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The hydrodynamical limit of asymmetric simple exclusion processes is
given by an inviscid Burgers equation and its next-order correction is
given by the viscous Burgers equation. The diffusivity can be character-
ized by an abstract formulation in a Hilbert space with the inverse of the
diffusivity characterized by a variational formula. Alternatively, it can be
described by the Green—Kubo formula. We give arguments that these two
formulations are equivalent. We also derive two other variational formu-
las, one for the inverse of the diffusivity and one for the diffusivity itself,
characterizing diffusivity as a supremum and as an infimum. These two
formulas also provide an analytic criterion for deciding whether the
diffusivity as defined by the linear response theory is symmetric. Further-
more, we prove the continuity of the diffusivity and a few other relations
concerning diffusivity and solutions of the Euler-Lagrange equations of
these variational problems.

1. Introduction. The diffusion coefficient of driven lattice gases has long
been characterized by the Green—Kubo formula and discussed in great detail
in many articles; see [10], [5] and [3] for references. The Green—Kubo formula
contains the time integral of current—current correlation functions which is
finite only if the current—current correlation functions decay sufficiently fast.
For reversible lattice gases, the Green—Kubo formula is proved to be finite in
[10]. Even with this result, the current—current correlation functions are still
very hard to work with analytically. Recently in [11] a variational formula-
tion of diffusivity was presented which is always well defined and finite. It
avoids the current—current correlation functions and, being a variational
formulation, it provides an excellent starting point for a rigorous analysis of
diffusivity. This formulation was initially given for Ginzburg-Landau dynam-
ics but can be extended handily to lattice gases with reversible dynamics (cf.
[8] and [10]). It is similar to the homogenization formula for diffusivity in a
random medium except that the setting is now infinite dimensional. This
formula is shown in [10] to be equivalent to the Green—Kubo formula for
reversible lattice gas dynamics (this argument is rigorous for the symmetric
exclusion process).
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The first question encountered for nonreversible dynamics is that models
with known invariant measures are very limited. We shall restrict ourselves
in this article to simple exclusion processes on the lattice except in Section 2,
where general results on particle systems are considered.

Simple exclusion processes are Markov processes on {0, 1)2 whose genera-
tor L acts on cylinder functions as

(L) (LA)(m) = X p(x, y)n(x)[1 = n(N][f(n*?) = F(n)].

Here 7 denotes a configuration of {0, 1} so that n(x) is equal to 1 if site x is
occupied and is equal to O otherwise; n* Y stands for the configuration
obtained from 7 by letting one particle jump from x to y:

n(z), ifz+x,y,
n%¥(z) =(n(x) -1, ifz=x,
n(y) +1, ifz=y.

Moreover, p(x,y) = p(y — x) is a positive finite range function on Z? such
that

Yp(x)=d

and
p(z) =0 if|z| > R for some R  N.

Most of the time, to keep the notation simple, we shall restrict ourselves to
nearest-neighbor simple exclusion processes: p(z) =0 unless |z| =1 and
p(ei)d+ p(—e;) = 1, where e; denotes the ith element of the canonical basis
of R%.

For each p in [0, 1], denote by v, the Bernoulli product measure on {0, 1)2°
with density p. These measures are invariant for simple exclusion processes.
Hereafter (- ), denotes expectation with respect to v, Moreover, for two
cylinder functions f, g and a density p, denote by { f; g), the covariance of f
and g with respect to v,

<f;g>p = <fg>p - <f>p<g>/3'
Let y be the compressibility given by

x=x(p) = Xm0

In our setting, y(p) = p(1 — p).

The asymmetric simple exclusion process is the most simple example of a
driven diffusive lattice gas. Under hyperbolic scaling of space and time,
Rezakhanlou proved that the empirical density of particles converges to the
entropic solution of the Burgers equation (cf. [9]):

(1.2) dp+ v V(p(l=p)) =0 wherey= ) zp(z).

z

The convergence is intended here as a law of large numbers.
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In [7] we proved the so-called Navier—Stokes corrections to this hydrody-
namic limit (cf. [10] and [3]). That is, the first-order corrections to this limit
are given by the solution of a viscous Burgers equation

(1.3) dp+ v V(p(L=p)) =N Y4,[a"(p)d,np)

This correction is obtained only in the smooth regime of (1.2) and in a certain
weak sense (cf. [7] for a precise formulation). Furthermore, the diffusion
coefficient can be characterized as in [2].

For a configuration 7 and a density p, denote respectively by P, and P, the
probability on the path space D([0,T],{0, 1}2") corresponding to "the Markov
process with generator L starting from 7, v,. Expectations with respect to P,
or P, are respectively denoted by E, and E,. Thus E [{n,(x) — 1,(x)}ne(0)]
stands for the time-dependent correlation functions of a general driven
diffusive system in equilibrium with density p. Suppose these correlation
functions are (noncentered) Gaussian. Then one obtains the diffusion coeffi-
cient (the bulk diffusion coefﬁcient) as the following limit:

1
D) = tm 5 5-{ T wx () - m)(o)]

(14) xez?

_X(Uit)(vjt)}’
where 1 in R? is the velocity defined by
(1.5) =— Z xE,[{n,(x) = mo(x)}ne(0)].

xez?

The velocity can be explicitly computed (cf. [10]):

(1.6) v=(1-2p)y.

We shall take (1.4) and (1.5) as the first definition of the diffusion coefficient
in this article, hence the superscript 1. From (1.4), D? is automatically
symmetric. Note that, in principle, (1.4) may not be finite. In the special case
of simple exclusion processes, a simple coupling argument involving a
second-class particle shows that the expectation decays as exp{—c|x|/t} and
therefore that the sum is finite for each fixed ¢.

Another definition of the diffusion coefficient is through the linear response
theory. To fix ideas, consider the nearest-neighbor simple exclusion process.
Denote the instantaneous current (i.e., the difference between the rate at
which a particle jumps from x to x + e; and the rate at which a particle

jumps from x +e; to x) by W, .., :

(17) W, ..o =p(ei)n(x)[1 —n(x +e)] —p(—e)n(x +e)[1 - n(x)]
so that
Ln(0) = Z{W—ei,o - WO,ei}'

i
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Let w,(p,m) =w,(n), 1 <i <d, denote the normalized current in the ith
direction:

d
(1.8) w;(m) = WO,ei - <Wo,ei>p - _<W0,ei>9 o= (n(0) — p).
Similarly, we can define the current W', of the reversed process charac-
terized by the generator L* which is the formal adjoint of L with respect to
v,, or the generator of the reversed dynamics. The generator L* is given

explicitly by
(L*f)(n) = X p(x, y)n(x)[1 = n(y)][F(n*?) = F(m)],

where p(x, y) = p(y, x) and the current W, is given by

W ve, = B(e)n(2)[1 = m(x +e;)] = B(—e;)n(x +e;)[1 - n(x)].
Similarly, w’( p, n) = w¥(n) is defined by

d
5 Wite |, (a(0) = p).

