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BROWNIAN INTERSECTION LOCAL TIMES:
UPPER TAIL ASYMPTOTICS AND THICK POINTS

BY WOLFGANG KÖNIG AND PETER MÖRTERS1

Technische Universität Berlin and University of Bath

We equip the intersection of p independent Brownian paths in R
d , d ≥ 2,

with the natural measure � defined by projecting the intersection local time
measure via one of the Brownian motions onto the set of intersection points.
Given a bounded domain U ⊂ R

d we show that, as a ↑ ∞, the probability
of the event {�(U) > a} decays with an exponential rate of a1/pθ , where θ
is described in terms of a variational problem. In the important special case
when U is the unit ball in R

3 and p = 2, we characterize θ in terms of an
ordinary differential equation. We apply our results to the problem of finding
the Hausdorff dimension spectrum for the thick points of the intersection of
two independent Brownian paths in R

3.

1. Introduction and main results.

1.1. Aims of the article. Let a bunch of p independent Brownian motions
W1, . . . ,Wp run in R

d until their first exit times T1, . . . , Tp from a large ball, or,
in the transient case, for infinite time. By classical results of Dvoretzky, Erdös,
Kakutani and Taylor the intersection of the paths of these motions,

S =
p⋂
i=1

{
x ∈R

d :x =Wi(t) for some t ∈ [0, Ti)},(1.1)

contains points different from the starting point if and only if p < d/(d − 2). By
work of Geman, Horowitz and Rosen [11], in these cases the random set S of
intersection points can be equipped with a natural finite measure �, the ( projected)
intersection local time, which can be described symbolically by the formula

�(A)=
∫
A
dy

p∏
j=1

∫ Tj
0
ds δy

(
Wj(s)

)
for A⊂R

d Borel.(1.2)

We review rigorous constructions of the random measure � in Section 2.1 below.
In the following we always include the case p = 1 of a single Brownian path, in
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which the role of � is played by the usual occupation measure. However, in this
case most of our results are known and much easier.

Let U ⊂ R
d be a bounded domain in R

d . The first aim of the present paper is
to determine asymptotically the upper tails of the random variables �(U). More
precisely, we show in Theorem 1.1 that the limit

lim
a→∞

1

a1/p logP
{
�(U) > a

}
exists and describe its value in terms of a natural variational problem associated
with p, the stopping rule and the domain U ⊂ R

d . In the special case that U is
the unit ball in R

d and the Brownian motions run for an infinite amount of time,
we can solve this variational problem explicitly in terms of an ordinary differential
equation, which is nonlinear in the case p > 1; see Theorem 1.3.

This result is the key in the solution of a problem posed recently by Dembo,
Peres, Rosen and Zeitouni about the refined multifractal analysis of intersection
local times. Recall that the intersection of two independent Brownian paths in R

3

is a random set of Hausdorff dimension one but length zero. More precisely, by
a result of Le Gall [15], its exact Hausdorff dimension gauge is given by the
function ψ(r) = r[log log(1/r)]2 and, moreover, the Hausdorff measure for this
gauge function coincides up to a constant factor with the projected intersection
local time measure on the intersection set S.

The key argument leading to Le Gall’s result is the existence of a positive and
finite constant c such that, almost surely, for typical x in the intersection set S,

lim sup
r↓0

�(B(x, r))

r[log log(1/r)]2 = c,

where B(x, r) denotes the open ball of radius r with center in x. Here we
are concerned with finer results, which focus on exceptional points in R

3 in a
neighborhood of which the concentration of intersection local time is untypically
large. Our first aim is to find an explicit gauge function ϕ such that

0< sup
x∈S

lim sup
r↓0

�(B(x, r))

ϕ(r)
<∞.

Having found such a function, we call a point x ∈ S thick if lim supr↓0 �(B(x, r))/

ϕ(r) > 0 and ask, how many thick points there are. This is answered in terms of
the Hausdorff dimension spectrum for the thick points, which is the function

f (a)= dim
{
x ∈ S : lim sup

r↓0

�(B(x, r))

ϕ(r)
= a
}
.

