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CONJECTURE: IN GENERAL A MIXING TRANSFORMATION IS
NOT TWO-FOLD MIXING

By STEVE ALPERN

London School of Economics

A new topology is introduced on the group of u-preserving automorphisms
of a Lebesgue space (X, Z, u) so that fy — f if u(f;A N B) — u(f"A N B)
uniformly in n for all A, B in Z. The subspace of mixing automorphisms is a
Baire space in the relative topology. A conjecture (about the extent to which
a mixing stationary process is determined by its two-dimension distributions)
is stated, which if true implies that the two-fold mixing automorphisms are
of first category in the mixing ones. So if the conjecture is true then by Baire’s
Theorem there is a mixing but not two-fold mixing automorphism.

1. Introduction. Let ¥ denote the space of all u-preserving automorph-
isms of a Lebesgue space (X, =, u). Rokhlin (1949) has defined an automorphism
gin ¥ to be k-fold mixing if

liminfn'..,oo;inf#ﬂn,—nj|_;ooll'(gn0C0 NnguCiN ... NgC,) = u(Co)u(Cy) --- w(Cy)

for any measurable sets Co, - - -, Cy. Let .#* denote the set of all k-fold mixing
automorphisms, so that .# = _#* denotes the (strong) mixing automorphisms.
It is clear that .#**' C _#* for all k, but it is not known whether the inclusion is
proper for any k. In particular the existence of an automorphism g* which is
mixing but not two-fold mixing is open, although S. Kalikow (1985) has shown
that g* cannot have rank 1 and J. P. Thouvenot has shown that if such an
example exists then there is one with zero entropy (Kalikow, 1985). The purpose
of this note is to outline a possible approach to this problem based on a Baire
Category technique analogous to that used by Rokhlin (1948) to prove that “in
general a measure preserving transformation is not mixing”.

The key to this approach is the introduction of a new topology on ¥ called
the “two-fold” topology, defined by the sequential convergence of automorphisms
fr to a limit f if u(fRA N B) converges to u(f"A N b) uniformly in n for any
measurable sets A, B. This topology was contrived so that the mixing subspace
# is a Baire space in the relative topology. An attempt is made to establish that
M* is of first category in .#, which would imply that .#* # _#. There is a gap in
the proof of this proposition which can be bridged by the following conjecture on
stochastic processes.

CONJECTURE 1. Let L and M be positive integers, with M even, and let ¢ > 0.
Let X,,n=0, + 1, --., be a mixing stationary stochastic process taking values in
{1, 2, - - -, M} equiprobably. Then there are integers p, ¢ = L and another mixing
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stationary process Y, taking values equiprobably in {1, - - ., M} satisfying
| Prob(Yo=iand Y,=j) — Prob(Xo=iand X, =j)| <e forall i, jandn,
and
| Prob(Yo < M/2 and Y, < M/2 and Ypiq < M/2) — Y8 | > YA00.

2. The two-fold topology. In the introduction the two-fold topoloé:y was
described by the sequential convergence of f, to f if for all mesurable sets A and
B,

(%) u(frA N B) — u(f"A N B) uniformly in n.

We have two observations on this description. The first is that for any measurable
set A we have Yau(frA A fA) = u(4) — u(f:A N fA) which is seen to go to 0 for
fr, f satisfying (+) by fixing n = 1 and setting B = fA. Hence the two-fold topology
is finer than the coarse (sometimes called the weak) topology defined by the
sequential convergence condition u(fzA A fA) — 0 for all A. Next, observe that
if () holds whenever A and B are dyadic intervals of equal rank (we are taking
our space X to be the “standard” Lebesgue space, the unit interval) then it holds
for all measurable sets A, B. In light of this observation we may explicitly define
the two-fold topology by giving as a basis for the open sets the family of all sets
of the form _#(f; m,¢) = {g: |u(g"ANB) — u(f"ANB)| <e foralln =1 and
rank m intervals A, B}.

The two-fold topology can also be given by a metric d, defined as follows. Let
(A;, B;) be an enumeration of all ordered pairs of dyadic intervals of equal rank.
Foranyfin 4 i=1,2,---,andn=0,1, 2, - .. define f(i, n) = u(f"4; N B;) and
let f(i) be the vector in 4, (Banach space of bounded sequences with the sup
norm | ||) whose nth coordinate is f(i, n). Then for any f, g in ¥ we define
. do(f, 8 = 321, 27| fG) — g(i) ||. Observe that the powers of any mixing auto-
morphism form a d,-Cauchy sequence which is not d,-convergent, so that d, is
not complete. However we can show,

LEMMA 1. The metric space (¥, ds) is topologically complete (hence Baire).

PROOF. Let d; denote a complete metric on ¥ inducing the coarse topology
(e.g., di(f, &) = Y21 27U u(fE; A gE;) + u(f'E; A g~'E;)) for a countable dense
family of sets E;). Since we have already demonstrated that the two-fold topology
is finer than the coarse topology, it follows that the sum metric d* = d; + d, is
topologically equivalent to dz, and hence also induces the two-fold topology. We
will show that d* is complete.

