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This article considers the estimation of structured correlation matri-
ces in infinitely differentiable Gaussian random field models. The problem
is essentially motivated by the stochastic modeling of smooth deterministic
responses in computer experiments. In particular, the log-likelihood func-
tion is determined explicitly in closed-form and the sieve maximum likeli-
hood estimators are shown to be strongly consistent under mild conditions.

1. Introduction. Inthe modeling of computer experiments, it has become
quite common practice to approximate the deterministic response as a real-
ization of a stochastic process. In this regard, Sacks, Welch, Mitchell and
Wynn (1989) and Sacks, Schiller and Welch (1989) proposed modeling using
a Gaussian random field X(¢), ¢ € [0, 1]¢, with a multiplicative covariance
function

d
COV(X(x), X(y)) = 0-2 1_[ exp(_6u|xu - yu|y)

u=1

Voa=(x1,...,%3), y=(y1,...,yd)/e[0,1]d,

where y € (0, 2], 04, ..., 6, and o2 are strictly positive parameters. Ying (1991,
1993) investigated the asymptotic properties of the maximum likelihood esti-
mators for the parameters of the covariance function when y = 1. In particu-
lar, he proved that the estimators are strongly consistent and asymptotically
normal under mild conditions. Unfortunately, his proof rests crucially on the
Markov property of the Gaussian process when y = 1 and it is not clear
whether the method can be extended to y # 1. Recently, van der Vaart (1996)
showed that when y = 1 and d = 2, the maximum likelihood estimators are
also asymptotically efficient.

It is of interest to note that with probability 1, the Gaussian random field
X(t), t €[0,1]¢, is continuous but not mean square differentiable when y = 1
and is infinitely mean square differentiable when y = 2 [see Stein (1989)
and Ying (1993)]. Thus the case y = 2 may be especially appropriate when
the deterministic response of a computer experiment is known a priori to be
smooth.
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As Ying [(1991), page 295] noted, mainly due to its fixed domain [0, 1]¢, the
distinctive feature of these problems is that the statistical dependence among
the observations is very strong and does not weaken with the asymptotics. In
fact the dependence actually becomes stronger as sample size increases. This
is more so for the smooth case y = 2 than for y = 1. In particular Ying obtained
the log-likelihood function when y = 1 and wrote that it is very unlikely that
we can have a similar expression for the log-likelihood function when y = 2.
He further asked whether in this case the maximum likelihood estimators for
61,...,0,; and o2 are consistent.

This article considers the case y = 2 and reports on some partial answers to
the questions raised in the previous paragraph. More precisely, we shall focus
on the following problem. Let X(¢), t € [0, 1]¢, denote a zero-mean Gaussian
random field with multiplicative covariance function

d
Cov (X(x), X(y)) = o2 T[] exp[—6,(x, — ¥,)?]

u=1

Va=(xg,...,%4), y:(yl,...,yd)’e[O,l]d,

(D
where 64,...,60,; and ¢? are strictly positive unknown parameters. We are
concerned with the estimation of 6, ..., 6, the parameters of the correlation

function, using observations that are taken from the above random field on a
regular lattice, that is,

@) {X(l—l,...,L—d>:1§iu§n,1§u§d},

n n

where n is a strictly positive integer.

For simplicity, we order the elements of the set in (2) lexicographically as
a n? x 1 column vector }?n Thus the element X(i,/n,...,i;/n) precedes the
element X(j,/n,..., jg/n) in }?n if and only if there exists a 1 < £ < d such
that i, = j, whenever 1 < u < %k and i, < j,. Then the covariance matrix
26,0, 0% n Of }?n is given by

where the symbol & denotes the Kronecker product [see Anderson (1984),
page 599] and for each 1 < u < d, R, , denotes the nxn matrix whose (z, j)th

element is exp[—0,(i — j)?/n?]. The estimation of 6, ..., §; now reduces to
the estimation of the structured correlation matrix ®‘sz1 R, , (and hence the
title of this article).

Since X, ~ N,.(0, 260,00, 0
mean 0 and covariance matrix 3},

2 ), the n?-variate normal distribution with
the likelihood function

,,,,, 04,02,
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L,(64,...,04, d?)is given by

L,0y,...,0, 0%)=(2m)"""?

291 ,,,,, 04,02, n

[see, e.g., Anderson (1984)] and consequently the log-likelihood function
1,(64,..., 0y, 0?) satisfies

d
20,(0y, ..., 04, 0%) = —n%log(2m) — n?log(c?) —log | @ Ry,

(3) u=t

-1
- aZX'n(®Z=1 R) %,

The rest of this article is organized as follows. Section 2 of this article deals
with the computation of |®Z:1 Ry ,| and (®Z:1 R, ,)~' and the methods
used are combinatorial rather than analytical or statistical in nature. The
key idea here (see Proposition 1) is the observation that the correlation matrix
®”ul:1 R, , can be compactly factorized into a product of triangular matrices
via the Cholesky decomposition. This dramatically eases the computation of
the determinant and inverse of ®%_; Ry, , in Corollaries 1 and 2, respectively.
These matrix results appear to be new and are especially satisfying as the
relatively simple closed-form expressions for the determinant, inverse and
Cholesky decomposition of ®‘lf=1 R, , are exact (not approximations). They
may also be of independent interest in combinatorics and linear algebra. The
explicit log-likelihood function Z,(6y, ..., 64, 02) is then derived and stated in
Theorem 1.

