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A NOTE ON EXACT CONVERGENCE RATES IN SOME
MARTINGALE CENTRAL LIMIT THEOREMS'

By JoacHIM RENZ

Michigan State University

Bolthausen established a bound of order 1/ yn on the rate of conver-
gence in the central limit theorem for martingale difference arrays having
bounded conditional moments of order 4. In the present paper it is shown
how much this moment condition can be relaxed while maintaining the
same rate of convergence. An example shows that, unlike in the i.i.d. case,
a moment condition of order 3 is not enough. Furthermore, exact rates of
convergence are derived for moment conditions of order between 2 and 3.

1. Introduction. We consider sequences X;,..., X, of real-valued r.v.’s
which satisfy
(1.1) E(X]|X,,...,X; ;)=0 as.forl<i<n
and
(1.2) E(X?X,,...,X, ;)=1 as.forl <i=<n.

In the fundamental paper by Bolthausen (1982), Theorem 4 yields as a
special case

(1.3) 8(n) = sup|P[S, <t] —®(¢)| =0(n"1/?),

teR

where the notation

(1.4) S, = %jilXj, 0<i<n,

is used and the following two conditions are additionally assumed:
(1.5) E(X’X,,..., X, )=pn asforl<i<n,

(1.6) E(X!X,,...,X, ;) <K as.forl<i<n.

The aforementioned theorem does not include the classical ii.d. Berry-—
Esseen theorem. Joos (1988) and Renz (1991) have independently shown that
the moment condition (1.6) can be relaxed to

(17) E(IXP(n@ + X)) "“IX,,....X, ) <K asforl<is<n,
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EXACT RATES IN SOME MARTINGALE C.L.T’S 1617

(1.8) E(1X,"°1X,,...,X, ;) <K as.forl<i<n,

respectively, where in the second paper the more general situation of a
stochastic approximation procedure is considered.
In Theorem 1 of this paper it is shown that a moment condition

(1.9) E(IXPh(X)X,,....,X, ) <K as.forl<i<n,
where h: R§ — R{ is a function such that

h is nondecreasing on R* and A(:)/- is positive and nonincreasing

(110) 0 "p

implies the order of convergence

‘/; i=1 lh(\/l_)
in the central limit theorem. Example 1 shows that this rate is exact. Hence
the order 1/Vn may not be attainable as soon as the series L1 /(ih(Vi))
diverges. In particular, this answers a question posed by Bolthausen
[Bolthausen (1982), page 674].
Theorem 2 and Example 2 treat the case where conditions (1.1), (1.2),
(1.10) and

(1.11) E(X’h(1X|)X,,...,X; 1) <K asforl<i<n

are assumed. In this case the order

1 2 1
Ol =X =77
Vn Sy Vih(Vi)
is the exact rate of convergence in the martingale central limit theorem. In
the i.i.d. case, according to Petrov (1975) (Theorem 5 in Chapter 5, Section 3)
and Example 3 in Section 3 below, 1/A(Vn ) is the order of convergence. The

two rates of convergence can be compared as follows. If x — h(x)/x° is a
nonincreasing function for some £ € (0, 1), then the inequality

1 » 1 1 2
Vo BVRGE) S Ry 16
holds, whereas the opposite inequality
1 1 1z 1
o5 iy = e e
holds for all functions % satisfying (1.10). Again, for a moment condition of
order near 3, the difference from the ii.d. case becomes apparent. For

instance, h(x) = x/In(e V x) leads to the order O((In n)?/Vn) on the left-
hand side of (1.12), while the right-hand side of (1.12) is of order O(In n/ Vn ).

(1.12)
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While the positive results in Theorems 1 and 2 of Section 2 allow for slight
generalizations toward a setting described in Bolthausen’s Theorem 4, the
main focus of this paper is on Section 3. Examples 1 and 2 in Section 3 show
that the rates stated in Theorems 1 and 2 are sharp, even under the strong
hypotheses of these theorems.

Methods of proof and construction of examples rely on modifications of
ideas developed by Bolthausen (1982) and on Lemma 2 in the Appendix
below, allowing us to treat moment conditions of noninteger order. Further-
more, in Lemmas 1 and 3 of the Appendix efforts are made to determine
quantitative aspects of the method. These efforts lead to explicit constants in
Theorems 1 and 2. We note that such constants are not necessary in the
construction of the examples.

Kir'yanova and Rotar’ (1991) recently presented a different approach to
reach the order 1/ Vn in the martingale central limit theorem. They estab-
lished a bound depending on distances between the conditional and the
unconditional distribution functions of the r.v’s X, instead of the higher
conditional moments of these r.v.’s. It would be worthwhile to calculate the
bounds derived in Kir'yanova and Rotar’ (1991) for the examples given here.

