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We present a new method to prove existence and uniform a priori esti-
mates for Euclidean Gibbs measures corresponding to quantum anharmonic
crystals. It is based first on the alternative characterization of Gibbs measures
in terms of their logarithmic derivatives through integration by parts formu-
las, and second on the choice of appropriate Lyapunov functionals.

1. Introduction. This paper is concerned with models of quantum anhar-
monic lattice systems. In statistical physics they are commonly viewed as models
for quantum crystals (see, e.g., [3, 29, 34, 39, 54]). A mathematical description
of equilibrium properties of quantum systems might be given in terms of their
Gibbs states defined on proper algebras of observables (cf. [22]). However, in the
realization of this general concept for the considered quantum models there occur
principal difficulties (see, e.g., the discussion in [3]). In order to overcome these
difficulties we shall take the Euclidean (or path space) approach, which is con-
ceptually analogous to the well-known Euclidean strategy in quantum field theory
(see, e.g., [34, 39, 64]). This analogy was pointed out and first implemented to
quantum lattice systems in [1]; for the recent developments see the review arti-
cles [3, 15] and the bibliography therein. More precisely, the Euclidean approach
transforms the problem of constructing quantum Gibbs states G g as functionals on
the algebra of observables into the problem of studying certain Euclidean Gibbs

measures |1 on the loop lattice Qg :=[C(Sg — Rd)]zd (cf. Section 2.1 for de-
tails). Here B := 1/T > 0 is the inverse (absolute) temperature and Sg = [0, B] is
a circle of length 8. As a consequence, various probabilistic techniques become
available for investigating equilibrium properties of quantum infinite-particle sys-
tems. But, as compared with classical lattice systems, the situation with Euclid-
ean Gibbs measures is much more involved, since now the spin (i.e., loop) spaces
themselves are infinite-dimensional and their topological features should be taken
into account carefully. Also, as is typical for noncompact spin spaces, we have to
restrict ourselves to the set 9% of tempered Gibbs measures p, which we specify
by some natural support condition [cf. (2.7) and (2.15)].
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The aim of this paper is to establish a new method for proving existence and a
priori estimates for tempered Euclidean Gibbs measures. We obtain improvements
and generalizations of essentially all corresponding existence results known so far
in the literature (see the discussion in Section 2.4). Moreover, this method seems
to be quite universal for lattice models and gives structural insight. It had been first
implemented for classical lattice systems in [13, 14]. But the concrete technique
suggested in those papers does not apply to loop spaces, so that a proper (highly
nontrivial) modification for the quantum case is necessary (see Section 4).

One basic idea of our method is to use an alternative characterization of Gibbs
measures via integration by parts (instead of the usual one in terms of local
specifications through the Dobrushin—Lanford—Ruelle equations). Let us note that
such alternative descriptions of Gibbs measures via integration by parts (for short,
IbP) formulas or via their Radon—-Nikodym derivatives w.r.t. shift transformations
of the underlying configuration spaces (flow characterization) have long been
known for a number of specific models in statistical mechanics and field theory
(see, e.g., [26, 32-35, 43-45, 52, 60-62]). But for the quantum lattice systems
under consideration, a complete characterization of the measures u € 953 in terms
of their Radon—-Nikodym derivatives was first proved in [10], Theorem 4.6 (cf.
also its extension in Proposition 1). Assuming that the interaction potentials are
differentiable, we further show that this flow characterization of Gibbs measures
is equivalent to their characterization as differentiable measures satisfying (IbP)-
formulas with prescribed logarithmic derivatives (cf. Proposition 2).

Relying on this characterization of pu € 9%, in a direct analytical way we then
prove the two main results of the paper: the existence of tempered Euclidean
Gibbs measures (Theorem 1) and a priori estimates on their moments in terms of
parameters of the interaction (Theorem 2). The essential ingredient of the proofs
is that by the characterization of Gibbs measures via integration by parts we can
deal with them as solutions of an infinite system of first-order PDEs [cf. (3.13)].
This enables us to employ the Lyapunov function method (in a similar way, as
in finite-dimensional PDEs) in order to get a priori moment estimates on u € 9%
The local Gibbs specifications also satisfy the same (IbP)-formulas, from which we
deduce moment estimates uniformly in volume. The latter is crucial for our proof
of existence for Euclidean Gibbs measures u, that is, that 9% # <. In addition,
from the a priori estimates we obtain precise information on support properties of
all tempered Euclidean Gibbs measures.

Some results on the existence of Euclidean Gibbs measures, concerning special
classes of anharmonic interactions and based on various other techniques, have
been already known before (see Section 2.4 for the references and a more
detailed discussion). But we emphasize that our tools are completely different
and rather elementary, provided one has the (IbP)-description of Gibbs measures.
To demonstrate our method and present the main ideas, we analyze a class of
concrete lattice models given by a system of d-dimensional quantum anharmonic
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oscillators interacting via potentials of superquadratic growth [cf. (2.2)]. Trying to
keep the exposition more transparent, in the main body of the paper we restrict
ourselves further to the case of translation invariant pair interactions between
nearest neighbors only. However, our method can be easily extended to general
(not necessarily translation invariant) many-particle interactions of unbounded
order and infinite range, not covered at all by any previous work. This extension
will be briefly described in Section 5. For a detailed exposition of the latter case
we also refer to the forthcoming paper [7].

Finally, let us notice that the method proposed here can be also modified to
apply to the more difficult and less studied case of zero absolute temperature, that
is, B = 00, and corresponding Gibbs measures (so-called Euclidean ground states,
cf. [49, 53, 54]) on the “path lattice” Q :=C (R)Zd. This case is under present
investigation.

The organization of this paper is as follows. Section 2 is devoted to general
aspects of the theory of Euclidean Gibbs measures. Here we introduce the
models of quantum lattice systems (“anharmonic crystals”). We recall details
on the corresponding Gibbsian formalism for Euclidean Gibbs measures @ on
the loop lattice Q2. The transform from quantum Gibbs states to Euclidean
Gibbs measures, however, is described in more detail in the Appendix. Then we
formulate our main Theorems 1 (resp. 2) on the existence, respectively, a priori
estimates for tempered Euclidean Gibbs measures p € 9;3 and compare them
with previous results obtained by other methods. In Section 3 we discuss the
above mentioned alternative description of p € g in terms of their shift-Radon—
Nikodym derivatives and (its infinitesimal form) in terms of their logarithmic
derivatives via the (IbP)-formulas. In Section 4 we give complete proofs of our
main Theorems 1 and 2, which we divide into several sequential steps formulated
as Lemmas 2-5. In Section 5 we outline some possible generalizations of our
method.

Finally, we mention that the results of this paper have been announced in
[5, 6] and presented in various talks since December 2000 during seminars or
conferences, among others, in Berlin, Kiev, Moscow, Oberwolfach and Pisa.

2. Euclidean Gibbs measures on loop spaces. We begin this section with
the description of a model of interacting multidimensional quantum anharmonic
oscillators on a lattice (so-called “quantum crystals”). For simplicity of the
exposition, we concentrate on a specific case of translation invariant systems
with pair interactions of nearest neighbor type and with isotropic self-interaction.
Then we give a rigorous definition of the corresponding Euclidean Gibbs measures
as classical Gibbs measures but with infinite-dimensional single spin (i.e., loop)
spaces. We close the section with the formulation of our main results on the
existence and a priori estimates for tempered Gibbs measures on loop lattices.
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2.1. A model of quantum anharmonic crystals. Consider the Euclidean space
R4, d € N, with distance |-]=(,)'/? and basis (ea)zzl, and let Z? be the
integer lattice in RY. We study a translation invariant system of interacting
quantum particles performing d-dimensional oscillations around their equilibrium
positions at points k € Z%. Each particle individually is described by the quantum

mechanical Hamiltonian

1 a?
(2.1) Hy = —— A+ —|ql* + V(gr)
2m 2

acting in the (physical) Hilbert state space # := L3(R4, dqy). Here A is the usual
Laplacian on R¢, m > 0 is the (reduced) particle mass, a> > 0 is their rigidity
w.r.t. the harmonic oscillations, and V :R¢— R is an anharmonic self-interaction
potential. Next, we add a nearest neighbor interaction between the particles, given
by a symmetric potential W :R? x R? — R and taken over all (unordered) pairs
(k,k’y C Z4 such that |k — k’| = 1. The whole system is then described by the
heuristic Hamiltonian of the form

(2.2) H:=Y Hc+ Y. W qp)-
keZd (k. k'Y

The infinite-volume Hamiltonian (2.2) cannot be defined directly as a mathemati-
cal object and is represented by the local (i.e., indexed by finite-volumes A C Z%)
Hamiltonians

(2.3) Hy:=) Hi+ Y Wigqu)
keA (k,k"YCA

acting in the Hilbert spaces #p := Qe Hk-
Concerning the interaction potentials, we shall suppose that they are twice
continuously differentiable, that is,

V e C*(RY— R), W e C?(RY x RY — R).