Section 3 defines a sieve maximum likelihood estimator (8, ,., ..., 64 ,) for
(64, ...,0,). Theorem 2 establishes the strong consistency of (917,1, ces 9d,n)
under mild conditions and also provides an upper bound for the rate of strong
convergence of (él,n, ces éd, n)-

Section 4 discusses a number of related issues not addressed in this arti-
cle such as estimation of the variance ¢ and “honest” maximum likelihood
estimation (unlike sieve maximum likelihood estimation) of the parameters
(64, ..., 0y) of the correlation function.

The Appendix contains a number of technical lemmas that are needed in
the proof of Theorem 2. Finally we remark that many of the calculations in
this article are exact and have been checked (either numerically or symbol-
ically) for correctness using the mathematical computation software system
Mathematica [Wolfram (1996)].

2. Log-likelihood function. In this section we shall derive explicitly
the log-likelihood function as given in (3). For simplicity we write for
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each1l <u <d,

—1)2

1 w, wt e D

_9)2

w, 1 w, wftn 2

2

4) Ry, .= w w, 1 ]

n:_ ) n:_ , Doz :
wa b wg 2) w&n 3 1

where w, = exp(—6,/n?). To compute the Cholesky decomposition, determi-
nant and inverse of ®‘,f:1 Ry, ,, we shall draw on some techniques from num-
ber theory and combinatorics.

DEFINITION. The Gaussian polynomial G(m, n;q) is defined by
(1 _ qn—m+1)(1 _ qn—m+2) . (1 _ qn)

1-9)(1-4g¢*---(1-qm)
if 0 <m < n and G(m, n; q) = 0 otherwise.

G(m,n;q) =

REMARK. G(m, n;q) are also known as g-binomial coefficients in the com-
binatorics literature, an excellent account of which can be found in Chapter 3
of Andrews (1976).

The following lemma will be used frequently in this section.

LEMMA 1. Forn=1,2,..., we have
n—1 n
[T(x+q'2) = G(,n; q)q D2 g Vx,q,z€ R.
i=0 i=0

We refer the reader to Goulden and Jackson [(1983), page 101] for the proof
of Lemma 1.

PROPOSITION 1. (Cholesky decomposition). Let1<u <d, w, =exp(—0,/n?)
and T, , be the lower triangular matrix with positive dlagonal elements such
thatTg nTo n=Rgy, o Then forall1<i, j<n,

(B) (T, n)i,j= :0 - {Hz imj1(1— w2l)}/{l_[ (1 — w2 i

ifi<,

and
®) (T51,); 5 {( w,) G ~ i = Lw AT - w2, iz,
0, ifi<j.

Furthermore, we have

d d d ’
® Rf)u,n = <® Tﬁu,n>(® TG,“n) .
u=1 u=1 u=1
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PROOF. To prove (5), we observe from symmetry that it suffices to show
that foralll < j <k <n,

J
(ROM,n)j,k = Z(T(?u,n)j,i(Tﬁu,n)k,b
i=1

which is equivalent to

S = PR -1 - y
(7 w ™ = XJ: wy Y {l_[lj=j—i+1(1 — w2} an:lk—i+1(1 —w?)}
u =1 T2l - wd)

Using Lemma 1 repeatedly, we observe that the right-hand side of (7) is
equal to

O o k-1
wi Y w66 - Lwd) T - wih)
i=0 m=k—i
e d7l i
— wg] k) sz(.] i—1)(k—t 1)G(l,]— 1’ wz)
i=0

i .
% Z (_1)mwlrtn(m71)+2m(kft)G(m’ i wz)

u

m=0
G-k, m(mtD) - 2
= wy > (1) "wy G(m, j— Lw;)
m=0
M iyt i
x > wal 1D _m_l)G(i, j—1—m;uw?)
i=0
(j—k)? =1 2(j—1-i)k=1—i) pyy o 9
= wy > wy G, j— Lw)
i=0
J—1-i 1 om( imlei
< 3 (—0)mwp" w20 G(m, - 1 — i w?)
m=0
(j—k)? ty 20j—1—i)(k=1=i) py s+ - 9 I 2 2Am+i+2—j)
= wy > wy G@i,j—Lwy) [] (l—wu )
=0 m=0
(j—Fk)?

= Wy
This proves (5). Next, to prove (6), it suffices to show that forall 1 < 2 < j < n,

(0O 11 11~ )

I=j—i+1
{121 (1 — wm)}

>

J
®) 8, p=2
ik
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where 6; ;, denotes the Kronecker delta. Using Lemma 1 again, we observe
that the right-hand side of (8) is equal to

. J—k o o
wi ™Gk —1, j - w?) Y (1wl TG, -k w?)
i=0
(j—k)? Jkl 2(i+k+1-j)
=wi/ "V Gk-1,j-Lw?) [] (1-ws )
i=0

= Sj,k'

Finally we observe from Anderson [(1984), page 600] that

d d
® RO,“n = ® TG,,,nTlou,n
u=1

u=1

(&7 )(@r)

This proves Proposition 1. O

COROLLARY 1. The determinant of the matrix ®Z=1 R,  , is given by
nd-1

-1 {{ﬁ(l— wy il

u=1 k=1

d

® RO,L,n
u=1
where w, = exp(—0,/n?) whenever 1 <u <d.

PrROOF. We observe from Anderson [(1984), page 600] and Proposition 1
that

d d-1
= [T IRy, A" ]

u=1

= ﬁ {|: ﬁ(Teu,n)i,i]2ndl}

u=1 i=1

d
® Rou, n
u=1

B uﬁ1 { { ;ii[i[(l — wik)n_k]}ndl}'

This proves Corollary 1. O

COROLLARY 2. Letl <u <dandw, = exp(—Bu/nz). Thenforl<1i, j<n,
the (i, j)th element of the inverse of R, , is given by

(Rgnl, )i, j
9) inj o itj-2m

= (-1 Y =

m=1 T3z (1 — wi)

G(i —m,n—m;w2)G(j—m,n— m;w?)
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Furthermore we have
d -1 d
(10) ( (%) Rewn> =QR;",
u=1 u=1

ProoF. Equation (9) follows from Proposition 1 and the observation that
R;u{n = (T;ul’n)’(T;ul,n). Equation (10) is immediate from Anderson [(1984),
page 600]. O

We now derive the log-likelihood function for 64, ..., 6, and o?2.

