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A BERRY-ESSEEN BOUND FOR AN OCCUPANCY PROBLEM

By M. P. QUINE AND J. ROBINSON
University of Sydney

A Berry-Esseen bound is given for the rate of convergence to normality
of the number of empty boxes when balls are distributed independently and
at random to boxes with possibly unequal probabilities. The method of proof
uses the equivalence of this distribution to a certain conditional distribution
based on independent Poisson random variables. Then methods based on the
characteristic function of this conditional distribution are used to obtain the
result.

1. Introduction. Let N balls be distributed independently and at random into n
boxes in such a way that each ball has probability px of landing in the kth box, & = 1,
«+., n. Let S denote the number of empty boxes. We give Berry-Esseen bounds for the
departure from normality of the distribution function of S.

We will use the following notation:

Olk=Npk,k=1,"',n; Q=N/n=n_lzkak;
D*=n""[Tre (1 —e™) — N7'(Tr axe™)?].

It is easy to show that if N, n — o in such a way that N max; p% — 0 (or if nD* — o and
maxzaz/a is bounded) then ES ~ Y, e ™ and V(S) ~ nD? In the symmetric case (ax = «,
k= 1; tt n);

D?=e{1— (1 + a)e™™}.
Englund (1981) has shown in the symmetric case that
sup: | P((S — E(S))/VY*S) = x) — ®(x)| = C/VY*(S)

with 0.087 = C = 104 if V(S) > 9. However his method does not appear to be capable of
extension to the more general case considered here. Corollary 1 below is asymptotically
equivalent to Englund’s result.

Holst (1972) has proved a limit theorem for sums of scores based on occupancy numbers
which implies the following result: if N, n — o, @ — a9, 0 < ap < %, 0 < lim inf, D? < lim
sup, D? < o, and np,, < C for some constant C, for all n and k, then S is asymptotically
normal. Corollary 2 improves these conditions.

In what follows, Ci, C;, Cs, - - - denote absolute positive constants, and ® denotes the
standard normal distribution function.

THEOREM. Suppose that max;, ar < C1a. Then

S—Yre C.
(1) sup, P<—712/2D—5 x) —0() | S =
The following corollaries follow easily.
COROLLARY 1. In the symmetric case,
S —ne™
(2) Supx P<WS x) -®(x) | =< I/QD.
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664 M. P. QUINE AND J. ROBINSON

COROLLARY 2. Suppose N, n — ® in such a way that n'/>D — o and npy, < C for some
constant C, for all n and k. Then S is asymptotically normal.

2. Proofs. Asshown in Loéve (1955, page 285), the left hand side of (1) is dominated
by

3) du + (2/m)'7,
K

u nn'2D

2 Jnm/zp [Yn(t) — €™ 2/2| 2
0

where
Yn(u) = E exp{iu(S — zk e_a")/nl/zl_)},

and n > 0 will be specified later.

Let Y1, ---, Y} be independent Poisson random variables with parameters a, - -+, axs;
let X, =I(Y,=0),k=1, ..., n. Then the distribution of S is the conditional distribution
of ¥ X% given ¥ Y} = N. However, to avoid a possibly degenerate covariance structure
of (X%, Y%), we deal instead of X} with

Zi =X, +vyY:, k=1,..-,n,
where y = ¥, are™/N. Note that
EYi=oar, VYi=0ar, EZ, =€ +yor, VZi=e (1 —e ™)+ yzak — 2yore %,
Cov(Zi, Yi) = —are™ + yau.