By v® Vig), Vél)W(q, q) e Rdl, we shall denote their /th derivative, [ =0, 1, 2,
w.rt. the coordinate ¢ € R?. Moreover, we impose the following bounds on the
asymptotic behavior of the interaction potentials at the infinity:

ASSUMPTION. There exist some constants P > R > 2 and Cy, Cw > 0 such
that:

V) V(g)=v(ql), q € R4, and a function v:R; — R satisfies, for all s > s,
c, st <0y <cys?, 1=0,1,2.
(W) Forall ¢, ¢’ € R, min{|g|, |¢’|} > so, holds
IVOW(q.q"] < Cwllgl®" +1g'1*7h,  1=0.1,2.
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EXAMPLE. Typical potentials satisfying Assumptions (V) and (W) are the
polynomials

p
Q4) V@)=Y bulgl”.  Wg.q):=(S@—q)q9-4),
n=0

where § is a symmetric d X d matrix, p,r €N, p >r and by, > 0.

NOTATION. For a set A C Z%, by |A| we denote its cardinality, by A€ :=
Z\ A its complement,and by dA := {k' € A° | Ik € A, |k—k'| = 1} its boundary.
In particular, 9k := {k’ € Z¢ | |k — k’| = 1} is the set of all neighbors of k
consisting of 2d points. We write A € Z¢ whenever 1 < |A| < co. As usual,
A 7 74 means the limit as N — oo along any increasing sequence of volumes
AN ¢ ANFD e 74 such that |y AN =74,

As was already mentioned in the Introduction, we take the Euclidean approach
to study the quantum lattice system (2.2). Such approach involves intricate
relations between quantum statistical mechanics and stochastic processes, which
for convenience of the nonexpert reader we shall briefly discuss in the Appendix. In
Sections 2.2 and 2.3 we proceed with the rigorous description of the corresponding
Gibbsian Euclidean formalism.

2.2. Loop spaces. Let us fix some B > 0 having the meaning of inverse
(absolute) temperature. Let Sg = [0, B] be a circle of length B [considered as a
compact Riemannian manifold with Lebesgue measure dt as a volume element
and distance p(t, t’) :=min(|t — 7’|, B — |t — 7'|), 7, 7' € Sg]. Foreach k € 74,
denote by

Li=L'(Sg >R dr), r=>1,
Cy = Cm(sg - RY, neNU{0}, ne(,1),

the Banach spaces of all integrable, respectively, (Holder) continuous functions
(i.e., loops) wy = (a)k,a)zzl 1S — R4 with the norms

1/r
orleyi=| [ anoraz]
B

n (n) (n) s
1 |l " (1) — oy "(T))]
|wi|enin =) sup ol |+ sup k . 5
B 1—0 TESp B 7,7'€8g, T#T p(t, )

(2.5)

If d =1, we simply write L} := L% and Cg+" = (Cgﬂ. In particular, Cg with
the sup-norm | - |c, will be treated as the single spin space, whereas, L% with the
inner product (-, ‘)L§ =] |ﬁ2 as the Hilbert space tangent to Cg.

B
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As the configuration space for the infinite-volume system we define the space
of all loop sequences over Z¢

2.6) Qp :=[Cp1% = [0 = (@ )reza | 0:Sp — R oy € Cy).

We endow $2g with the product topology (i.e., the weakest topology on Q25 such
that all finite-volume projections

Qﬁ Swt> Prw:=wp := (0p)ken E[(Cﬂ]A = Qﬂ’A, A@Zd,

are continuous) and with the corresponding Borel o-algebra 8B(2g), which
coincides with the o -algebra generated by all cylinder sets

{we Qplon € Ap), Ap € B(28.1), INCVAS

Let M (£25) denote the set of all probability measures on (24, 8(£25)). Next, we
define the subset of (exponentially) tempered configurations

1/R
Q7) Q= {a) € Qp ‘vs €0, 1):|wls:= [ > e_8k||a)k|£§:| < oo},
keZd

where the parameter R > 2 describes a possible order of polynomial growth of the
pair potential W (q, ¢’) [cf. Assumption (W)]. In the context below, Q% € B(2p)
will always be viewed as a locally convex Polish space with the topology induced
by the system of norms (||@|ls, |wk|cy)s-0 kezd- Correspondingly, we specify the
subset of tempered measures as those supported by Q% that is,

2.8) My 1= {1 € M(2p)|12() = 1.

REMARK 1. Our definition of temperedness (as well as its modification to
the classical case with |gg| substituting |wk|]L§) is more extended (and simpler) as

those usually used in the literature (cf., see, e.g., [17, 25]). So, ng contains all
(slowly increasing) configurations w € g, for which

Ip=p@ >0: Y (I+ |k|)_21’|a)k|L§ < 00.
kezd

Moreover, Mfg contains all measures u € M(2pg) satisfying the following
condition in terms of their moment sequence:

3p=p(w) >0: 3 (1+ kD" Eylaxlys < oo,
kezd

in particular, those having the so-called Ruelle support (see Section 5). Here and
further on, we write E,, f := [ f du for any u-integrable f.
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2.3. Definition of Euclidean Gibbs measures. Heuristically, the Euclidean
Gibbs measures o we are interested in have the following representation:

(2.9) dp(w) = Z" exp{—€@)} [ dy (.
kezd

Here Z is the normalization factor and the map

Qg0 E(w) ::/S |: Z V(wg) + Z W(a)k,a)k/):| dt
B

kezd <k,k'>c74

might be viewed as a potential energy functional describing an interacting system
of loops wy € Cg indexed by k € 7%, whereas every single spin space Cgp is
equipped with the Gaussian measure y canonically generated by the oscillator
bridge process of length . A rigorous meaning to p as probability measures on
(2, B(£2p)) can be given by the Dobrushin—Lanford—Ruelle (DLR) formalism
(cf. [28, 38, 56]). Namely, we define u as random fields on 74 with a prescribed
family of local specifications {7} 5 ¢z« as follows.

We first need to construct a measure X zady (wr) on (g, B(2p)) corre-
sponding to V = W = 0 and the harmonic system (2.2) without interaction. With
this aim, in the Hilbert space L% = L2(S5 — R), we consider the shifted Laplace—
Beltrami operator A := —md?/dt> + a1 on its maximal domain D (A) [which
is the closure of Cé = CZ(S/g — R) for the norm |‘p|W§-2 = |A<p|L%]. It is well

known that the operator A is self-adjoint with the resolvent of trace class, that is,
TrL%3 A~! < co. Respectively, in the Hilbert space ]leg = L2(S5 — R?) we con-

sider the operator A := A ® I;, where I is the identity matrix in R?. Let now y
be a Gaussian measure on (Cg, 8(Cp)) with correlation operator A~! which is
uniquely determined by its Fourier transform

(2.10) /L%expiw,wk)%dy(wk)=exp{—%<A—1¢>,¢>L§}, $ L.

Actually, y is supported by the Holder continuous loops, that is, y((Cg) =1,
Vn e |lo0, %) and has finite moments E),la)klg,7 <ooVQ>1(see,e.g.,[65]).
B

For every A € Z9, we then define a probability kernel
B(2p) x Qg3 (A, §) = ma(Al§) €0, 1]

by

(2.11) JTA(AIS):ZXI@)/Q exp{—Ea (@&} a (@A, Erc)ken dy (wk)
B.A
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(where 1 denotes the indicator on A). Here Z (§) is the normalization factor,
and

Ea(©lf) = /S {Z V(@)
B

keA

(2.12)
+ ) Weo+ Y, Wi, fk’)i| dt
<k,k'>CA ke, k’'e A
is the interaction in the volume A under the boundary condition Exc 1= (&) pepc.

Due to Assumptions (V) and (W)

(2.13) inf Ex(w|&)>—00 VYAE€Z!, VEeQ,
a)EQﬁ

and, thus, the right-hand side in (2.12) makes sense. Moreover, the additive
structure of the functional &, (w|§) yields the consistency property for {ma}\czd:
forall AC A’ €Z¢, & € Qp and A € B(Qp)

(mamA)(AlE) = /Q A (dwl§)ma (Alw) = (AlE).
g

DEFINITION 1. A probability measure 1 on (g, B(£2p)) is called Euclidean
Gibbs measure for the specification {7a} ez« [corresponding to the quantum
lattice system (2.2) at inverse temperature S > 0] if it satisfies the DLR equilibrium
equations: for all A € Z4 and A € B(2p),

(2.14) na(A) 1=/ pldw)mp(Alw) = pn(A).

Qp

Fixing B > 0, let G4 denote the set of all such measures (1. We shall mostly be
concerned with the subset %3 of tempered Gibbs measures supported by Q7 that
is,

(2.15) G =Gp N Mp= {1 € Gplu(Qp) =1}.