Both these problems are intimately related to our upper tail asymptotics and
the numerical values featuring the dimension spectrum can be derived from our
differential equation. Theorem 1.4 describes just how large the measure � can be
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in a neighborhood of a point and identifies the Hausdorff dimension spectrum of
thick points for the intersection local time.

The spectrum of thick points is also understood for some other classes of
random measures: For example, in the case of the local time measure on the
zero set of stable processes [23], the branching measure on a supercritical
Galton–Watson process [24], [19], the occupation measure on Brownian paths
in dimensions exceeding two [5] and in the plane [8], and also intersections of
Brownian paths in the plane [6].

The present article is organized as follows. In Sections 1.2–1.4, we describe
our main results on the upper tails of �(U), the characterization of the variational
problem arising, and the dimension spectrum of the thick points, respectively. In
Section 2, we survey three constructions of the intersection local time and prove
that the upper tail asymptotics of �(U) are completely described by the asymptotics
of its high moments. The asymptotic analysis of the high moments is carried out
in several steps in Section 3. In Section 4 we analyze the two variational formulase
that describe the upper tails, respectively, the moment asymptotics. Section 5
contains the proof of our results on the thick points of the intersection local time,
and in Section 6, we announce further results and applications which will appear
elsewhere.

1.2. Upper tail asymptotics. To describe the variational problem featuring
the upper tail asymptotics, we first introduce the Green’s function associated
with (possibly stopped) Brownian motion. The Green’s function depends on the
dimension d of the ambient space and on the way we stop the Brownian motion,
but it does not depend on the domain U or the number p of motions. Suppose
that we stop Brownian motion on its first exit time from a large open ball B(0,R),
and, if d ≥ 3, include the case R =∞ as the case of Brownian motion running
until infinity. Denote by ps(x, y) the transition subprobability density of the killed
motion. For x, y in the open centered ball B(0,R), we let

G(x,y)=
∫ ∞

0
ps(x, y) ds,(1.3)

be the associated Green’s function. Explicitly, these functions are (see, e.g., [21],
page 114), if d = 2,

G(x,y)= 1

π

 log
∣∣∣∣x R|x| − y |x|R

∣∣∣∣− log |x − y|, if x �= 0,

logR− log |y|, if x = 0,
(1.4)

and, if d ≥ 3 and 0<R <∞, denoting cd = "(d/2− 1)/(2πd/2),

G(x,y)= cd
 |x − y|

2−d −
∣∣∣∣x R|x| − y |x|R

∣∣∣∣2−d, if x �= 0,

|y|2−d −R2−d, if x = 0.

(1.5)
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Finally, in the case d ≥ 3 and R =∞, we have

G(x,y)= cd

|x − y|d−2 .(1.6)

Note that G is always symmetric (see, e.g., [3], II(4.5)). Furthermore, precisely if
p < d/(d − 2), the function Gp(0, ·) is integrable in a neighborhood of the origin.

Now let U ⊂R
d be an open bounded set whose closure is contained in B(0,R).

Define the operator A :L2p/(2p−1)(U)→ L2p(U), depending on R and U ⊂ R
d ,

by

Af (x)=
∫
U
G(x, y)f (y) dy for x ∈ U.(1.7)

The operator A is symmetric and continuous, and its restriction A :L∞(U)→
L∞(U) is, moreover, symmetric, positive and compact with norm

∫
U

∫
U G(x, y)× dx dy.

We denote by M1(U) the set of probability measures on the set U ⊂R
d and, if

µ ∈M1(U) and f is an integrable or nonnegative function defined on U we use
the notation 〈f,µ〉 for the integral

∫
U f dµ. If f,g are both nonnegative functions

or their product is Lebesgue integrable on U , we use the notation 〈f,g〉 to denote∫
U f (x)g(x) dx. We write ‖ · ‖q for the norm on Lq(U).