THEOREM 1. Let )?n be defined as in Section 1 and w, = exp(—6,/n?),
1 < u < d. Then the log-likelihood function 1,(04, ..., 0,4, 02) satisfies

20,(04,...,04, 0%)

d n—l
= —n?log(27) — n?log(c®) —n? ) Z
u=1 k=

1 n Jd
S X( . ) ( —)
O sy Javesa=l m

log(l — w?)

d i—j g w;“”“_ZmG(iu —m,n—m;w2)G(j, —m,n—m;w?)
X l_[(_l)u “ Z nfm(l_wgr) .
u=1 m=1 r=1 u

PROOF. Theorem 1followsimmediately from (3), Corollary 1 and Corollary 2.
O

3. Sieve maximum likelihood estimation. Let X , be defined as in
Section 1 with covariance matrix >y 4 o2 ,. This section establishes the
strong consistency of a sieve maximum likelihood estimator for (64, ..., 6,).
For convenience we write for 1 < u < d, w, = exp(—#0,,/n?), w, = exp(—0,/n?)
and Z, = (Z1,..., Zu) = o {(®°, Teu’n)‘l)?n where T, , is as in
Proposition 1. Since X, ~ N,(0, 02 ®%_, Ry, ,) and Ty T, , = Ry, ,»

we have Zn ~ N,(0, I) where I is the n? x n¢ identity matrix.
LEMMA 2. With the above notation, we have for all 1 < j < i < n with
l<u<d,
J-1 2s\11/2 i
1- : _
)~ (TS o
w Lo AILa@-wy)) L2

X G(m—1,i—1;LD§)G(j—1,m—1;wl2t).

(11)
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Hence

B 9 i1 /1 _ 2k B o
(12) (TJJT%W>“;=31<1_1;%>Zeeqeﬂeﬂza
4 - u
for sufficiently large n uniformly over éu >0,1<u<dand1<i<n.

PROOF. Equation (11) follows immediately from Proposition 1. Next
observe that

5o\ -1
0= (254 (exp(-2hd,/n%) -~ 1)

ad 2k0, 1 ~
=1+Z< >(r+1)' <1 vVo,>0, 1<k<n-1.

Also

oe 1[0+ 2 (%) )

e £ () )=

for sufficiently large n uniformly over 1 < i < n. Thus
- 1 w2k
(732 Ton), H (1—w5k>
0,\" 1= > ( 2k6, 1
- () { Il [ = (-5%) w ol
s > 16,\° 1 -
anik ?( =) el
/

for sufficiently large n uniformly over 5u >0,1<u<dandl<i <n. This
proves (12). O

Let v, o,, B,, 0 < u < d, be absolute constants such that 0 < v < 1,
0O<ayp<oc?<By<ocand0<a, <0, <B, <o0o,1<u < d. Wedefine a
sieve on the parameter space of (64,..., 6;) and O, where

(13) ®n:{<l_1,.,,, td ):auf =< B, i 1nteger1<u<d}

nnV nnV nv -
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The sieve maximum likelihood estimator for (6y,...,6;) is that element
(01,05 ---5 04 ,) € O, such that
Sup{ln(él,n’ e éd,n7 &2): 5-2 € [a07 BO]}

= Sup{ln(él, ey éd’ 6'2): (}2 (S [ao, Bo], (51, ceey éd) € @n}

PROPOSITION 2. Let 0, be as in (13) and (02,04, ..., 04) € [1%(ay, By)-

Further let X » be defined as in Section 1 with covariance matrix -,
Then for all 0 < p <1 — v with probability 1,

,,,,, 04,02, n°

1 - 3
minf{ln(el, s By, D) = 1,(04, ..., 04,5%): 7% € [ay, Bol,

d
(64,...,6,) € n\ [1(6, —dt6,n7", 6, + Ounp)} — 00,
u=1
as n — oo.

PrOOF. First let 7 and ¢ be absolute constants suchthat0 < p <7< ¢ <1
and 0 < v < ¢ — p. Then for sufficiently large n,

1 ~ ~
—dlnf{ln(Hl,, 0d!02)_ln(017""0d76—2): 6'2 E[ao,Bo],
n

d
(61, ..., éd)e®n\ [1(6,—d '0,n", eu+9un—0)}
u=1

1 . x 5 o\ ~
Zﬁmln[lnf{ln(ﬂl,...,Hd,0'2)—ln(91,...,9d,0'2): % e[y, Bol,

d
(BrrrB,) €O, ]‘[(éu/eu)zlJrn‘T},

u=1

inf{ln(ﬂl,...,Od,O'Z)—ln(él,...,éd,(}z): 6'26[&0,30],(61,...,6(1)6n,
d ~ ~
[1(6./6,)<1+n"",6,/6,<1—d 'n~" for some lgvfd}]
u=1

Thus to prove Proposition 2, it suffices only to show that with probability 1,

1 ~ ~

Flnf{ln(ﬁl, ey 0d7 0'2) — ln(Gl, ey 6d7 6'2): 5'2 (S] [0[0, B()],
(14) .
By, 00) €0, T1(5,/0,) = 1+n_7} .

u=1
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and

1, ) L

ﬁlnf{ln(elg s, 0% = 1,(04, ..., 04,5 % € [ay, Bols

B N d
(15) (1., 00) €0, T](0,/0,) <1417,
u=1
6,/0,<1—d n" forsomel<v< d} — 00,

as n — oo.