2.4. Formulation of the main results: Theorems 1 and 2. Now we present our
results on the existence and a priori estimates for Euclidean Gibbs states:

THEOREM 1 (Existence of tempered Gibbs states). Let Assumptions (V) and
(W) on the potentials V and W be fulfilled. Then for all values of the mass m > 0
and the inverse temperature 8 > 0,

Gp # 2.
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THEOREM 2 (A priori estimates on tempered Gibbs states). Under the
assumptions of Theorem 1, every . € 9% is supported by the set of Holder loops

ﬂ0§n<1/2[Cg]Zd. Moreover, for all Q > 1 and n € [0, %),

(2.16) sup sup [ Jox] & dpu() < 0.
pegl kezd /8 B

COROLLARY 1. Under the assumptions of Theorems 1 and 2 above, the set
9% is compact w.r.t. the topology of weak convergence of measures on the Polish

t
space 2 B

Let us make some comments on Theorems 1 and 2. As is typical for systems
with noncompact (in our case, even infinite-dimensional) spin spaces, the existence
of u e 9% stated by Theorem 1 is not evident at all. Depending on the specific class
of quantum lattice models one considers, this problem has been examined in the
literature by the following main methods:

(1) General Dobrushin’s criterion for existence of Gibbs distributions: So
far, no technical means are available to verify the sufficient conditions of the
Dobrushin existence theorem [28] in the case of Euclidean Gibbs measures with
single spin spaces Ly or Cg (in contrast with classical lattice systems with spins

in R4 successfully dealt with, e.g., in [17, 25]).

(i1) Ruelle’s technique of superstability estimates: This technique (cf. the
original papers [50, 63] and resp. [57] for its modification to the quantum case)
otherwise requires that the interaction is translation invariant and the many-
particle potentials are of at most quadratic growth [i.e., (W) holds with R = 2].

(iii) Cluster expansions is one of the most powerful methods to study u € 9%
in a perturbative regime, that is, when an effective parameter of the interaction is
small (see, e.g., [8, 36, 53, 54, 58] and references therein).

(iv) Method of correlation inequalities involves more detailed information
about the structure of the interaction potentials (for instance, whether they are
ferromagnetic or convex). A number of correlation inequalities (such as FKG,
GKS, Lebowitz, Brascamp-Lieb, etc.) commonly known for classical lattice
systems can be extended also to the quantum case (see, e.g., [1-4, 40, 55]).

(v) Method of reflection positivity [as a part of (iv)] applies to translation
invariant systems of type (2.2) with nearest-neighbor pair interactions and gives
the existence of so-called periodic Gibbs states, at least under the assumptions on
the potentials V, W imposed in Section 2.1 (cf. [18]).

Theorem 2 contributes to the fundamental problem of getting uniform estimates
on correlation functionals of Gibbs measures 1 € §% in terms of parameters of
the interaction. This problem was initially posed for classical lattice systems in
[17, 25] and is closely related with the compactness of the set of tempered Gibbs
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states (cf. Corollary 1). To the best of our knowledge, all previous results on a
priori integrability of Gibbs measures on path spaces were based on the method
of stochastic dynamics (also referred to in mathematical physics as “stochastic
quantization”); see, for example, [15, 30, 35] and the related bibliography therein.
Since in this method the Gibbs measures are treated as invariant distributions for
the so-called Langevin stochastic dynamics, it requires additional restrictions on
the interaction (among them at most quadratic growth of the pair potential W)
to ensure the solvability of the corresponding stochastic equations in infinite
dimensions (not to mention the extremely difficult ergodicity problem for them).
Besides, a priori information about the finiteness of the moments of the measures
ue 9% is also needed for the study of Gibbs measures by means of the associated
Dirichlet operators in the spaces L”(u), p > 1, (this is known as the Holley—
Stroock approach [9, 10, 43]).

As already mentioned in the Introduction, in order to prove Theorems 1 and 2
we shall propose a new technique, which completely differs from those listed
under (i)—(v) and relies on the alternative description of u € §g via integration
by parts. Moreover, this technique obviously extends (cf. Section 5) to general
many-particle interactions (not necessarily translation invariant and possibly
having superquadratic growth, unbounded order and infinite range), which were
not covered at all by any previous work. On the other hand, our approach is
conceptually more straightforward and technically easier in comparison to the
stochastic dynamics method mentioned above. This alternative approach was
first realized in [13, 14], however, in the much simpler situation of classical
lattice systems with finite-dimensional spins. In contrast with those papers, in
the quantum case we have to do not only a “lattice analysis” (depending on
the properties of the interaction potentials V, W), but also an additional “single
spin space analysis” (taking into account the spectral properties of the elliptic
operator A). It should also be mentioned, that in the recent preprint [42] some
(deterministic) version of integration by parts for local specifications has been
used to prove existence of Gibbs measures relative to Brownian motion on the
path space C(R — R?). The study of such Gibbsian (in general non-Markovian)
processes has been initiated in [55]. As a special case they include the so-called
P (p)1-processes as Gibbs distributions corresponding to a single quantum particle
at zero temperature, that is, 8 = oo (see, e.g., [19, 44]).

Finally, let us note that sufficient conditions implying uniqueness of tempered
Euclidean Gibbs measures for quantum lattice systems like (2.2) have been proved
in [2-4, 11, 12], whereas the possibility of phase transitions in such models has
been discussed in [8, 18, 29, 41].

3. Flow and (IbP)-characterization of Euclidean Gibbs measures. In this
section we give an alternative description of Euclidean Gibbs measures (cf.
Propositions 1 and 2). These are the following: first, the flow characterization of
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w € Gp in terms of their Radon—Nikodym derivatives w.r.t. shift transformations
of the configuration space 2g; second, the characterization (resulting from
the previous one) in terms of their logarithmic derivatives via corresponding
(IbP)-formulas. If the interaction potentials are differentiable (as they are in our
case), both characterizations are equivalent. Also, we observe that the local Gibbs
specifications w5, A € Z¢, also satisfy the same flow and (IbP)-descriptions,
which later will be crucial for our proof of the existence of u € 9;3

3.1. Flow description of Euclidean Gibbs measures. We start with the flow
description of € Gp in terms of their “shift”’-Radon—Nikodym derivatives agy,
6 € R, along some set of admissible directions %;, i € 4, whose linear span is
dense in Qg.

With this aim, we shall consider the Hilbert space

d
G Hy={o=(@em LG |0} = |a)k|ﬁ% <00
keZd

with the inner product (w, w) g := ||a)||/23 as tangent space to Qg. For the remainder
of this paper, we fix an orthonormal basis in #g consisting of the vectors

hi == (Sk—k’ga—a’ﬁan)k/ezd,1§a’§d

(3.2) ) J
indexed by i = (k,n,a) € Z° x Zx{1,...,d}=: 4,

where @, are the eigenvectors of the operator A in L2, that is, Ap, = Ay, . Recall
that the operator A has discrete spectrum

2 2
(3.3) Ay = (%%) m+d?,  neZ

and a complete orthonormal system of trigonometric functions

\/T
—, n=0,
B

(3.4) on(7) = \/%cos %an, n=1,2,...,

2 . 2m
—.|—sin—nrt, n=-1,-2,....
B B

Moreover, the set of all trigonometric polynomials

Tp := lin.span{g,Jnez

is a domain of essential self-adjointness for A. Respectively, ¢ o) =
(8a_a/(p,,)z,:1 are the eigenvectors of the operator A in L2, that is, Adu.a) =
)\n¢(n,a)-
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PROPOSITION 1 (Flow description of u € §g). Fora given direction h;,i € 4,
let Mg p; denote the set of all probability measures  on (2, B(2p)) which
are quasi-invariant w.r.t. the shifts w — o + 0h;, 0 € R, with Radon—-Nikodym
derivatives

@) du(w—+0h;)
agp; (W) '= ————
? dp(w)
92
= exp{—G(A¢(n,a), CUk)L% - E(Afﬁ(n,a)a ¢(n,tx))[L}29}

(3.5)

X eprS {V(wk) — V(ok + 0d.a))

B
+ Y [Wiwr o) — W(wk + 0¢n.a), wk’)]} dr.
k'edk

Then
(3.6) Gp =) Man; =: Ma.

ied

PROOF. Proposition 1 extends the analogous result of Theorem 4.6 in [10],
where (for simplicity only) the particular case of harmonic pair interactions was
treated. Thus, here we sketch the proof very roughly; for missing details, as well
as possible generalizations, we also refer to [7].

(1) $p S M,: this inclusion obviously follows from the DLR equations (2.14)
and the quasi-invariance of the probability kernels wa (dw|§).

(ii) My € §p: Keeping the notation of Section 2, for every k € 74 define
Ag = {k}, AS :=7Z%\ {k} and wpe 1= IP)Aia) € Qﬂ,Ai' Let us disintegrate any

U € M, w.r.t. its projection u A= MIP’Xi onto Qg A

p(dwg, dwpe) = Voe (dop)ppg(doye),
here vy, . (dwy) are some probability measures (= regular conditional distributions
k

given w Ai) on (Cg, B(Cp)). Moreover, one can verify (cf. [60], Proposition 3)
the quasi-invariance of the measures vy, . in the following sense: There exists a
k

Borel subset Ape S Qp ac such that pac(Ape) =1 and for every WA € Ape,

hl‘ = (5/(_/(/(])(,,,0[)),(/62(1 and 0 € R:

deAi (wk + 0¢(n,tx))
deAi (dwy)

3.7 = agp, a)k,a)Az), o) E(C,g(modl)w[\z).

