € X,(B, L), as claimed.

We further claim that

(@ 0=<0 = fheM

(20)
(b) VO € By, ®,[fol > ko LhP W, (9),
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where
1/r

1Y .
1) V0 = & > (6i14) (a3 =max[0, a]).
i=1
This is an immediate consequence of G.1 and G.2.
Fori=1,...,N,let

ih
(22) Y= Ylﬁ — L
IDOl2v/h -1
From (18) and (15) it immediately follows that

D(h= Yt — t))[dX]? () — Lioh? F (1) d1].

(23) Yi=a(N)6; + &, i=1,...,N,
where o (N) is given by (16b) and
1 ih
& D(h~'(t — 1)) dW (1),

DO VA S
so that &; are independent A (0, 1) random variables. It is straightforward to see
that the set of statistics ¥;,i =1, ..., N, is sufficient for the parametric submodel
(with f € =N = foloeny ). Therefore, when restricting f to belong to >N and
setting s; = a(N)0;, i =1,..., N, the original “signal + white noise” model (1)
becomes the “sequence space” model

(24) Yi=s;+ &, i=1,...,N,

with s = (51, ..., sy) from the cube Sy = [—a(N), a(N)]V . With this transforma-
tion, the original testing problem (reduced to £V) becomes the problem of testing,
via observations (24) of an s € Sy, the hypothesis

Ho: f* = fy-10v)s € My

versus the alternative

H.: ®,[f*]>e.

Now consider the problem of testing, via observations (24) of an s € Sy, the
hypothesis

HY:5s<0

versus the alternative

HY: 0, (s)>5
with

a(N)

d=46(e)= Lok

e [see (20)].
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We claim that if the pair of hypotheses Hy, H; is é—testable, then so is the pair
Hév , HBA(IS). Indeed, whenever s € S, meets Hév , f° meets Hy [see (20a)], and
whenever s € Sy meets H(S]\(lg), f* meets H, [see (20b)]. Thus, denoting by R;(N)

the infimum of those § > 0 for which the hypotheses Hév and H BN are é—testable,
we get the relation

(25) R*(n) > LighPa N (N)Rs(N) = K3\/§fRs(N)-
n

4.3. In the sequence space. We intend to establish the following.

PROPOSITION 4.1. For all sufficiently large values of N one has
(26) Ry(N) = ka(In N) 2 (N).

4.3.1. From Proposition 4.1 to Theorem 1. Postponing for the moment the
proof of Proposition 4.1, let us derive from it the statement of Theorem 1. We have

R*(n) > KS\/gﬁs(N ) [see (25)]

N -2
> k41, —a(N)(InN)~=  [see (26)]
n
= k42 LY CPD (nnn)=P/CAED(In N)=2  [by (16)].

Taking into account (16), we conclude that for all sufficiently large values of n one
has

R*(n) = e 3LV CPHD =B/ BN (1 )= (5B+2)/Qp+D)

as required in (7).

4.4. Proof of Proposition 4.1.

4.4.1. Preliminaries. Let uy o and py,1 be two probability measures on
the parameter set Sy, and let Py o Py,1 be the corresponding distributions of
observations (24):

Pnj=pun,j*L, Jj=0,1,

where £ is the distribution of observation noises & in (24) (i.e., £ is the N-
dimensional Gaussian distribution with zero mean and unit covariance matrix).
Also let

P
(27) K(Pn.o. Pn.1) =f10g< N1

d
dP N,0
be the Kullback distance between Py o and Py 1. We need the following statement

(which can be obtained from the Fano inequality; we, however, prefer to present a
direct proof).

)dPN,l
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LEMMA 4.1. One has

(28) R(N) = irTlf(PN,o{T =1}+ Py 1{T =0}) > exp{—e ™' — K (Pn,0, Pn.1)}

the infimum being taken over all tests | functions of observations (24) taking values
0, 1].

