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DE FINETTI-TYPE THEOREMS: AN ANALYTICAL APPROACH!

By PauL RESSEL
Stanford University and Katholische Universitat Eichstatt

A famous theorem of De Finetti (1931) shows that an exchangeable
sequence of {0, 1}-valued random variables is a unique mixture of coin tossing
processes. Many generalizations of this result have been found; Hewitt and
Savage (1955) for example extended De Finetti’s theorem to arbitrary compact
state spaces (instead of just {0, 1}).

Another type of question arises naturally in this context. How can mixtures
of independent and identically distributed random sequences with certain
specified (say normal, Poisson, or exponential) distributions be characterized
among all exchangeable sequences?

We present a general theorem from which the “abstract” theorem of
Hewitt and Savage as well as many “concrete” results—as just mentioned—
can be easily deduced. Our main tools are some rather recent results from
harmonic analysis on abelian semigroups.

1. Introduction. De Finetti’s famous classical theorem (1931) says that an
exchangeable sequence of {0, 1}-valued random variables is a unique mixture of
i.id. Bernoulli sequences. More precisely: let X;, X, --- be {0, 1}-valued and
assume that

P(X1=x1, “'7Xn=xn)=P(X1=x¢r(1)’ ""Xn=xa(n))

holds for all n € N, x;, -+, x, € {0, 1} and all permutations ¢ of {1, ---, n},
then for some unique probability measure u on [0, 1]

1
(1) PXi=x1, -, Xo=1x,) = J; pXH(1 — p)" 2% du(p).

Many generalizations and similar results have been found; in fact since around
1970 a renewed strong interest in this area can be observed and many exciting
new results were found. Several excellent survey articles are available; see for
example Kingman (1978), Diaconis and Freedman (1984), Aldous (1983) and
Lauritzen (1984).

One early aim was of course to extend De Finetti’s theorem from {0, 1} to
more general state spaces and a most satisfactory result was obtained by Hewitt
and Savage (1955); they found that {0, 1} can indeed be replaced by any compact
Hausdorff space, from which it can immediately be extended to Borel subsets of
compact spaces, in particular to all polish or locally compact spaces. Without
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any topological assumptions the result may fail to hold as was shown by Dubins
and Freedman (1979).

Given any fixed state space, another type of question seems natural: what are
(necessary and sufficient) conditions on a given sequence of exchangeable random
variables in order that it turns out to be a mixture of i.i.d. sequences of a
particular type, say of normally or exponentially or Poisson distributed random
variables. See Freedman (1962) for many interesting examples.

Our aim in the present article is to prove a general theorem from which both
the “abstract” representation of Hewitt and Savage and also many “concrete”
results (as just mentioned) may be easily deduced. The methods involved are of
analytical nature; they use in an essential way some results from harmonic
analysis on semigroups, a good introduction to which may be found in Berg,
Christensen and Ressel (1984).

2. Some basic results from harmonic analysis on semigroups. Let S
denote an abelian semigroup, written additively, with a neutral element called 0,
and provided also with an involution *: S — S such that (s + t)* = s* + t* and
(s*)* = s for all s, t € S. In many cases this involution will be the identical one,
i.e. s* = s for all s € S. An example with a nontrivial involution we are going to
use later on will be S = R X R, with the usual addition and the involution
(81, 82)* = (=51, 82).

A function ¥: S — C is called positive definite if

2}3];:1 Cj6k¢(8j + S;’;) =0

foralln=1,8, ---,s,€Sandec, ---, ¢, € C. The set #(S) of all positive
definite functions on S is a convex cone containing the set S* of semicharacters
on S which by definition are those functions p: S — C for which p(0) = 1,
p(s +t) = p(s)p(t) and p(s*) = p(s). If u is a (nonnegative) Radon measure on
S* such that [ | p(s) |du(p) < o for all s € S (in particular then u(S*) < ), the
function ¥ (s) := [ p(s) du(p) is positive definite since

2 cickP(s; + sf) = f | X ¢inlsi) | du(p) = 0,

and one of the main problems of harmonic analysis on semigroups is to establish
the converse which does not hold i.g. without further conditions on ¥ or S, see
Berg, Christensen and Jensen (1979). One particularly useful condition on ¢ is
to assume that ¢ is exponentially bounded; this means that there is a function
a: S — R, fulfilling a(0) = 1, a(s*) = als) and als + t) < a(s)a(t) (« is then
called an absolute value) such that | ©(s) | < Ca(s) for some C € R, and all s €
S. In Berg and Maserick (1984) the fundamental result is proved that 2(S),
the set of a-bounded positive definite functions on S, normalized by ¢(0) = 1, is
a Bauer simplex whose extreme points is precisely the set S* of a-bounded
semicharacters (it is easily seen that a semicharacter p is a-bounded iff | p(s) | <
a(s) for all s € S). This implies that each function ¥ € 2¢(S) has a unique



900 P. RESSEL

integral representation

@ o) = | o6 duo), s

where u is a Radon probability measure on S*, concentrated on the compact set
Se. In particular if ¢ is bounded (i.e. a-bounded w.r.t. the absolute value a = 1)
then the representing measure p is concentrated on 8 := {p € S* | | p(s) | < 1 for
all s € S}, the set of all bounded semicharacters.

In most of the examples later on we actually want the measure u to be
concentrated on the set S¥ of nonnegative semicharacters. A necessary condition
for this to hold is that ¥ even is completely positive definite, by which we mean
that not only ¥ but also each translate ¢,, defined by ¥,(s) = ¢ (a + s), is positive
definite. In fact

Y lk=1 CiCrPals; + st) = f p(a@) | X1 cip(s) |> du(p) = 0

if u(S*\S%*) = 0. The converse statement holds also, as long as we only consider
exponentially bounded functions, and is proved now.

PROPOSITION 1. Let ¢ be a completely positive definite exponentially bounded
function on S. Then the unique representing measure u for ¢ is concentrated on
Si.

PRrROOF. Let ¢ be bounded w.r.t. the absolute value «, i.e.

|#(s)| = Ca(s) forall s€ S and some CE R,.

Then for a € S we have | P,(s) | = |P(a + s) | = Ca(a + s) < Cala)a(s) so that
all translates of ¢ are likewise a-bounded. Therefore we find uniquely determined
Radon measures u,, a € S, on S* (which are in fact concentrated on S<) such
that

P(a+s) = f p(s) dus(p), s€S, a€S.

From ¢(a+s) = [ p(a+s) du(p) = [ p(s)p(a) du(p) we may conclude
dua(p) = p(a) du(p) and dus(p) = p(a) du(p).
For the open subset U, := {p € S*| Re p(a) < 0} of S* we find

0 < (po + pe)(U,) = fu [p(a) + p(a)] du(p) =2 fu Re p(a) du(p) <0

whence u(U,) = 0, and since u is a Radon measure,
ﬂ(UaGS Ua) =0

showing that u is concentrated on those p for which Re(p) = 0. This last
condition however implies already p(S) C [0, o[, because if 0 # p(s) = | p(s) | e?
for some 6 € ]0, /2] (without restriction, since then p(s*) = | p(s*) | e™®), then
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for the minimal n € N such that nf > 7/2 we have p(ns) = | p(s) |"e™ and
therefore Re p(ns) < 0. Hence u(S*\S¥) = 0 as asserted. 0

REMARK 1. In Ressel (1982, Theorem 2) the above result was shown under
the two restrictions of ¥ being bounded and S carrying the identical involution.
In this case the representing measure concentrates on S, = {p € $*|0 < p < 1}
so that by a famous result of Choquet the two classes of bounded completely
positive definite and completely monotone functions coincide.