From now on fix any & A¢ € Ape, and let us show that (3.7) implies

(3.8) ngi(da)k)zz_lexpi—/S |:V(a)k)—|- > W(wk,ékr)} dt}y(da)k).
B

k'edk
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However, v := vg,. (dwy) is the unique probability measure on (Cg, B(Cp))
k
which satisfies the flow description

dv(o +¢)
(3.9) ﬁz%(ww, o € Cy(modv),

for all ¢ € lin.span{¢,, )} with the cocycle
a, () = exp{—(Ag, w2 — 3 (Ad, #)pa )

(3.10) X exp/:9 {V(a)k) — V(wx +¢)
B

+ D W(or &) — Wik + ¢, Sk/)]} dr.

k'edk

To check this, let us introduce the new measure

(3.11)  o(dwy) :=exp { / |:V(a)k) + Z W(wy, ék/)i| dt}v(da)k),
S8 =
which (due to our assumptions on the potentials V and W) is at least o-finite
on (Cg, B(Cp)). By (3.9)—(3.11) we have that
do(wx +¢)

1
(.12) Ot —expl (b, )y — 5 (b D)z

But, as it is well known and could be straightforwardly verified (see, e.g.,
[60], Proposition 4), (3.12) implies 0 (Cg) < oo and o (dwi) = const - y (dwy).
Consequently, combining (3.8) and (3.11), we deduce that v(dwy) = const -
Ve (dwy) and, since both are probability measures, they coincide. And finally,

noting that G is fully determined by {ma, };cze (cf. [38], Theorem 1.33), we get
the desired inclusion u € Gg. [

Actually, (3.6) is true under minimal assumptions on the potentials V, W,
which guarantee (besides the well-definedness of the local specifications 7g A)
continuity and local boundedness of the functions Rx Qg > (0, w) = agp, (w) € R
for all i € 4. However, in applications it is more convenient to use not the flow
characterization (3.6) itself, but its infinitesimal form which we describe in the
next section.

3.2. (IbP)-formula for Euclidean Gibbs measures. We shall show that the
above flow characterization of u € g is equivalent to their characterization as
differentiable measures satisfying the (IbP)-formulas

(3.13) O m(dw) = by, (w) u(dw) Viel,
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with the given logarithmic derivatives by, along basis vectors h;. More precisely,
for the basis vector h; = (Sk—kPm,a))iezd, | = (k,n,a) € 4, we define the
function by, : 25 — R by

0
(3.14) by, (w) 1= —aehi(a))‘ = —(Adpn.0), 1)1 2 — (Fia(@), Pn,a)) 12

a0 0=0 B B
where Fj = (Fk,a,)z:1 : Qg — Cg is the nonlinear Nemytskii-type operator acting
by

(3.15) Fi(@) :=VV(@r) + Y VqW(q.q4)g=or.q'=o,-

k'edk
We stress that the main difficulty in dealing with the (IbP)-formulas (3.13) is that
we do not know in advance (until Theorem 2) whether by, € LY(Q g» ). Thus, we
first have to introduce proper classes of differentiable functions on Qg to which
we can correctly apply the distributional identity (3.13).

For this purpose it is helpful to recall some facts from convex analysis (cf., e.g.,
[27]): Let X be a locally convex space, and let ® : X — R. The partial derivatives
on the right, respectively, left in the direction h € X of the function ® at a point
x € X are defined by

P(x+0h) — P(x)

9 ®(x):= Jim

(3.16) 0 ’
I~ o) = ehnjo D (x + 92) - <I>(x)'

If the right and left limits in (3.16) coincide, one says that there exists the derivative
op D (x) in the direction h. By cl(X;h) [resp. Cg’IOC(X; h) or Cg (X; h)] we denote
the spaces of all functions ® : X — R which are continuous (and, moreover, locally
or globally bounded) together with their partial derivatives 9, ® : X — R. Actually,
the existence either or both of 8; ® and 9, ® along some total set of & € X will
be quite enough for our applications, so we do not discuss here the more involved
notions of Gateaux or Fréchet differentiability. On the other hand, later we shall
also need to consider X := Cg, for which, as is well known, the norm-function
| - lc is not (Géteaux) differentiable everywhere on Cg \ {0}: indeed,

Jonlxlc, = ) |xlc,  forx,h e Cpg iff
(3.17) h(t) =+h(t') for all 7, 7" € Sg such that
x(t)==+x(t)) = |x|cﬁ.

In general, for any Banach space (X, |- |x) and all x,h € X, there exist both
0, Ix|x and 8; |x|x, which are uniformly bounded by

(3.18) —lhlx <9, Ix|x <8 |x|x <|hlx

and, which for fixed & € X, are semicontinuous (above resp. below) functions
of x € X.
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REMARK 2. Under the assumptions on the potentials V, W imposed in Sec-
tion 2.1, we have that agy,,, by, € Cl(Qﬂ; hi) forall® e Randi = (k,n,a) € 4.
Moreover, the functions agp;, byp,, as well as their partial derivatives 0,agp,,
On; by, , are bounded on the cylinder sets

Bpp={weQg| |wk'|<cﬁ <p,Yk e A} where A D {k} U 0k, p € (0, 0c0).
Further, by a straightforward calculation,

On;aon; (@) = agn, (@) [bp; (@ + Ohi) — by, ()],
(3.19)

g %6h: (@) = agp; (w)bp; (w0 + Oh;),

and thus one can recover ag,, from by, by

[%
(3.20) aon; (@) = exp / bi; (@ + O h;) dO.
0

DEFINITION 2. Fixing a basis vector h;, i = (k,n,a) € 4, by CéeC(ng; hi)
we denote the set of all functions f € C g (82p; hi), which satisfy the extra decay
condition

(3.21) sup | f(@)(1 + lwklp 1 + [ Fr(w)g1)] < oo.
a)EQf; B B

Below we shall need a simple approximation lemma (true even in a more general
setting on locally convex spaces) in order to justify the (IbP)-formula (3.13) for all
[ € Cloe(Qp5 hi).

LEMMA 1. (i) For any given A € Z¢ and h Qpg, there exists a sequence
(v Myen C Cg (23 h) approximating Y = 1 in the following sense:
0=y M (@) = yM@r) <1, suppy™ c By .. p™ €(0,00),
(3.22) vM 1,y ™M 50

as N — oo and sup |dpy™) ”c,,(sz ) < 0°
NeN ’

(ii) For each w € M(R2g) and h;, i € 4, the set CéeC(ng; h;) is dense in all
spaces L (Q2p, 1), 1 <r < o0.

PROOF. (i) Let us first take any cut-off sequence { x  }yen C Cé (R.) with the
properties:
An(s)=1 for s € [0, V], An(s)=0 fors € [N + 1, 00),

O0<xn+1(s+ 1D =xn(s) =<1 for every s > 0.
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Next, for each k € Z¢ define the boundedly supported functions on Cg,

1/N
1 @0 =N [ (@ + omyley) de,

and calculate their derivatives,

0" @0 = N (|(0+ 1)

<cﬂ> - XN(|CUk|(Cf;)i|-

Then it is easy to check that ™) := [T, W/EN) — 1, as N — oo, in the sense
of (3.22).
(ii) By the regularity property of any u € M(S2p) (considered as a Borel

k

measure on the product space [L%]Zd), the set C,E(Q,g; h;) (as such containing
smooth cylinder functions w.r.t. the base {h;};cy) is dense in every L' (g, u),
1 <r <oo. Now let us fix h:=h;, A D {k}U 0k, and let w(N)—> 1, N = o0,
as in (3.22). Then, by Lebesgue’s dominated convergence theorem, each f €
C g (82p; hi) can be approximated in L" (g, t) by the corresponding sequence
[N = fyMecl (Qp;h), NeN. O

PROPOSITION 2 [(IbP)-description of i € §gl.  Given any direction h;, i € J,
let My p; denote the set of all probability measures |1 on (2, B(S2p)) which
satisfy the (IbP)-formula

(323) | o f@du@ == [ f@h,@du@
Qﬂ Qﬂ
for all functions f € Céec(Qﬁ; h;). Then
(3.24) Vied: Myp =M, and thus, G5 = Mq = [ | Mp,n, =: Mp.
ied

PROOF. The line of reasoning is close to the proof in [16, 31] of the
well-known fact that every probability measure p on a vector space X, which
is differentiable along some direction 7 € X with corresponding logarithmic
derivative by, € L' (w), is for sure also quasi-invariant w.r.t. all shifts x — x + 6h.
The new difficulty and the principal difference compared with the above mentioned
papers is that no assumptions on the global integrability of the logarithmic
derivatives by, are imposed here. Instead, we shall crucially use the approximation
procedure given by Lemma 1 and the observation that agp,, by, are continuous
locally bounded functions on 25 [and hence, by Remark 2 for all 6 € R, there
exist 39619;,[, 3hia9hi (S Cb,loc(Qﬁ)]-

(1) Mgy,n; C Mpp,: By Proposition 1, foreach u € M, p,, and f € c! (Qp; hi),

dec

(3.25) /Q F(@)agn, (@) dp(@) = /Q Flw—60h) du(),
B B
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and thus, for all 8 £ 0,

i —1 —6h;) —
(3.26) /Qf(w)%du(w)zfg f(@ 9) f@)
4 s

Let again f™) := fy ™) and {»‘M}yen be the cut-off sequence constructed in
Lemma 1 for & := h; and A D {k} U 0k. Hence, combining (3.19) and (3.22), for
all N e N,

m(w).