PROOF. Consider a test T(-) for distinguishing between two hypotheses,
Hp and Hj, on the distribution of observations (24), saying, respectively, that
the distribution is Py o and Py 1. Let A ={Y e RN: T(Y) =1}, B = RV \A,
¢ = Pn,o(A), ¥ =Pni1(B), p=¢+ . We have

dPy o dPy o
K (Py o, P =—/ln( ’)dP —/ln( ’)dP
(Pn.0, Pn,1) P V7w NI dPy, N1

PN,O(A)> — Pya(B) ln< PN,O(B)>
Py.1(A) Py 1(B)

(Jensen’s inequality)

> —PN,1<A)1n<

1=y v
=(1—-vy)1 In[ ——
( w“( o )W“(lw)
1=y v
=(1—-vy)1 In[ ——— ).
a-um(, =)+l
g1(¥) &)
We claim that
1
(29) g1+ &) =(p+1in > 0<y¥ =<p,

whence, by the preceding computation,
1
(30) K (Pn,o, Pn,1) = (1 +P)1n;-

To justify (29), observe that for 0 < ¥ < p it holds that

fos (P l—p
gl(w)_ln<1—w)+p—w
N — ——

h (1-h)/h

>1n(1) =0 [concavity of In(-)],
U

1
g1(1ﬂ)2g(0)=ln;, O0<y =<p,
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, v 1=
=1
£ n(l—p+!ﬂ)+ l—p+y
1—h h
<In(1) =0 [concavity of In(-)],
U

1
& (¥) zgz(p)=—pln;, 0<v¥ <p,

and (29) follows.
Since pln p > exp{—1}, (30) implies that p > exp{—e_1 — K (Pno, Pn.1)}, as
required in (28). [

4.4.2. Applying Lemma 4.1. We are about to use Lemma 4.1 in the situation
where the priors wy ; are of product structure

.=y, J=0,1
here 110, (t1 are probability measures on [—a(N), «(N)]. We assume that

(@) supp puo C [—a(N),0],

® [t =v >0,
We claim that the following implication holds true:
40 (N) 1
@) Vo =1 |
(32) Nvi” 4 = Rs(N) = 5v1.
(b) K(Pn,,Pn1) =03

3D

Indeed, assume, contrary to what should be proved, that the premise in (32) is
satisfied and that there exists a test 7', based on observations (24), such that

(33) sup Prob{T =1} + sup Prob{T =0} < g,
SESN B SESN s
<0 Uy ()>(1/2)v;

where Prob; stands for the probability w.r.t. the distribution of observations (24)
associated with s. Let us see how well the test 7 distinguishes between the
distributions Py ¢ and Py 1. In view of (31a), the prior uy o “sits” on the set
of nonpositive s € Sy; applying (33), we therefore get

(34) PyolT = 1) = [ Prob(T = 1}jun.ods) < §.
Nowlet A={s e Sy:¥,(s) < %vl}. Applying (33), we get

(35) PN,1{T=0}=/PTS0b{T=0}MN,1(dS)Sé-l—/AMN,l(dS)Eé-FP-
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We are about to prove that p < %. To this end, we first observe that

(36) Eua (W) = [ @ =0 =],
Setting w = %vl, we have

1 N
P =UN1\5" (ﬁ Z([Si]+)r> < w}
i=1

1 N
=UNIYS Ty > (sily) < wr}
i=1

1/r

=5
- N7 — v¥ 1 (dh)
B (V" —27Tv")?

2r
e
- NUZr
= % [by (32a) and in view of v > v1]

1 N r 1 r
< N1 s:NZ([s,-h) <—v
i=1

(the Chebyshev inequality)

(since supp p1 C [—a(N), a(N)])

as claimed.
Since p < %, (34) and (35) imply that

Pyo{T =1} + Py {T =0} < 3,
whence, by (28),
exp{—e ' — K (Py.0. Pn,1)} < 0.5,
or, which is the same,
K(Pyo, Py1)>In2—e 1=0325.. .,

which contradicts (32b). Implication (32) is proved.