Then the diffusion coefficient, D®( p) = (DX p))ls i j<q> obtained through
the linear response theory is given by the Green—Kubo formula as [3]

1
{_ 55i7j< [n(ei) - n(o)]WO,ei>p

(1.9) wi =W, — W, ) —

13

1

P =5

(1.10)

—f dt Z<wi(n);etL*'rij*(n)>p}.
0

In this formula and below §; ; (or 8, ,) stands for the Kronecker delta and is
equal to 1 if i =j and 0O otherw1se Moreover, el (e'™) represents the
semigroup of the Markov process withe generator L (L*). Unlike in the
reversible case, there is no argument suggesting that the time integration in
the Green—Kubo formula (1.10) is finite.

Finally, one can define the diffusion coefficient via the formal equation

(1.11) w, = Ya"i( p) ¥, n(0) + Lh,,
J

where h; is some function of the configuration, L is the generator of the
dynamlcs and V, n(O) is the gradient n(e;) — 1(0) for 1 <j < d. The density
dependence of the diffusion coefficient 1ndlcates that (1.11) should be under-
stood with respect to the invariant measure v,. The diffusivity a is the
proportionality constant such that w; — £;a"’ V, 1(0) can be inverted by the
generator of the dynamics. We stress that this formulation is formal because
in (1.11) the generator L is acting on an infinite-dimensional space which we
do not even specify here. The precise meaning of (1.11) will be given in
Section 5, following [11], [13] and [2]. We shall take (1.11) as the definition of
diffusivity.
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The diffusivities as defined by (1.10) and (1.11) might not be symmetric.
For the bulk diffusion coefficient appearing in (1.2), only the symmetric part
of the diffusion coefficient is relevant. The relations between various defini-
tions and properties of the diffusion coefficients are the main subject of this
article.

As remarked previously, D® is not well defined due to the possible
divergence of the time integration. We have no solution to this problem. With
a heuristic argument at one step of our derivation, in Section 2 we shall
“prove” that D® = q. Also, assuming D® to be finite, we shall prove that
DY = (D®)s, the symmetric part of D®. This has already been proved in
[10] for the reversible case and in [3] for the general case. Our proof is based
entirely on It6’s formula. This is the content of Section 2. The argument
presented there holds for a larger class of processes.

We do not prove directly any relation between D™ and a although such a
relation can be obtained through D®. Another insight on the relation be-
tween DV and a is obtained through the scaling limit. If the scaling limit of
the fluctuation of the density field is proved to be Gaussian with diffusion
coefficient a, then D = a. Though it is believed that the equilibrium fluc-
tuation theory can be obtained without difficulty once the hydrodynamic is
obtained ([2] and [7]), it has not been carried out explicitly.

The definition of the diffusion coefficient through (1.11) in particle systems
is given in [11], where a variational formula is provided for a reversible
system. The rigorous meaning of (1.11) for a nonreversible system is given in
[13] for simple exclusion processes with mean-zero conditions, that is, for
processes whose transition probabilities appearing in (1.1) satisfy

Y 2p(z) = 0.

The mean-zero conditions are later removed in [2] for dimension d > 3 and
hence drifts are allowed in the hydrodynamic equation in the incompressible
limit. For d < 2 one conjectures that the dynamics are not diffusive if the
mean-zero conditions are violated. In both articles, variational formulas of
diffusivity are also given via a min—max principle.

Strictly speaking, the variational formulation of [2] is a formula for (a 1)*
and not for a® = DY, which is the bulk diffusivity appearing in the hydrody-
namic equation. For models with symmetry such that ¢ = a°, this provides a
variational formula for the bulk diffusivity. In this paper, we shall give
variational formulas for (a®)"! as well as (¢ !)*. The formula for (a¢1)* is
related to [2] but formulated in a clearer manner (cf. also [1]). The diffusion
coefficient is symmetric if and only if (¢ 1)* = (a®)"!. Hence these two
formulas provide at least a numerical way to check the symmetry of a.
Unfortunately, we are not able to prove that (a~1)* # (a®)~! for any choice of
p(2).

The diffusion coefficient defined by (1.11) is believed to be a smooth
function of the density. We are far from proving this property. The best we
can achieve is a proof of the continuity of the diffusivity. The proof is rather
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involved due to the infinite dimensionality and nonreversibility of our prob-
lem. In the reversible setting, our argument proves that the diffusion coeffi-
cient is Lipschitz continuous. This should not be confused with the self-diffu-
sion coefficient, proved to be Lipschitz in [12] for d > 3. We also obtain two
variational formulas for the diffusion coefficient that provide an upper bound
and a lower bound for the diffusivity and prove a few technical properties
related to the diffusion coefficients, filling the gap left in [7].

2. The Green-Kubo formula. In this section we present a heuristic
argument to show that the diffusion coefficient defined in (1.11) is equal to
the one given by the Green—Kubo formula (1.10): @ = D®. Furthermore, the
bulk diffusion coefficient D is equal to the symmetric part of the
Green—-Kubo coefficient: D® = (D®)*. To fix ideas, consider a nearest-
neighbor asymmetric simple exclusion process on Z¢ and recall all notation
introduced in the previous section.

Denote by L* the adjoint of L in L2(Vp) and by L° the symmetric part of
the generator L. In our case L° corresponds to the generator of a nearest-
neighbor symmetric simple exclusion process.

Recall from (1.8) and (1.9) the definition of the normalized current w; and
wf. A simple computation shows that

w; = [P _p(_ei)] Vein(o)

—[p(e;) —p(—e)][n(0) = pl[n(e;) — p],
wi = [ p—p(e;)] V.n(0)

+[p(e;)) —p(—€)][n(0) — pl[n(e;) - p].

(2.1)

The static term of the Green—Kubo formula is easy to compute. It is equal
to (1/2)8; ; x so that

—

D@, — 15
Li g i

>

- —j:dt Y Lw;; etL*wa;" P
(2.2)

=

— —fwdt Y Aws ;e T w,),.

0 x

>

For two cylinder functions f and g, denote by {f, g),0 the inner product
defined by

<f7g>p,0 = Z<f77xg>p
This sum is well defined since all but a finite number of terms vanish. Notice

that for this inner product the gradients {V, n(0) = n(e;,) — 1(0), 1 <i < d}
are equal to 0.
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Formally, (—L)™! = |5 dte't. We may therefore rewrite the right-hand
side of (2.2) as

Since, for the inner product < -,- ), o, the gradients are equivalent to 0,
from the explicit formulas (2.1) for w; and w}, we have that w; = —w, for
this inner product. In particular, the last expression is equal to

1 -1
;(wj;(—L) W; )0

Recall the definition of the diffusion coefficient a. It is the unique matrix
a"/(p) such that w; — £, _, _ ,a"’(p)V, , 1(0) belongs to the space LZ = {Lg;
g is a cylinder function}. Denote, in particular, by H; the cylinder function
such that

w;— ) a*(p) Vo,ek”fl(o) = LH;.
1<k=<d

Of course, such a function may not exist and we have to interpret the last
identity as a proper limit (cf. Lemma 7.3). Since the gradients V, , n(0) are
equal to O for the inner product < -, - ), ¢, we have that

(w,(m), (=L) w,), = (= LH;, Hy),0 = (H, (=L¥) Hyy o
In formula (7.2) we prove that
(- L*Hi,Hj>p,0 = X{ai’j( p) — %51',1}

so that D®)( p) = a"/( p). This shows that the diffusion coefficient a is given
by the current—current correlation formula (1.10).