One of the great advantages of the general integral representation for positive
definite functions is certainly that the determination of the extreme points is
reduced to a rather simple functional equation (although it is not always obvious
how the semicharacters of a given semigroup look like). But still the problem
remains to establish that certain functions are in fact (completely) positive
definite. It turned out that the following result may be very helpful.

APPROXIMATION LEMMA. Let (a;) be a complex p X p-matrix, let M # O be
a set and let ®: M X M — C be a bounded positive definite kernel. Suppose that
for every n € N there exist {x},|j=1,--- ,p;0=1, --.,n} € M such that

Jap if j#k

(p(xj,qy xk,‘r) = lajj lf J - k but g # T.

Then the matrix (a;) is positive (semi) definite, too.

This result appears in Christensen and Ressel (1982, Lemma 5), but it was
used for special matrices already in Berg and Ressel (1978) and in Ressel (1976).

3. The main theorem. Let .7 be the family of all complex-valued measur-
able functions on some measurable space (2, %) which are bounded by 1. Let S
denote an abelian semigroup and let Z denote an abstract set with involution,
i.e. there is a mapping *: Z — Z such that (z*)* = z for all z € Z. Furthermore
three mappings 0: Z —» 7 t: Z — S, f: Z — C\{0} are given such that
0(z*) = 6(2), B(z*) = B(z), t(z*) = (t(2))* and such that t(Z) generates S; this
means that each s € S\{0} is a finite sum of elements in t(Z).

THEOREM 1. Let under the assumptions just given X;, X,, - - - be a sequence
of Z-valued random variables such that
(3) E[[l}=1 0(2) © X;] = [1}1 B(z)P (X]=1 t(2))
foralln=1landall z,, --- , 2, € Z, where ¥: S — C is some function normalized

by ¢(0) = 1. Then ¥ is exponentially bounded and positive definite. In case the
functions in & := 0(Z) are nonnegative and 8 > 0 ¥ is even completely positive
definite.

REMARK 2. The seemingly more general case that the function ¢ in (3)
depends also explicitly on n can easily be reduced to the case where ¥ is the same
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function for all n € N. We define t: Z — S X No by £(z) := (t(z), 1) and consider
S X No as a semigroup w.r.t. componentwise addition and the~involution
(s, n)* = (s*, n). Let S be the subsemigroup of S X N, generated by t(Z). Then

Cu(Si t(z)) = P(TE1 t(z), n) = P(Ti E(2)

and Theorem 1 applies. This idea is due to S. Lauritzen.

PROOF. Lets;, ---, s, €S be given and let n € N be fixed. If none of the s;
is zero we have by assumption

Sj = EZJ;I t(zj,/)y ]= 19 M) p

for suitable z;, € Z. We choose np disjoint subsets N;, C N,j=1, ---,p,0=1,
., nsuchthat | N;,| = n;, define v; := [] =, 8(z;) and complex-valued random
variables Y, by

Yj,d = H;j=l a(zj,/’) ° Xk,y Where Nj,d = {k19 k2y Sty kn~}-

J

Then
[y 7:P(s; + st), if j#k

E(GaYn) =\ y;120(5 + s), it j=h but o,

so that by the Approximation Lemma the matrix (v;¥z%? (s; + s%));r<p is positive
semidefinite. Since v; # 0 for all j this implies (¢(s; + s¥)) to be positive
semidefinite, too.

In case 6(Z) consists only of nonnegative functions and 8 > 0 let a € S\{0} be
of the form a = Y7, t(z,) and choose N, C N disjoint of all the N;, and of
cardinality | N,| = m. Put

Ya = H’/n=1 0(2/) ° X,,/ where Na = {lll, ceey Vm}
and v, := [[%-; B(z,). Then

: - 'y.,’yj'ykﬁo(a + S;j + Sk), if ]-')é k
EYoYc Vi) {’ya'y?‘P(a + 25), if j=k but o%7

(note, that the involution on S is now necessarily the identical one) and since
Y., = 0 we see as before that (¥ (a + s; + sk))jr<p is positive semidefinite.

If 0 € S is not a finite sum of elements in ¢t(Z) we must show that the matrices
(P(s; + st)) resp. (P(a + s; + st)) are also positive semidefinite if one of the s;,
say s, equals 0. In this case we put Y, := 1 for ¢ = 1, ..., n and likewise
v; := 1 and get the result as before.

We still have to show that ¢ is exponentially bounded. From (3) we see that
fors = Y j, t(z)

n 1
PO =15 T

and hence

|P(s) | < als) == inf{H}’=1 |s=Yrit(z),nEN, 2 € Z}.

_1
[8(z) |
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Then « is well-defined on S\{0} and we complete the definition by «(0) := 1.
Now a routine argument shows a(s + s’) < a(s)a(s’) for all s, s’ € S and
a(s*) = a(s), i.e. a is an absolute value majorizing ¥. This finishes the proof of
Theorem 1.0

In all subsequent applications the set % = 6(Z) of measurable functions will
be rich enough to separate probability measures not only on (2, %) but also on
(2", &™) for all n = 1. This means that given two probability measures P, Q on
(2", &™) such that

ffl®f2®"'®fndP=ffl®f2®"'®fndQ

for all f; € Fothen P = Q (here /iy ® --- ® fu(x1, - -+, x,) = []}=1 fi(x;) denotes
the usual tensor product of functions). Let us agree to call % fully separating in
this case.

COROLLARY 1. Let in the situation of Theorem 1 the family % be fully
separating. Then the sequence X;, Xs, - - - is exchangeable.

By the integral representation theorem mentioned earlier there is a unique
Radon probability measure on S* (supported even by the compact set of
a-bounded semicharacters, a being derived from (8 as described in the proof of
Theorem 1) such that

®(s) =fp(8) du(p), s €S,
implying

(4) E[[lj= 0(z) » X;] = f [17=: B(z)e(t(2)) dulp)

foralln€ENandz, -, 2, € Z. In most of the applications below 8 will be one-
to-one so that Z might be identified with the subset % of &, closed under complex
conjugation. The remaining task will then be to show that u is concentrated on
the “right” set of semicharacters, i.e. on those p € S* such that the function z =
f+— B(f)p(t(f)) is given as [ f dx for some probability measure « on (%, &).
Since in all our applications % will be fully separating, the measure is unique if
existent. Note that for general p € S* the functional 8(f)p(¢(f)) cannot be
expected to be linear.

4. The theorem of Hewitt and Savage. Let 2 denote a compact Haus-
dorff space and % the family of Borel subsets of 2. Furthermore let #(2”) be
the space of all continuous real-valued functions on 2, %, (2°) the nonnegative
members of (2 ) andlet Z=F={f€EZF(Z)|0=<f=<1},0=id.