Note that the Kullback distance between the marginal measures Py o and Py 1,
due to the product structure of model (24) and of the priors wy 0, 4n,1, can be
written as

‘K(PN,()’ PN,I) = NJC(p/»Lov pﬂl)v
Puy ()
K(Puo> P )=/ln< )p () dy,
ro> Pu Pro () i
where, for a finitely supported measure p on the axis,

pu(y) = ffp(y — Hu(dt),

= : eX{—y—z}
vO) = E=exp T

(37
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(¢ is the standard Gaussian density on the axis). Thus, (32) can be rewritten as

40*"(N) 1
(@) — =3 |
(38) Nvf’ 4 1= R(N) = 3v1.
(b) NJC(pM.()’ p,M1)§03

4.4.3. Specifying no, ;1. It is time now to specify our choice of the measures
wj, j =0, 1. These measures will be “oa (N )-scalings™ of probability measures v;
on[—1,1]:

(39) wi(A)=vj@ '(N)A)  (AA={r=ha|acA}).

The measures v;, j =0, 1, are determined by two parameters: a positive integer m
and areal o € (0, 1]; these parameters will be specified later.

Given m, o, we define u;, j =0, 1, as follows. Consider the Banach space
C[—1, 0] of continuous functions on [—1, 0] equipped with the uniform norm, and
let 8, be the subspace of this space comprising all polynomials of degree less than
or equal to m. The value p(o) of a polynomial p € &, at the point o is a linear
functional on the finite-dimensional subspace &, of C[—1, 0]; let v, be the norm
of this linear functional on #,,. By the Hahn—Banach theorem, we can extend the
functional in question from &, to the entire space C[—1, 0], not increasing the
norm of the functional. Taking into account that every continuous linear functional
on C[—1, 0] is an integral over a measure (not necessarily nonnegative) of bounded
variation, we see that there exists a measure v on [—1, 0] such that

(@) f POV =pe)  Ype P,

(40)
(b) Var(v) = / v (dD)| = vs.

The quantity v, can be computed explicitly. Indeed, by its origin, v, is the
maximum of p(o), the maximum being taken over all polynomials p(-) with
degp < m and max_j<;<¢o|p(f)| < 1. The corresponding extremal polynomial
7 (t) is known (Markov’s theorem); it is obtained from the Chebyshev polynomial
T, (t) = cos(marccos(t)) by linear substitution of argument which maps the
segment [—1, 0] onto the segment [—1, 1]:

Tm(t) =T (2t + 1).

Thus, v, = apu(0) = Tu(1 + 20). Taking into account that T,,(h) =
ch(m arccosh(h)) for h > 1, we get

41) v, = ch(m arccosh(1 + 20)).

Now let v = v; — v_ be the decomposition of v into its positive and negative
components, and let §, be the unit mass placed at the point o. We set

(42) vo=Var '(vyvy, vy =[Var(_) 4+ 117 v + 8, ].
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By construction, vy are probability measures on [—1,1]. We claim that the
following hold:

(a) suppvo C [—1,0];
(b) suppv; C [—1,0]U {0},

2 .
1 + ch(m arccosh(1 + 20))’

(c) /ﬂmwozfﬂmwm i=0,1,...,m.