We conclude this section by presenting a heuristic argument to show that
the symmetric part of the diffusion coefficient given by the Green—Kubo
formula is equal to the bulk diffusion coefficient: DV = (D®)*. We start with

a rigorous result relating the bulk diffusion coefficient to the Green—Kubo
formula. Recall from the previous section the definition of P,, P,, E, and E,.

Here P;, P*, E* and E; are defined in an analogous way with respect to the
time-reversed process with generator L*.

LEMMA 2.1. For each fixed t > 0,

Z xiijvp[{nt(x) - no(x)}nO(O)]

xez?

- Si,jt< [n(ei) - n(o)]W0,9i>P

~[fds [ ar X (Wo.o ()3 B [Wecoo(n)])

p

~[fds [ ar X (Wo,om): B [We oo ()]
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PROOF. Since v, is translation invariant, we may rewrite the left-hand
side as

(2.3) - % Z xiijvp[{”k(x) - no(x)}{”k(o) - ”’10(0)}]-
xe79

Computing the generator applied to [7,(x) — n,(x)][1,(0) — 1,(0)], we get
that the expectation in the last formula is equal to

P d
fo ds kglEy,,[[nsm) — (O] [Weo o(n) = We (0]

+
o\

U

@

M=

B
Il
Jun

E,[[n(x) = mo(2)][W_., o(n,) = Wy .. (n)]]

8x,ekEnp[[ns(ek) - ns(o)]WO,ek(ns)]

|
0\4
Q
V)

Bl

- f tds
0
Replacing the covariance in (2.3) by this last sum, changing variables and
integrating by parts, we obtain that (2.3) is equal to

- fotds Z{ijVp[Wx,erel(ns)[ns(O) - 770(0)]]

836 —e EV
» k

P

[[7,(0) = n(—ex)]W_,, o(n,)]-

Trge Togs

>

5, B, [W, (1) [0,00) = m0(0)]]}

+8, [ ds TE[W, oo (n)[1,(0) = mo(0)]]

(2.4)

=8, ;t([n(e;) = n(0)] W, .(m)),-
Consider the first term in this sum. We have
E,[W, cie(n)[n,(0) = mo(0)]] = E, [W, ..en) Ef [16(0) = my(0)]]
=(Wo,o(n) EZ [n6( %) = n,(=x)]),-

In the last step we used the invariance of », and the dynamics translation
invariance. Recall that E* indicates we take expectation with respect to the
time-reversed process. Since

d S
Ex[mo(=2) = m(=0)] = = ¥ [drE;[Wr_,(n) = Wr .. (n)],
k=1
after summation by parts the first term in (2.4) can be written as

—£¢¢§h§0m4mﬂﬁwwﬁammf
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Proceeding in the same way with the other two terms involving the current,
we obtain that (2.4) is equal to

- [fds [ ar g<Wo,el.(n);E:[W:Wj(n,)m

—jotds /:dr §<Wo,ej(n);E:[W;Hei(n,)w,,

=8 ;t([n(e;) = n(0)] W, (n)),.

This concludes the proof of the lemma. O

Recall the definition of the normalized current w;. We claim that

[(ds [ dr ¥ Co,(m)s e mw (n)),
o o N
(2.5) N
t s 3
= [ ds [ dr Z<Wo, (0); e m WG (n) + 5 (0,8) (1,2)-
o o N
From (1.6) and the definition of the current W, , given in (1.7), we have

that the ith component of the velocity v(p) is equal to the derivative of
<W07ei>g calculated at p:

d
v;(p) = %<W0,ei>0

0=p
and

d
Uz*( P) == %<Wo,ei>0

o=p
for 1 <i < d. In particular,
w; = WO,ei - <W0,ei>P —uy( P)[”fl(o) -pl,
wi =W, — <KW, D, + v;(p)[n(0) — p]
and the left-hand side of (2.5) is equal to
(26)  [ds['dr £ (W, ~ 0002 W3, + 51000,
We omitted all the constants because we are considering covariances. To

prove identity (2.5), we have to compute the four terms in (2.6). The first one
is equal to the first term on the right-hand side of (2.5). The second one is

o ["ds [ dr ¥ (e W, in(0)), = v; [ ds ¥x,(e*Fr,n(0); n(0)),
0 0 x 0 x

42

t

= vjf ds Y v,sxy = X005
0 x
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The first identity follows from It6’s formula. This argument was repeatedly
used in the proof of Lemma 2.1. The second equality follows from the
definition of the velocity given in (1.5). A similar argument shows that the
third term in (2.6) is equal to

t S w t2
—v, | ds | dr 0);eX'r Wi = —yv,0¥—.
l/;) /0 §<n( ) Tx O,e_f>P XU; J 2
. _ . . . 2 .
tSlnce_v;" = —v;, this expression is equal to yv,v,(¢/2). Finally, the fourth
erm is

t s * t S
—vivjj;) ds];) dr §<n(0);e Er.n(0)), = —vivjj;) ds];) drx

because the total number of particles is conserved. This proves (2.5).

Since p(e;) + p(—e;) = 1, {[n(e;) — n(0IW, , ), = — x. In particular, iden-
tity (2.5) and Lemma 2.1 show that the bulk diffusion coefficient DV is such
that

1 1 . s
DO — —§5 . =1lim—{—1| d d .; rL* *
i,J 2 1,] tl_)n; 2tX{ j(; Sj(; r §<wl e wa_] >P

—ftds fsdr Z(wj;e’L*wa;*‘>p}.
0 0 o

Assume that the time correlations decay fast enough so that the limit as
t 10 of

t
. ,sL* *
/(-)ds 2w et T wi),
x
exists and is equal to
o0 L*
. 58S k
-[0 ds ) {w;; eV rwi),.
X

In particular,

1 1
DY~ 30 = 5y

9 % = 2y —/ dt Z<wi;etL*waJ>'k>p _f dt Z<wj;etL*wa;k>P}

0 x 0 x

and this is exactly the symmetrization of the Green—Kubo formula (1.10).

3. The Hilbert space of fluctuations. To keep the notation simple,
hereafter for a positive integer K let K = 2K + 1. Denote by # the space of
cylinder functions. Recall from [7] that for each positive integer K and m in
{0,1/(K?),...,1} we denote by A the cube of length 2K + 1 centered at the
origin and by vk ,, the canonical measure on {0, 1}« with density m. Let &
be the linear space of cylinder functions that have mean 0 with respect to all
canonical measures on a sufficiently large box Ag:

(3.1) Z={g€&;vg ,[g] = 0for some K > 0 and all m}.
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Moreover, for a density 0 < m < 1, let &, be the space of cylinder functions
such that

g(m) =,[g] =0
and
av[gllp=m =8&'(m) =0.
Note that the second condition is equivalent to requiring that the covariance,
with respect to the measure v,,, of g and the formal sum ¥ 7n(x) vanishes:

Y {g(m);n(2))m = {g;1(0))m,0 = 0.

Notice that £ c £, for all m in [0, 1]. The following definition is taken from
[2].