2. Results and proofs. In this section we state and prove Theorems 1
and 2. The Appendix contains the lemmas needed for the proofs of these
theorems.

THEOREM 1. Let n € N. For X,,..., X, and h: R{— R}, assume (1.1),
(1.2), (1.5), (1.9) and (1.10). Then

8(n) < 100max{h(1),K}% ;n:

1
L JR(VT)

In the following proof and throughout the paper we employ the notation

(2.1) H(u,v) =®(u—v)— ®(u) - iil (_jl‘))Jgo(j_l)(u), i=2,3,4,

Jj=1

which was introduced in Bolthausen (1982).

PrOOF. Let A(x) = h(x)/h(1). Then & obeys condition (1.10) and R(1) = 1.
Now the proof will be finished by showing 8(n) < 100Kn~/2x"_,1/(jA(/7)),
where K = K/h(1) satisfies w.lo.g. the additional assumption 1 < K. There-
fore we will assume A(1) =1 and 1 < K.

We define new random variables ¢, Z,,...,Z,, where Z,, ..., Z, are identi-
cally N(0, 1)-distributed, ¢ is N(0, k ?)-distributed (x > 1 to be defined below)
and (X,,...,X,), &, Z4,..., Z, are independent. In the sequel we will employ
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the following notation:

n 1
k= 20K ) - —,
=1 (V)
1 n
(22) R
j=i+1
n—1i+ k2
A= , O<i<n
n

The choice of k implies k > 20K > 20. For n < 10,000, or more generally in
the case Vn < 5k, it follows that 8(n) < 1 < 100Kn~'/2x"_1/(jh(;/j)), and
nothing remains to be proven. Now we proceed by induction and consider the
remaining case 5k < Vn .

Notice that W, is an N(0, A?)-distributed r.v. which is independent of

1

(S;_1, X;) and of (S;_, Z,). Since

sup |®(x/r) — ®(x)| <0.75lr — 1, r>0,
(23) xeR
Ir—1<|r?2 -1|, r>0,
we obtain
3 k2
(2.4) sup|®(¢) — P[Wy <t]| < ——.
teR 4 n
By Lemma 1 in Bolthausen (1982), (2.4) and Lemma 3, we obtain

K 2

5 3k
6(n)52sup +Eﬁ+§7

teR

i
i(P

1
P[—§+ S, < t} —P[W, <t]

i

Z
S, 4+ —=+W <¢
i—1 ‘/E i })‘

S L w P
1t =+ W <t| -
i—1 /n i

12

v Bl t=5 X ) gy
i=1 ‘ Ao T ! Ao agn
E Xi3|SL-* t - Si*
_E( 1)E¢,,( 1 ))‘

612/

t-8., 2z )
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KZ

5
+ [—
V2w

N o

K
— +
Vn
f%ﬂ 0.134K 0.069  0.067| ul
+ +
T\ R 2h(agn)  Afn® T AR
i (K(Z.O%S(n) +2.896),)
+
i=In/21+1 A?n3/2h()‘i‘/;)
0.9065(n) + 1.4432,
* AMn?
LB (1= S0 /0) )}

6127

n

< 2sup
telR

5 K 3 k2
o+ ——.
V2 \/; 2 n
According to Lemma 2 in Bolthausen (1982), we obtain, from (A.5) and (A.8),

" t - Si*l
E¢'| ———

Furthermore,

sup|P[S;_; <t] — ()]

teR

< ll¢"llysup| P[S,_; <t] — ®(£)| + lelhll"l.A3
teR

< 1.52sup|P[S;_; <t] — ®(t)| + 0.4A.

teR

P

IA

sup
teR

n
+ sup (I)(t - )—CD(t)
teR i—1
1 izl 3
< sup|P X <t|-®(t)|+ —A7, [n/2]+1<ix<n,
teR 1 —1 j=1 4

where the last inequality is obtained from (2.3). The induction hypothesis
yields

1 i
Vi—1 ;

p

A
=
(=]
=]
=~

sup
teR

-1
_lXj <t —P(t)] <

IA
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and therefore
E " t B Si_ 1
® ’\i

For | u| we find the bound

n 1
)

< 215K + 1.14A2 + 0.423,

5 -

[n/2] +1<i<n.

lul < E(1IX,PIX,, ..., X, )
< B(XP1x oy Xy, X ) + B(IXPRIX N 01| X Xy
<1+K <2K.
This yields
5(n) < "%21( 0.268K s 0.138 . 0.268K S
E N\ e () T NRE T N Wy n
N i (K(4.1926(n) +5.792);)  1.8128(n) + 2.886),
i=ln/21+1 AIn®2h(aqn) Ain?
K(144Kn=1725"_11/(jh(7)) + 0.76A2 + 0.27? |

Xn?/?