Suppose the sequence f, is Cauchy with respect to d*. Since d; < d* it follows
that the f, are also Cauchy with respect to d;. But d; is complete so there is an
automorphism f in & with di(fz, f) — 0. We claim that also ds(fz, f) — 0. To
establish this fix any i and observe that da(fs, fo) = 27°|| fx(i) — fx(i) ||. Conse-
quently the sequence fi.(i), k =1, 2, - - -, is a Cauchy sequence in 4, with the sup
norm || y || = sup, | ¥(n) |. The completeness of /. guarantees the existence of an
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x = x(n) in 4., such that || f.({) = x|| — 0. Since ¥ is a topological group with
respect to the weak topology (Halmos, 1956) the weak convergence of f; to f
implies, for each fixed n, the weak convergence of f} to f*. Hence for each n,
w(frA; N B;) = u(f"A; N B;) so that x(n) = f(i, n), or x = f(i). Thus for each i,
Il f(i) = f@) || = 0 and hence du(fi, f) — 0. This implies that d,(fx, f) — 0 and
therefore d*(f, f) — 0. So we have shown that d* is complete and consequently
that the two-fold topology is topologically complete and hence Baire.

We conclude this section with two easy propositions designed mainly to give
the reader some examples of convergence in the two-fold topology. These prop-
ositions wi!l not be used in the rest of the paper.

PROPOSITION 1. ¥ with the two-fold topology is not a topological group.

PrOOF. Let D,,; denote the jth dyadic interval of rank m, [(j — 1)/2™, j/2™).
For each positive integer k define an automorphism f, in & which linearly maps
Dy, onto Dy ., where j* = j + 1if jis odd and j* = j — 1 if j is even. Similarly
define a sequence of automorphisms g, mapping D ; linearly onto D, ;» where
j¥=j—1if jis odd and j* = j + 1 if j is even, with arithmetic mod 2*.
In cycle notation as permutations of the index j for fixed k&, f. is given by
[(1,2)(3,4) --- (2¥—1, 2] and g by [(2, 3)(4, 5) --- (2% 1)]. It is not difficult
to check that f, — e, g» — e, but f.g, — e where convergence is in the two-fold
topology and e denotes the identity automorphism.

Since the two-fold topology is very strong (fine) we offer the following result
(without proof) which we will not use, just to show that it is far from being

discrete.

PROPOSITION 2. For each fin & the conjugacy class c(f) = {g7fg: g € Z} is
arcwise connected in the two-fold topology.

3. Mixing and two-fold mixing. In this section we analyze the structure
of the mixing and two-fold mixing subspaces of & with respect to the two-fold

topology.
LEMMA 2. _# is closed in & with respect to the two-fold topology.

PrOOF. This follows easily from the definitions (of mixing and two-fold
topology).

We now analyze the topological type of the two-fold mixing automorphisms
#? with respect to the two-fold topology. If f is two-fold mixing then taking A
= B = E, where E denotes the left half of the unit interval (E = [0, %)), in the
definition of two-fold mixing, yields lim, ,.ou(E N fPE N fP*E) = %. Therefore
for some integer j, p, ¢ = j implies that | u(E N fPE N fP*) — | < Yhoo. It
follows that .#2 C Uj; %, where & =N, N, {f: |W(E NfPEN fPHE) — %} <
Yi00. The following easy lemmas show that each % is nowhere dense.
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LEMMA 3. For each j, & is closed in the two-fold topology.

LEMMA 4. Assume that Conjecture 1 is true. Then for each j, & is dense in
M with respect to the two-fold topology.

THEOREM 1. Assume Conjecture 1 is true. Then the two-fold mixing auto-
morphisms form a first category subset of the Baire space of mixing automorphisms,
with respect to the two-fold topology. In particular, there is a mixing automorphism

which is not two-fold mixing.

PROOF. (All topological terms refer to the two-fold topology.) Since .# is a
closed (Lemma 2) subspace of the topologically complete (Lemma 1) & # is
Baire. By Lemmas 3 and 4 (where Conjecture 1 is needed) each set % is nowhere
dense in Z. It follows that U; % is a first category subset of .#, and hence the
same is true of its subset .#2. The Baire Category Theorem consequently implies

that .# — _#*is non-empty.

REFERENCES

HaALMOS, P. R. (1956). Lectures on Ergodic Theory. Chelsea, New York.

KaLIKow, S. (1985). Twofold mixing implies threefold mixing for rank one transformations. J.
Ergodic Theory Dynamical Sys., to appear.

ROKHLIN, V. A. (1948). A general measure-preserving transformation is not mixing. Dokl. Akad.
Nauk SSSR 60 349-351.

ROKHLIN, V. A. (1949). On the endomorphisms of compact commutative groups. Izv. Acad. Sci.
USSR Ser. Mat. 25 449-530.

LONDON ScHOOL OF EcoNoMiIcs
HOUGHTON STREET

LoNDON WC2A 2AE

ENGLAND