DEFINITION 3.1. Let g be a cylinder function and denote by s(g) its
support
s(g) = min{/e N; supp g C {—/,...,/}d}.

For each /> s(g) and m in {0, 1//d, ..., 1}, define the “variance” V (g, m) of
g with respect to v, ,, by

1
V,(g,m) = d< )y (r.8 _g’/(m))}
2(8) ==t
(3.2)
X(—LS/)_l[ Y (g —é/(m))w
lx|</(g) Vi im

In this formula /(g) denotes the integer /' — s(g) such that © , _ 7. g is
measurable with respect to {n(x); x € A,}. Moreover, L', is the restriction to
A, of the symmetric part of the generator L and g,(m) is the expected value
of g with respect to the canonical measure v, . Notice that for g € & the
subtraction in (3.2) is unnecessary.

If g € £, we also define the “variance” of g by

V,.(g) = lir;l_)s:p Vm[V/(g, n/(O))] ,

where 7“(x) stands for the empirical density of particles on a box of length
2/ + 1 centered at x:

1
n'(x) = > X n(y).

ly—xl</

For any local function g and any integer K > s(g) fixed, define

(3.3) s = (& — v g®(0)]}.

Notice that, for each K, gk, belongs to & since it has mean 0 with respect to
all canonical measures on boxes of length larger than K.
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The proof of the next result can be found in [8], [11], [4] and [6].

THEOREM 3.2. For each cylinder function g in Z, the finite-volume vari-
ance of g converges to the infinite-volume variance:

V(g) = limv,[V,(g,77(0))]

Furthermore, for each function g in &,,,

d 2

V,(g) = ¥ sup {Zati(g) - a—<(Vem(O>)2>m}

E(fnza)) )

In this formula, for 1 <i<d,gin &, and hin &, t,(g) and {g,h)n o are
given by

N

+ sup {2{g, Adm,0 —
he?®

tL(g) = Z<g:xln(x)>ma <g; h>m,0 = Z<g; Txh>m

and { -, ), denotes expectation with respect to m,,.

Notice that the first supremum in the above formula can be computed
explicitly. The slight difference between this formula for the variance and the
one obtained in [2] comes from the fact that their generator is accelerated by
2. It is clear that we may replace @ by £, in the second supremum.

In the asymmetric case we are forced to consider cylinder functions that do
not have mean 0 with respect to all canonical measures. The normalized
currents w; are examples of such functions. In [7] we proved that, for each
function g in &, the finite-volume variance of g, converges to the
infinite-volume variance.

ProPOSITION 3.3. For each cylinder function g in £,,, the finite-volume
variance of g, converges to the infinite-volume variance:

Il{iinoc\/m(g(l{)) = \/m(g)
uniformly in m.

4. Regularity of variances. In this section we prove that the variance
V,,(g) is Lipschitz continuous as a function of the density m for each cylinder
function g in Z. We start by introducing some notation.
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Fix a cube A, ={—/,...,/}. For a bond b = (b, b,) in A, consider the
operator T, that transforms a configuration n to a configuration with the
values of the occupation variables n(b,) and n(b,) interchanged:

n(z), if z#b,,0b,,

(Tym)(2) = { n(by), ifz=by,
n(by), ifz=Db,.

For each bond b and each cylinder function u, denote by V,u the function
defined by (V,u)(n) = w(Tyn) — uln).

For each x € A, denote by 0,7 the configuration  with the occupation
variable at x flipped:

1-n(x), y=x,
n(y), y #x.

Let n be the total number of particles: n = m#“. To keep the notation simple,
in this section we shall denote by (-, - ), , the inner product with respect to
the measure v, .

Define the operators o, , and o/, on the cylinder functions u by

1
(o7 nu)(m) = — X u(om)m,,

x€A,

Y u(om)(1—m,).

(07, au)(m) =~

/d — N xen\,

One can check directly that o,%, and V, commute:
[0,5:V,] =0

for any bond b € A, where [ ; ] denotes the commutator. Furthermore, for
any cylinder functions u and A,

(41) (u,o-})nh>/,n= <h,0’2n+1u>/)n+1.

In particular, since the total number of particles is equal to n, we have
o;,1=1and

<u>/,n = <0-/:n+1u>/,n+1-
Therefore, since o, , and V, commute, by the Schwarz inequality,
_ 2 - 2
(V7)) )y = (0 o))
- 2 2
<( 07 (V%)) o =((w)?), -
Moreover, by (4.1) and since o, , and V, commute, we also have the identity:

(4.3) <Tbh’VbU;,n+1u>/,n+1 — 1 h, Vo u)s n =<[(0';,n - 1)7bh]’Vbu>/,n-

(4.2)
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LEMMA 4.1 (Integration-by-parts formula for functions in ). For 1 <i <
d, denote by &, the set of bonds b = (by, b,) such that b, — b, = +e,. For
each function g in &, there exist cylinder functions h; such that

d
E <Txg1u>/,n = % Z Z <Tbhi’vbu>/,n

xeA,(g) i=1be,

for all positive integers /,0 <n < (2/+ 1)?, and u in LZ(V/,n//d)-

PrOOF. Since g belongs to &, there exists a positive integer £ such that
g has mean 0 with respect to all canonical measures v, , for m in
{0,1/k%,...,1}. In particular, g belongs to the image of L5. Therefore,

Y g e, = Y ArLy(LY) g, uds .
xeA,(g) x

Denote by L, ,, the symmetric part of the generator L restricted to the set
x + A,. Since we have that 7, Lj = L}, , 7,, the right-hand side is equal to

YL am( L) g wen =3 X Nn(—Ly) g, Veudsa

x bex+A,

A standard computation shows that V,7, = 7.V, _ so that the right-hand side
is equal to

sy -1
%Z<7b Y mooVe.(—L3) g,Vbu>
b x;b—x€EA, Z,n
Of course, Z,.;_,c z,Te—sVs—-(—L3)"'g depends on the bond & only through
the direction b, — b;. This is shown by a change of variables. To conclude the
proof of the lemma, we just have to define 4,, for 1 <i < d, by

hi= ¥ V(L) 'g ifby=b, te,. o

x;b—x€A,,

LEmMA 4.2. For each g € &, the variance V, (g) is Lipschitz continuous in
m uniformly on compact sets of (0, 1).

Proor. Fix a cylinder function g in £. From Definition 3.1 it suffices to
prove that V (g, m) is Lipschitz continuous uniformly in /. By definition,

(4.4) V/(g,m)=7lclsup{2< Y Txg,u> —% Y (VD) Vst

Ix|</(g) /in beA,

Here the second summation is carried out over all bounds b = (b, b,) of A,
and the supremum is taken over all functions on A,.
By the integration-by-parts formula, the linear term is equal to

d
(4.5) %Z Z (Tphi, Vouds n

i=1be,
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for some cylinder functions 4 ;. By the Schwarz inequality, this expression is
bounded above by

C(g)/"+1 ¥ {(%u) )

beA,

for some constant C that depends only on g. In particular, we may restrict
the supremum on the right-hand side of (4.4) to functions with global Dirich-
let form bounded by C,(g)/ .