2

+

Next we make the following observations:

(n/2] 1 /21 1 [n/2] 1
_—_— < - =
i:Zl Ain®/2h( A ) i; Ain?/ izzl (n—i+«?)"?
< _— < —,
igl [n/2]3/2 ‘/E
r%m 1 [n/2] 1 [%21 1 9
—_— < _— < < —,
i=1 Ajn? i=1 (n—i+:<2)2 i=1 [n/2]2 n
Z 3.3/2 Z 3/92
i:[n/2]+1’\in / i=fns21+1 (n — i + k%) /
1 o 1 1 2 3
(2.5) SF"’ 23/2dXSF+;S;,
L 3= L 0
i=nys21+1 it i=ns21+1 (B — 0 + k%)
1 o 1 2
<—+ | —dx < —,
K4 '/;(sz K2
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1 1

Combining these results, we have

0.761K 3.624 K 8.658
8(n) < ‘/; +6(n)(0.210+—2) ‘/;{0 135 + 1.14} + o
| 288K 144K
T g w7 {5.792 ot T40 3Oﬁ

Therefore,
é6(n)(1-0.210 - 0. 010)

< Z {5.792 + 14.4 + 0.018 + 40 + 6)
f = uh(f)

2.036K  0.433
+
Vn Vn

+

68.679.

IA

—K
i B
This implies 8(n) < 100Kn~'/2L"_,1/(jh(/j)). O

THEOREM 2. Let n € N. For X,,..., X, and h: R{— R{, assume (1.1),
(1.2), (1.10) and (1.11). Then

n

1
J 1 ‘/—h(‘/_)

8(n) < 300 max{h(1), K}

PrOOF. We use the same notation as in the proof of Theorem 1, except
that we set «:= GOKZ;?:ll/(\/jh(\ﬁ)). Again it is enough to prove the
assertion under the additional assumption A(1) = 1 < K. The choice of «
implies k > 60K > 60. For 5k > Vn we obtain 8(n) <1 < 300Kn_1/223?=11/
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(7 R/ ). In the case 5« < Yn we obtain as in the previous proof

5 2sup| Y | EH (78 X ) gy (LS 4
< S ) - )
(n) t?g i=1 ’ A Avn ! A Avn
2k 1.5k2
+—= +
Vn n
0 f%ﬂ 0.242K 0.069
< +
; A?nh(An) A¢n?
n K(12.1508(n) +14.8431;) 0.9065(n) + 1.443A,
+ 2 + 132
=gl 1 Mnh(An ) Afn
2k 1.52
+— +
Vn n
In addition to (2.5), we will need the following auxiliary facts:
[n/2] 1 V2 [n/21 1
Y S <= L
0 k(M) T Vn S AR k(AR
\/_ [n/2] 1 ‘/_ n 1
< < —
W B VAR = Ve B VG
n 1 1 1
L RO S * B RO
i=fn/21+1 AT (’\i n) K ilnyo1+1 Mivn ( )
1z 1 1
<—) NI .
) Lh(\/L—) 60K
We obtain
5(n) 0.685K i 1 0.276 5( ){0 105 3 624}
n) < + + n . +
Vno S ViR(VE) 2
29.686K 1 8.658 120K » 1

E e N Y A U o O S Y S
90K ~ 1 K
W E V() T

+

and therefore

}

3.624
5(n)|1 - 0.405 — —— )
K
n K, 0276 8658
Z {0685+29686+120+90 + —
= \/—h(\/_) Vo Vn K
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This yields
8(n)(1 — 0.407)
K » 1
= B RO

and the assertion is proved. O

{0.685 + 29.686 + 120 + 18 + 0.001 + 0.145}

3. Examples. In this section we give two examples showing that the
rates of convergence stated in Theorems 1 and 2 cannot be improved under
the assumptions made in these theorems. For the sake of convenient refer-
ence, we sketch a third example showing that the rate of convergence in the
theorem of Petrov (1975) (Theorem 5 in Chapter 5, Section 3) is sharp.