Next we observe from (3) and Corollary 1 that

2 - T
W[ln(el, s 04, 0%) =1, (04, ..., 04, 57)]

log( ) dnln (1—exp(—2§uk/n2))
(16) 1t 1 —exp(—20,k/n2)
1 & 1o 1 o~ /2 -1
+nd5_2Xn(L§R§u,n) Xn_WXn<I§R9wn> X,.

Using the strong law of large numbers, we further observe that as n — oo,

d -1
2X;<®R0wn) X,—>1
u=1

1

an ndo

almost surely, and

d n-1, _p 1 — exp(—26,k/n?)
> n log (1 — exp(—29uk/n2)>

u=1 k=1
- <” g 1) éa +0(1))log <z—>

uniformly over (81, ..., 6,) € [1%_;[ay, B.].
To prove (14), we observe from (16), (17) and (18) that

(18)

lim inf imf{l (01,...,04,0%) —1,(0,...,04,5%): 6% ¢ [ag, Bol,

n—o0o nd

d
(Bro-s80) 0,0 T1(B/0) = 1407

u=1

< u) 1: u]_[1(9 W/0,)=14+n" 7}}

> liminf{inf[log <a_(2)>
n—00 o

= lim n'77/2 = 00
n—o0

almost surely. This proves (14).
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To prove (15), we observe without loss of generality that it suffices to show
that, with probability 1, forall2 < p <d +1,
1 ~ o
Einf{ln(el, s B8, 02) =1, (04, ..., By, 52): 7 € [ag, Bol,

d
(19) (01,...,09)€0,, [](0,/0,)<1+n"", 6,/6, <1—d 'n?,

u=1

01/6,>-->6,41/0, 1>1>6,/6,>--> ed/éd} — 00,

as n — oo. Let (®Z:1 TglnT(,u’n)i denote the ith row of the n? x n? lower

triangular matrix ®Z:1 Tgul,nT,;wn and let || denote the Euclidean norm in
R"*. We observe from Corollary 2 and Anderson [(1984), page 600] that

2

— ~
ANt T3, To, il 12,

Next we observe from the definition of the Kronecker product that there is a
bijective mapping : ]_[‘,le{l, ...,n} = {1,...,n% such that ¢(iq,...,i4) =i
if and only if

{ (R, Tgul,nTeu,n)i,j Z; }2

d d
l_[ (T(gul,nT(’u,n) .= <® TélnT(?u,n> .
u=1 bur tu u=1 v i,
Hence for 7 < ¢ <1and 2 < p <d + 1, it follows from (12) and (20) that
N d -1 _
X;( %9 Réu,n> X,
u=1
9 n d 0 i,—1 ~
> en-++00) Y | T1(3) " 1z

Tyeees ig=1tu=1 u

d - 2
{ G (0 Téul’nTﬁu,n)l[f(ii ..... i, i Zj }
X

2

1 2
S T3 oy i |1 2

.....
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= o2 exp(—(0y + -+ 01) i { ﬁ <@)ir1}{lﬁ1 (?_)iu—ip}

i,00ig=1 Lu=1 Ou u=1 Gu

d 6, (@i T3 TopitininZn |
1 |

u=p+1

<

,,,,,

(2D

Pk gk

e sl )G

AN (it T TopeutisinZn |
A 13 e izl

u=p+1

for sufficiently large n uniformly over 514 >0, 1 <u <d, where
it =2¢%nf|  V1<u<d.

Here |-| denotes the greatest integer function. For simplicity we write

d
0 = {(61, e 09 €0, 1(0,/6,)<1+n7",6,/6, <1—d 'n*,

u=1

01/0,>->0,41/0, 1>1>6,/6,> > ad/éd}.

p—1

Then for sufficiently large n,

7k

d -1 p—1 -t d A -1k
0,\" 0, g, \
me AT G WG G
(61,.-..04)€0;, uE[1 6, ul;[l 0y u=1_p[+1 Oy
(22) 1 ij-1 ‘ 1 \G 1 i-i,
= (r—gnm) Aano () (=)

> exp(d—12973n¢").

Consequently we observe from (21) and (22) that for sufficiently large n,

X’ d_ R~ n 71‘}’2}1
P ) ll’lf n(®u_1~ 0y, )
(By,...,0,)€0 | Z,I2
0_2

" exp((0r -+ 0g)

exp[d—lzd—‘*nf—q)
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. |(®Z:1 T7 TO n)l//(l ..... ld)Zn| 2
> Pl  inf  E—
(61000 | [|(&R)y=1 Tgu, nTeu,n)l/,(i; ..... ol 1Z,|

> exp[—d12d4n§”]>
(23)

>1- )