Fix1 <i <d and a bond b in %,. From inequalities (4.2) and (4.3), adding
and subtracting {7,%,V,0, ,, 1u)/ »+1, We obtain

%<Tbhi, Vbu>/,n - i<(Vbu)2>/,n < l<7'bhi, VbU;,n+1u>/,n+1
_ 2
(46) _i<[Vb(0-/,n+lu’)] >/,n+1
_%<(0-;,n_ 1)Tbhi’Vbu>/,n-

Since £; is a local function,

1
(o7 = Dryhi(m)| =

S Llnhiam) — mhi(n)](1 - a(x)

< — .
/%1 —-—m

With this upper bound and the elementary inequality 2ab < a? + b2, we may
estimate the last term on the right-hand side of (4.6) as follows:
)y |<(0-;,n - h;, Vbu>/,n|
beB,
y g) 1 2

S S L — (Vo) s .

2" (1-m)?/% 24 bezgg,i (Vo) ™r,
Since we consider in the supremum only functions u with global Dirichlet
form bounded by C(g)# ¢, optimizing in A, we obtain that the last expression
is bounded above by C,(g)1 — m)~ L.

In conclusion, in view of (4.5) and estimates (4.6) and (4.7), the right-hand

side of (4.4) is bounded above by

1 d 1
~g Sup Y X 5T, V(07 1) s e
/% uw \it1bem 2

C.(8)
/21— m)

€A,

—% )y <(Vb(0/7,n+1u))2>/,n+1} +
b

1
=_—dsup{2 Y (78,0, i 1l)sini1
/% u xeA(g)

Cu(8)

1 V(o 2
-7 Y <( b(O'/,n+1u)) >/,n+1} +/;d(1——m).

beA,
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Since the first term in the last expression is, by definition, bounded by
V.(g, m +/°%), we proved that

g,m+1 1 Cy(8)
V/(g,m)SV/(/;—d il -m"
From the particle—hole duality,
g,m+1 1 Cyu(g)
/(T SV/(g,m) +/Z_d I—m"

This proves the Lipschitz continuity. O

Denote by § the space of functions F: [0, 1] X {0, I}Zd — R such that:

1. For each p €[0,1], F(p,-) is a cylinder function with uniform support.
That is, there exists a finite set A such that for each p in [0, 1] the support
of F(p,-)is contained in A.

. For each configuration 7, F(:, ) is a smooth function.

3. For each density p, the cylinder function F( p, - ) has mean 0 with respect

to v, and the derivative with respect to the parameter 6 of the expected
value y,[ F( p, n)] vanishes at 6 = p:

v[F(p,m)] =0

[\

and

d
2g Wl FCom]| =0

The next result concerns the regularity in m of the function V, (F(m, -)).

LEMMA 4.3.  For each function F(m,n) in &, V,,(F(m,-)) is continuous in
m in (0, 1).

ProoF. From Proposition 8.3 we have that V, (F,) converges to V, (F)
uniformly. Hence it suffices to prove that V, (F;,) is continuous. However,
this is a corollary of Lemma 4.2. O

In fact, a little more work shows that V,_ (F(m, -)) is continuous in [0, 1].

5. The diffusion coefficient. Recall from Section 3 the definitions of the
space Z,, and the variance V,, for 0 < m < 1. From the definition of V,, we
may introduce the bilinear form V, (-,-) on &,, by polarization

\/m(g’h) = i{\/m(g + h) - \/m(g - h)}

Denote by Z, the closure of &, with respect to V,, and by.#, the kernel of
V,. Hence (Z, 1, ,V, ) is a Hilbert space. The following relations, valid for
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every 1 < i < d and all cylinder functions g and A in Z,,, are easily obtained
from the definition of V, :

V,(L*g,9,m(0)) = —2{w;, &m0,

V,.(Lg,%n(0)) = —2(w}, g)m.o,
(5.1) V,(V,n(0), Lig) = 0,

V,(L;g,h) = —<g, Wm0,
V,.(V.m(0),V,m(0)) = 23, ;.

Recall that y = m(1 — m) stands for the static compressibility and that
w}, w; represent the normalized currents defined by

w; = 3 V,m(0) = y;[n(e;) = m][n(0) — m],
wi = 5V, 1(0) + y,[n(e;) —m][n(0) — m]

for 1 < i < d. Here vy is the mean drift of each particle, defined in (1.2). Notice
that we changed the coefficient in front of the gradient to keep the notation
simple.

We start this section by investigating the structure of the Hilbert space Z,,.
The next result follows straightforwardly from the definition of the inner
product V, (-, - ). The proof can be found in [2] [cf. Theorem 5.9G)].

(5.2)

LEMMA 5.1. Denote by Z, the space generated by the gradients: &, =
{Zia; V,m(0); a € R?. Furthermore, denote by %, %, , the space gener-
ated by the normalized currents: %, ={L,qw;; a € RY, &, , = {T,0qw};
a € RY. Then

ES
-1%,+%,=L%, +%,=L,%, + %,

=L% +% =L¢%, +%,

SN

=L'%,+%,.=L%,+5, ..

From this lemma we obtain that there exists a unique matrix a(m) such
that

d
(5.3) wi — Y. a“*(m) V.n(0) eL°g,.
k=1
Here a(m) is the diffusion coefficient of the Navier—Stokes equation (1.3).
Alternatively, the diffusion coefficient can be characterized by the following
lemma.
LEMMA 5.2. The diffusion coefficient a(m) is such that

d
(5.4) w; — Y, ab(m) V.n(0) €LZ,.
j=1
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ProOOF. Denote by 6: Z — Z the reflection with respect to the origin:
0(x) = —x. We may extend 6 to the space of configurations in the natural
way: (07)(x) = n(0(x)). Similarly, we may extend 6 to the space of continu-
ous functions on {0, 1}2“: (6f)X(n) = f(6n). Notice that 6(Z,) = Z,, and that

O(w;) = —7_, wj,

O(Vejn(O)) =TTy Vej”r)(O),
O(L*f) = L(6f)
for 1 <j <d and f e Z,. In particular, (5.4) follows from (5.3). O

In Lemma 5.3 below we prove that in the isotropic case the diffusion
coefficient is symmetric: a*/(m) = a”'(m). An example is the totally asym-
metric case where p(e;) = 1for 1 <i <d.

LEMMA 5.3. The diffusion coefficient, a’*’(m), is symmetric in the isotropic
case.

Proor. Fix 1 <i,j <d and define 6, : Z¢ - Z¢ as the transformation

that interchanges coordinates i and j: (Oi”jx)k =x;, for k #1i,j, (6, ;x);, = x;

and (6, ;x); = x,. We may extend 6, ; to the space of configurations and to the

space of continuous functions on {0, 1}2" in a natural way setting (6; jn)(x) =
n(6; ;x), (6, ;f)n) = f(6, m). Since the process is rotationally invariant,

0, jwi =wy, 0, ;(L*f)(m) = L* (6, ;f)
and
v, m(0), ifk=+i,j,
0, V.,n(0) =V, ,m(0) = {Ven(0), ifk=j,
v, n(0), ifk=i.
Since 0, (Z,) = Z,,, applying the transformation 6, ; to (5.3), we obtain

d
w;k - Z ai7k(m) Vﬁiyjekn(o) EL gm
k=1

From the uniqueness we then get that a”*(m) = a’*(m) for k # i, j; a"/(m)
= a”'(m) and a"'(m) = a’/(m). Therefore, there exist a?(m) and a"*(m)
such that a>(m) = a®(m) for every 1 <i < d and a’/(m) = a"%(m) for i # j.