I +60h) — fM(w)

sup

0<01<1,0e2 0

< sup 3, fM ()] < oo,

wGQB
agp; (w) — 1

sup f(N)(w)il

0<101<1,0e2 0
0
< Ifllcyp sup g %6h (wp)| < o0.

0<|9|§1,a)EBA o)

Thus, in order to get the (IbP)-formula (3.23), by Lebesgue’s dominated conver-
gence theorem one can pass to the limit, first 8 — £0 and thereafter N — oo, in
both sides of (3.26) with f ) replacing f.
(i1) Mgy p, DO Mp p;: We claim that each u € My, j,, is quasi-invariant w.r.t. the
shifts w — w + 6h;, 0 € R, with the Radon—Nikodym derivatives
du(w+60h;)

0
(3.27) W = exp/o bi (Cl) + ﬁhl) do.

By Remark 2 this readily implies that u € M, p,.

So, given as before any f € CéeC(ng; h;) and its approximations f®) :=
f w(N ). N €N, let us define a family of functions indexed by 6 € R,

(328) fM0,)€eCic(Qp: 1), MO, 0) = fN(+0h)agy, ().

Moreover, one can check by a direct calculation that

d
(N)
70 /Qﬂf 0, w)dpu(w)

(3.29) :/Q [9n, f ™) (0 + 0h)
B

+ FN (@ + 0h) by, (@ + 0h) ]agn, (@) dju(w).

Substituting the exact expression (3.19) for 0y, agp, (@) in (3.29) and then applying
the (IbP)-formula (3.23) to ™) (0, -), we find that

d
—/ f(N)(Q,w)du(a))=O Vo eR.
do Qp



170 ALBEVERIO, KONDRATIEV, PASUREK AND ROCKNER

Due to the continuity of 6 > E, f (N8, -), the latter yields
[ ¥+ oman @ du@ = [ fV@dp@)  voeR,
28 $28

Herefrom, letting N — oo, by Fatou’s lemma and Lemma 1 we conclude
that the description via “shift”-Radon—Nikodym derivatives (3.27) holds for all
fel'(Qp. ). O

REMARK 3. We briefly discuss here some useful modifications and corollaries
of Proposition 2:

(i) Denote by C ééic (82 h;) the set of all continuous functions f € Cp(28)
which satisfy the decay condition (3.21) and have globally bounded (but not nec-
essarily continuous) right and left derivatives 8;: f and 9, f along the direction A;.

If i € Mp,,;, then the (IbP)-formula (3.23) extends to all f € Cyx (Q; hi) by
(3.30) | o r@an@ == [ f@by@duw).
B B

To this end, it suffices to repeat the proof of part (i) of Proposition 2, recalling
definition (3.16) of B}f f and using the fact that 8;: agh; = ah—i agp, . Respectively,
if p is tempered (i.e., supported by ng), then (3.30) also holds for all
f € Cééf(ﬁt;hi), where the set Cééf(Q’;hi) is defined just as above, but
with Q,ts instead of 2. Namely, in such extended form (3.30) the (IbP)-formula
will be applied to proper test functions (among others, depending on |wi|c,) in the
proofs of Lemmas 2-5.

(i1) Fix i = (k,n,a) € 4, and let u € My, p,. If in the (IbP)-formula (3.30) we
make the special choice of f(w) 1= g(w)|wk « |C5 with arbitrary g € CéeC(Q,g; hi)
such that suppg C Bp,, for some A D {k} U 0k and p € (0,00), we get that
Eu(gafljla)k,alcﬁ) = E,(89), |wk,alcg)- Thus, by Lemma 1(ii),

(3.31) (e Qp |9 lokalcy =0, |okalcs) =1.

The last identity might also be derived from a result in [46], Lemma 1.3 on the
so-called stochastic Gateaux differentiability of Lipshitz continuous functions on
abstract Wiener spaces. Moreover, if © € Mj, then one can conclude from (3.31)
[using the description of (‘)</)|a)k,o[|<;fj by (3.17) and taking into account that the
set of trigonometric polynomials 75 is dense in Cg] the uniqueness of the global
extrema for loops wy o € Cg,

(3.32) wu(w € Q2p | unique T € Sg: |wk o (7)| = |a)k,a|cﬂ) =1.

This generalizes the well-known property of the oscillator bridge process y; see,
for example, [59].
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So, based on Proposition 2, instead of Euclidean Gibbs measures p € §g ini-
tially defined as random fields on the lattice Z¢, we can just study probability
measures on g satisfying the (IbP)-formula (3.23) with the prescribed logarith-
mic derivatives by, i € . Let us stress that the b, only depend on the given
potentials V and W and, hence, are the same for all u € §g associated with the
heuristic Hamiltonian (2.2). Solutions p € M to the (IbP)-formula (3.23) will
also be called symmetrizing measures. For further connections to reversible diffu-
sion processes and Dirichlet operators in infinite dimensions we refer, for example,
to [9, 10, 15, 20, 21].

3.3. (IbP)-formula for the probability kernels of the local specification. As is
immediate to see from definitions (2.11), (2.12) and for classical lattice systems
already mentioned in [61], the following observation is true:

Measures wp(dw|E) are quasi-invariant w.r.t. the shifts w — w + 0h; with the
same Radon—Nikodym derivatives as those for the corresponding Gibbs measures
w € 4. More precisely, for every 8 € R, § € Qg, A € 74 and i = (k,n,a) € 4
with k € A,

d + 6h;
n/c\l;a:\(wls) 1) _ oh; (@) Vo e Qg(ra(dowlé)-ae.),

or, equivalently, for all f € Ll(ng, A (-1§)),

(3.33)

(3.34) fQ F(@)agh, (@) (dols) = fQ (@~ 0h)madwlf).
B B

A reasoning similar to that used in the proof of Proposition 2 then shows that, for
every § € Qg, A € Z4 and i = (k,n, ) € 4 with k € A, the (IbP)-formula

(3.35) /Q on, f (@) (dolg) = — fQ F(@)by, (@) (dol8)
B B

holds for all functions f € Céec(Q,g; hi).

Suppose now that a sequence 7, ) (dw|E™)), N e N, where ¢V ¢ Qg and
AWM A 74 as N — oo, weakly converges on the metric space Qg to some
probability measure i, € M(S2g). Taking into account that agp;, by, € Cp10c(2p)
and using the same approximation for f € CéeC(Q,g;hi) as in the proof of
Proposition 2, one can also pass to the limit in both sides of (3.34) and (3.35).
So, for any 6 € R and any direction h;, i = (k,n,«) € 4, we again have the flow
description (3.25) and the (IbP)-formula (3.23), which hold for x := p, and all
fecC (}ec(ng; h;). Combining these properties of p, with Propositions 1 and 2,
we have thus proved the following:

PROPOSITION 3 (Thermodynamic limit points are Gibbs). Consider any
sequence of measures 7 (v (da)|S(N)), N €N, where S(N) € Qg and AN S 74
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as N — oo. Then each of its accumulation points u* € M(S2g) (w.r.t. the topology

of weak convergence of measures on the Polish space Qg), provided such exist, is
Gibbs.

In this way, the alternative characterization of Euclidean Gibbs measures
enables us to study the existence problem for i1 € g just by showing the tightness
of the family of their probability kernels.

4. Proof of Theorems 1 and 2. Assumptions (V) and (W) on the asymptotic
behavior of the potentials V € C 2(RY), W e CE(R? x RY) imposed in Section 2
obviously imply the following global bounds:

(W*) There exist R > 2 and J, I > 0 such that for all ¢, ¢’ € R? holds
VOW(q.qH |1+ gl +1g'1) < JdalF +1g'1®) + 1, 1=0,1,2.
(V*) The function V and its derivatives are polynomially bounded [i.e., there
exist R’ > R such that
sup {[VOV(@|(1+1g1)F} <0, 1=0.1.2]
geR4
and, moreover, satisfy the coercivity estimate

i (VV(@.q) =K gl®+ L7 Y [VOvld +Iq) - M
=12

with some K, L, M > 0, uniformly for all ¢ € R?. Additionally, the following
relation between the parameters holds:
(i) ®:=2dJKR <1 and, hence,also ©®p:=4dJK < 1.

Below we shall only use (V*) and (W*). So, Theorems 1 and 2, in fact, hold
under these much weaker conditions.

In order to control the properties of the logarithmic derivatives by, , we introduce
(conventionally in this paper) the following characteristic of the vector field VV'.

DEFINITION 3. The functional
4.1) Cgo¢> @(¢) ::(VV(d)),(p)L% eR,

is called the coercivity functional corresponding to the vector field Cg > ¢ —
VV(¢) € Cg w.rt. the tangent Hilbert space ]leg.

Assumption V*(ii) obviously implies the uniform lower boundedness of ®, that
is, that

4.2) D(P) =) +BM>0 V¢eCs

Because of the identity §g = My, it is equivalent to prove the statements of our
main Theorems 1 and 2 for tempered measures € M}, := M, N e/\/(/’3. The proof
of Theorems 1 and 2 will be based on Lemmas 2-5.
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4.1. Integrability of ]Lg -norms. As a first preliminary result we prove a priori
estimates in the spaces ]Lg.