EXaMPLE 1. Suppose that & satisfies (1.10) and the following two addi-
tional properties: ¥.7_1/( Jjh(/7)) = « and h(x) » o for x — «. Furthermore,
let max{1,5.2h(2)} < K. We consider for ¢ > 1 the following probability mea-
sures on (R, %):

200-1)(o+1)(1 4
_ 2(e-1)(o )—5,2+—61/2
e (0+2)(20—-1)\5 5
30 o? 1
+ 8 1, + ——=0
(0+2)(20-1) | 1+0% 72 1+ 9)

and

K
P,=(1- v, k)R +v xR, wherevy, = min{l’ 3h(0) }

The following properties hold: [xP(dx) = 0, [x*P(dx) = 1, [x*P(dx) = 0 and

J1xI°h(1x)) P( dz)
< (1= %, x)h(1) + % £{1.6R(2) + 0.1h(1/2) + 0.5h(1) + 1.5h( 0))}
<h(1) + 1.6h(2) + 1.5y, xh(0) <K.

Let n € N and 1 < «? < n/2, where the constant « will be specified later.
We define r.v’s X;,..., X, and Z,,...,Z, on a suitable probability space as
follows: X; = Z;, i < [n/2], are independent identically Bernoulli-distributed
rv.’s (+1 w.p. 1/2),

PXi|(X1 ..... Xi,l)((xp---’xi—l)’A)
= 1ye(2q + - Fx,_1)Pi(A) + 1,(x; + - +x,_4) F,(A),

with [n/2]<i<n, 0;:==Vn —i+«*, J,=1[0,/4,0;/2] and Z, ;51 1,---,
Z,, ¢ are normal-distributed r.v’s, where (X,,...,X,),Z, 5141,--->

n’
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are independent, £ is N(0, x*)-distributed and Z,, /41, 1,...,Z, are identi-
cally N(0, 1)-distributed. This yields

X, ..., X, is an m.d.s. Wlth E(X?X,,..., X, ) =1,
(3.1) E(X?’IXI,..., . ) =0 and E(X,Ph(XDX,,....,X, ) <K as,
1 =1,.

With the notatlon Si, W; and A; as introduced in the proof of Theorem 1, we

13

obtain that W, is N(0, A?)-distributed and independent of (S, ,, X;) and

(S;,_1,Z)), i > [n/2]. Furthermore, we obtain P[W, < 0] = 1/2 because W,
is symmetrically distributed and has a density. This yields

—8(n) <P[S,<0] - %

=P[T } P[W,<0] +P[S,<0] -P [%+S”SO}

gP[—i } P[W, < 0] + 25(n) + ‘/%':/;
n X Zi

(32) = 'E(P S, T o} —P[Si_l = WS o})

+286(n) + \/_‘/_

I e e et
i=[n/21+ \/; ¢ A, ’)\i\/;
+26(n) + \/2_77—';;

where we have used (3.1), the independence of (X, ..., X;_;) and Z; and the
fact that the r.v.’s Z; are standard normal (i > [n/2]). By the construction of
the sequence (X;), we have

PXL\Si,l(x’ A) = 1[Ai/4,,\i/2]f(x)P1(A) + 1[)\,~/4,Ai/2](x)Pgl(A)’ 1> [n/2],
and therefore, for i > [n /2],

Sy X;
AT A

—ffH(—%

EH4( -

) X,1S,_ l(x dy)PS (dx)

)Pl(dy)PsH<dx>

f x
[A/4, )\i/Z /\

x oy
+ fH4(— -,
[A/4,1,/2] A Avn

)Pgi(dy)Psi_l(dx)
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1 o X
Doan2e2 | AT e

1 1 I X 1 H, x -1
+ —~ — +H-—,
[A/4, /2] ( YQ"’K)z ! /\ A\/_ N AR
L, He—Dle+ D1 [ x 2
You K (0;: +2)(20; - 1) A A

30;
(0; +2)(20, - 1)

1 x
+TQ‘?H4(_TZ-’1 PSH(dx).

13

Using 39,/((0; + 2X20; — D1 + 0?)) > 1/(20?), we obtain, by Lemma 1(c),

Sz 1 Xi
A;
1 1 o S 1
o - [N + - ’
=3 Avn 1N A

" an
Y

1 1

+0.023y, (1+ )x‘ sP|Sii € | 7An 5N

%, K

w

i

1

1 1
+ 0.0208 "(LYP|S. ;€ |—A., —=A.|].
Yoi. K )\f’n3/2 te[fg/IZa,Xfl/zi]QD () [ 1 [ l”

Lemma 3(a) together with

" _ m(__ 3 m(__ 1 — m({__ 3 _0145
tE[—;I/IZa,X—l/AL]GD () max{go ( 2)’¢ ( 4)} ¢ ( 2) =

and A; < 1 yields
Sin X )