O

To keep the notation simple, for 1 <i < d, define the cylinder functions
o,(n) and o*(n) by

ai(n) = 2w;(n), o (n) = 2w (n).
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Let T be the linear transformation from %, to £, such that

d
=) q V., n(0) + L°A.

=1

d
T( Y a,0, + Lh

i=1

In the next lemma we recall a few properties of T. The inverse of T,
denoted by R, was introduced in [2]. It was claimed there that R is bounded.
The proof is in fact incorrect. We shall not use R in this article. The next
lemma and its proof are taken from [2].

LEMMA 5.4. The linear transformation T has norm bounded above by 1.
The linear transformation T*: &, — £, , defined by

d d
T*( Y a0 + L*h) =Y q Vein(O) + L°h,
i=1 i=1

is the adjoint of T with respect to the inner product V,(-,-). Moreover,
TV, n(0) is orthogonal to the space L' %,,:

T Vein(O) 1L'Z,
and

\/m(o-i*(n)’ T Vejn(o)) = 2X8i’j'

Proor. We start by proving that 7' has norm bounded above by 1. By
Lemma 5.1, it is enough to show that

d
> \/m( Y q V. n(0) + LAk

i=1

d
(5.5) \/m( Y a,0, + Lh

i=1

for all @ in RY and A and Z,,. The right-hand side is easy to compute because
V, 1(0) is orthogonal to L.%,. It is enough to 2xX,a’ — (h, LA}y 0. To
estimate the left-hand side, notice that

d
@;0; + Lh
j=1

2

acR

a’y 2 2
sup { 2at; - — =;(ai)(—<h,w§k>m,o)-

On the other hand, choosing g = —h, we get that

d
sup {2<Zai(ri+Lh,g> + (g, L’g)m,o0
ge?@ i=1 m,0

d
= -2 Z ai<o-iah>m,0 - <h5 Lsh>m,0'
i=1

It is now easy to conclude the proof of inequality (5.5) if we recall that
o; = 2w, and that {w;, h),, 0 = —{w}, h)p,o.
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To very that T* is the adjoint of T, by Lemma 5.1 we just need to check
that

d d
\/m(T( Y. a,0, + Lh|, ), B;o* + L¥g
i=1 i=1

d d
= \/m( Y Q;0; +Lh,T*( Y B, o/ +L*g)).
i=1

i=1
This is a simple computation if one recalls that o = 2w}.
In particular,

\/m(T v, m(0), L*h) = \/m(Vein(O),T*L*h) = \/m(Vem(O)’ Lsh) =0.
Analogously,
V(T 9, 0(0), ) = Uy (Y, 0(0), TP ) =V, (¥, n(0), ¥, m(0)) = 243, - O

Denote by T° the symmetrization of 7' with respect to the inner product
\/ .

m*

Ts = 3(T + T*).

In the next lemma we show that 7% = T*T.

LEMMA 5.5. Foreverygin £,,
(5.6) V,.(g,Tg) =V, (T, Tg).

In particular, by polarization, V,(T°g, h) = V,(TT*g, h) for every g and h in
Z, because T® and TT* are symmetric.

Proor. By Lemma 5.1, we just need to check identity (5.6) for g =
Y;a;0; + Lh for « in R? and % in £,,. This is elementary if one recalls that

12 122
o, =2w,;. O

We are now ready to obtain an explicit formula (cf. [2]) for the inverse of
the diffusion coefficient a. Let @ denote the matrix with entries (Q; );_; ;-4
defined by

Q;.; = V,u(V.,m(0), T V, n(0)).

We claim that @ is invertible. Indeed, assume a*Qa = 0 for some « in R%
By the definition of @ and Lemma 5.5,

a*Qa = \/m(Tzi:ai Vetn(O),TXi:ai Vein(O)).

Thus TY;a; V. m(0) = 0 for the inner product V,. In particular, 0 =
V,(TY;; V, 1(0), 0/*) = 2 xa;. This implies that « = 0. In fact, @ is related to
the inverse of the diffusion matrix a by the following formula:

(5.7) a=xQ .
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Indeed, since wj = (1/2)o/*, by the definition of a, (1/2)0* —
¥, a’*(m) V,,1n(0) belongs to L*Z,,. Taking the inner product with respect to
TV, n(0), we obtain, by Lemma 5.4,

X% ; — Zaj’k(m)Qk,i =0.
k

This proves identity (5.7).

Again there is a factor of 2 difference between (5.7) and the formula
obtained by Esposito, Marra and Yau [2] due to their generator being
accelerated by a factor of 2.

Denote by @* the adjoint of @ and by ®° the symmetric part. Notice that
the matrix B = (B; ;);.; j<q, defined by B, ; =V, (T V, n(0),T V, n(0)), is
symmetric so that a*Ba = a®Qa by virtue of Lemma 5.5. Therefore,

(58) (@), = x Q)i = X 'V, (T V,n(0),T v, 1(0)).
Because, by Lemma 5.4, T is bounded above by 1 and V,,(V, 1(0),V, n(0)) =
2x8; ., (@ 1)* is bounded above by 2. Therefore,
sy —1
(7)) =3I
in the matrix sense. In the next section we shall prove in fact that a® > (1/2)1.

Note that the proof of a*(1/2)I presented in [2] is correct only in the case
where a is symmetric.

i

6. Variational formulas for the diffusion coefficient. In this section,
from Lemma 5.5 and the definition of ¢, we obtain two variational formulas
for the symmetric part of the diffusion coefficient a and its inverse a™1. A
variational formula for the symmetric part of (¢~ !) is also given in [2].

THEOREM 6.1. For every a in R,

sy —1 1

a*((a_l) ) a = — inf \/m(Zaiw;" —L*g),
X 8€%, i

(6.1)

1
a*(a®) la = ;giengf \/m(Zai v, n(0) — L*g).

m

Proor. Since the codimension of L*%, is d and TV, n(0) are linearly

independent and orthogonal to L*Z, , T' Vejn(O) and L*%, generate Z, . There
exists therefore a matrix b = (b, ), _; ;.4 such that

d
wi — 2 b; ;T V, n(0) belongs to L*Z,,.
j=1
Taking the inner product with T Vekn(O), we obtain that b = x(Q%) ! =

x((@™H*)"" because V,(wi, T V,n0) = x5, ,, (@), ; =V, (T V,n0),
T ngﬂ(o)) and T'V, n(0) is orthogonal to L*%,,.
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Therefore,

0= inf V,
8€%,

d
Yoaw!— Y ab"T Vej”’l(o) —-L'g
i=1

1<i,j<d
Computing the inner product with the help of the identities proved in Lemma
5.4, we obtain
1
a*ba = — inf \/m( ) awi — L*g).
X g€%,, i

To prove the second formula, since, by (5.3), w* — © jai’j Vejn(O) belongs to
L*Z,, from the previous formula, we have

sy —1 1 o
a*((a™h)) a= ;giengf vm(;aialvf v, m(0) - L*g).
m 1,]

Define B in R? as a*a: B; = L;a’ ;. Since ((a™1))"! = ala®) 'a*, the
left-hand side of the last formula can be written as (a*a)*(a®) la*a =
B*(a®)"'B. Therefore,

1
% s\l _ — .
B*(a’) B Xglengf\/m(%:ﬁvem(o) L)

m

This concludes the proof of the lemma. O

These two variational formulas provide a numerical method to check if the
diffusion coefficient is symmetric, which we shall explain later. Moreover,
they provide an upper bound and a lower bound for the diffusion coefficient
and a simple proof of the continuity of the diffusion coefficient in the case
where it is symmetric. More precisely, we have the following three corollaries.