LEMMA 1. If 7: % — [0, 1] fulfills (f) + 7(g) = 1 whenever f, g € %,
f+g=1,and 7(f) + 7(g) + 7(h) = 1 whenever f,g, hE S, f+ g+ h =1,
then 7(f) = [ f dx for some uniquely determined Radon probability measure
kon Z .
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PROOF. From 0+ 1=1and 0+ 0+ 1 =1 we infer 7(0) + 7(1) = 1 =
27(0) + 7(1), hence 7(0) = 0 and 7(1) = 1. Suppose now f < g for f, g € %; then
f+(g—H+Q—-g) =1implying7(f) +7(g—f) +7(1—g) =1=1(g) +
7(1 — g) and therefore 7(f) + 7(g — f) = 7(g) so that 7(f) < 7(g), i.e. 7 is
monotone. Obviously 7(af) = ar(f) for all f € % and all « € @ N [0, 1], and
using the monotonicity of 7 this holds even for all « € [0, 1]. Extending 7 to
& (Z )by 7(f) == I fl 7(f/I f||) for f # 0 and then in the usual way to & (2" ) by
7(f) == 7(f*) — 7(f~) shows 7 to be a positive linear functional on # (2" ) which
by Riesz’s representation theorem is induced by some uniquely determined Radon
probability measure on 2. 0

REMARK 3. If 7: % — [0, 1] only fulfills 7(f) + 7(1 — f) = 1 for all f € %
and 7(1) = 1, it need not be induced by a measure. For example fix some x, € 2
and define 7 by 7(f) = 0 if f(xo) < %, 7(f) = % if f(x) = Y% and 7(f) = 1 if
f(x0) > .

THEOREM 2. Let P denote an exchangeable Radon probability measure on the
countable infinite product 27 of some compact Hausdorff space 2 . Then for some
uniquely determined Radon probability measure u on Mi(Z), the space of all
Radon probabilities on 2, we have

(6) P(A) = f k*(A) du(k)

for each Borel set A C 2. (Here «* denotes the unique extension to a Radon
measure on 2% of the usual Kolmogoroff product measure k @ k ® - - - .)

PRrROOF. Let P be the distribution of X = (X;, X, ---) and let as before %
be the set of all continuous functions f: 22 — [0, 1]. Since P is exchangeable, the
expectation

E(IIj<1fi° X)), fi, -, h €S

depends only on the number of times each f € % appears among fi, - - - , f,; but
this means that it can be factorized over the free abelian semigroup over %,
denoted S = N{9 = {s: % — No| | {s # 0} | < }. i.e.

E(IIj= fi° X)) = P (X1 &)

for some function ¥ on S, where §; € S is one at f and zero at %\{f}. With
t(f) :== 6y and B = 1 we may apply Theorem 1 to conclude that ¢ is a (bounded)
completely positive definite function. A moment’s reflection shows that the dual
semigroup S* can be identified with R, similarly S =~ [-1, 1]%° and S, =
[0, 1]%°. Equation (4) now takes the form

E(Ilj= fi° X)) = f /= p(f) du(p), nEN, fi, .-, €A

with 4 € M3 ([0, 1]”°), where—slightly abusing notation—we have identified &
with f.
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Letf, g € % be given, f+ g = 1. Then 1 = E[(f + &) © Xa] = E(f o X1) +
E(ge° X1) = [Ip(f) + p(g)]ldu(p), and for n € N
1=E[[[k (f +8) ° X;] = Yh-0 Jactr, - il ai=k Elllica f(Xi) [ljca £(X)]

= 31 (Z) f (o(FN*n(8)"™* du(p) = f [o(F) + p(&)]" du(p)

so that u({p| p(f) + p(g) = 1}) = 1 and therefore, u being a Radon measure,
w(Nezlolp(f) + p(1—f) =1}) =1
Similarly, if f+ g+ h =1 for f, g, h € % we find
1= E[Il}-: (f+ 8+ h) ° X]]

= Dy gz Oiky+oythg=n f (p(F)*M(p(8))*(p(h))* du(p)

= f [p(f) + p(g) + p(R)]" du(p)

so that p(f) + p(g) + p(h) = 1 u-a.s.; we see that u is in fact concentrated on
those p: % — [0, 1] for which the conditions of Lemma 1 are fulfilled, i.e. on the
set M1(2) of Radon probabilities on 2. Since the pointwise topology on
[0, 1]7° induces the usual weak (or vague) topology on M}(2), u is a Radon
measure on M1(2). Now

E(H,’-’=1)$-°Xj)=ff1®---®fndP=‘P(Zi’ a,j)=fnfp<a,j) du(p)

=f Hi’ffjdk du(x)
Myu2)

=f ® - ®fndk® dulk)
Ml

W) Y&

forallnENandfy, -, f. €%, so that routine arguments show

P) = f «*(A) du(k)

atleast forall A€E Z® #® - .., a o-field being contained and not always equal
to Z(2”), the Borel field of 27~. Since for any open subset G C 2’ the function
v — »(G) is lower semicontinuous on M} (2°*) and since furthermore « +— «* is a
continuous transformation from M (2°) to M1 (2 ) (even a much more general
result of this type holds, see for example Ressel (1977, Theorem 2)), we get that
k — k®(A) is Borel measurable on M1(2) for each Borel set A C 2*. If G C &~
is open then G = U,caG) for an increasingly filtered family of open sets



906 P. RESSEL

G\EFRAR® ..., sothat standard results about Radon measures show

P(G) = sup P(Gy) = sup f «*(Gy) dp(k)

f sup «7(Gy) du(k) = f «*(G) du(x)

and this equality then extends immediately to all Borel sets in 2°*, thus finishing
the proof. O

REMARK 4. Hewitt and Savage (1955) showed the validity of (5) for all Baire
sets in 2%, i.e. forall A € %, ® %, ® - .., where %, is the o-field generated by
#(Z). The extension to the Borel subsets of 2 was shown in Diaconis and
Freedman (1980).

In analogy with a terminology introduced by Hewitt and Savage one might
call a Hausdorff space 2 Radon-presentable if the result of Theorem 2 holds for
£ . It might be true that all Hausdorff spaces have this property.

THEOREM 3. Completely regular Hausdorff spaces are Radon-presentable.

PROOF. Let % be completely regular, and let 2 denote its Stone- Czech
compactification. If P € M1(%®) then P: #(2*) — [0, 1], defined by P(B) :=
P(B N ™) defines a Radon measure P on 2°* which is exchangeable if P was.
In this case P = J k* dp(x) by Theorem 2, where i € M1 (ML (2)). Since P is
Radon, so is its projection onto the first coordinate, hence for suitable compact
sets K;C K, CK;C---CYF

1=1lim oPKX¥ XY X ) =lim_ PK XZXZX-.")

= lim;j f k(K;) du(k) = f k(U2 K;) di(k)
My2) Mi2)
sothat p(fk | k(K)=1}) =1for K=U} 1K,C? The set M := {x €E ML(Z) | ¥ (K)
= 1} is a Borel set in M} (2°), on which £ is concentrated, therefore /i is a Radon
measure on M (w.r.t. the trace topology from M3 (2)).
Since any bounded real-valued continuous function on % has a unique contin-
uous extension to 2, the natural injection

M — Mi(%)

K —«k
is continuous, ensuring that u, defined as the image of /i under this injection, is
again a Radon measure (on the Hausdorff space M} (%) w.r.t. the usual weak
topology).