13

A

EH4( -

1
< W(0.3028(n) + 0'481)‘1‘)
in

0.098
+ ﬂ(2sup|P[si_1 <t] - o(t)] + o.ui)
Ain teR

0.003
—Wygi,,{(o.osmi ~ 2sup | P[S,_, <] - ®(1)]).
i teR
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Lemma 1 in Bolthausen (1982) implies
sup|P[S;,_, <t] — ®(t)| <28(n) + %)\i.
teR 2
We obtain, by Theorem 1 and (2.3),

3
sup | P[S,_, < t] = ®(¢)] < 5(i = 1) + =X

teR
1 1 3
<V2100K— Y + =2,
n S ik(Vi) o4
Putting the last three statements together leads to
EH Sy X,
N T Aavn
33 0.6946 0.882 0849 K i 1
: < — + - -
(3-3) Ain? (n) A2n? ASn3/2 ‘/— ~ (\/J)
0.0045
+)\in— — 0.000264 ——— 2 3/2
Furthermore, we obtain, as a consequence of Lemma 3(a),
34 e S,_. Z 0.906 5 1.443
. - < + ——.
( ) 4 /\i 4 AL\/; A;an (n) Al3n2
By inserting (3.3) and (3.4) in (3.2), we obtain
i ’}/Q”K
0.000264. Y Cni
i=[n/2]+1
smy|3+ 1.6 an 1 ) 0.798«
< n + 1.
i=n/21+1 Ain® Vn
n 1 n 1
+ 2.325 Z —— + 0.0045 Z 373
- 3n - And/
i=[n/21+1 " i=[n/21+1
K n 1 n 1
+0.849— )

— Y .
Vn j=1 Jh(‘ﬁ) i=[n/21+1 Ajn/2

Choose « large enough that « > (0.849 X 3 X 2 X 12)/0.000264 and A(p,) =
h(Vn — i + k*) = h(x) = K/3,thatis, y, x = K/(8h(g,)). For n large enough
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we obtain X7 ,1/(ih(/i)) > 4% ,leJ 1/(ih(i)) and therefore

g o wx _K1g !
i=[n/2]+1 )\lan/Z 3 ‘/_ [n/2]1+1 (n—i+K2)h(Vn—i+K2)
K 1 /2 1
>—= X 7
3 Vn 3y (Vi)
K1 » 1 K 1 ¥
e L w3 N
6 Vn [Z1ih(Yi) 3 vVn S ( )
K 1 » 1
> —— ) )
12 7 5 ()
With these observations we conclude
" 1 K
000001 <38(n) +0.8——.
B <20 08y

It follows that Kn~'/? Zi: 1/ (zh(\/; ) is the exact order of magnitude for §(n)
in this example.

ExaMPLE 2. Suppose that A satisfies (1.10) and the following two addi-
tional properties: A(x) 2 and h(x)/x \ 0 for x — . Furthermore, let
max{1,2h(1)} < K. We consider for o > 1 the following probability measures
on (R, %):

R = 9_23 +L5
(3.5) N SR &
P= (1 )R + % xR,

where v, x = min{1, K/(2h(40))}. The following properties hold: [xP,(dx) = 0,
fsz(dx) =1 and

fxzh(lxl)Pg(dx) < (1 - g)h(1) + 1 £{0.58(1) + h(0)} <K.

Let o, = Vn — i /4 and « = ¢~ 'X_,1/(/i h(Vi)), where ¢ = 0.0000625 /(6 X
2.30 X K). The assumptions on % lead to the following properties:

K 11 2 1

= = T = —._)Oa n — %,

in particular,

K 1
—— < — forn >n,,
n 2
12”:1 Vi Inn
> — — s — 0
CE ST () T (D) .
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and k > 4 for n > n,, K < 2h(«) for n > n, and
K
%K on(Vn—1)

for i < |n — «?] and n > max{n,, n,)},

. X . 81[51 . (=0 ) f
- ) == =¢c>28—) —F+(—~0ask—>x) forn>n
K1 \/:h(\/;) Ki,_1 \/;h(\/;) 8
and
1 ln_e? 1 1 e2i-1 g
JR— Z JR—
T i T Th(m 1) = T, 2 VRG)
1 2-1 12
> 7= - = X
Vo 5 Vik(Vi) Vi D ViR(VE)
11 2 1 1
> == ) =~ = ),
4Vn S ViR(i) W T ViR(V)
11 i 1 " 6
> —— ) ——F > )
=87 & Vih(i) or n > max{ng, 6}
It will be assumed that n > max{n,,..., nj,6}. We define rv’s X;,..., X,

and Z,,...,Z, on a suitable probability space as follows: X, i < [n/2], are
independent identically N(0, 1)-distributed r.v.’s,