(61,...,04)€0,,

P( |(®u 1 g n 0 n)gb(Ll ..... ld)Z i
(@I T3, T,

~~~~~~

< exp[—d_12d_5n§_”]>.

Next we shall use a geometrical argument to obtain a bound for the second
term of the right-hand side of (23). For m > 1, let Om denote the surface
area of the unit hypersphere S,,_; = {x € R™: ¥",x? = 1}. Then 4,
272 /T'(m/2), [see, e.g., Anderson (1984), page 280]

Let {e, ..., e,s} be an orthonormal basis for R*" such that

(®u lT_ 9 n)://(l, ,,,,,
H(®u=1 Téu, nT9u>n)l//(l ----- ld)I

e =

and consider the transformation of this set of rectangular coordinates {(y., ...,
Ypi) # 00 —00 < y1,...,y,a < 00} to its corresponding polar coordinates

{(r,d1,...sppa_1):r>0, —7/2 < Py,...,Ppa_9 < 7/2, and — 7 < Pp,a_q <
7}. The Jacobian of such a transformation is given by [see, e.g., Anderson
(1984), pages 279-280]

d

L eos™ 2(¢y) cos™ 3(dby) - - - cOS(Ppa_s)-

Since Zn ~ N,a(0, 1), Zn / ||Zn|| is uniformly distributed on the surface of
S,4¢_; with probability 1 and hence using Stirling’s approximation [see, e.g.,
Feller (1968), page 66],

< }(®u 1 0 n)l/l(ll ..... ld)Z |
A 1T 3 Te Wit Z]

cos 1{— exp(—d~12¢"5nér)}
< 277'((9”(1)1[/ d¢1i|
c

os~1{exp(—d-12¢-5né-r)}

< exp[—d 2% °nt" P])

.....

(24)
X [/://22 COSnd3(¢2)d¢2} [/7:/22 COS(¢nd—2)d¢nd—2}
< Gpa_1(9pa) *Bexp(—d 124 Pnt )
< exp(—d~12¢75n¢7),
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for sufficiently large n, say n > n,, uniformly over (64, ..., 6;) € [1%_;[ay, Byl
Consequently, it follows from (24) that

P .
P( (@1 T Ton)utis.oaity Zn

oo
)OEDD
n=Ng(fy,...,0,)€0,

(25) d 00
< ( 1 Bu) > n exp(~d 120 ont )

u=1 n=n

<exp[—d12d5n§p])

,,,,,

=0,

since v < ¢ — p. By the Borel-Cantelli lemma [Chung (1974), page 73], we
conclude from (23) and (25) that

P( | {X';L(@Z:lR@u,n)—lin}
.-80)€0 1Z,12

a2

= (exp(0, + -+ 64))

exp[d_12d_4n‘f—p]i.o.> =0,

and hence with probability 1,

(26) (615

a2

> .
(exp(6; + -+ 04))
Now it follows from (16), (17), (18) and (26) that with probability 1,

X, Q% R;, )X
liminf exp(—d~12¢7*n¢=")  inf { w( Bz R n) n}

12,1

2 . N
lim inf ﬁinf{ln(el, ey 04,02 —1,(0y,...,04,0%):

&2 € [aOs :80]7 (él’ Tt éd) € ®n’

d
[1(6,/6,) <1+n"", 6,/6, <1—d 'n",
u=1

01/0,>>0,1/0, 1>1>6,/6,>---> Hd/éd}

-1 d
Zliminf{log(%)—1—i—n2 log(H%)

0.2

T By exp((0 + -+ 62))

exp(d_12d_4n§_”)}

= Q.

This proves (19) and the proof of Proposition 2 is complete. O
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Theorem 2 below shows that the sieve maximum likelihood estimator

(él,n,...,éd,n) for (64,...,60,) is strongly consistent and also provides an
upper bound for the rate of strong convergence of (91, nr s 9d, ») under mild
conditions.

THEOREM 2. Let O, be as in (13) with 4/5 <v < 1 and (d2,04,...,0,) €
]_[‘lfzo(au, B.). Further let X, be defined as in Section 1 with covariance matrix
. Then for all 0 < p <1 — v with probability 1,

01,..0q, 02,10
. . d
(01 ps--s04,) e T[(0,—d 0,07, 0, +0,n7")
u=1
for sufficiently large n.

PROOF. We observe from Proposition 2 that to prove Theorem 2, it suffices
to show that with probability 1,

1 ~ ~
27 W[ln(el, vy 04,07 =1, (0y,..., 04, 0%)] — 0,
as n — oo uniformly over (9, ..., 0,) € [19_,(6, —n~™, 6, + n~""). From (3)
and Corollary 1, we have

(01, 0, 0%) = L (B, By, 0?)]

&k 1 — exp(—26,k/n?)
=22 lo <1 —exp(—29uk/n2)>

(28)
- d -1 1 ~ d -1
+—X/n< Réu,n> Xn_WX/n(®R0M,n> Xn
u=1 u=1

We observe from (18) that

d n-1 0 2
—k 1- —20,k
(29) i P ( exp(=26,k/ ”2)> -0,
ol b1 1 —exp(—20,k/n?)
as n — oo uniformly over (6;,..., 0;) € [1%_,(6, —n™", 6, + n~""). Further-

more using (12), we have
| |

‘(Tgul,nTou’”>. = 1'
ii

. il:ll 1 exp(—2k6, /n?) — exp(—2k6, /n?) e 1
R B 1 — exp(—2k0,/n?) -
i

[1 o (B = 0,) exp(=2£0,, /%) T3% o[ -2k (B, — 0,)/n*)I'[(r + D! } }1/2 1
1
< max !1

~
=

(30)

O Xo20(—2k0,/n?)[(s + !

9 —(i-1)/2 9 —(i-1)/2
|14 —— 1= —— -1
n"' 0, n"" 6,