DE FINETTI-TYPE THEOREMS 907

If now A € #(% ™) then A = BN %* for some B € #(2~) and

k*(B) du(k) = f k(B N K*) du(k)

M

PA) = P(B) = f

Mi(2)

= f k(A N K”) du(k) = f
Mi¥) Mi(

+' +

k*(A) du(k)
%)
since u({x | x(K) =1}) =1.0

The above result implies that all polish and all locally compact spaces are
Radon-presentable. It is also possible to show that all analytic spaces (i.e.
Hausdorff images of polish spaces under continuous mappings) are Radon-
presentable: If f:  — £ is a continuous surjection of a polish space % onto an
analytic space %, then f admits a universally measurable right inverse and using
this fact the proof is rather straightforward.

5. Countable state space. Let 2 be a nonempty finite or countable set
(and % equal the power set of 2”). In this case it is possible to specify probabilities
on & or 2" by the complete list of point probabilities. We obtain the framework
of Theorem 1 by putting Z = % = {15| x € £}, 8§ = id, and then identifying
1,4 with x. Hence the mappings 8 and ¢ are now defined on £, i.e. t: 27 — S such
that t(2°) generates S; in particular S is countable, too.

THEOREM 4. Let P € M1 (2*) have the property
(6) Py, -+, %a) = [Ij=1 B(x)P (X t(x))

foralln=1and al x,, ---, x, € &, where 8: Z — 10, o[ and t: ¥ — S, a
semigroup generated by t(2°), and where ¢: S — R is normalized by ¥(0) = 1.
Then ¢ is an exponentially bounded completely positive definite function on S
whose uniquely determined representing measure is concentrated on the relatively
compact Borel set

W = W;:= {p € S¥| Yicz B(x)p(t(x)) = 1}.

W is compact in case Z is finite. Conversely for each u € M (W) the function
©(s) := [ p(s) du(p) defines via (6) a probability measure on 2%, i.e. the set of all
P satisfying (6) is affinely isomorphic to the face {u € M4 (S*) | n(W) = 1}.

PROOF. From Theorem 1 we know that ¥(s) = [ p(s) du(p) where
u € M1 (S%*) has compact support. Equation (6) then becomes

P(xy, ---, xa) = f I17=1 B(xj)p(t(x;)) dulp)
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implying

1= 3, ez Plx, -+, %) = f [Ziez B(x)p(t(x))]" dulp)

for all n € N, hence u(W) = 1. It is easy to see that W in fact is contained in the
compact set of all a-bounded semicharacters. See the proof of Theorem 1.
The converse statement is nearly immediate. 0

REMARK 5. The set W may be empty in which case no probability P on 2~
fulfills (6). If for example S is an idempotent semigroup (i.e. s + s = s for all
s € S) then all semicharacters are {0, 1}-valued, so that W would be empty as
soon as Y, B(x) < 1.

REMARK 6. Incase 0= Y2, t(y;) for {y1, -+, ym} C £ we have P(yy, ---,
Ym) = 121 B(¥)9(0) = Tiez P(y1, -+ 5 ¥m, %) = Xx [IE1 B(3:)B(x)P(E(x)) =
T2, B(y;:), so that necessarily ¥(0) = 1.

REMARK 7. In Lauritzen (1975) a good deal of Theorem 4 was already proved.
What was not shown was that ¢ is an exponentially bounded and completely
positive definite function. There was also a slight restriction concerning the
semigroup S which was assumed to be a subsemigroup of T' X (Ny, +) for some
semigroup T, and being generated by some subset of T' X {1}. This restriction is
fulfilled in the following 4 Examples, two of which (Examples 3 and 4) are also
contained in Lauritzen’s paper, but it is not assumed in Theorem 5 below. More
detailed information may be found in Lauritzen (1982, 1984). For given 8, ¢t and
S the family

& = {k € Mi(Z) | «(x) = B(x)p(t(x)), p € W}

is a general exponential model in the sense of Lauritzen (1975, Definition 3.1).

ExXaMpPLE 1. Let 2 =1{0,1,2, ..., k} where k € N. We wish to determine
all P € M} (2 ") such that
(7 Py, -+, %)= Cu(Tiy 1) = P(Xi (33, 1))
forall x;, ---, x, € 2,and all n € N. Here 8 =1, t(x) = (x, 1) and S, C Ny X
Ny is the semigroup generated by ¢(2°) = {(0, 1), (1, 1), ---, (k, 1)}, i.e. Sp =
{(m, n) € No X No| m < kn}.

We want to determine the set W from Theorem 4; so we first have to know
how the nonnegative semicharacters of S, look like. See Figure 1.

Let p € Si. and define u, v € R, by u* := p(k, 1) and v*:= p(0, 1). We assert
that

p(m, n)= u™* ™ forall (m, n) € S,.
If 1 </ < kthen (p(4, 1))* = p(k, k) = p(Zk, #)p(0, k — 7) = u*v**=") hence

(7, 1) = uvF~.
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O 1 2 3 k=4 8 12
Fi1G. 1. The semigroup Sy

Let now (m, n) € S, be given. If m = pk for some p € N then (m, n) =
(pk,p) + (0, n — p) and p(m, n) = u*Pv*"=P = ym™y*»~™ If k does not divide m then
kp<m<(p+ 1)k, son=m/k>pand (m, n) = (pk, p) + (m — pk, 1) +
(0, n — p — 1), implying

p(m, n) = (p(k, 1))?p(m — pk, 1)(p(0, 1))"P7*
= ukpum—pkvk—(m—pk)vk(n—p—l)
= ympkrm,
Therefore p € Wiff p(0,1) + p(1,1) + --- + p(k, 1) =1 iff
vE 4+ wkt Tt w4+ o+ uF o+ uk =1

which describes a compact curve-piece %; inside the unit square. The correspond-
ing generalized exponential model is given by

& ={k € ML({0, 1, -- -, k}) |k ({j}) = wv*7, (u, v) € G}
which for k£ = 1 reduces to all of M’ ({0, 1)}; this is de Finetti’s original theorem.

EXAMPLE 2. Let now 2 = {0, 1, 2, - - -} be all natural numbers, including 0.
Again we want to know all solutions to (7). We have to consider the semigroup
S generated by {(0, 1), (1, 1), (2, 1), ---} inside Ny X Ny, i.e. S = (Np X N) U
{(0, 0)}.

To determine S%* let p be a nonnegative semicharacter. Put v := p(0, 1) and
w:= p(1, 1). If v = 0 then w? = p(2, 2) = p(2, 1) v = 0 and then p = 1y¢,),. For
v # 0 put u = w/v; then p(m, 1)(p(0, 1))™* = p(m, m) = w™ so that
p(m, 1) = u™ and p(m, n) = u™ v™* = u™" for all (m, n) € S. We see that
p € Wifandonly if Ym0 p(m, 1) = ¥mou™ =1iffu€|0,l[andv =1 —u,
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i.e. the extreme solutions of (7) are now given by the geometrical distributions
on Ny. Note that W is no longer compact in this case.