We can now formulate our first main theorem.

THEOREM 1.1 (Upper tail asymptotics). Suppose that p and d are positive
integers satisfying p < d/(d − 2). Let U be an open bounded domain in R

d and
R ∈ (0,∞] sufficiently large that B(0,R) contains the closure of U . Denote by �
the projected intersection local time of p independent Brownian motions started in
fixed points inside U and stopped upon their first exit from the ball B(0,R). Then

lim
a→∞

1

a1/p
logP

{
�(U) > a

}=− p
ρ∗
,(1.8)

where ρ∗ is defined as

ρ∗ = sup
{〈g2p−1,Ag2p−1〉 :g ∈L2p(U) with ‖g‖2p = 1

}
.(1.9)

REMARK 1. In the transient case d ≥ 3 we denote by ρ∗(R) the supremum
in (1.9) for the Green’s function associated with Brownian motion stopped upon
leavingB(0,R). Then limR↑∞ ρ∗(R) is equal to the supremum in (1.9) for the case
of unstopped Brownian motions. This follows easily from monotone convergence
and the fact that the Green’s functions on B(0,R) are increasing to the Green’s
function in (1.6).

In the next subsection we turn to an analysis of the variational formula in (1.9).
We already announce that in Proposition 2.1 below we characterize ρ∗ in terms of
another variational formula, which is more in the spirit of our actual proof of (1.8).
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1.3. The variational formula in (1.9). In the special case p = 1, the well-
known Rayleigh–Ritz formula describes the right-hand side in (1.9) as the
principal eigenvalue of the compact and symmetric operator A on L2(U). Hence,
existence and uniqueness and many more properties of the maximizer are known.
For general p ≥ 2, however, already the uniqueness seems to be an open problem,
apart from the special case of the unit ball in R

3. In our next main result,
we establish the existence of maximizers and characterize them in terms of the
corresponding Euler–Lagrange equations.

THEOREM 1.2. Suppose that p and d are positive integers satisfying p <
d/(d − 2). Let U be an open bounded domain in R

d and R ∈ (0,∞] sufficiently
large that B(0,R) contains the closure of U . Then the supremum in the variational
problem (1.9) is attained. Every maximizer g in (1.9) is bounded away from 0
and infinity and has a version that is twice continuously differentiable on U and
continuously differentiable on the closure of U . Moreover, g satisfies the following
equivalent conditions:

(a) Ag2p−1(x)= ρ∗g(x), for all x ∈ U .
(b) g is the restriction to U of a continuous function g :B(0,R)→[0,∞) that

vanishes on the sphere ∂B(0,R), or in the case R =∞ converges to 0 as x→∞.
This function g is continuously differentiable inside B(0,R) and is a solution of

1

2
)g(x)=− 1

ρ∗
g2p−1(x)1U(x) for all x ∈ B(0,R) \ ∂U.(1.10)

If p = 1, the solution (g,ρ∗) of (a) and hence the maximizer g in (1.9) is unique.

For p ≥ 2 and general domains U , there seems to be no reason that, for a
solution (g,ρ) of assertion (a), the number ρ must coincide with ρ∗ in (1.9).
However, in the important special case that U = B(0,1) is the open unit ball
and the Brownian motions run for an infinite time, we can show uniqueness of
the minimizer in (1.9) and describe it more explicitly in terms of an ordinary
differential equation. We are able to do this because G is a rotation invariant
function of the difference of its arguments, and hence Riesz’s rearrangement
theorem is applicable.