LEMMA 2. Suppose that the parameters in Assumptions (V*) and (W*) satisfy
the following relation:

4.3) Op:=4dJK < 1.

Then, for every Q > 1, there exists Cg € (0, 00) such that a priori for all p € M},

(4.4) sup | lexl}§ dp() < Co.
kezd /2 p

PROOF. We perform induction on Q € N and, respectively, divide the proof
into several steps.
Step 1. Fix an arbitrary, but small enough § € (0, %) such that

4.5) Qs :=2dJK (1 + %) + kd8[1 +2dK (1 +¢%)] < 1 — 2.

In view of the definition (2.7) of ©4, we introduce a sequence of weights s ,
keZ4,

Vs.x = exp(—3]k), sl == D ¥s.k < 0%.
kez4d

To get the required estimate (4.4) uniformly in k € Z¢, we endow the space Q%
with the system of (mutually equivalent) norms || - ||5 x,, ko € 74,

1/R
R —1/R
Z VS,k—k()|a)k|LRi| < (¥s.k0) Rlewls < oc.
kezd P

4.6)  lollsk = [

Now let us take any measure p € Mj. For given Q > 1, k € 7 and « €
{1,...,d}, consider the following family of test functions on Qfg:

—1 _
F(©@) = froe@) = (lollsx +0) 7" Fra@@)Z; L (),
4.7)
T€S8p, 0,6 >0,
where the mapping Fy o : Q2 — Cg is defined by (3.15). Here we set
(4.8) Z(®) = Zoe(0) =1 +o||w||§§f+a|wk|é§ 0

with a large enough R’ > R from Assumption (V*). Then f € C ééic(ﬂ’ ; hy) for
each i = (k,n,a) € {. Hence, according to Remark 3 one can correctly apply to
such f and p the extended version (3.30) of integration by parts in all (e.g., not
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necessarily basis) directions & € Qg of the form (3.2) with any 0 # ¢ € 73 instead
of ¢,,. By the chain rule, for all w € Q%,

OE f(@) = (lolls.x +0) @04 Fra (@)1 Z™ (o)

+R(Q — V(@5 + o) D!
4.9) . 1
x [9), llolls,ko | Fr,a(@(T) Z7 " (@)

— (lollsko +0) @V R o (@(@)F Z(0)1Z % ().

Due to Young’s inequality and Assumptions (V*) and (W*), one has the following
bounds in the right-hand side of (4.9):

leley 19 Z@)|Z™ (@)

2R0O-1 2R'Q—1\ »—
<20R (0" Rl ™" +elarlz 2727 (@)

(4.10) /
< 2QR’(0*1/2RQ,31/R +gl/2R Q) =1Z4:=2Z—0,
o,& > 40,
and
max {| F.a (@)1, l@lc, 19n Fia (@)}
4.11)

< a[ > ol ® + o I®) + (VV (@r), ox) + M} + Is = Fs5 1 ()
k'edk

with some absolute constant /5 > 0 (which could be calculated explicitly).
Substituting (4.9)-(4.11) into (3.30), we get that

/Q (ol ko +0)* ™" Fia(@@)(Ap, 0r.0) 32 di
B

R(O—1)—1
<lole, [ (lollsi + o)
Fla
B

(4.12) x [(1+ 2)||lwlls.xg + B ER(Q — 1]
x Fyp(w()Z " dp

- /Q (||w||3,k(,+a)R(Q‘”Fk,a<w<r>>(Fk,a<w>,w)L§Z‘1du.
B

The last inequality obviously extends by continuity to arbitrary ¢ € D(A).
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Step 2. Now we would like to replace ¢ in (4.13) by the Green function
G =A"18,, 1€ Sg, which is given by the well-known representation

G (1) = (A8 () =D 2 pn (D (T)

nez
(4.13) P ) )
_ 5(e(—a/ﬁxﬂ—p(r,r)) LAV g e s,
Here, for the sake of convenience, we introduce a parameter:
(4.14) K == [2a/m(1 — eCH/V™F) T

Moreover, from (4.13) one easily gets the following regularity properties of
B, e D(AY?) = W; '1to be crucially used below in the proofs of Lemmas 2-5:

a
(4.15)  |&¢lcy =k, |6 = &rlc, <k—=p(r,7)  Vr,7' €S
m

Jm

To this end, we construct the (so-called Yosida) approximation of ¢, := &, by
o™ e D(A), N eN,

@16) ¢ i=+NTATE,  lim o) — 8| =0.
N—o00 p

Using the fact that A generates a contractive semigroup on Cg, one can easily
check that for all w € Qg,
lim (A(p-EN)7 wk,a)L’ZS = wk,(x(f)7

N—o00

4.17)
Jim_(Fiea(@), 0f) 3= (A Fr (@) (D),

with the uniform bounds

@18)  |(Ap™. wpa) 3| <lonlcy,  |(Fra@). of™) 2| < k| Fe@)lyy.

Letting N — oo in (4.12) with ¢t replacing ¢, by (4.16)—(4.18) and Lebesgue’s
dominated convergence theorem we get that

/Q (lollsi + ) F @V Fy o (@ () ora(0)Z dp
B

R(O-1)—1
SK/ (lolls 4, + )@
Qp

(4.19) x [(1+ 2)|wlls.x + BFRQ — 1]
x Fyi(()Z ™ dp

- /Q (lolls.xe + ) C™ Fea(@(@) (A~ Fra(@) (@) 2~ du.
B
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Next, we take the sum of (4.19) over all « and integrate them over 7 € Sg. Simply
dropping the nonnegative term with (A~ Fr(w), Fx (w))L%, we obtain the estimate

[ Gl +0) " (@) @) 2 dp
B

R(O-1)—1
s:«d/ (lolls £, + )@
Qp

(4.20)
x [(1 + 2)|wlls.x + BYER(Q — 1]

X |Fs @)l y 27" dpe.

We note that, because of (4.3) and (4.10), the parameters &, o, € > 0 in (4.20) can
be chosen so small that the following relation holds:

B:=Cs0c:=kdé(1+Zs¢)
(4.21) < Bs.oell +2dK(1+€%)]
+2dJK(14€%) =: B4, <1 —26.

Step 3. In particular, for Q = 1, we have from (4.20), (4.21) and Assumptions
(V*) and (W*) that

[ ez an <k [ d@oztan
Qf; B Qﬁ
<K(J+B(1-8""

x [ (lenlfy +low )2 di
28 eok P P

(4.22)

+BK(M+2dI +8 ' I;E)(1—8)"L.

Letting first ¢ — +0 in (4.22) and then summing with the weights ys x—x, over
k € Z4, by Lebesgue’s dominated convergence theorem we find that

(4.23) /Q leollf e, Zs o dmn < BK Q8 ysln (M +2d1 + 87 5+ 1) =: €.
B
Finally, letting 0 — 4-0 in (4.23), by Fatou’s lemma we conclude that

R

(4.24) sup | onglrrdp(@) < sup | ol du(w) < €
koezd /2 s koezd /8

and thus, getting back to (4.22),

(4.25) sup [ D(wg,)dp(@) < CLETTK T 1) =1 G (D).
koeZd Y 28
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Step 4. Let us consider the general case of Q > 2 provided it is already known
that

(4.26) sup | ollfi¢ 7V dp) < €t <00
koezd Y2

[as proved by (4.24) for Q = 2]. Analogously to deriving estimates (4.22)—(4.25),
we reduce (4.20) to

1 _
/ o158 otz du
Qp

/ Klolf0Vé oz " du

<KUJ+E)(A-E-8§""
(4.27)

R(QO—1)
< 10T Y (onlfe + lowlf) 27 du
25 k' cak

R(O—-1
+lgs [ {nwnajf )
$2p

+ 2 (enlfiy +lowlfy) + ) + }
k'edk

with some constant /p s > 0 which is independent of k, ko € 7%, Again, letting
& — 40 in (4.27) and then summing with the weights ys x_, over k € Z¢, by
(4.24)—(4.26) and Lebesgue’s dominated convergence theorem we get that

[ 101f2 Z; 4 duw)
Qp

(4.28) 4 .
<8 Ioslysin[Co—1 +4dC1 + C(P) + 1] =: Cp s =: Cg.