Put Y,=(Y.— EYi)/a"? Zy=(Z,— EZ%)/Dand Y =n""2 %, Y, Z=n""2Y, Z,. Then
the characteristic function of (Y%, Z:) is

8r(w, t) = E exp(iYiwa ™ + iZitD™) exp(—icpw/a'’? — i(e™* + yar )t/ D)
(4) = e ™ [exp(akezw/al/2+yit/D) + eit/D — 1]
X exp(—ioapw/a'? — i(e™ + you)t/D),
and that of (Y, Z) is
EeiuY-HuZ = Hk gk(n—l/Zv, n—l/2u)'
Note also that EY =EZ =0, VY =VZ=1,Cov(Y, Z) =0.
According to a theorem of Bartlett (1938),
E(e™| % Yi=N) = [27P(%: Yi = N>]“f E exp(ix(¥ Yi = N) + iuZ} dx

®) -

aN1/2

= cNf EeivY+iuZ dU,
—7N'/2

where we have put v = xN'/? and where
NteV

(6) en = 5 = (2) /20U,
Furthermore,
(7) Yn(u) = E {exp[iu(Te Xi — Tx e™*)/Dn'*]| i Yi = N}

= E[e"*|Y: Yi=N1.
We combine results (5) through (7) as a lemma.
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LEMMA 1. The characteristic function . satisfies

AN12
Yn () = cn f 1 & (n™"%v, n™"2u) dv.

—aN/2
From Lemma 1 and the Mean Value Theorem

\Pn(u) _ e—u2/2 —e" 2/2(eu2/2¢n(u) _ 1) = e—u2/2u[% es'l/Z n(s)]

s=0u

7 N1/2 d
= ue ey f [—— e*? [Tx gr(n™", n‘l/zs)] dv,

—nN'/2 dS s=0u

where 0 < 6 < 1. Now write
®) U (Wn(w) — €)= Li(u) + L(u)
where
(9) Il(lt) =cn f e—(u2+u2)/2 [_q_ eu2/2+32/2 Hk gk(n_l/zv, n—l/zs):| dv

|v]=eN'/? ds s=0u
and
(10) Lu) = c~ f e v? [—(—1- e*"? [1x ge(n ™", n‘l/zs)] dv,

eN'/2<|v|<aN/? ds s=0u

where 0 < ¢ < 7 will be specified later.
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To bound I, we need a lemma which is very similar to some results of Sections 8 and
9 of Bhattacharya and Rao (1976) except that the region of interest is a rectangle, which
can be far from square if « is large or small. Lemma 2 could only be obtained from their
results in the case of fixed or bounded a. The proof is closely related to proofs given in [2]

so we defer this to the Appendix.
LEMMA 2. In the region
2 2
R={(v,s):|v|<=¢m,|s|<=tm
{(vs) |v| 51 | s| 9 2}
we have
1

d s2/2+02/2 -1/2 —1/2
(11) dse 1= gx(n™"*v, n™"%s) 54

where i, =n" YW E| i, tn=n"2YyE|Z:|°, whenever

(12) b <127%2 £, < 12792,

To use this result we need bounds on the third moments.

LEMMA 3.
(13) 4in < 3C; max(a'/? 1)/ (na)*?,
(14) ton < (34Cy)/Dn'"?
and

(15) fln + f2n = C5/Dnl/2.

=C|s|+|v]|+ 1D + fzn)el— (V® + 5%,
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Proor. Let Y, ¥” denote the sums over those k& for which ax < 1 and a; = 1,
respectively. Then
YE|Yi—a =Y Trolj— [P ahe™/j! =Y (2ade™ + ar) = 23
since 2x%¢* < 1for0 < x <1, and
YE|Yi—aP<=sY (E|Yi—ar |} =Y {ax(1 + 3ax)}* =3 3" a2
So (13) follows from
Gn =< 3(na) ™ [Y ar + Y a¥?] = 3CY2 max(a'?, 1)/ (na)"
To derive (14), note that we can write
(16) nD®>=Yre (1 — (1 + ax)e™) + Yp ar(y — e™%)?
and
Zy—EZi=Xi+ e Yi— (1+ a)e™™ + (y — e ™) (Yi — ),
whence
(17) E|Z,—EZ,’<4E|Xi+e*Yi— (1+ ar)e P+ 4|y — e [E| Yi — o |*.
Now the sum over % of the first expectation on the right in (17) is
e[ — (14 ar)e ™)™ + afe™ + 2, | j— 1 — op Pe ™ ah /1] = 81 + S + S,
say. We have
(18) Si=Y:[1- (1 + ap)e™]e™ < nD?