PX,»|(X1 ..... Xi,l)((xp---,xifl),A)
= 1ye(2q + - 2, 1) Pi(A) + 1, (x; + - +x,_4)F, (A),

with [n/2]<i <|n — k%], J; = [—0;,0;] and X, |n — k*|< i < n, are iden-
tically N(0, 1)-distributed r.v.’s such that (X,,..., X|,_ 2D, X|_ 2155 X,

n

are independent and Z,,..., Z, are ii.d. N(0, 1)-distributed r.v.’s such that
(Xy,...,X,), Z,,..., Z, are independent. This yields

(3.6) X,...,X is an mds. with E(X?X,,...,X,_ ;) =1 and
) BCxR(XDIX,..., X, ) <Kas,i=1,..,n

Let A; == y/(n —1)/n. We obtain similarly as in Example 1
ln—«?] S. X. S. Z.
i—1 i i—1 i
0< EH,|-—,—| —EH,| ———, ——
(3.7) i=[n§21+1 ( 3( AT an ) 3( A avn ))
+ 8(n),
Pyis. (x,A) =1, 1y () Pi(A) + 1, a s (%) B, (A)
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)

1 o X 1
[—A,/4,A,/4]¢ 2 K A )\i\/;

and

EH, (

1 1 H X H x -1
+ - — -—, + Hy| ——,
[—A;/4,A,/4] ( %)i’K)Q 3l /\i\/ﬁ ’ A )\i\/;
z x 4
| 1o g5
1 X 1 P P
1+QL 3 Ti’ 4 Si—l( x)

for i > [n/2]. Using 1/(1 + 97) > 1/(20?), we obtain, by Lemma 1(c),

CSian X

1 Sy 1 S, , -1

SE( ( 5 EH( AL’M))
1 1

+0.067y, |1+ 5 A3 5 P|Si1 € [—ZA,,ZA,H

1 1
+ 0.0208 — "(t)P|S,_;€|——=A, =X |].
yinK /\l2n tE[—nil/afl/Q]go( ) |: i-1 |: 4 i 4 L:H

Lemma 1(a), Lemma 2 in Bolthausen (1982) and Theorem 2 together with

a0~ max[o{- ) (1)) - 2] < -0,

te[—1/4,1/2] 4 2 2
P|S 1/\ 1/\
. el —-——\. =\
i—1 41741
1 /n—1 1 /n—1i
X _
Vi—1 Z e[ 4\/ -1’ 4\/i—lH
1 /n—1
> —
2\/

n—i

-1

)—26(1—1)>019/\ —28(i — 1)
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and
n—1i
. <V2A
1—1
yield
EH Si*l Xi E H Si*l Zi
’ AT An ’ AT A
! 0643\/_300K n !
< — —
~ A n = 1 Vin(Vi)
1407 /n—1i 1 4
+ + —
V2w 1—1 V2
0.101 2\/_3001{ 1 ” 1 1 n—i
+ +
A2n3/2 Jlfh(\/‘) 2vor Vi—-1
(3.8)
0'0054 (0 191, — 22 3OOK L ! )
794 K » 1 2.09
S33/2_2 : —~+23/2
An \/;j 1 \/jh(\/ ) Ain

230K K » 1 0.0005K
)\Znh()\ Vn) Vn gl \/J—h(\/J—) - Anh(Aan )

Using (3.7) and (3.8), we obtain

n 1
0. 0000625‘/_ LZI \/_h(\/—)
n 1 ln/2] 1
< é(n 794 S
(n) + \/—lZl TR _[Ez
n 1 ln/2] K 1 ln/2l 1
Y0 lzl TR ) R BT

0 794 ; : 3 230K ; :

o +1oe e £ iy 2900 E e
1 h(x)

T B VTRE) K

This shows 8(n) > 0.00003Kn~/2X"_,1/(/i h(Ji)) for n large enough.

IA

+ 2.09
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ExaMmPLE 3. Let & be a function as specified in Example 2. For n > 2 with
h(Yn) = 8 we consider a sequence X,,..., X, of real-valued i.i.d. r.v.’s with

=0 - y(W)R, + y(n)Rﬁ, where R, is defined according to (3.5) and
y(n) = 1/h(/n). Let X,, =X,/ Vn for 1 <i < n. The following properties
hold:

E(X,)=0, E(X?)=1, E(X?r(IX)l))<h(1)+1,
y(n)
1+n’

(n—l)

E(anl]-(|an|> 1)) =0, E(X2 1(|Xn1|> 1/yn ))
1
— ty(n)—s—

E(Xfllaxmsl)) T

and
1—n

E(X}1ix,<n) = ¥(n)

Thus, for n large enough, Theorems 2.2 and 2.7 in Hall (1982) yield

1
Cyy(n) < Cyy(n) - 02(ﬁ + v(n)z) ‘/— ZX < 1} - ®(1)|,

where the first inequality holds because (1/Vn + y(n)z)/ v(n) = 0.