EXAMPLE 3. Let again 2 = Ny, but this time we choose a nontrivial function
B, namely 8(x) = (x!)7%, hence we are going to determine all P € M} (2*) such
that

P(xy, -+, %) = (IIJ=1 %) 7' Pu(Zn %)= (I1}% ) TP (E1 (%, 1)),

where ¥: S — R with the same semigroup S as in Example 2. Let p € S* be
given by p(m, n) = u™v", u, v € R+. Then p € W; iff

1= 2::=0 (l/m!)u"'v Sv=e*

and the corresponding exponential model is just the set of Poisson distributions.
See Freedman (1962, Theorem 4) where also the two examples 8(m) = (}) and
B(m) = (Ni"{!) are considered, leading to mixtures of Binomial and Inverse
Binomial distributions, respectively.

It may be of some interest to see what it means in this case that all semichar-
acters in Wy are a-bounded where

a(m, n) = inf{J] % x! | Xt %, = m}.
Since
u™e ™" < a(m,n) forall u=0
we may maximize the left-hand side to obtain the lower bound
(m/n)"e™ < a(m, n)

(begin nontrivial of course only for m > n).

The reader might wonder at this point if it really holds in general that W is
relatively compact, since in the present example the subset {(u, e™) |u € R} C
R2 describing W; is obviously unbounded. The explanation lies in the fact
that the identification of R2 with S% is not a topological one (in this case;
had we considered N2 instead of S, the topologies would coincide, too). In fact
lim, (1, e™) = (0, 0) in the topology of S%*.

EXAMPLE 4. We let 22 = N and want to determine all P € M} (N*) such
that
8 P(xy, - -, %,) = Pn(max;<j<,x;) = P (L= (x5, 1))

where the notation Y-, (xj, ¥;) := (nax,<j<Xj, Xj=1 ;) is used in order to avoid
misunderstandings. Let S be the subsemigroup of (NN, V) X (N, +) generated by
t(N), t(x) := (x, 1). As a set S looks similar to the semigroup considered in the
two previous examples, we have S = (N X N) U {(1, 0)}.

Let p € S%, then p(m, n) = (p(m, 1))"and form’ = m

p(m’, 1)p(m, 1) = p(m, 2) = (p(m, 1))
hence p(m’, 1) = 0 implies p(m, 1) = 0 for all m = m’, and if p(m, 1) # 0 then
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p(m’, 1) = p(m, 1) for all m’ < m, so that
p(m, n) = lyg,... y(m)v"
for some k € N and v € R,. We see that p € W iff
Yeczp(x, 1) = oo 1, mx)v =1

iff k € N and v = 1/k. The extreme solutions of (8) are therefore given as uniform
distributions on one of the discrete intervals {1, --- , k}, Rk € N.

REMARK 8. In the situation given by Theorem 4 the statistic ¢,: 2" — S
defined by t,(x;, - -, x,) = Y21 t(x;) is obviously sufficient for the set of all
P € MLi(2™) fulfilling (6). In fact if s € ¢,(2") and ¥ (s) > 0 we have

0 < v(s) = Typuim=s [17=1 B(y;) < o
and 1

P(Xy =21, -, Xp = 2] T} (X)) = 8) = 7 I B(x)1ig,=g (21, -+, Xn),
whereas ¢ (s) = 0 implies P(3 % t(X;) =s) = 0.

As another interesting application of Theorem 4 we will derive the general
solution of the so-called Integrated Cauchy Functional Equation (ICFE) on
countable abelian semigroups. This equation was first considered by Deny (1960)
and has recently found a lot of interest mainly in connection with probabilistic
characterization problems, see for example, Davies (1980), Lau and Rao (1982)
and Richards (1982). With the exception of the last mentioned paper the ICFE
is only considered on (locally compact) abelian groups; Richards (1982) charac-
terizes the bounded solutions of the ICFE on abelian semigroups.

THEOREM 5. Let S be a countable abelian semigroup and let 8: S — R, be a
given function such that {s € S|B(s) > 0} generates S. Then ¢: S — R, is a
solution of the ICFE
(9) @(s) = Yyes B(s")P(s+s’) foral s€S8S

if and only if ¥ is a completely positive definite and exponentially bounded function
whose representing measure is concentrated on {p € S%| Yses B(s)p(s) = 1}.

PROOF. One direction is, of course, obvious. Assume now that ¢ satisfies (9).
If ¢(0) = 0, a moment’s reflection shows that ¢ is identically zero. Without
restriction we may therefore assume ¥(0) = 1. Let 2 := {8 > 0} and define
Pe ML(2*) by
P(x1, -+, %) = [IJ=1 B(x)P ()1 x5).

Then Y.co P(x) = Y.ez B(x)P(x) = 1 and for n = 2
Yuez P(xy, <+, %) = [ B(x) aez B)P(T/S % + Xn)
= [15 B(x)P (T %) = P(xy, -+ -, Xn-1)

showing that P indeed is a probability measure on 2. The proof is finished by
an application of Theorem 4. []



912 P. RESSEL

6. De Finetti’s Theorem for convolution semigroups. Already long ago
Schoenberg (1938) proved the theorem that a continuous function ¥ on R, such
that € (|| x||?) is positive definite on R" for all n € N (|| - || denoting Euclidean
norm) is necessarily completely monotone. His result can easily be translated
into a de Finetti-type theorem: let X;, X, --- be a sequence of real-valued
random variables such that the characteristic function of X, := (X, ---, X»)
is spherically symmetric for all n, i.e.

E@ %) = ¢,(lyl), yER", n€EN,

then we see immediately that ¢, = ¥, = - . .; let us denote this function ¥. By
Schoenberg’s theorem

@(s) =J; e ™™ du(s)

for a uniquely determined x € M3 (RR,) so that

E(eio¥w) = fo i e du0),
implying by the unicity of characteristic functions
P(Xw € B) = J: N(0, 2)\)®*(B) du(\)
for n-dimensional Borel sets B, and this holding for all n we have in fact
P(X€EB) = J: N(0, 2)\)*(B) du(N)

for all Borel sets B C R, i.e. X is a variance mixture of centered i.i.d. normal
sequences.

Now the family of centered normal distributions on IR with varying variance
is in fact a one-parameter convolution semigroup, i.e. A\ — N (0, \) is a continuous
semigroup homomorphism from (R,, +) into M.(RR) (being considered as a
semigroup w.r. to convolution) such that 0 — &. Replacing in this definition
(R4, +) by other topological abelian semigroups we obtain more general convo-
lution semigroups. Using our main theorem we will be able to generalize the
argument given above and characterize mixtures of many one-parameter convo-
lution semigroups and some more general convolution semigroups, too. Our
starting point will be the following “abstract” result.

THEOREM 6. Let R and S be abelian semigroups with involution, let t: R — S
be a mapping fulfilling t(0) = 0, t(r*) = (t(r))* and such that t(R) generates S.
Let further 8: R € C \ {0} fulfill 3(0) = 1, 3(r*) = B(r) and suppose ¥: S — C has
the property that

(10) Pu(ry, -« -, rn) = [ B(r)P (X1 t(ry))

is bounded and positive definite on R" for all n € N. Then ¢ is an exponentially
bounded positive definite function on S whose representing measure is concentrated
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on the compact set W = W, 4 consisting of those semicharacters ¢ € S* such that
rw— B(r)e(t(r)) is bounded and positive definite on R.