from (16). Also, since afe ™ <e 2 <,
1 2
(19) S = 7 Y aje < 7 nD?

using %x%e < 1— (1 + x)e ™ and (16). As for S, we have

YY) = 1= axl’e wat /!
=Y e 32, — 1+ (1 + ap)’e™ + afe™]
=Y e 20, — 1+ (1 + 200 + ai)(1 + ax)e™ + afe ]
=Y e ai(l + ar) + ai]

since (1 + x)e™ < 1. This sum is less than ¥’ aie™>*, since e >*(1 + x + x%) < 1 for x > 0.
Also

Y ¥l -1 —arPe ™ /j! =3 e HE| Yi—1—ax " — (1 + ax)’e™ — afe™]
=Y e ™E|Yr—1— ap[']*
=Y e oy (1 + 3az) — 4ax + 60 + 1]**

=23 aje ™,
so that

(20) S3=2 Zk Ollzee_za” =< 4nD?
Next, as in the derivation of (13),

Zely—e™PE|Yi-a's3Y |y —e P +3Y |y — e [l
Fora, =1,

|y —e ™| =1
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Now suppose a > 1. If a > 1,
yar? = Ci*a™? < CY¥?

since

.

y=Yrare */na<a’l.

fa=<1l,
yal? = CVra < I,
since y =< 1. So
|y — e | ak? =< Ci
Thus
(21) Sely—e ™ |’E| Yi — ax|* = 3CY2 S (y — e™%) %), < 3CY2nD2
Now (14) follows from (17) through (21).

Finally, since D>’<1and D*<n™' $re (1 — e *) =n~' ¥, ax = a, the bound in (13)

is dominated by
3 max( G 1 ) = 3,

nl/ZD’nl/ZD - nl/ZD’

and (15) follows from this and (14).
Assume henceforth that

€0, a=<1,
(22) €= {a_l/zeo, a>1
with
(23) &0 =2/(27C1) and 7 =<2%(34C;)".

LemMMaA 4. If Dn*? > 12%2Cs and (22) and (23) hold, then

nn1/2D
C
J' |Il(u)|dusnl/: .
o

PRrooF. Since |v| <eN'% |s| < nn'/?D, (22) and (23) and Lemma 3 ensure that (v, s)
€ R as specified in Lemma 2. So from (9),

2r1/2D AR1/2D C
f |Il(u)|du5cNf [J ColJu| + |v| +1)° % 1/3 e W/ dv] du
0 0 |v|<eN'/? n"D

Cs
=275

LEmMMA 5. If (23) holds and 1 = 1o = £3/90, then

ngn'/2D
J’ | L) | du=—S .
0

n 1/2

Proor. First consider the case a < 1. From (4),
| ge(n™" 20, n7V%) |2 = e 2 {e2%°>7 + 2[(1 — cos {)(1 — cos &)
(24) + (€*°°™ — 1)cos 8x(cos ¢ — 1)

+ e“°*7sin §;sin {]}



668 M. P. QUINE AND J. ROBINSON

where 1= N2 + ys/(n*?D), ¢ = s/n'/?D and 8 = azsin 7. Since 7 < 1/50 from (23), and
since | 7| = 7 + 7, we have cos 7 — 1 = —7?/5. Since

(25) 1 < Yo,

and y < 1, we have | 7| > %g. So from (24),

- - - 2 -
| gr(n™"2, n712%)|? < e /10 4 e~ (Yyn2ad + Yare™n? + e axn)

QrR€Q OEEQ
=1- 1- +3
10 ( 20 ) o

<1 — ae$/30,

since axe8/20 < 1, so long as

(26) 7 =< €6/90.
In this case

(27) | ge(n ™20, n™2%s)| < e~ /%,
Now

d ge(n v, n7"%) | = Fa n~ I[EZklsl + E|YrZy||v|] Terr | 8 (n 720, n7%))|

ds
1
=Y.n"'[EZ}|s| + E| Yka||v|]exp{— — ed(na — ak)}
60
(28)
= (ls|+ |v|>exp{ L eina - cn}
= Cs(na)mexp{— 1 e(z)na}
- 60 )
So