APPENDIX

In this section we state and prove Lemmas 1, 2 and 3.

LEMMA 1. (a) |H,(u,v)l < lol'%(w), i = 2,3,4, with |, < 5.023, [lyslly
< 4.947, |yl < 1.407, ||¢3||V < 0.643, |lyll; < 0.449 and ||y, lly < 0.151.

(b) IH(u vl < mm{lvll ol W (w), i = 3,4, with |yl < 6.830, llly <
6.075, l|,]l; < 2.018 and |liylly < 1.048.

(© |H(u,v)l <C; lvl, i = 3, 4 with C; = 0.067 and C, = 0.023.

(@) |H;(u, vl <D min{|v]' " ? |v|} i =3,4, with Dy =0242 and D, =
0.134.

Proor. With 9,9 € [0,1] depending on u,v, we obtain in (2.1), for i =
2,3,4,

H,(u,v) = (_L:)) " V(u — 9v)
_ (_v)iiz (i-2) 3 (i-2)
(A].) = W((D (u—ﬂv)—d) (u))
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Let a, =2, a; =4 and a, = 5. For |v| < |ul/2 and |u| > q; it follows that
lu — dv| = |ul/2 and therefore
oD L,
2

(p(il)(lu)
2

lv] 2 . .
+[— sup | ®D(s) — dED(¢)|

v’ . v’
H(u,v)| < — max | V(t)|=—
(A.2) [ Hi( )l i! |t\2|u|/2|¢ (0)] i!

K

1=2,3,4.
Using (A.1) and (A.2), we get
vl ol

| H;(u,v)| < T”‘P(H)”wl{xnsta»(u) T

1(xHx\>ai)(u)

(l - 2)‘ sER, |tI>a;

|v|i—1 -
(A.3) +m|¢( ()| Lyt a1 2 < (5 )
[NVl 1
< vl {Tﬁ(u) + 8i(u)
+—n. + —R. = .
O T A T O
where
b= sup |DUTD(s) —dA(E)|,  fi(u) = L acay(n),
seR, |t]>aq;
nf L -2
8i(u) =" O G| Lapaap()s hi(w) = 07 iy 0 0p(4),

ki(u) = | GDU_Q)(”) |1{x\ x| > ai}(u)‘
Exploiting the local monotonicity of the functions involved, we obtain b, < 1,
by <04, b, <025, [IfilL = 2a;, Ifily =2, llg,lli = 4le" 2(a,/2)|, lgllv =
41" a2, lIhll = 2/a;, Ik lly = 4/a7, llkylli = 200 — ®Q2), [kl =
210"~ a,)l, i = 3,4, and |Ik,|ly = 4|9~ ?(a,)|. In particular, we obtain

Ifolli =4,  Nfslli =8, lfillh =10, lifilly =2,

8
”gz”l = Eeil/z < 097: ||g3||1 = m972 < 044,
1 25/8 4 1/2
||g4||1 = Fe_ / < 037, ||g2||V = ‘/2— e / < 0977
aa a
12 ) 65 95 /8
llgslly = Ee_ < 0.65, lg4llv = om e ?°/8 < 0.57,
lhglli =1,  llAgllh =05, [l =04,
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(A4) lholly =1, llhslly = 0.25,  [[Ally = 0.16,

e % <0.054,

lZyll = 2(1 — ®(2)) < \/21_7T

2 10
15l = o e ®<0.0003, k= - e~ 25/2 < 0.00002,
4 16
I-sllv = e 2022, |kly= e <0.0022,
V2 V2
6
IZ4lly = \/2_e*25/2 < 0.0002.
a
Furthermore, we have
1 1
"N = <0242 [|¢"|lc = — < 0.4,
s 'l ore "l on
| P V3~ /6 /6 3- /6 0.551
¢l = ——F—exp| — <0. .
V2

From (A.4), (A.5) and the definition of the functions ;, i = 2, 3,4, we get
"Il 1 2
ol < ——IIfolls + llgally + 4b,5llA,lls + —Ilkyll: < 5.023,
2 2 Qy

']l 1 2
Il < Tlllelv + Ellgzllv + 4byllh,llv + a—llkzllv <4.947,
2

[ 1 1
sl < T”fg”l + E”ggnl + 4b5llAsll + a—||k3||1 < 1.407,
3

(A.6) ,
"l 1 1
lyslly < Ifsllv + =llgsllv + 4bsllaslly + —Ilkslly < 0.643,
6 6 as
Iy lly < ||(Pmnmllfll + ! lgally + 2b4lA 4l + ! l4lli < 0.449
Pyl < oq Ml + 5rligalh alfall g iRl = 0429,
Iy lly < IIQDm”mllfll + ! lgally + 264l ,llvy + : ll24llv < 0.151
Yylly < 24 4llv 24g4V 4111 4llv 3a, gllv = V. .