(43) vi(fo}) =

Indeed, (a) is evident. To prove (b) and (c), observe first that (40a) applied with
p(t) = 1 implies that

44) Var(vy) = Var(v_) + 1,
whence, in view of (40b),
v, +1  ch(m arccosh(l +20)) +1
2 2 '
in particular, (43b) indeed takes place. Besides this, (44) ensures that
1
Var(vy)

1 i i
= Var(or) [/t v(dt) — o },

and the latter quantity is O for i < m due to (40a). We have proved (43c).
Since the measures wj, j = 0,1, are obtained from the measures v; by
scaling (39), relation (43) implies that the following hold:

Var(vy) = Var(v_) +1=

/ i vo(dr) — vi (de)] = / (o (dt) — v (dt) — 8,(d)]

(a) supp o C [—a(N), 0]
(b) supp 1 C [—a(N), 01U {oa(N)} C [—a(N), a(N)],
(43) ui{oa(N)}) = 2

1 + ch(m arccosh(1 4 20)) ;
(c) ﬂmwmzfmmmy i=0,1,...,m.

4.4.4. Bounding X (pu,, pu,).- Now let us prove the following.

LEMMA 4.2. Let a € (0,1], let m > 0 be an integer and let ¢, be two
probability measures on [—1, 1] such that

(46) /ﬂ¢mm=fﬂwum i=0,1,...,m.
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For a probability measure v on [—1, 1], let

2.2
Pya(y) = /w(y —at)y(dt) = w(y)/ GXP{aty - %}V(dt),

o= enl-Z)].

Then for every T > 2 and all o < 10LT one has

K(Pp.ar Pya) = / In(py.o(V)/Pp.a(¥)Py.a(y)dy
(47)
3 T —1)?
<Z(10aT)"! + 12« exp{—(i)}.
2 2
PROOF.
Step 1. We have

K(a) = K(pp,ar Py,a) =fln<M)gw(oe, ey dy,
gp(a, y)
(48) 2
gy (a,y) =feXp{aty - }y(dy)-

Forevery T > 2, we have

K(a) = Kr(a) + Hr (),

T ln<8w(a,y)

JCT(O[) :'/ g(b(aa y)

i ) gy (o, Y)o(y)dy,

(49)

L[ (s
Hr (o) = /M ln(g¢ ey )0 ) dy.

Step 2. We claim that the following hold:
(i) One has

(T;1)2}'

(50) Hr () < 12« exp{—
Indeed, whatever a probabilistic measure y on [—1, 1] is, we clearly have

2
o
exp{_7 - “|y|} = gy (@, y) = explalyl},
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whence
exp{aly[}
Hr@ = [ (TR explalylle()dy
ly=T \exp{—a~/2 —alyl}
2 2
a yo| dy
=2 (Za +—>ex {oz ——}—
y=T ) i B 2

2 2 2
_\/7/>T a(2az+%>exp{—%}exp{%}dz

(substitution z =y — «)
2 2
< 6exp{%}a/>T 1zexp{—z—}dz
iz
. 502
(smceT—a >T—-1>1 z(x,whence2az+7 §6az>

< 12« exp{—@}.

(i1) The function K7 (-) can be extended, as an analytic function, to the circle

1
Dr = Cilzl<di = —
T = {ZG |z] t = IOT}

and
(51 z€Dr = |XKr(2)| <3

Indeed, if y is a probability measure on [—1, 1] and |y| < T, then the function
of
2.2

hy(@) = gy (@, y) =/exp{ary - %}y(dr)

is analytic, and the modulus of its derivative in the circle |¢| < a < 1 does not
exceed (T + 1) exp{aT + a?/2}, whence

2
al<a<l = |hy(@) —hy0)|=|hy(@)— 1] <a(T + l)exp{aT + %}

It follows that

ViyeR:|y|<T,a eC:la| <dr),
(52)

T+1 1 1
lgy (o, y) — 1] < +T exp{0.105} < gexp{O.IOS} < 7

As a result,

R 1+1/4 2
V(y eR:|y| < T,a e C:|a| <dy), ‘M—1‘ 42

gp(a,y) 1—1/4 3
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We see that the function In(gy (o, y)/g¢ (o, ¥)), regarded as a function of «, can

be extended analytically from the real axis to the circle Dy on the complex plane,

and the modulus of the extension in this circle does not exceed the quantity
253 =—In(1-3) =n3:

(53) V(& eR: |y|<T,aeC: |a| <dr), ‘ln(M>’§1n3.
8o, y)

Combining (52) as applied to y = ¥ with (53), we see that the function K7 (x)
indeed can be extended, as an analytic function of «, to the circle D7, and the
modulus of the extension in this circle does not exceed the quantity

1 5In3 3
In3 1+—) dy < < -,
/IyiT( )( 2 p(y)dy 7 >
as claimed.