Thereafter, letting ¢ — 40 in (4.28), by Fatou’s lemma we readily obtain that

(429)  sup |wk0|LR du() < sup | [ollf du(w) < Co.
koezd /€28 koeZd /€2

Hence, by induction the required estimate (4.4) is valid for all 0 > 1. [

Analogous a priori estimates hold also for the corresponding local Gibbs
specification.
LEMMA 3. Fix any boundary condition

(4.30) EeQl with sup &l = ce < oo.
ke7d ﬂ
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Then, under the assumptions of Lemma 2, for every Q > 1 there exists Cp ¢ €
(0, 00) such that uniformly for all A € 72,

(4.31) sup [ lanl{ $ma(dwl§) < Cou.
kezd /82 p

PROOF. Setting pu(dw) := mwp(dw|§) with arbitrary A € Z4, let us go step
by step through the proof of Lemma 2. Since wpc = &pc (mp(dw|€)-a.e.) and
ma(dw|E) € ‘Mlla,hi provided k € A, all the above formulas (4.19)—(4.21) are still
valid for such k. Now we take in (4.22) [resp. (4.27)] the weighted sum over all
k € A and add the term EM(||w||§§3_1)||éAc||5,k0) to both sides of the resulting
inequality. If Q =1, in a straightforward way one gets that

R
sup || r A (d0|€)
koeZd Y 2p b
(4.32) < sup | ol madwlE)
k()GZd Qﬂ

< 28) sl [BK(M +2d1 + 87 Iy + 1) + ] = Cy g

and, thus,

(4.33) sup | D(wgy)madolE) <CLe(E 'K 4 1) = Cre (D)
koeA /2

uniformly for all A € Z¢. Thereafter, by induction over Q € N, we conclude that

RO
Sup |a)k()|]LR 7TA(dCl)|%-)
koeZd Y2 P
R
< sup [ JolfEradols)
koezd Y2

(4.34) 1 R A 1
<38 Igslys I [GQ_Lg +4dCi e+ Cpe(P) + 1 +C§GQ—1,51Q,6]
= Co,

as was required. [J]

4.2. Integrability of the coercivity functional. Next, we strengthen the asser-
tions of Lemmas 1 and 2 by proving a priori integrability estimates for the coer-
civity functional ®.

LEMMA 4. For fixed k € 72, suppose that ju is a measure satisfying the (IbP)-
formula (3.30) along all directions h;, i = (k,n,a) withn € Zand 1 <a <d, that
is,

e ﬂ Mp ;s

neZ,1<a<d
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and, moreover, obeys the moment estimate

(433) sup | owl'¢ dp(w) < Cg
k' e{k}Udk Y 2p B

with some given Q > 1 and Cp € (0, 00). Under Assumptions (V*) and (W*),
(4.35) then implies the (even stronger) integrability property

(436) [ 9@ du@ = eo@)
B
with a uniform (i.e., independent of (v and k) constant Cy(®P) € (0, 00).

PROOF. We proceed in much the same way as in the proof of Lemma 2 and
keep all the notation used there. For 1 < a < d and 0 # ¢ € 73, let us perform
integration by parts w.r.t. u along the corresponding direction & € Qg, but for a
suitable family of test functions g on %, namely those of type,

N -1 _
8(0) 1= gr.s () i= (D) +£) 7 Fra(@(0)Z; (o),
4.37)
T €S, €>0.
Since |wk|€,§ € L'(w), in definition (4.8) one can already set o = 0 so that
B

Z(ay) = Ze(ap) =1+ a|wk|é’;'Q and

(4.38) |<p|g;|afz<wk)|z—1(wk) < 2VeRD R g —. 7, .= Z 0,

& — +0.
Next, we choose small enough §, ¢ € (0, 1) so that
(4.39) B:=085¢:=kdS[1+L(Q—-1)+Z;]<1-56.
The corresponding derivatives
0 8(@) = (d(@r) + )27 [0 Fra (0012 (1)
(4.40) +(Q = D(®(@) +6) [0 (@01 Fra(@(@)NZ (@1)

— (D) + )27 Fra (@) Z (@)1 Z 2 (1)

can be obviously estimated by means of (4.11), (4.38) and the following bound in
the right-hand side of (4.40):

lelch o d @0 < IVV @0l + (VO V (@0)wrlyy < L@,
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Hence, the (IbP)-formula (3.30) implies that

[ (@@ +6)% " Fatom) (A, ora) ;2 du
B
<lples[1+L(Q—1) +2:]fQ (®(wp) +)° Fru(w@)Z " dp
B

- fg (@0 +2)2" Fra(@O)(Fra(@),¢) 327 dp.
B

Taking for ¢ the Green function &, := A~!§, and integrating over T € S s [cf. the
arguments (4.16)—(4.20)], we arrive at the estimate

(1— a)/ (S () +)2Z " du
Qp
<(J+8) / (@) +)%7 D (lonlRe + low|Fe)Z7 du
S8 K'eok P P

+B(M +2d1 +5 ' I;E+ s)fQ (D) +6)2 'z dp.
B

Then by Holder’s inequality it immediately follows that

. 1/0
- :){/Q (d>(wk)+8)QZ_1du}
B

o L 1/0
<(J+ :){/Q [ > (Iwklfg +|wk/lf§)} dﬂ}
B

k'edk
+BM +2dI + 8 I58 +¢).

Letting ¢ — 40, we conclude by (4.39) and Fatou’s lemma that

sup | [®(on)]¢du(w)
(4.41)  kezd /9
<57 C[4dCy 2 + 1)+ BM +2d1 +57'15)]% = Co(d),

which in turn yields the required estimate (4.36). [

COROLLARY 2. Under the assumptions of Lemma 4,

(4.42) /Q |Fi@ol?) dp(@) < Co(F) < oc.
B

PROOF. The statement follows immediately from (4.35), (4.36) and Assump-
tions (V*) and (W*). O
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4.3. Kolmogorov type moment estimates. This is the crucial step toward the
proof of Theorems 1 and 2.

LEMMA 5. For given k € 74, let the measure

we () Mpp, i=kna)ed,
neN,1<a<d
be such that
(4.43) /Q IFi@pl§ dpu(@) < o0 (F)
B

with some fixed Q € N and Coo(F) € (0,00). Then (4.43) implies the moment
estimates

(4.44) fg k(1) — ax (t)*? dp() < AKyg - p9(x, 7).
B

(4.45) /Q e ()22 d (o) < Kag
B

forall T, v’ € Sg and with uniform (i.e., independent of | and k) constants AK»q,
eKZQ € (O, OO)

PROOF. The proof of Lemma 5 follows the same pattern as in Lemmas 2—4. In
order to prove (4.44), let us consider the following family of test functions on Q%:

4.46) f(@) = frrve(@) i=[Awg ol ? ' Z7 N p), 7,7 €Sp, >0,
where we set
Awy = Awi (1, 7)) 1= wp (7)) — o (1)),

Z(@p) = Ze(op) =1 + sloxco.

Since we already know that |Fk|]L}19 € Ll(,u), one can apply the (IbP)-formula

(3.30) to such f in all directions, h € Qg of the form (3.2) with any ¢ € 7,
instead of the basis vectors ¢,. The partial derivatives

I f@) =20 — D|Awka*22p(r) — o) Z ™ (@)
— 26 0[Awa*C ™ oxl 2™ [0 loralc, 127 (@i
can be uniformly estimated for all ¢ > 0 by

(4.47) 10 f (@) <8QI¢lcy | Akl 227 ().
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Thus, combining (3.18), (4.46) and (4.47), we get that

[ 180naPo Ap o) 227 dp
Qp B

(4.48)
<lolc, fQ [80180ka2 72 + | Awko P | Fe@)lyy 127" dp.
B

Substituting Ag; 1= &, — &/ for ¢ in (4.48), we find that

[ 180?07 dp
Qp

<16~ ®lc, [
B

Therefore, by Holder’s inequality,

1/0
([ 1800002 i)
Qp

1/0 1/20
<160~ Brle, 50+ 2 + [ 1dona0z N an)
B

8018wk a0 + | Awk a7 | Fr(@)| 127" dpe.

which obviously implies

1720
( [ |Awk|2Qz—1du)
Qp

<d|B; — 6| (B 418, — 6| [Ca0(F)]'22].

Finally, letting ¢ — +0 and using the Lipschitz-continuity of the Green func-
tion & [cf. (4.15)], we obtain the required estimate

[ 180 e dp < Mg 90z 7
Qp
with the constant

, a \2 0 a \ 2
4.49)  AKag:= <4d kﬁ> [(SQ) +<,3/cﬁ> 62Q(F)]

The proof of estimate (4.45) is analogous except that one should start from the
test functions
(4.50)  g(@) = gre (@) =0k Z7 @), TESp e>0.
After integrating by parts with these test functions and substituting &, for ¢, we
get that

/ ko (D222 dp
Qp

<16, /Q [4Q10r.a (D272 + | Frl@) s lof (P12 d .
B
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Letting ¢ — +0 by Fatou’s lemma the latter implies the required estimate, that is,

4.51) /Q ok (T)*2dp < (4d%) 2[4 Q)2 + k2Cap(F)] =: Kag. -
B

REMARK 4. Contrary to the previous Lemmas 2—4, the coercivity property
of VV is no more needed for the proof of Lemma 5. In fact, the result only depends
on the regularity properties of the Green function & of the elliptic operator A.

4.4. Proofs of Theorems 1 and 2. Having shown for u € M the a priori
estimates from the lemmas above, we are able to prove immediately the main
Theorems 1 and 2.

PROOF OF THEOREM 2. Consecutively applying Lemmas 2, 4 and S to €
9% = M;,, we get the following uniform estimates with finite AK»g, K20 >0

4.52) / o (7) — e (P2 d (@) < AJaglt — /12,
Qp

4.53) /Q e ()22 d (@) < Koo
B

Now we employ a standard argument related to Kolmogorov’s continuity criterion.
More precisely, using the Garsia—Rodemich—-Rumsey lemma (see, e.g., in [23],
Section 3), one can deduce from (4.52) that

[Iwk(f) — wi ()]
p(t, 1)

(4.54) sup sup sup

i|Q
du(w) < oo,
negly kezd It

forall Q >2and n € [0, 5 — 5). When Q — oo, both (4.53) and (4.54) give us
the required regularity of u € 9%, namely that

d
@55  u(CH)=1 and sup sup [ |exl® dp() < oo,
negl kezd /2 A

forall 0 > 1 and 5 € [0, %). U

PROOF OF THEOREM 1. Let Q >2and n € (0, % — é), and fix any boundary
condition £ € Q% with supy .74 |§k|cz < oo (for instance, one can take & = 0).