1/2s2 I 8k ( U n 1/28) < |S|e 2/2 —naed/60 + C e® /Q(na)l/Q —nae$/60

’ds

2/ 2
< Cge‘” /2 nae<./60(na)l/2,

and from (10),
/2D Wr1/2D  paN1/2

J’ | L(w)| du < cNJ’ J’ Co(na)2e "% gy dy
(1)

= Cu/(na)"? = Cw/(n'?D).

(29)

Now suppose a > 1. From (4)

(30) |gr(vn™2 sn™12)| < e™ (e + 7).
Since |v| > en'4, n<Y%egand y<a' < a V3
S 1 12
—_ < <=-ve<-=|U|(na
2D n 2 Y&o | [(na)”

so | 7| > %|v|(na)™/% Thus if &, = %a,
|gk(n—1 20, n—l/zs)l < e—a,,ul/mozv) +ne %
= e—akui/uoN){e—akUZ/(40N) + ne—ak(l—ui/(40N>>}

< e—aku‘l/uoN){e—u‘l/(som + ne—ak(1—72/40)}.
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In this case, then,

(31) |gk(n_1/2v, n_1/23)| < e_UZ/(SOn)
so long as |
(32) < a- e—-eé/BO)el/z(l_,,z/m).

Now set 5 equal to 1o = £5/90, so that (32), and « fortiori (23), (25) and (26), hold.
Let m be the number of a; = %a. Then

%(n —m)a + mCia=%(n —m)a + Y a2 Gk = Nt
so that m = n/(2C, — 1). Using this, (28) and (31), we get

d ; 5
‘ E_ esz/ZHkgk(n—l/Zv’ n—l/ZS) < (2 | Sl + |U |)esz/2e—vl/[80(201—1)]
S

=2|v|e*%e~n"

say, since |s| < non'’D < Ybeon'? < % | v|. So from (10),

non /2D
12

2|vle "’ dudv=< ¢
~ Dn'*’
|v|>eon'/?

ngn /2D
f | L(u)| du < cn
0

u=0

The lemma follows on setting C; = max(Cjo, C12).
It follows from (8) and Lemmas 4 and 5 that (3) is dominated by

277 (Cs + C7 + 24(2/7) V05" /(n'?D) = YT

so long as Dn'/* > 12%2C;. The constant Cy3 can be increased if necessary to a value C; so
that (1) is true for all values of n'/2D.

APPENDIX

Proor oF LEMMA 2. The lemma will be proved for arbitrary independent pairs of
random variables (Yx, Z), with EY, = EZ, = 0, E| Yi|* < w, E|Zs|* < 0, ¥, EY} =
Y+ EZ} = nand Y, EY.Z, = 0, with 41, £, as defined in the lemma. Let

Ri = {(v,8):|v| <WBLR53, |s| < %%,
and let R; = R — R;. First consider R;. Let

h(v, s) = Yr log gr(n™?v, n™Y%) + %ov? + ks,

Then
d v2/2+52/: -1/2 -1/2 d h(v,s)
(A1) —e TLigr(n v, n™%) | < | — h(v, s)| "),
ds ds
Now

|gr(n™?v, n™%s) — 1| < %n'E(vY: + sZ)?
(A2) = %(n™2 Y, E|vYy + 82, |*)*°

= 2"%(|v|*n + | s|%4n) ¥
So in Rl,

(A3) |gr(n™ v, n V%) — 1| < Y.
Since |log(1 + x) — x| = x” for | x| < %,
|2(v, 8)| = Y | gr(n™%0, n™Y%s) — 1 — Y 'EYZ0? — Yn'EZ;s?|

+ Yk |gr(n™ 0, n7V2%) — 1|2
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From (A2)
|gr(n ™20, n71 %) — 11> < Va(4| 0| *lin + 4| 5|°4n) 2(n""2E |vYs + sZi|?)
=¥%nE|vYy + sZ |,
Also
Tkl ge(n™ v, n7V%) — 1 = %nT'EY}v® — %n'EZ}s®| < %n 2 Y, E|vYs + sZ|°.