In case the functions ®, are even completely positive definite for all n and 8 is
positive, ¥ is completely positive definite, too.

ProoF. Without loss of generality let ¥(0) = 1. Then &,, ®,, - -- have the
representations

(11) cpn(rl» crty rn) = f Hj'.l=l pj(rj) d"n(Pl’ crey Pn)

for uniquely determined », € M1 (R"). Since &,(ry, - - - s Tne1,0) = @i (ry, -
ra—1) the »,’s are compatible so that for some » € M1 (R*) the measures v, are
the projections of v onto the first n coordinates.

In the terminology of Theorem 1 we put Z = R (with the involution given in
R) and define 6(r) as the continuous function p — p(r) on 2 = R. (Note that
here 6 is one-to-one iff the bounded semicharacters on R separate points.) Instead
of (10) we can now write, denoting X;, X5, - - - the coordinate projections on R>,

E[Il}=1 0(ry) ° X;] = [T} B(r)P (X £(r))

and Theorem 1 tells us that ¢ is positive definite and exponentially bounded.
Hence ¥ has the unique integral representation

P(s) = f o(s) du(s), s€S

where p € M1S*) is concentrated on S¢ the a-bounded semicharacters of S,
with o given by

a(s) =inf{] [[% B(r) |7 o t(r)) =s,n EN, ry, ---, 1, E R}

From (10) and (11) follows that » is exchangeable, hence, invoking Theorem 2,
there is a Radon probability measure n on M} (R) such that

v = f k% dn(k)

in the sense of (5), which of course extends from indicator functions of Borel
subsets of R* to (at least) bounded measureable functions on R>. In particular
we get

f 171 B(r)o (t(ry)) dulo) = [1}=1 B(r))P(Ei1 t(r;)
=®u(ry, o+, 1) = L« 171 i(r) dv(py, p2, ---)

= f - I:‘[Q H;;l pj(rj) de(pl’ P25 - '):| d"](K)
MiR) LVE

- ke d

MUR)

(12)

denoting by k the (abstract Laplace) transform of «, i.e. k(r) := [z p(r) dx(p),
r € R.
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Let now be given NE N, {c, - -+, cx} €S C and {ay, -- -, an} € R. We want to
show that u-almost surely the (continuous) function
f(o) == Th-1 ¢iCrBla; + af)o(t(a; + af)), o € S”

is nonnegative. In order to prove this we consider the complex-valued Radon
measure £ := f - u on S” and use the fact that § = 0 is equivalent with positive
definiteness of £ on S.

Given M EN, {s;, --- ,sy} € Sand {d;, - - -, du} C C we have to show that

SM s dodyf(s, + s¥) = 0.

By assumption s, = Y me, t(r,m) for suitable r,,, € R, p =1, ..., M. Put
= [Ime1 B(rpm), then fy1, - -+, yar} € C\{0} and

2 dqdpf(sp + s7)

=Y Y dyd,c;éx f B(a; + a})o(t(a; + af))
c TImey o(t(rom)) TI7ey o(t(rEs)) dulo)

=y >d, d c,ck f B(a; + af)o(t(a; + ak))

H/’ 1 ﬁ(rpm)a(t(rpm)) H =1 :B(rq/)a(t(rq/)) d[.t((f)

d, E m .
=yy-—>-- f k(aj + af) [Im21 & (rom) 1102, k(r,) dn(x)
Yo Yq MLR)
N —a * M dp m A 2
= ) Zj,h=1 CjckK(aj + af) | Zp=1 — [l K(rp,m) [*dn(k) =0
MYR) Tp

where we used (12). Knowing that ¢ = 0 we find u(f}(C\R,)) = 0, and since u
is a Radon measure we may indeed conclude that u concentrates on those ¢ € S
for which B(s © t) is positive definite on R. Recalling that ¢ € S* means ¢ € S*
and | o(s) | = a(s) for all s we get | o(t(r)) | = a(t(r)) = 1/| B(r) | and this shows
that u is concentrated on the set W, defined in the statement of this theorem.

The last assertion concerning complete positive definiteness follows immedi-
ately from Theorem 1 and Proposition 1.0

Notice that the set W,; on which u concentrates in the above Theorem is
minimal in the sense that the (Laplace) transform ¥ of any measure u € M (W.,z)
leads to functions ®,, defined by (10), and being bounded and positive definite
on R" for all n. In fact to see this it is enough to consider a one-point measure
u = ¢, with ¢ € W, 4 and then

[17=1 B(rj)o(Ef=1 £(ry)) = 1= B(r)o(t(r))

is positive definite as a finite product of such functions. In particular we can
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state the following

COROLLARY 2. Under the conditions of Theorem 6 the set of functions
©: S — C such that ®, as defined in (10) is bounded and positive definite for each
n, normalized by Y(0) = 1, is a Bauer simplex whose extreme points are given by
the subset W,z of S*.

In case 8 = 1 the set W, = W, is a *-subsemigroup of S, i.e. a subsemigroup
of the bounded semicharacters being closed under complex conjugation. Partic-
ularly important is the case that W, equals S in which case the triple (R, S, t)
has been called a Schoenberg triple, see Berg, Christensen and Ressel (1984,
Definition 5.1.4). Another way to state Schoenberg’s classical result mentioned
earlier is to say that (R, R, t) with ¢(x) = x? is a Schoenberg triple. Here R is
considered as a *-semigroup w.r.t. the involution r* = —r.

Let us examine a little closer Schoenberg triples (R, S, t) where S = R, (with
usual addition). Since S = [0, ®] via the identification of X € [0, o] with the
semicharacter s — e~ (A = « corresponding to 1;,;) we see that the condition
W, = S means that exp(—\t) is positive definite on R for all A = 0, but this is
equivalent with ¢ being a so-called negative definite function (with the additional
properties t = 0 and t(0) = 0) on the semigroup R which uniquely determines a
one-parameter convolution semigroup (k,)x=0 of Radon probability measures on
R, the connection being given by

tWr)=e™) X=0, rER,

see Berg, Christensen and Ressel (1984, Theorem 4.3.7). If now a sequence
X = (X1, X, ---) of R-valued random variables (with Radon measures as
distributions, to be precise) has the property that the (generalized) Laplace
transform of X,y = (Xi, ---, X,) only depends on the sum Y}, t(r;), i.e.

E[Il}=1 Xi(r))] = Pn(Xf= t(ry))
then?,=¢,= ... =¢: R, > R, ¢(0) = 1, and by Theorem 6
P(s) = J; ]e‘“ du(\), s €E Ry
0,00

where ¢ € ML([0, ]). In most of our examples ¥ will be continuous, i.e.
p({o}) = 0, implying

E[I1}- X;(r)] = f [ e du(M)

and showing in this way that X is a mixture of i.i.d. sequences distributed
according to some ky, A = 0, i.e.

P(X€B) = J(: (k)=(B) du(A) for all B € B(R™).