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for sufficiently large n uniformly over 1 <i <nand 6, € (6,—n", 0,+n"").
Next we shall show that

(31) ’(TanT%mlj‘Sn—ﬂM’

for sufficiently large n uniformly over 1< j <i <nand §, € (0, —n™", 0, +
n~""). We observe from (11) that forall 1< j<i <nwithl<u <d,

i-j 2 j-1 911 1/2
e e (),
a1 — @) i Ton),

i—J m+j—1 2s
= ¥ (@)l GOm, i - [ I (1 “323;}

s= m+1

(32)

Next define recursively for e =0,1,...,i — J,

i jmi-j=1 Y0=m=<i—j,

(33) Ni,jimiejk = KjmMi, jimtlivjhtl = Am Wi, jim,iv j—ht1
VO<m<i—j—k,

where
2m+1 (1 - wz(mﬂ))(l - wz(mﬂ))
Jom “ ~2(m+) 2(m+1) vm=0,1,...,
(34) (1—w, )(1—wa )
Ap =02 VYm=0,1,....

Then it follows from (32), (33) and induction that for all 1 < j < i < n,
O<k<i—jwithl<u=<d,

=1 _ 52" iy O
{[nrl(lns iy (= ?‘)]}/(Tgf,nTewn)i,j

i— ]+1(1 LUQS)

= Z (—wu>’-f-k-Mw;"2G(m, i—j— k)
m=0

m+j—1 1 — w2s
|: 1_[ El_wgs;:|7h]mz]k

s=m+1

(35)

11_

7);]001_[

wZS
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To investigate the asymptotics (as n — o0) of n; ;.o o when j < i, it is conve-
nient to rewrite (33) in the following way. For each m =0, 1, ..., define

M1, ,0,00M) = Kj o — Ay Vi<j<n,
M4, j;0,00m) = (Kj m = Ap)Mi—1, ji0,0(m + 1)
+ Aulmic1, jio,0(m+1) =m0, 0(m)]
Vi<j<i—-1l<n-1

(36)

Then n; ; o0 =i, j 0,0(0) whenever 1 < j <i < n. For example, we have

Nj+2, j, o,o(m) = (Kj,m - )\m)(Kj, m+1 — )‘m+1)
+ /\m(Kj,erl —Apy1— Kjm™+ Am)s

M 13, ,0,00m) = (K m = A ) (Kj i1 — Apg1)(K ms2 — Amg2)
F A1 (K m = A (K mi2 = Amiye — Kyt + A1)

(37) + /\m(Kj, mil ~ Amy1 — Kjm™+ )‘m)(Kj, m+2 = Ami2)
+ /\m(Kj,m - Am)(Kj, m+2 ~ Amge — Kj my1 + Ams1)
+ A (A g1 — )\m)(Kj’m+2 —Apt2 = Kj 1+ Ams1)
F A0 (K mt2 = Amga = Kjomat + Amat = K)o me1
+ A1+ K, — Am)s

and so on. We observe via induction that 7, ; ¢ ¢(m) can be expressed as a
sum of (i — j)! terms where each term is a product of factors of the form A,
S to(= D) R [ 1R = DN o1 Y7o (= 1) RUK ekt = AL (R = DL
We further observe that each term is also of degree i — j in these factors. Next
for each £ =0, 1,..., we define the order of YF ,(—1)! k!, [I/(k — 1)!]"* to
be £ and the order of Y7 o(—1)'k!(& ;. main—i — Amir)[L1(E —1)!] 7! to be k + 1.
Then each of the (i — j)! terms of n; ; ¢ ¢((m) has a sum of orders equal to i — j.

REMARK. As an illustration, we observe from (37) that ;.5 ;.o and
M i3, j:0,0 can be expressed as a sum of 2! and 3! terms, respectively. Fur-
thermore, for example, (k; ,, — A,,)(K; i1 — Apmy1) 18 of order 2 and degree
2 whereas A, (A1 — Ap)(Kj mi2 — Apgg — Kj i1 + Apgr) is of order 3 and
degree 3.

Finally among the (i — j)! terms of n; ;.o o(m), leta; ; , s, denote the num-
ber of terms having exactly r —s factors of the type Zf;o(—l)lkl!/\m+k1_l[l!(k1 -

)!]7! for some k; = 1,2,..., and exactly s factors of the type Zfio(—l)lkzl
(K, maky—1 = Amgry—0)[L1( kg — 1)!]7! for some ky, = 0, 1, ..., where the sum
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of the orders of these latter s factors is ¢. Then it follows from (36) that
@ji1,7,1,1,1=1 V1<j<n,
(38) @i jorst = @1, j,r—1,5-1,t-1 T 81 j rst-1 T (T =8)Qi_1 j r s
+(i—j—r)ai717‘j7r71’s7t V1§]<l—1§n—1

Consequently, from Lemmas 3 and 4 (see the Appendix), we have

|”fli,j;0,0| = |’fh’,j;0,o(0)|

oo 4e0,\"T en \* (176,
< > (exp(36,/n)) <7> (W) ( >ai,j,r,s,t

r,s,t n

176, \" 1\t e3n \*
o) 5 (1) (2

r,s,t

and using Lemma 5 (see the Appendix),

i—J n 34i—J
4 s
) [(l J)-] . S’ZI;ZI eannV,]_
686,\" 7/ . . . .exp(3(6, +1))n*

< (%) 16 - e RER )

176,
n

M, 0,0l < eXP(39u)<
(39)

Vi<j<i=<n,

whenever n > Cy = max{Cj , Cy*, C3**} uniformly over 0, €(0, —n",0,+
n~""). Since (i — j)'7/ < e7/(i — j)! [see, e.g., Feller (1968), page 54], it follows
from (35) and (39) that

-1
I(Téu,nTﬁu’n>i’j
{ U ” Tt ja (1 — @3) }1/2
ni, 50, 25 i—J ~ j—
POl a2 (- a2 - w2))

(i — 1) 1z ni=J
0 <2 | @)

1

_ 2exp(3(8, +1))n*(686,)" 7 [ (i — 1)! 1/2{ nie }