THEOREM 1.3. Let d ≥ 3 and p a positive integer satisfying p < d/(d − 2);
further, let R =∞ and U = B(0,1). Then the maximization problem (1.9) has a
unique solution g. Moreover, g is rotationally symmetric around the origin and
can be constructed as follows:

(i) There is a unique twice continuously differentiable function z on a maximal
interval [0, ξ) satisfying z(0)= 1, z′(0)= 0 and

z′′(x)+ (d − 1)
z′(x)
x

+ z(x)2p−1 = 0 for all x ∈ [0, ξ).(1.11)
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There is a smallest number a ∈ (0, ξ) with (d − 2)z(a)=−az′(a). Moreover, z is
positive and strictly decreasing on [0, a], and g(x)= cz(a|x|) defines the unique
maximizer of (1.9), if c is the normalization constant such that ‖g‖2p = 1.

(ii) We have

p2

ρ∗2 =


a4

4
, for p = 1, d ≥ 3,

4πa
∫ a

0
z4(s)s2 ds, for p = 2, d = 3.

REMARK 2. In the case p = 1, one can solve (1.11) explicitly in terms of
Bessel functions. Recall (see, e.g., [1], 9.1.7) that the Bessel function Jν of the first
kind of order ν ≥ 0 satisfies the Bessel differential equation x2J ′′ν (x)+ xJ ′ν(x)+
(x2 − ν2)Jν(x)= 0, and define a continuous function z : [0,∞)→R by z(0)= 1
and

z(x)= "(d/2)
(
x

2

)(2−d)/2
J(d−2)/2(x) for x > 0.(1.12)

From Bessel’s equation we easily derive that z satisfies (1.11). Further properties
of Bessel functions (see [1], 9.1.30) show that z′(0)= 0. The continuous function
ζ(x) = z(x) + (d − 2)−1xz′(x) takes the positive value ζ(0) = 1 at the origin
and is nonpositive at the first zero ξ of z. Hence there is a minimal a > 0 with
ζ(a)= 0. For example, in dimension d = 3 we obtain z(x)= 1

x
sinx and a = π/2

and thus 1/ρ∗ = π2/8. In dimension d = 5 we have z(x)= 3x−3(sinx − x cosx)
and a = π , hence 1/ρ∗ = π2/2.

1.4. The dimension spectrum of thick points. The fine multifractal structure
of a random measure on R

d consists of the analysis of its thin and thick points.
The latter part has been successfully completed in the case of intersection local
times of any number of planar Brownian motions and in the case of the occupation
measure of a single Brownian motion in transient dimensions d ≥ 3.

Before stating our new result for the case of intersections of Brownian motions
in R

3, let us review the existing results. If � is the occupation measure of a single
Brownian path in d ≥ 3, it was shown in [5] that the correct gauge function is given
by r �→ r2[log(1/r)], in the sense that the number

2ρ∗ = sup
x∈Rd

lim sup
r↓0

�(B(x, r))

r2[log(1/r)] ∈ (0,∞)(1.13)

exists and is nonrandom. The value of ρ∗ agrees with the value obtained in
Theorem 1.3(ii). The corresponding dimension spectrum is

dim
{
x ∈R

d : lim sup
r↓0

�(B(x, r))

r2[log(1/r)] = a
}
= 2− a

ρ∗
for a ≥ 0,(1.14)
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where negative values of the dimension mean that the set is empty. However,
the assertions in (1.8) and (1.9) in this case are known for a long time due to
the Ciesielski–Taylor identity [4], which is not available in the case of p > 1.
The proof of (1.13) and (1.14) is linked to the upper tail behavior of Brownian
occupation measure in a unit ball via self-similarity: most of the exceptionally
large mass in a small ball around a given point is accumulated in a very short time,
hence by scaling the probability of high concentration of occupation measure in
a small ball is asymptotically equal to the probability of exceptionally large mass
in a unit ball accumulated in a fixed time horizon.