EXAMPLE 5. For 0 < p < 2 the triple (R, Ry, | r|?) is a Schoenberg triple
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(since t(r) = | r|P is negative definite in the group sense on the real line). The
corresponding one-parameter convolution semigroup (ky)\=o0 consists of symmet-
ric stable measures of index p; for p = 1 this is the Cauchy-semigroup. A sequence
X = (Xy, X,, - --) of real-valued random variables is a mixture of «\-distributed
i.i.d. sequences iff

(13) E(e7%) = ¢(T | r;|P),

a result originally due to Bretagnolle, Dacunha-Castelle and Krivine (1966). If
p > 2 then for no A > 0 the function exp(—A|r|?) is positive definite (in the
usual group sense) on IR, hence by Theorem 6 equation (13) can only hold for
the trivial sequence X = 0.

ExXAMPLE 6. (Mixtures of normal distributions with varying mean and vary-
ing variance). If X;, - - - , X, are i.i.d. normal random variables with mean a and
variance ¢ then the characteristic function of (Xy, -- -, X,,)

Elexp(i ¥j1 1;X;)] = explia X1 rj — (6°/2) X1 r})

is a function of (¥ r;, ¥ r?), and this would still hold for any mixture of such
i.i.d. sequences. We shall see that this property is characteristic for mixtures of
normal i.i.d. sequences. We need the following

LEMMA 2. Let R be an abelian semigroup with involution and define S :=
(R X 10, ) U {(0, 0)} with coordinatewise addition and the involution
(r,y)*:=(r*,y). Let ¢ € S be given. Then either ¢ = 1y, or the limit

o(r) == lim,_.o(r, y/2™)
exists for all r € R, is independent of y € 10, o[, p € R and
a(r,y) = p(r)e™

for some unique A € R,.

PRrROOF. Put 5(y) :== ¢(0, y), y € Ry; then 4 € R, and two cases will be
considered separately.

CAsE 1. 7 = Ly; then o(r, y) = o(r, ¥/2)0(0, y/2) and this is zero if y > 0,
and one if y (and hence r, too) is zero, i.e. ¢ = 1y,
CASE 2. n(y) = e~ for some A € ;. In this case
a(r,y) = a(r, y/2)s (0, y/2) = o(r, y/2)e /2
= a(r, y/4)a (0, y/4)e™? = g(r, y/4)e /24

= g(r, y2")exp[-Ay(Ye + Y + ... + 27")],

therefore the limit lim, .o (r, y2™") exists and equals ¢ (r, y)e*. This limit does
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not depend on y € 10, [; for let 0 <y’ <y, then, putting h :==y — y’,

a(r, y)e¥ = a(r, y' + h)e*'*? = g(r, y')a (0, h)e*>*P

~MgMy'+h) —

=a(r,y)e a(r,y" eV

Hence p(r) := a(r, y)e is well-defined and
p(r)p(ry) = a(ry, y)exyﬂ(rm y)ew = o(ry + 1y, 2y)92)‘y

= p(ry + r2)

as well as p(r*) = o(r*, y)e™ = a((r, y)¥)e™ = o(r, y)e™ = p(r), i.e. p € R and
a(r, y) = p(r)e™ as asserted. [0

Consider now the semigroup S = (R X ]0, «o[) U {(0, 0)} and define ¢: R — S
by t(r) := (r, r?); then (R, S, t) is a Schoenberg triple. In fact the semigroup
generated by ¢t(R) contains {0} X R, and is then easily seen to be just S; and if
c€S, o# 1i0;, then by the Lemma above o(r, ¥) = p(r)e™ for some A = 0
implying o (t(r)) = p(r)e”"2 to be positive definite on R (and so is of course the
limit, as A — o, given by 1o ° ).

Suppose X = (X, Xs, - - -) is a sequence of real-valued random variables such
that

Elexp(i Y7 riX)] = (X 1y, Xia 1)

where ¢: S — C and ¢ (0) = 1. Then by Theorem 6 ¥ € 2% S) and using Lemma
2 ¢ has the representation

P(r,y) = J};x[w] p(r)e™ du(p, \)

defining a natural pxtension of @ from S to R X R.. Let u;, us denote the two
marginals of x4 on R and [0, ] respectively. The continuity of

#(0,y) = J{;w] e™ duz(N) = Elexp ivy/2 (X1 — X;)]

on R, leads to 0 = py(foo}) = u(R X {}). For fixed y > 0 the function
r— @(r, y) is continuous at r = 0 since for r> <y

er,y) =e(r+(y—r)/2—Y(y—r)/2,r*+ (y —r)/2 + (y — r?)/2)
= Elexp i{rX; + V(y — r})/2 (X, — X5)}],

hence—being positive definite—this function is continuous everywhere. Now

|¢(r, 0) — ¢(r,1/n)| = = J; (1 —e™") dus(\)

f p(r)(1 —e™") du

which converges to 0 as n — , uniformly in r € R, so that ¥ (r, 0) is a continuous
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posiAtive definite function on R, hence by Bochner’s theorem 0 = y,; (R\R) =
w((R\R) X [0, ]) showing that u is indeed concentrated on R X R,, i.e.

e(r,y) = Jﬂ;xm e@e™ du(a, \)

and

Elexp(i XJ=1 r;X))] = f [1/=1 e*ie->} du(a, N);

we see that X is in fact a mixture of normal i.i.d. sequences. Note that we were
dealing again with a convolution semigroup, namely with

R X R, »> ML(R) (a, \) — N(a, \)

which is some kind of a two-parameter convolution semigroup.

ExXAMPLE 7. (Mixtures of normal distributions with varying mean and fixed
variance). The natural guess in this case is that

Elexp(i ¥j-1 r;X))] = exp(—(a3/2) It r})P(Z1 1y)

should be the necessary and sufficient condition. Putting in Theorem 6
R=S=mR,t=id, 8(r) = exp(—(c3/2)r?) we get ¢(r) = [ e" du(a) where x may
be any probability distribution on R (since B(r)e™ is positive definite for all
a € R), showing the above guess to be correct. Note that (N(a, ¢3)).cr is not a
convolution semigroup.

EXAMPLE 8. (Mixtures of gamma-distributions). The exponential distribu-
tion e *dx on Ry is infinitely divisible and determines the one-parameter con-
volution semigroup (k))x=0 Where «, has the density (I'(A\))"'x*’e™* on R,. A
sequence of nonnegative random variables X;, X, --- is a mixture of
ky-distributed i.i.d. sequences iff

Elexp(— Y1 riXj)] = (11}« (1 + 17))

for all n. This follows since ((R+, +), ([1, %[, -), 1 + r) is a Schoenberg triple,
noting that «, has Laplace transform (1 + ¢)™*

ExXAMPLE 9. (Mixtures of Poisson distributions, a second characterization).
Besides the necessary and sufficient condition of Example 3 above, using the
point probabilities, there is another one using generating functions. Since it is
easily established that (([—1, 1], -), (R4, +), 1 — r) is a Schoenberg triple, a
sequence X;, Xj, - - - of nonnegative integer-valued random variables is a mixture
of Poisson distributed i.i.d. sequences if and only if the generating function of
X, - -+, X, has the form

E(IIf ) = (Tt (1 = 1)

forallnE€N, ry, ---, r, € [—1, 1], and some function ¥ on R,.
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ExXAMPLE 10. (Mixtures of normal distributions on the torus). Let T :=
{z€ C||z| = 1} be the torus group. A probability measure « on T is normal iff
its Fourier coefficients are given as (k) = a*fexp(—\k?) for k € Z, wherea € T
and A > 0; see for example Berg (1975). Hence « is symmetric iff a = 1. Since
(Z, No, t(k) = E?) is a Schoenberg triple (see Berg and Ressel, 1978) a sequence
Xi, Xs, -+ - of T-valued random variables is a mixture of symmetric normal i.i.d.
sequences iff its Fourier coefficients have the form

E([[k XP) = ¢(Zk k?)

foralln €N, ky, -- -, k. € Z. It seems likely that mixtures of the whole normal
family on the torus are characterized by writing instead ¥ (3k;, Y k?), but we have
not carried out the details.