(iii) The function K7 (o) has a zero of order at least m + 1 at the point o = 0.
Indeed, let

2.2

fle ) =gyl ) —gs@n = [ exp{ary - %}Wdr) —$(dn.
For¢=0,1, ..., m we have

L a@

= [+ o an - g(an)

=0 [see (46)].
It follows that there exist C < oo, ¢ > 0 such that

Va,yeR:|y|<T,|la|<c), |f(e y)|<Cla/™

gy (a, y)) fla,y)
In[ 2X—"" ) =1In(1 ,
n<g¢(a,y) n( +g¢(a,y)>

we conclude that there exist C' < 00, ¢’ > 0 such that

explaty — a1 }[Y (dt) — ¢ (d1)]

a=0

o=

Since

Yo,y eR:|y| < T, lal <), ‘m(w)‘ < C'lal™,
gp(a,y)
whence
(o, y)
@)= [ IH<M) \gw (@ V() dy <o(a™),  «—0,
ly|<T gp(a, y)

as claimed.
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Step 3. By Step 2(ii) and (iii), the function J 7 in the circle Dt satisfies the
bound

3 /|| m+1
(54) |J<T<a>|si(a) .

Combining (54) and Step 2(i), we come to (47). U

4.5. Concluding the proof of Proposition 4.1. Now let us specify the parame-
ters m, o underlying the construction of the measures v, u;, j =0, 1, as

m=]InN|,
(55) |
o = W

Step 1. Observe that the data [¢ = «(N), m, ¥ = vy, ¢ = o] satisfy the
premise of Lemma 4.2, and that the functions py «(-), py,«(-) associated with
this data are p,,(y), pu, (), respectively. Setting

T=+~2InN+1

and taking into account (17), we see that 10 (N )T < 0.2, provided that N is large
enough. Thus, we may use (47) to get the estimate

(T—l)z}

3 m+1
NX(Pugs Puy) < EN(IOa(N)T) + 12Na(N) exp{— 3

(56) < ZN@©O.2)"*' + 12Na(N) exp{—In N}

W N W

= EN(o.z)’"+1 +12a(N),

and the concluding quantity, in view of (55) and (17), is less than or equal to 0.3
for all sufficiently large values of N. Thus, (38a) is valid for all sufficiently large
values of N.

Step 2. The measure g clearly satisfies (31a). In view of (45), > satisfies (31b)
with
. 20a(N)
1+ ch(m arccosh(l +20))
We have ch(2,/0) > 1 + %(2\/5)2 =1+ 20, whence arccosh(1 + 20) <2./0 =
m~ ! It follows that for all sufficiently large values of N it holds that
(57) v > % >0.750a(N) > ks(In N) 2a(N).

In view of (17), (57) and (16) the condition in (38a) is satisfied for all sufficiently
large values of N.

U1
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Step 3. We see that when n (or, which is the same, N) is large enough, the
measures i, j = 0,1, satisfy the premise in (38), and the corresponding v
satisfies (57). Applying (38), we get the bound

Rs(N) > «(In N) 2a(N),

as required in Proposition 4.1. [
5. Proof of Theorem 2. We start with a simple technical lemma.

LEMMA 1. Let

N
(58) Tn(2) =) ax(2)

k=0

be the Fourier polynomial of order N > 1 of the function q. Let j be an integer.
Then there exists Cq such that, for any —2 <z <2,

Co(n/4)/

Dy — 7
(59) 4" (2) = Ty (Z)|§N’—1(r—j)

forO<j<r.