The situation is entirely different in the recurrent dimension d = 2. Here, the
same authors have shown that the intersection local time measures �, which in the
case p = 1 degenerate to the occupation measure, satisfy(

2

p

)p
= sup
x∈Rd

lim sup
r↓0

�(B(x, r))

r2[log(1/r)]2p(1.15)

and

dim
{
x ∈R

d : lim sup
r↓0

�(B(x, r))

r2[log(1/r)]2p = a
}
= 2− pa1/p for a ≥ 0.(1.16)

See [8] in case p = 1 and [6] in case p > 1. The values in the planar case bear
no relationship with our result on the upper tail asymptotics in (1.8) in this case.
Heuristically, this is due to the fact that in the planar case, the probability that
a small ball has unusually large concentration of mass cannot be related via self-
similarity to the probability that the unit ball carries large mass, but depends just
on the number of visits of the motions to the ball before the first exit from the
large ball B(0,R). In plain words, the asymptotics in (1.13)–(1.16) are determined
in d = 2 by many returns to the small ball in a long time range, and in higher
dimensions by relatively large occupation times already in a short time range.

Our next theorem closes the gap in this picture by describing the Hausdorff
dimension spectrum of thick points for intersection local time measure on the
intersections of two Brownian paths in R

3.

THEOREM 1.4. Suppose that ρ∗ is as in (1.9) for the case d = 3, p = 2,
R =∞ and U the unit ball, respectively, as in Theorem 1.3(ii) for p = 2. Then,
almost surely,

sup
x∈Rd

lim sup
r↓0

�(B(x, r))

r[log(1/r)]2 = lim sup
r↓0

sup
x∈S

�(B(x, r))

r[log(1/r)]2 =
(
ρ∗

2

)2

.(1.17)

Moreover,

dim
{
x ∈ S : lim sup

r↓0

�(B(x, r))

r[log(1/r)]2 = a
}
= 1−√a 2

ρ∗
for all a ≥ 0,(1.18)

where dim denotes the Hausdorff dimension.
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REMARK 3. There is a further difference between the recurrent and transient
case, which is worth noting. In the planar case the lim sup may be replaced
by a lim inf without changing the dimension spectrum. This gives the so-called
spectrum of consistently thick points. In higher dimensions this is not the case and
the spectrum of consistently thick points requires a different gauge function. This
was observed in [5], Theorem 1.6. The precise Hausdorff dimension spectrum for
the consistently thick points of intersection local time measures in R

d , d ≥ 3, is an
open problem even in the case p = 1 of a single Brownian path.

To complete the picture, we review the results of [7] for thin points of the
occupation measure � on a single Brownian path S = {W(t) : t ∈ [0, T ]}, T the
first exit time from a large open ball. It turns out that here the ambient dimension
does not play a major role. In all d ≥ 2, we have

1= inf
x∈S lim inf

r→0

�(B(x, r))

r2[log(1/r)]−1
,

and a dimension spectrum given by

dim
{
x ∈ S : lim inf

r↓0

�(B(x, r))

r2[log(1/r)]−1 = a
}
= 2− 2

a
.

The spectrum of thin points for intersections of Brownian paths seems to be an
open problem.

2. Preliminaries. In this section, we collect some material to prepare the
proofs. First, we survey three rigorous constructions of the intersection local time
measures; afterwards we introduce another important variational problem which is
strongly linked to (1.9), and finally we show how to reduce the problem of upper
tail asymptotics to the problem of moment asymptotics in our case.

2.1. Brownian intersection local times. Recall that Ti is the first time the
motion Wi reaches a sphere of fixed radius R > 0, which may be infinity in the
transient case. Also recall that we kill Wi at time Ti for i = 1, . . . , p. We denote
the Euclidean ball in R

d centered at x with radius r > 0 by B(x, r). For every
ε > 0 define the Wiener sausage aroundWi by

Siε =
{
x ∈R

d : there is t ∈ [0, Ti) with |x −Wi(t)|< ε}
(2.1)

for i = 1, . . . , p,

and their intersection Sε =⋂pi=1 S
i
ε . Recall (1.1) and observe that

S =⋂
ε>0

Sε = {z ∈R
d : z=W1(t1)= · · · =Wp(tp) for some ti ∈ [0, Ti)}

is the intersection of the p independent Brownian paths. This set is our object of
interest. There are three ways to equip S with a natural measure:
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1. by projecting the local time at 0 for the confluent Brownian motion (see [11]);
2. as renormalized limit for ε ↓ 0 of the Lebesgue measure on Sε (see [14]);
3. as a Hausdorff measure on S with an appropriate dimension gauge function

(see [15]).