Inequality (A.3) together with (A.6) implies assertion (a). According to (a), we
obtain

lol =t A
|Hi(u’v)| S|1Ji71(u’v)| + (l _ 1)1 |(P(l72)(u)|
< ol "My y(u) + ;Iso“-”(u)l
. 1 (i —1)!

= vl (u), i=3,4.
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This implies

|H,(u,v)| < min{lol"™", [vl}(di(u) + $(u))

= min{|v|i_1, |U|L}sz(u)

(A7)

Next we observe that

< 0.8,

[\)
9~

le'lls = 2¢(0) =

N

l¢'lly = 4| ¢'(1)] = = e /2 <097,

(A.8)

4
e/l = 2(¢/(0) ~ 2¢/(1)) = ~4¢/(1) = -—e /2 < 097,

l¢"llv = 4¢"(V3) — 2¢"(0) = %(@3/2 + 1) < 1.52.
Recalling the definition of the functions IZL-, i = 3,4, we can infer from (a) and
(A.8) that
sl < llsslly + lslly + 3ll@'lly < 6.830,
lsllv < lwslly + lwslly + 3lle'llv < 6.075,
Il < gl + llsslly + llg"lly < 2.018,
ldlly < Il + lwslly + §lle”lly < 1.048.

This completes the proof of assertion (b). Concerning parts (c) and (d), we
observe that (A.1) together with (A.5) implies

eVl ;
|H,(u,v)| < i—‘lvl < C,|vl

and

e 2(w)| ., 20 2.
—_— s ——

| Hi(u,v)| <|H;_1(u,v)| + (i —1)! (i —1)!

-1 i1
lv]'”"" < D;lv]"".

Therefore we obtain

|H;(u,v)| < min{lvli_l, |v|i}max{Di,Ci} = min{lvli_l, Ivli}Di. m|

LEMMA 2. Suppose that h: R{ — R{ satisfies (1.10). Then, for x > 0 and

y =0,
min (Z)H (Z)i LA
x Nx) ] 7 27 th(x)’ -
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PrOOF. In the case y > x we obtain min{(y/x)'"1,(y/x)} =y~ 1/x'" 1
Thus the assertion is implied by 0 < A(x) < A(y). For y <x we have
min{(y/x)"1,(y/x)’} = y'/x'. The assertion is true for y = 0 and for y > 0 it
follows from 0 < A(x)/x < h(y)/y. O

LEMMA 3. LetneN,te€R and k> 1. For X,,..., X, and h: R{— R{,
assume (1.1), (1.2) and (1.10). Suppose that Y is a real-valued r.v. Then, for
1=1,...,n,

@ B Y )‘S IE(YVIS; 1)

t— i—1
f( Ao T avn (Avm )’
(1.2866(n) + 1.8441;), forj=3,
(0.3025(n) + 0.481%,), forj = 4,

— . J-1 .
(b) E H,-(t S ¥ )‘ < =07 ?JYWLI)HW
Ao Agn (A ) h(An)
(12.1505(n) + 14.8431,), forj =3,
(2.0965(n) + 2.8961,),  forj =4,
t—S,_, Y E(IYV)  (0.067, forj=S3,
(c) EHj( y ,/\i\/;)‘ < ()\i‘/;)j {0,023, forj = 4,
T
/ A; ’ /\i‘/; B ()\i\/;)j_lh()\i\/;)

0.242, forj=3,

0.134, forj =4,
where 8(n), S;_; and A, have been defined in (1.3), (1.4) and (2.2), respec-
tively.

ProOOF. By using Lemmas 1 and 2 in Bolthausen (1982) and Lemma 1, we
obtain

(t—Si_l Y )‘
H.

E

N Tam
3 |2y IS ). 4(15 — Si_l)
(nim) L

3 ||E(|Y|j|Si_1)||m{

) W llvsup | PLS,_, < ¢] = ®(2)| + luglllloll A}

teR
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- [E(Y VIS {2||¢,|| 5(n) + 2 gy + ] ))‘}
S () il T

With the additional use of Lemma 2, one can similarly prove part (b). The
assertions in parts (c) and (d) are immediate consequences of Lemma 1(c)
and (d). O
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