Further, if r is an integer, |T]\(,r)(z)| < Co(m/4)"(1+1InN), and

(60) 1T ()| < Co /4y NI~ for j>r.

PROOF. It can be easily verified that the Fourier coefficients «; of g satisfy
lag| < Cok~*D for some Cy < 0o. Then, for any z € [—2,2],

. . 0 N/ i
|q(1)(Z)—T]£,J)(Z)|S Z (%) |ak|§CO<%> Z ki1

k=N+1 k=N+1

J
7T .
=Col=) N/7".
0(4)
On the other hand, for j > r,
. © kN’ K\ 2
1 @l=> (%) el =co(5) e
izo\ 4 M=

The latter sum can be bounded by (1 + InN) for j = r and by N/~ for
j>r. O

LEMMA 2. Let the polynomial T]TM(-) be defined by (11). Suppose that & is
a N(0, 1) random variable. Then Tﬁ’ 5, (2 + A&) is an unbiased estimate of Ty (z),
that is,

(61) ETy ,(z+18) =Ty (2),
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and there exists C1, which depends only on r, such that for z € [—1, 1] the variance

E(T3 (2 + 1) — Ty (2))’
(62)

29202
AN
<C; (kzzzr_zllpo + A7 I’ N+ N~ exp(n T ))

PROOF. Note that
E¢o (2 + AE)

27242 00
:2_1/2(27'[)_1/26)(1)(7[ kA )/ cos(nk(z+kx)> ( x_)
8 —00 2
%2

o0 2k20? k(z + A
_ 2_1/2(271)_1/2Re(/ exp(pl N imk(z4Ax) _) dx)
—00 8 2 2

. 00 . 2
:Re<2_1/2€xp<$)(2n)_1/2/_w exp(—(x — mzk)») /2) dx)
=2_1/ZCOS< > ) Yok (2).

We get the equality E o112 (z+A&) = ¥k (z) in the same way. This implies (61)
by construction of the polynomial 7 ; in (11).
The result of Theorem 1.1 of [16] states that, for z € [—2, 2],

)\‘ZJ T(]) 2
(63) E(Tj (2 +18) — Tn() = Z %

j=1 j=1
Let us estimate the terms in the right-hand side of (63). Note that if g(¢) =" 1,0,
PO =rr=1--(r—j+ D" V12 for j <r.

Since the function ¢ (¢) and its derivatives coincide with those of g(¢) on [—1, 1],
we have, by (59),

1; =2 TON @)

T oaas 2JN2(] r)
64 <2AJ[ =1 - (r—j+1 C( ) 7]
64) =203 (== D)+ G5 =7
242772\ J
, , AN
5aj)\’ZJer—2]1]-z>0+C2N—2r<7T 16 )

for 1 < j < r. Here the coefficients a; depend only on r. In the case when r is
integer,

- 2r
Irgcg)\zr(Z) (1+1InN)>.
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On the other hand, for j > r we get, from (60),

2j 2427727\ J
(65) I gchzf(%) N2<f—2>=c§1v—2’<” ?6N ) .

The bounds in (64) and (65) provide us with the estimate

N r—1 N 292072\ J

1j 2j ,2r=2j -2 AN :
ElﬁSEl:aj)‘]Zr J1,50+ CoN r.§1< 16 )/J!
j= Jj= Jj=

2r 2
I1+InN
+ Cgkzr (%) w (if r is an integer)
r!
25272
AN
< Cl(kzzzr_zllpo + A7 >N+ N~ exp(n T )) 0

Let us denote W, [ f] = fol fra@®dt, v () =Ty ;. (fa(®)) and ,, = f()l Va(6) dt,
so that W[ fi] = (¥, [fi])"/" and &, = (¥,))"/".