= ngi—jnn” (] — ]_)' (20u)(l—])/2[(l _ j)!]3/4
_ 2exp(3(6, + 1))n*nti-0/2 e®(686,)8

egnn”(l _ J')5(i7j)/8 8(20u)4 )

for sufficiently large n uniformly over 1 < j <i<nand 4, € (8, —n", 0, +
n=").
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CASE 1. Suppose 1 < i — j < n”. Then clearly the right-hand side of (40)
is bounded by n~""/4 for sufficiently large n uniformly over 1 < i — j < n” and
6,€(0,—n"",0,+n").

CASE 2. Suppose i — j > n*. Since v > 4/5, the right-hand side of (40) is
bounded by

2exp(3(6, + 1))nt [ n 2 e5(680,)8 v/
2 Bv/4 eXp|—gop e =TT
6%n nbv/ 8(26,)

for sufficiently large n uniformly over n* <i— j<nand 8, € (8, —n", 0, +
n=").

Cases 1 and 2 prove that (31) holds. Finally it follows from (20), (30), (31)
and the strong law of large numbers that with probability 1,

1 5,/ 2 -1
as n — oo uniformly over (6y,...,0,) € [19_,(6, —n™™, 6, + n™""). Now we

conclude that (27) holds using (17), (28), (29) and (41). O

REMARK. It is evident from the proof of Theorem 2 that strong consistency
holds for sieve maximum likelihood estimators of (6, ..., 6;) with coarser
sieves than that given by (13) and 4/5 < v < 1. However we feel that this
is somewhat academic since most statisticians would prefer to use a finer (as
opposed to a coarser) sieve if both would lead to estimators possessing similar
asymptotic properties. This is mainly due to the expectation of better finite
sample performance from estimators derived from the finer sieve.

4. Final remarks. This article has shown that sieve maximum likeli-
hood estimation of (6, ..., 6;) is strongly consistent when y = 2. However
we observe from the proof of Proposition 2 that it seems likely that the same
result should hold for “honest” maximum likelihood estimation as well and
that the use of a sieve is probably only a means to avoid further technical
complications.

The consistency of the maximum likelihood estimate for the variance o
is still an open question when y = 2. In any case, the analysis of the log-
likelihood function of 64, ..., 6; and o2 indicates that in terms of accuracy,
maximum likelihood estimation of o2 is at least an order more difficult than
sieve maximum likelihood estimation of (64, ..., 6;).

A more detailed and precise study of the large sample behavior of the ele-
ments of the lower triangular matrix @Z:l Tgl 2 To,.n of Lemma 2 may help
resolve the above issues. "

2
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APPENDIX

LEMMA 3. Let A, be defined as in (34). Then there exists a constant Cj
(depending only on 0,) such that

E (D) R A i
Ik —1)!

4e6, \"
S( ezu> exp(36,/n) YO<m <m+k <n,
n

=0

whenever n > Cj uniformly over 0 € (6, —n™"", 0, +n™"").

Proor. We observe that

k
Z‘(_;v)(l:!:\n;;k l Z (zv(}e)k b 'eXP( b,n7%(2m +1+21))
=0 ) ’

x ( ) Z(2m+1)’ 528 2 (—1)FLRIS

(42) =

r = slr—s)! o Mk
00 (2m+1)r 59s k ( 1)k Lp1]s
22( ) Z sI(r — s)! EO k-1

Since k* < e*k! [see, e.g., Feller (1968), page 54], it follows from (42) that

k (_1)lk!)‘m+k71 io: ( ” )r 1“256 2k(2m + 1)r k— 32s+kks+k
=0 U(k-=1D) '’ =0 (s+R)(r—Fk—s)!
%) ! k r—~k
52( ) (4e)*(2m + 1+ 2k)
ot (r—~R)!
4e 6 2n+ 1)\
= n2 n? r!
4ef 0, 9
< 3 exp(B (2n +1)/n%) VOo<m<m+k<=<n.

This proves Lemma 3. O

LEMMA 4. Let k; ,, and A, be defined as in (34). Then there exists a con-
stant C?;’: (depending only on 0,) such that

Xk: (=D RUK it = Amsit)
< 1k — 1),
e3n [170,\*!
< = YVO<m<m+k<n-—j,
2n" \ n

whenever n > Cy* uniformly over 9, € (6, —n™", 0, +n™™").
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PrOOF. It is convenient to expand (1 — wam )y~ as

(1) =g [ 5 (- 2(’”3 o ) =1

_ n? i 2(m +1)60,
- 2(m+1)6, 5 n? s‘ ’

where B,’s are the Bernoulli numbers [see, e.g., Graham, Knuth and Patashnik
(1994), pages 283-289]. Hence

1- 0, & 2(m+1)\" & 6567°B,_,
(-5

~2(m+1)
2T We Y% 3
1— wi(”“fl) 0, n? s+ DI(r—s)!