Applying Lemmas 3-5 to the probability kernels mw (dw|§) € er, n;» provided
i=(k,n,a) € 4 and k € A, we get the following moment estimates with finite
AKr0.6, Kr0,e > 0:

(4.56) /Q |0k (7) — wr () *2mp (dw|§) < AKagelt —T'|2,
B

4.57) /Q ok () 227a (dwl8) < Kag g
B
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uniformly for all A € Z¢. By the same arguments as those used in the proof of
Theorem 2, (4.56) and (4.57) together imply that

(4.58) sup sup Iwklgn ma(dw|§) < o0.
A€ZA keZd /28 B

From (4.58) we conclude, using Prokhorov’s criterion and the compactness of

the embedding of (CZ into (Cg/ when 0 < 5’ < n, that the family of distributions
{ra(dw|E}pepa is tight on the Polish space 245. So, there exists a sequence
AEZ g P B q
Tam(dwl|§), N € N, which converges weakly on g, as AN Ve 74, to some
probability measure u* € M(£2g). This means by Proposition 3 that u* € M), =
. But, in fact, by (4.58) sup,.z4 E *|a)k|Q < oo, and thus, by Remark 2
/3 keZ. 123 (Cﬂ

p*egy O

PROOF OF COROLLARY 1. The assertion follows from estimates (4.56) and
(4.57) similarly as in the proof of Theorem 1. [

REMARK 5. (i) Coercivity assumptions on potentials like V*(i) are standardly
used in mathematical physics, especially when one studies stability properties
of dynamical systems (for more concrete applications to the infinite-dimensional
SDEs see, e.g., [24, 30]). If the initial estimate (V) holds with some P > R, then
so does V*(i) with arbitrary small K > 0. Moreover, it is easy to show that V*(i)
implies that the potential V grows strongly enough: for any K| > K there exists
M := M{(K1) > 0 such that for all g € R4,

(4.59) V(g) > K{ 'RV q IR — M.

(i) Roughly speaking, our assumptions mean that the pair interaction is
dominated by the single-particle one (so-called lattice stabilization). At first,
® < 1 guarantees by (4.59) the semiboundedness from below of the interaction
in all finite volumes A € Z¢, and thus, the well-definedness of the corresponding
Gibbs specifications w5 (cf. Section 2.3). Secondly, V*(ii) ensures that also
®¢ < 1, which was crucial for our proof of the a priori estimates for symmetrizing
measures on loop spaces. In fact, from the potential V one can always extract the

. 2 . i
quadratic term % |qk|2 with a small a? > 0, so that V*(ii) is still true.

5. Possible generalizations and concluding remarks.

(1) Existence of superstable Gibbs states. According to its definition (2.15),
9;3 contains a class 9‘735‘ of so-called Ruelle type “superstable” Gibbs measures,
which (for the particular case R = 2) has been introduced in [57] as those measures
satisfying the following support condition

(5.1) supy(1 +2N)_d Z |a)k|]i2} <C(w) < o0 Vo€ Qg (n-ae.).
NeN \k|§N
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On the other hand, by an obvious modification of the arguments used in the
proof of Theorem 1, one can also construct periodic Euclidean Gibbs measures
uP e %3 which are invariant w.r.t. the group of translations of the lattice Z¢. But
for any measure u € M(S2g), which is translation invariant and satisfies the a
priori estimates (2.16), the support condition [even stronger than (5.1)] holds for
all Q > 1andn € [0, %), namely,

5.2) supi(1 +2N)_d Z |a)k|g,,} <Cgy(w) <00 Vo€ Qp (n-ae.).
NeN k=N 7

The latter follows from the Birkhoff—Khinchin ergodic theorem applied to the
stationary process wy, k € Z%, on the probability space (g, B(2p), 1). This
means that we can refine the statement of Theorem 1, claiming the existence of
nEe 9/53“ satisfying the support condition (5.1).

(i1) Generalization to many-particle interactions with possibly infinite range
and infinite order. Our results generalize to quantum lattice systems with (not
necessarily translation-invariant) many-particle interactions. Such systems are

described by the heuristic infinite-dimensional Hamiltonian

N
(5.3) H= Z Hy + Z Z Wikt,oodod @hys - - -5 Qi) s

kezd n=21{ky,....kn)CZ4

where the n-particle interaction potentials, taken over all finite sets {ki, ..., k,} C
74 withn =2,...,N and N € NU {400}, are given by twice continuously dif-
ferentiable symmetric functions Wy, .1 € Cz(]Rd” — RR). Then the statements
of Theorems 1 and 2 for corresponding Euclidean Gibbs measures still hold under
Assumptions (V) and (W**), where (W**) is the following modification of (W*):

(W*) There exist R > 2, I > 0 and symmetric matrices {Jk,, ..k, }«, ... k,)ezrd
with positive entries, such thatforalln < N, {ky,...,k,} C 74 and q1,---,qn € R,
n n
Ve Wiky.... kM}<q1,...,qn>|<1 + 3 |qm|l) <k O laml*+ 1,
m=1 m=1

@ 1=0.1.2.

Moreover, the matrices {Ji,, ...k, } ;...
fastly decreasing, that is, for any § > 0,

N n
Gy I1ls:=>Y_ n® sup { > ek €XP (8 >k —km|)} < 0.
{ka m=1

n=2 kezZd Ly, kn}CZA

ky)ezdns N = 2,..., N, are exponentially

The proofs are as before (at least in spirit). For details we refer to the forthcoming
paper [7].
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APPENDIX

Here we briefly illustrate the connection between quantum states and measures
on loop spaces following the initial paper [1]; for a more extended discussion we
refer, for example, to [3, 7, 40, 47, 51]. Let us start with the one-particle case.
Due to Assumption (V), for each k € 74, the Hamiltonian Hj is a self-adjoint
operator with trace class semigroup e~ "/ 7 > 0. On the algebra A := £L(Hy)
of all bounded linear operators in #;, we may then define the (time-evolution)
authomorphism group g, 6 € R, and the quantum Gibbs state Gg acting,
respectively, by

g k(B) == eieH"Be_ieH",

Gpi(B) :=Tr(Be PH)/Tr (e PHt), B e A
For any finite set of multiplication operators (B;)!_; € L% (RY), we construct the
so-called temperature (or Euclidean) Green functions

n
Fglk,.n,Bn (Ths oo ) == Trgg, (H e—(‘L’i+l—‘L’i)HkBi)/Tr (e—ﬂHk)’

i=1
6.1)
0<t =< <t <t :=11+8.

These functions have analytic continuations to the complex domain
{Gi=tu+i6)]_,cC'|0<t < - <71, < B}
with the boundary values
Bi,...B .
(6.2) Fﬁ’lk""’ "(—=ibh, ..., —i0,) =Gp ( 1_[ O[gi,k(B,')>.
i=1
Since the algebra spanned by the operators oy, x(B;) is dense in A, (6.2) fully

determines the Gibbs state Gg . A crucial observation is that the Green functions
(6.1) may be represented (by the Feynman—Kac formula) as the moments

n
(6.3) Fek P, ) = Epy, ( 15 <wk<n>>)
i=1
of a certain probability measure py on the loop space
(6.4) Cp = {wx € C([0, B1 = RY) | wr (0) = e (B)}.

More precisely (for simplicity putting here m =1 and a = 0),
_ 1 (x,x) p
(6.5) dug(wy) = EEﬂ —exp V(wr(t))dt t dx,
0

where Z is a normalization constant and ES™ is the conditional expectation,
given that wy(0) = wi(B) = x, w.r.t. the Brownian bridge process of length g
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in RY (cf. [65]). So, we get a one-to-one correspondence between the quantum
Gibbs state Gg on the algebra Ay, Euclidean Green functions (6.1) and the
measure ( on the loop space Cg. Moreover, for all local Hamiltonians Hx
in volumes A € Z4, relations similar to (6.1)—(6.3) are valid for the associated
Gibbs states Gg 5 on the algebra 4, := £L(F,) and the measures pup on the
loop space [(C,g]A. This gives a possible way to construct the limiting states
when A ' Z¢, and, hence, motivates us to consider the set Gp of all Gibbs

measures i on the “temperature loop lattice” Qg = [(C/g]Zd, as a natural set of
states which for sure contains all accumulation points for {pa}seze. What is
important, is the nontrivial fact that (analogously to the well-known Osterwalder—
Schrader reconstruction theorem in Euclidean field theory, see, e.g., [34, 39, 64])
from each such Gibbs measure w it is possible to reconstruct (in a certain sense
even uniquely) the quantum Gibbs state Gg of the system (2.2) on the algebra of
local observables sAjoc 1= (Jez¢ # A . For the above reasons the measures 1 € G
are called Euclidean Gibbs states (in the temperature loop space representation)
for the quantum lattice system (2.2).
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