LEMMA 3. We have the estimate

E|U, — EV,| <C3st (N '@/ [ frl + N 7).

PROOF. Since the kernel K is compactly supported we conclude from the
definition of ﬁ,(t) that ﬁ,(t) and ﬁ,(t/ ) are independent random variables when
|t" —t| > 2h. Consider the partition of the interval [0, 1] into bins of length 2A. For
the sake of simplicity we suppose that =1 = 4m for some integer m, so that there
are exactly 2m bins. Let us denote

2(2j+Dh 4(j+Dh

gj:/i (Yu(?) — Eyn (1)) dt, nj=1 (v —Ey,(0))dt.

4jh 202j+1)h

Then we have, for any p, 1 < p <2,

p}l/p

po1/p

B 1
(EIS, — ET,P]1/P = E]/ (va(6) = Eyn(t)) dt
L 0

m— pl/p m—

1
nj
j=0

+ | E

1/p

1
£

j=0

rm—1 rm—1
> E|gIP +| > Enj|?

L j=0 J L j=0 J

E

(66)

IA

1/p

A
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where the last bound results from the Marcinkiewicz—Zygmund inequality. By the
Jensen inequality we have, from (62),

202+ 1)k
Elgj|P < <2h>"—1/ Elya(t) — Eya(0)|? dt
4jh
202j+h
e A o EG0 — Ene))”
J

p=1(4p 22D b1y rp p

4jh
27212
_ pnN Ah))
NP (7 .
+ exp 0

The same bound holds for E|n;|P. Letus take p=r/(r — 1) forr > 2 and p =2
for 1 <r < 2. When substituting these bounds into (66) we obtain

E|U, — EV,| <[E|¥, — EV,|P]V/P

S CSh(l/r)/\(l/Z) ()\'h||fh,+||:_1 +)\.Z(1nN)

277242
N“A
+N_rexp<n h))

32
Now recall that A, and N are chosen so that )\%Nz = 02||K||%1nn. For the
values of 6 which satisfy (10) we have 02712||K||%/32 <

0’72\ K|3/32 < m for 1 <r <2.Thus

1
mfcrr>2and

27292
h(l/r)A(l/z)exp(n N Ah) < p—(/@r@B+DIAL/GRB+1))
32

[here we use the notation a A b for min(a, b)]. Furthermore, Rl/rAL ZAZ InN <

N~ and h'/""/2), < N~ for n large enough. When summing up we obtain the
bound

E|U, —EW,| < C3(N""+N7 Y fusli™. O

We can now complete the proof of the theorem. Indeed,
E|®, — &, [f1l = E|W,/" — ¥}/ f]]
< E[()"" = (EC)V |+ [(ET)Y =W, " fy
+ 1P [fn] = ©r[f]
=01+ 62+ 83.

(67)
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Recall that ©,(f) is Lipschitz continuous in the norm |-||, with unit Lipschitz
constant. This implies that

83 =10, [fi] — @, [f1 < I fa(®) — FOlly < LhP = LV EPD (nInp)=P/CFHD,
Further, the bound (59) for j = 0 gives
(68) 8 < |EW, — W, [ fill"/" < max.e(—1,112" 120 — T ()| < CeN 1.
On the other hand,
81 =E|U,/" — (E¥,)""|

E|U, — EU,|

_ ~
< (E|¥, — EV,]) /r]lq>,[fh]§2c61v—1 + ET, ) —D/r Lo, [ f,152CeN-1-
n

However, due to (68) we conclude that, for ®,[ ;] > 2C¢N -1
(EU)'" > ®,[f4] — CeN ™' = @, [ f]/2.

Now, by Lemma 3, §; can be bounded as follows:

NN @, [ D+ N
(@, [ful) !

When substituting the obtained bounds into (67) we obtain the statement of the
theorem. [J

81 f C‘7<]V_1 + 1q>r[fh]>2C6N_l> f CgN_l.
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