Using a similar argument, we have

(1 _ wi(erJ))(l _ Lbi(erl))

(1 _ u.}i(nH-j))(l . wi(nH—l))

ro=0
< s ril(rg —r)l(2j — 1)
: r12=:O ram0v(rergiry) T3 (Ta = T)(ry = 1)l(rg — 1y + 175 — 1y)!
ry 21 621—513 ro—ri ‘“22 022—r1—32B

ri—si 'g—Tr'1—Sg

x 2

5,20 (s1+ Dl(ry —s1)! 5920 (sg+ Dl(rg —rq — s9)!
(43)

Writing 6, = 0, + &,, it follows from (43) after some rather involved calcula-
tions that

Kj,m - /\m

2 j ~2 1
2m+1{ wir (1 - wi ™) - w" )
u

11;3””’1(1 _ wi(’"+]))(1 _ wi(erl))

=

=0y (-%) Lentyr ¥ o

r=1 ry=0 s=1v(r—ry) (7' - S)’
s—1 ss—l—rz ro  riA(rg—r+ry)
u
AT sy Y
ro=r—ry 27% r1=0 ry=0v(r;—r+ry)

ril(rg —ri(2j — 1)1 "s
rgl(rg —r+ry—rg)(rq —rs)l(r —ry—ri+r3)!

ry 051 1= S1B ro—ri é;z 922"1—523 )

r1—S1 r'g—ry—Sg

X
6,20 (s1+ DI(ry —s1)! 5920 (sg + Dl(rg —rq — s9)!
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s riA(s—r+ry) 1 | . ri—rs
ril(s—rl(2j-1)

P21 OV (rr ) rgl(s—r+ry—ro)l(ry —rg)l(r —ry—ry+r;3)!

« Z u ri—s;

5,20 (s1+DI(ry —s9)! syl (s1— s3)!ss! 590 (sg + Dl(s — 1y — s9)!

(s—r+r)l(r—ry! 2o (sa+ DI(s — sp)! (s— 89— 33)133. '

0 =1

ry pri1p s1 81'051 S3 s3—1 s—rq éizHZ*H*SQBS - )
—r1—Sp

Consequently we observe that

P (=1 RUK ket — A1)
N(k—1)!

=0

oo
:8u Z

r=kv1

ZZ

e rslra—re) 1 (kD)

( 1 ) rol r(2m41)a T2 B (— )RR

r ér—s

2

s=1v(r—ry) (I" B 8)‘

{( s—1 s 1-ry  ry riA(rg—r+ry)
1 ) )
ro=r—ry (S r2) r1=0r3=0v(ri—r+ry)
ril(rg—r{)(2j—1)"17"s
rgl(rg—r+ry—rg)l(ri—rs)l(r—ry—ri+rs)!

I 631 ri— slB ro—r1 9220;27“7323 o

r—s

« ro—ri—Sy
5,20 (s1+D)!(r1—s71)! 590 (sg+ 1) (rg—r1—sy)!

s rin(s—r+ry) | | i— 1)1 73
ri(s—rl(2j—
( Z 1 ( 1) ( J )

P =0V rrd) rgl(s—r+ry—rg)l(ri—rs)l(r—ry—ri+rs)!

L e X

520 (s;+D)l(rq1—s7)! ot} (s1—s3)!s3! =0 (sg+1)!(s—r;—s9)!

s 0 s—8 ~5—89—83 S3—1
s! 5 W By_g, ZZ (s—so)0u 7 P& '
(s=r+ryl(r—ry)! (sg+1)!(s— 32)' (s—s89—53)!s5!

$9=0 =1

r er_slB 51 81‘981 Sg 33—13 ri 03293 ri— SZBS _— )

Since |B,/s!| <1foralls=0,1,..., [see, e.g., Grahamj Knuth and Pata§hnik
(1994), page 2861, for n sufficiently large such that |¢,/60,| <1,1/2<6,/6, <2
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and [86,/n| <1, wehaveforall0<m <m+k<n-—j,

b (=1 RYK it — Amyi) 2k|<9 | "
,mtk— mk— u _ 1 r
> e el 32 ( )(r k+1)(2n)
k 00 4~ r
MEALIRS e11/4(%> (r—k+1)(2nY
u r=~k
2k|8u| > 3/4 4§u "

x[2(n —j)+ 1]

5%(169> i —k+1)<

"

5, \ n
4¢%|e,| (166,

:M( ) (1-86,n"1)2.
0 n

u

This proves Lemma 4. O

LEMMA 5. Let a; j , s be defined as in (38). Then there exists a constant
Cy (depending only on 6,) such that

1 e3n \*/1\ /" e34i-J
(44) — ( )(—) a; ; <——— Vl<j<i<n,
(G — )2\ 62nn n LADSE= g2pnr-1

whenever n > Cy™.
u

PrOOF. Clearly, (44) holds when i = j + 1 for all n = 1,2,..., since
@;i1,5,1,1,1 = 1. Next we assume that i > j+ 1 and we divide the remainder
of the proof into two cases.

CASE 1. Suppose that s > (i — j)V/%. Since a; ; , ., < (i — j)! and v > 4/5,

1 S\ /1 imj—t on (- 1 i—j—t
T ANA\ g2 - Qi jorost =\ parmr = [ — P
[@—DNVY4\62n n 02n n

ed4i—J

6Znn-1

whenever n > Cj,u for some constant Czu (depending only on 6,,).

CASE 2. Suppose that s < (i — j)"/*. Let C;** be a constant such that (44)

is true for integers less than i, C3* > C} and €36;2n'™" < 1 whenever
u u
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n > Cy*. Using (38) and induction, we have

1 an Vo 1\
G= 7\ gnw ) \n)  Girse
1 1
O 02nn” - @i, jrtse1, i1

S
+[(i—j)!]1/4(02n””) ) @ict, o1

1
+ [(i — J)V4 (HZnnV ) (r—s)ai1,j,rs¢

S| =

S|H

1 1
+[(i_j)!]1/4<02nnV) (;) (i—J—r)a_ 1, j,r—1,st
- 1 en
T GE 1= DA Zn
1 n \ (1
SEnAC A
1 en \
TG A\ @

1 en \’
+ — - -
[(F—1— )4\ 62nn

3i-1—j
- 4(e’4 )
02nn”—1

Qi 1,j,r—1,s-1,¢t-1

Qi_1,j,r st

i-1-j—t
1
- i1, j.r-1,s,t
n =L r=4Ls,

Vi<i—j<n-j

whenever n > C*** The last inequality uses the induction hypothesis that
(44) is true for 1ntegers less than i. This proves Lemma 5. O
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