ExAMPLE 11. (Mixtures of exponential distributions). If X is a nonnegative
i.i.d. sequence of exponentially distributed random variables (say with parameter
A = 0) then the common survival function of X, ---, X,

P(Xl =y, c0 Xn = an) = eXP("'A Zil aj)

depends only on the sum Y, a;. We shall see that this is a characteristic property.
Suppose X; = 0 and

P(Xl =0y, 0, Xn = an) = ‘on(z,;;l aj)

for all n, then again ¢; = ¥, = ... = ¥ and in order to see that ¥ then necessarily
is the (ordinary) Laplace transform of some measure on the half-line, we have to
look at the semigroup (R,, V) w.r.t. the composition r V r’ = max{r, r’} (the
involution being the identical). It is easy to see that positive definiteness for a
function f: (R4, V) — R is equivalent with f being nonnegative and decreasing
(see Berg, Christensen and Ressel, 1984, Proposition 4.4.18). From this a mo-
ment’s thought makes it clear that ((R,, V), (R, +), id) defines a Schoenberg
triple, and in order to apply Theorem 6 we have to make sure that (a;, --- , a,)
— @Y7 @) is positive definite on (R, V)™ Let v, be the distribution of
(X1, --+, X,). Then

‘D(E}LI aj) = Vn([al’ OO[ X ... X [an’ °°[)
= f H}l=1 l[aj,oo[(xj) d”n(xly ct xn)

= f H_;l=1 1[0,xj](aj) an(xI’ Tt xn)

and the assertion follows since all the indicator functions [] 1j,; are semichar-
acters of (R, V)" Therefore ¥ € #%(R,, +) implying ¥(s) = [ e™ du(s) for
some pu € M3 ([0, »]). Note that u({e}) > 0 might well occur here, corresponding
to the possibility that the X; are 0 with positive probability. Note also that A —
“exponential distribution with parameter A” is a one-parameter convolution
semigroup in M1 ([0, ], A), A = 0 corresponding to &.
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EXAMPLE 12. (Mixtures of Marshall-Olkin distributions). Similar to the
one-dimensional case the multivariate survival-function of an n-dimensional
random vector X or its distribution » is defined by

Px) =P(X; = x1, -+, Xn = x,) = v([] =1 [%), ®[), x €ER"

It is immediately clear that » € M (R") is uniquely determined by its survival
function. The bivariate Marshall-Olkin distribution can be defined therefore by
its survival function which has the form

(14) P(x, y) = exp{—[ax + By + y(x V y)}, x,y=0,

where «, 8, v are nonnegative parameters; this distribution was introduced by
Marshall and Olkin (1967). We shall need the following

LEMMA 3. If ¢ as defined in (14) is a survival function then necessarily
{a, B, v} C Ry.

PROOF. Choose y, r, x € R, such that y + r < x, then, denoting X, Y random

variables with ¢(x, y) = P(X = x, Y = y), we see from
PXzx,Y2y+r)=e P < P(X=x, Y=y)=e A
that e ™" < 1, hence 8 = 0; similarly a = 0. For x > 0 we have
0 =< P((X, Y) € [x, 2x] X [x, 2x]) = P(x, x) + P(2x, 2x) — P(x, 2x) — P(2x, x)
or
e—(a+ﬁ+‘y)x + e—2(a+ﬂ+'y)x > e—(a+2ﬂ+2'y)x + e—(2a+ﬁ+2‘y)x
or
eethix 4 1 > g** 4 of*

with equality for x = 0. Taking on both sides the derivative at 0 gives o + 8 + v
=a+ B, hencey =0.0

Let now Z = (Z,, Z,, ---) be a sequence of R2-valued random vectors
Z; = (Xj, Y;) and suppose that the common survival function of Z,, ..., Z,
depends only on ¥ x;, Y, y;and Y, x; V y;, i.e.

(15) PXizx, Yizy,1<i<n)=¢Ek (¥ 5 V).

We claim that Z must then be a mixture of i.i.d. sequences with Marshall-Olkin
distributions. Of course we shall again apply Theorem 6. Let R := (R3, V), i.e.
we use the “addition” (x;, ¥1) V (%2, ¥2) = (21 V x2, ¥1 V y2), let 8 = 1, define ¢:
RZ —» RE by t(x, y) :== (x, y, x V ) and let S be the semigroup generated by
t(R2); on R3 we use the usual addition and in both cases the identical involution.
It is easily seen that

S={x,y,2z)ER[xVy=sz==x+y}
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Similar to the preceding example we derive from (15)

T (X, 30, x: V y) = L%Hi‘ 10,1 (%:) 10,01 (i) Avn(ua, U1, -+, Un, Un),

v, being the distribution of (Z,, ---, Z,), and this shows that ¢(X7T t(r;)) is
positive definite on R" for all n. Since ¥ is bounded we get #(s) = [ p(s) du(s)
with p concentrated on thqse o € S, for which ¢ ° t € #4(R). (Since S is
2-divisible, we have in fact S+A= S; and since R is idempotent, 2% (R) = 2 (R).)
It is not difficult to find that S is parametrized by the “cone”

Z={uv,weERU@:? | u+w=0,v+w=0u+v+ws=0}

via the usual identification of (u, v, w) with the semicharacter o(x, y, z) =
exp[—(ux + vy + wz)]. Note that # contains vectors with negative components,
for example (—1, —2, 3) € Z. Note also that the parametrization is not one-to-
one on the “boundary”, i.e. on those (u, v, w) € Z where at least one coordinate
is infinite. Since any left continuous function in £%(R) is a survival function,
Lemma 3 implies that only vectors (u, v, w) € € with nonnegative components
lead to a survival function ¢ ° t. Hence

P(x, y, 2) = J[‘ | exp[—(ux + vy + wz)] du(u, v, w)
0,00]3

for some probability measure u on [0, ©]2 and together with (15) we see that Z
indeed is a mixture of Marshall-Olkin distributed i.i.d. sequences. Several “de-
generate” cases are possible in this mixture; the vector («, v, w) € [0, ]? for
example corresponds to (0, Y) where Y is exponentially distributed (if 0 <v + w
< ), the vector (0, 0, w) with 0 < w < o corresponds to an exponential
distribution concentrated on the diagonal in R3, and all the vectors (u, v, ®) in
% lead to (X, Y) = (0, 0).
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