COROLLARY 6.2. For each B in R,
1
B*a’p — 5.3*3

1

d
= — sup { Y BV, (V,n(0), L*g)
Xgeg, \i=1

+ 2—1X % (Vi (V.,m(0), Irg)) - V,(L'g, L'g) .

PrOOF. From the variational principle, we have

B*a’B = sup{2a*B — a*(as)fla}
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for every B8 in R? From the previous theorem this last expression is equal to

1
— swp {2xa%B - 2xa%a + 2K aV,(Vn(0), F'g) - Y (L'g, I'g) .
X acR? geg, i

To conclude the proof of the lemma, we need just to maximize over «a. O

Since the supremum is positive, a® is bounded below below by (1/2)I in
the matrix sense:
a*aa > %Iozl2
for every o in R
Since ((a71)*)"! > a* and the equality holds if and only if @ is symmetric,
from (6.1) and Corollary 6.2 we have that a is not symmetric if and only if, for
some « and g,h €%,

1 1
—\/m(Zaiw;" —L*g) - —a*a
X 2

i

1 d
(6.2) > ;{ ; a;V,,(V, n(0), L*n)

1 2
t oy 2 (Voo (V,m(0), L*R)) =V, (L*h, L*R) |.

Since in the first formula of (6.1) the diffusion coefficient is expressed as an
infimum, an upper bound is very easy to prove.

COROLLARY 6.3. There exists a universal constant C, such that

a*aa < Cy(2x) 'al?

for every a € R<.

PrOOF. Take g = 0 in the variational formula for 5 = ((a " 1)*) 1. We get
that

1 d
a*ba < —\/m( Y aiw?‘) < —Y a?V, (w}).
X i X i

A bound on V, (w¥), uniform on m, is easy to obtain from the integration-by-

parts formula and the characterization of V,, as a limit of finite-volume
variances (cf. Lemma 7.4 and Theorem 3.2). In fact,

\/m(wik) < Z |b|d+(1/2)<(q)b(w>1k))2>m,
bez?
where ®,(o;) is the function given by the integration-by-parts formula.
Up to this point we proved that there exists a finite constant C; such that

a*((a_l)s)ila < Ci(2x) lal



1802 C. LANDIM, S. OLLA AND H. T. YAU

for every a € R?. To conclude the proof, we just have to recall that ((a=1)%)~!
>a® O

Finally, in the case where the diffusion coefficient is symmetric, the first
variational formula obtained in Theorem 6.1 and the one obtained in Corol-
lary 6.2 reduce to two variational formulas for a. This will permit us to prove
that the diffusion coefficient is continuous provided it is symmetric.

COROLLARY 6.4. Assume that the diffusion coefficient a is symmetric. Then
it is continuous in (0, 1).

PrOOF. In the case where the matrix a is symmetric, the first relation in
(6.1) provides a variational formula for a. Since, by Lemma 4.2, V, (-) is
continuous, this proves that a”i(:) and a®(-) + 2a"/(-) + a’/(-) are upper
semicontinuous functions in (0,1) for 1 < i, j < d. On the other hand, by the
same reasoning, Corollary 6.2 shows that a”(:) and a”(:) + 2a"/(-) + a’ /()
are lower semicontinuous functions in (0,1) for 1 < i, j < d. This proves that
a®’(+) is continuous in (0,1) for 1 <i,j <d. O

7. Regularity properties of the diffusion coefficient. In this section
we prove that the diffusion coefficient is continuous in the general case and
give some technical results needed to fill in the gaps left in [7].

Recall the definition of % defined in Section 4. The proof of the continuity
of the diffusion coefficient a follows essentially from the continuity in m of
V, (F(m,-)) for every function F in § proved in Section 4.

THEOREM 7.1. The diffusion coefficient a is continuous in (0, 1).

ProOF. Fix £ > 0 and m in [0, 1]. Since w} — £;a"/(m) V.,n(0) belongs to
L*Z , there exists a cylinder function H;,(m,n) in &, such that

\/m(w;" - Zai’j(m) V.. n(0) — L*Hi(m,n)) <e.

Up to the end of this proof, we will denote w? by w(m) to stress the
dependence of w}* on m.
Fix 0 <m, < 1. For 0 < m < 1, define F, ,, (m,n) by

Fi,mo(m’n) = H;(mq,m) — CH;(mq,m))m — ‘9p<Hi(mo,”7)>p|p:m[77(0) —m].

Notice that F; , (m,n) belongs to &,. Moreover, F, , (m,-) is a cylinder
function with uniform support and F; ,, (-, ) is smooth. Therefore, F, ,, (m,n)
belongs to .

To keep the notation simple, we introduce the following notation:

H; . (m) = 3 H(mg,m))lp-m-
Recall that Hi,mo(mo) = 0 since H;(m,, n) belongs to &, .
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From Lemma 4.3, for each fixed m,,

il () = Zam) V(0) = 1R, )

= \/m(w;"(m) - Zai’j(mo) V.,n(0) — L*H;(my, m) — I—ji’mo(m)L*n(O))

J

is continuous in m. At m, this function is bounded by &. In particular, there
exists a neighborhood N,, of m, such that the above continuous function is
bounded by 2. In this way, for each m, in [0, 1], we obtain a function
F, ,(m,n) in ¥ such that

Vw0 (m) = T ai(mg) Ty n(0) ~ I'F, . (m,m)| < 26
J

for m in N, . The family {N,, , m, € [0, 1]} constitutes an open covering of
[0, 1] and we may therefore find a finite open subcovering. Since & is closed
under addition, by interpolation we may construct smooth functions a’:’/(m)
and H?(m,n) in § such that

\/m(wl*(m) - Y ali(m) V. n(0) — L*H (m, n)) < 2e.
J
From the triangle inequality it follows that

U T [am) = ()] ¥, (0) + LB (m,m) = LH (o) |

< 2\/m(w3<(m) - ?af;f(m) V. (0) —L*Hf(m,n))

+2\/m(w;“(m) - Zai’j(m) V. n(0) — L*Hi(m,n)) < 6e.

J

From this inequality we want to conclude that on each compact subset of
(0, 1) the difference a’’(m) — a’/(m) is uniformly bounded by Cve. This will
prove that the diffusion coefficient a’*/(m) can be uniformly approximated by
smooth functions on each compact subset of (0, 1) and is therefore continuous
in (0, 1).