So for (v, s) € Ry,

(A4) [h(v, s)| <= %Bn™2 Yy E|vYr + sZi |* < %7(0? + %) < W (02 + s2).
Further

d

—h(v,s)| = A + A,

ds
where

A = Zk—d—gk(n_wv n %) + s
ds ’

= |zk EiZkn—l/Z(eivan"/2+isan"/2 —1- ivan—l/2 _ iSan_l/Z)l
1
sgn_mzk E|Zk||UYk + SZk|2

= (V2 + 8)(in + fan)

and
A= | Yr[&(n™%, n72%)]7'[1 — gu(n~V?0, n72%)] dis &g (n" %, n_l/zs)’

= n7 Y | EiZy(eP Ve 550 _ )| E(vYs + sZk)*
from (A2) and (A3). Thus
Ay =n Y (|v|E| YsZs| + | 8| EZ})E(0Yr + sZ1)°
=n? Y E’Zi(|v|EV?YE + | s| EV?Z})°
=4(n"'maxx EZ})*n (| v|* + |s|°)(Zk E| Yi|® + Sk E| Ze|?)
=4(|v®+ [s1°)(4in + on),

since n"'max,EZ; < n"' ¥, EZ} = 1. So

(A5) ’ ggh(v, s)| =4(v]| + |s] + 1)%(lin + n).

Substituting (A4) and (A5) in (A1) gives (11) in R;.
Now consider R;. We have

d _ _ _ _
’ el e"2/2+52/21—lkgk(n 1/2v’ n 1/23) = eu2/2+s2/2 zk’ |Hk¢k'gk(n 1/20, n 1/2s)|
(A6)
d -1/2 -1/2 v2/2+5%/2 -1/2 -1/2
X E;gkf(n v,n”"%s)| +|s|e |TIrge(n~"?v, n7'%s)|.
Now

(A7) |ge(n V20, n™ V%) | <= 1 — %n'E(Y: + sZ:)% + %n"*2E |[vY: + sZ |,
= exp[~%nT'E (VY + sZ,)? + %n"2E | vYs + sZ: |°],
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since for n'E (VY + sZp)? < 2,
|gr(n %0, n7V2%) | = 1 — n'E(vY: + sZ:)° + %n?E|vY; + sZ, |?
and for n 'E(vY, + sZ,)?2 = 2,
n T PE | oYy + sZi | = (nT'E(vYs + 8Z:)) 2 = %nT'E(vY: + sZ: ),
so the right hand side of (A7) is greater than 1. Thus in R,
| i g (n ™0, n7'%s)|

< exp[—%v? — %s® + %(|v|*in + | 5|°tn) + BT E(0Yy + sZ)?]
{Y

and

YenT'E(uYr + sZi)’ S VY + 080 < Vie(v + %)
from (12). So
(A8) | pwr g (n %0, n72s)| < @™ @*+s9/12,

and so clearly,
(A9) |Hkgk(n_1/2v, n‘1/23)| < g~ WHrsh/12,

Now

d _ -
— g(n™%v, n71%)

2 ds

— zk |Eian—1/2(ewY,,n"/LH'sZ;,n‘l/2 _ 1)|

(A10)
=Y (|s|n'EZi + |v|n"'E| YaZi|) < |v| + |s]-

Substituting (A8), (A9), (A10) in (A6) gives

d

2 2 — -
— U2+ 2 [T, g (n ™2, n™V2s)

= (|v| + 2| s|)ed /12
4 (Io] +2|s))

< Ci(|v] + | 8| + 1)2(lin + ton) 107D/

for (v, s) in Rz, which gives (11) in R, immediately.
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