To keep the notation simple, denote the difference a’/(m) — a”’(m) by
b/(m) and the cylinder function H?(m,n) — H,(m,n) by Gf(m,n). Recall
the definition of the matrix @ defined just before (5.7). We will now evaluate
the inner product

V[ SO0 (m) T m(0) + LG, m), Tt (m) ¥, m(0)
J k
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for fixed i and /. From the definition of @ and the fact that 7'V, n(0) is
orthogonal to L*¥%, , this expression is equal to

Y b1 i(m) @, yah (m) = 2x L bi(m) 8, , = 2xbi ! (m).

J.k J
On the other hand, by the Schwarz inequality and the previous bounds, the
inner product is bounded above by

(68)1/2{\/m(T§ak’l(m) vekn(O))}m.

From the definition of the matrix @ and the proof of Theorem 6.1, this last
inner product is equal to

Y a’(m)Q; yatt(m) = 2x} a”'(m)s; , = 2 xa"!(m).
Jsk J
In conclusion, we showed that |a’!(m) — a®!(m)| is bounded above by

Vi2x tabli(m) Ve.

In Corollary 6.3 above we proved that a’/(m) is uniformly bounded on each
compact subset of (0, 1). This concludes the proof of the theorem. O

With the same ideas we prove a useful result.

COROLLARY 7.2. Foreach 1l <i <dand 6> 0,

d
wF— Y a(m) V,n(0) — L*F

Jj=1

inf sup V, =0.

FE¥ s5<m<1-5

Proor. We have to avoid both ends of the interval [0, 1] because we
proved the continuity of the diffusion coefficient a only on (0, 1).
Fix 1 <i < d. From Lemma 5.1 we know that, for each m in [0, 1],
d . .
wi — Y ald(m)V,m(0) — LF
j=1

inf V,
Feg, "

=0.

The corollary thus states that we may interchange the order of supremum
and infimum. Fix ¢ > 0. For m, in [§,1 — 8], there exists a function Gm0 in
% such that

mo

Vo,

d
wi(my) — X ai’j(mo)Ve[”’l(O) —L*Gmo) < e.

j=1

To keep the notation as simple as possible, until the end of the proof we
denote the function w}(m) — £¢_,a"’(m)V, n(0) by Z,,(n). Recall the notation
introduced in the beginning of this section. For m in [0, 1], define the cylinder
function F,, as

F,(n) = G, (n) = G, (m) = G,, (m)[n(0) — m].
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We defined F,, in such a way that F,, belongs to &, for every m in [0, 1].
More than that, F(m, n) belongs in fact to § since it is smooth in the first
variable and has a uniform support.

We claim that, near m,,

is small. Indeed, this expression, which is equal to

V,(2, - LG, — G, (m)L*[n(0) — m]),

m

is bounded above by
(2, - LG, — G, (m)Ln(0)) -V, (Z
- I*G,,).

,— G, = G, (mq) Ln(0))]

m

+ \/mO(Z

mo

From Lemma 4.3 and Theorem 7.1, the first line vanishes in the limit as m
converges to m,. On the other hand, the second line is bounded by ¢ by
construction.

Therefore, there exists a neighborhood N,, of m, such that

\V, (Z, — L*F,) < 2¢

for m in Nmo. The family {Nmo’ my €[8,1 — 81} constitutes an open covering
of [6,1 — 8] and we may therefore extract a finite subcovering. In this way
we obtain a finite family of open intervals (), . ;. ,, whose union is equal to
[8,1 — 8] and an associated family of functions (F)),_,_,, in & such that

V,.(Z, — L*Fy(m,n)) < 2&

o~

if m € N,. By interpolation, we obtain from this family a function F in
such that

sup V,(Z, —L*F(m,n)) < 2e.
mels,1-5]

This concludes the proof of the lemma. O
The following lemma is used in Section 7 of [7].

LEMMA 7.3. For 8> 0 and 1 <i <d, let {H/(m,n); k > 1} be a sequence
of functions in § such that

d
wi = 3 a"/(m)V,m(0) — L*Hy(m)| = 0.
j=1

lim sup V,,
koo s<m<1-5

Such a sequence exists by virtue of Corollary 7.2.
Foreveryv e R? and 6 <m <1 — 8,

1 2 L 1
lim — ) <{VeinjZTxH,§} > = Y v;a>/(m)v; — §|U|2-
J x m o bJ

ko 4y
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ProorF. We compute the inner product of wi — Zd, at(m)V, (0) —
L*Hj(m) with respect to V, ,1(0), using identity (5.2) and relatlon (5.1). In this
way, we obtain, applying the Schwarz inequality,

| x3;, — 2a™!(m) x + 2w, Hi)m.o| < 0,(1)(2x)"*.

Repeating the same procedure with L, H} instead of Veln(O), we obtain

(7.1) | = Cwi, Hm,o + (LFH, Him,o| < 0,(D{V,.(L, Hk)}l/z

because L %, is orthogonal to the space generated by V, n(O) forl<i<d A
simple computatlon shows that V (L ,H}) <V (L*Hk) 'By the Schwarz in-
equality we have

V,(L*H}) < 0,(1) + 2V, Z a’y(m) v, n(0)|.

Since a is continuous, the right-hand side of this expression is bounded. This
shows that the right-hand side of (7.1) is of order o,(1).
Since (w; + w}, H}),, 0 = 0, from the two previous equalities we get

38, —ai(m) — x”L*H], H{)m,0 = 0,(1).
Thus, for every v € RY,
(7.2) sl = Yvativ, = _1<L*Zv Hk,Zv HJ> + 0,(1).
i,J m,0

Since the first term on the right-hand side is equal to
4 . 1 )2
X1<Lszvng,Zij,§> ---T (v.CoCnml) )
i J m,0 i J x m

the lemma is proved. O

We conclude this section with the statement of the integration-by-parts
formula. The proof is omitted since it is similar to the proof of Lemma 6.1 in

[2].

LEMMA 7.4 (Integration-by-parts formula). Let g be a cylinder function.
Denote by ¢ the smallest integer such that A, contains the support of g. Fix
K >/ and x such that 7.g is measurable with respect to {n(z), z € Ag}.
Recall the definition of §x given in Definition 3.1. Assume that:

@ g(j/K?) =0;

(i) §'(j/K%) =0 for some 0 <j < K%
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Then there exists a family of functions {®,(x, g); b € Ay} such that

(7.3) <Txg _gK(j/I?d)’h>K7j/I?d = X (Py(x,8), VWi, ke

beAg

and

Y b —al T (@,(x,8)) ), ke < C(&)

beAg

for some constant C(g) that does not depend on K or x. In fact, C(g) depends
only on g through the length of the support of g, denoted by /, and through

g .
Instead, assume that g satisfies:

@) g(m) =0;
(i) g'(m) =0 for some m in [0, 1].

Then there exists a family of functions {®,(x, g); b € Ay} satisfying (7.3) and
such that

Y 16— 2l ((@,(x, 8))"), < C(g)

beAg

for some constant C(g) satisfying the same properties mentioned above.
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