Luckily, all three approaches lead to the same object, the intersection local
time measure � on S. Let us first briefly review the approach of Geman, Horowitz
and Rosen [11], based on local times for the confluent Brownian motion process
W : Rp→R

d(p−1) defined by

W(s1, . . . , sp)= (W1(s1)−W2(s2), . . . ,Wp−1(sp−1)−Wp(sp)).
With probability one there is a family {µy :y ∈ (Rd)p−1} of finite measures on∏p
i=1[0, Ti) with the following two properties:

(i) The mapping y �→ µy is continuous with respect to the vague topology on
the space M(Rp) of locally finite measures on R

p .
(ii) For all Borel functions g : (Rd)p−1 → [0,∞] and f :

∏p
i=1[0, Ti) →[0,∞], ∫

g(y)〈f,dµy〉dy =
∫
∏p
i=1[0,Ti )

fg ◦W dsp · · ·ds1.(2.2)

These properties imply that µy is supported by the level set at y of the confluent
Brownian motion; that is, by{

(s1, . . . , sp) ∈
p∏
i=1

[0, Ti) :W(s1, . . . , sp)= y
}
.

The family {µy :y ∈ (Rd)p−1} is called the family of local times of the confluent
Brownian motion process. The local time µ0 at level 0 is of special interest
to us, because it is supported by the set of p-tuples of times where the
p motions W1, . . . ,Wp coincide. The image measure � of µ0 under the mapping
(t1, . . . , tp) �→ W1(t1) is a natural finite measure on the intersections of the
Brownian paths, which we hence call the intersection local time of the p Brownian
motions.

Le Gall [14] carried out the second approach. Define

sd(ε)=


π−p logp(1/ε), if d = 2,
(2πε)−2, if d = 3 and p = 2,

2

ωd(d − 2)
ε2−d, if d ≥ 3 and p = 1,

(2.3)

where ωd is the volume of the d-dimensional unit ball. By [14], Theorème 3.1, the
renormalized restriction of the Lebesgue measure on Sε converges to � as ε ↓ 0, in
the sense that, for every set A⊂R

d that is almost surely an �-continuity set,

lim
ε↓0
sd(ε)λ(Sε ∩A)= �(A).(2.4)
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The convergence holds in the Lq(P)-sense for all q ∈ [1,∞) and, in particular, in
probability.

Finally, the most natural way to equip S with a uniform distribution is by means
of a suitable Hausdorff measure. Le Gall showed in [15] that � may be defined
intrinsically as a constant multiple of the ψ-Hausdorff measure on the random
set S in the case of p spatial Brownian motions for the gauge function

ψp(r)=

r2[log(1/r) log log log(1/r)]p, if d = 2, p ∈N,
r3−p[log log(1/r)]p, if d = 3, p ∈ {1,2},
r2[log log(1/r)], if d ≥ 4, p = 1.

(2.5)

Here we have included the results of Ciesielski and Taylor [4] and Ray [22] in the
case p = 1 for completeness.

2.2. A related variational problem. As announced, we do not directly derive
the upper tails of �(U) in (1.8), but we describe the moment asymptotics and
derive (1.8) from this result. In this subsection, we introduce the variational
formula that turns out to feature the moment asymptotics of �(U). Furthermore, we
describe the relationship of the two problems of upper tail and moment asymptotics
on the stage of the variational formulas. We have to introduce more notation.

For any probability measure µ and finite measure µ̃ on the same measurable
space the relative entropy or Kullback–Leibler distance of µ with respect to µ̃ is
defined as

H(µ | µ̃)=

∫
µ(dx) log

µ(dx)

µ̃(dx)
, if µ� µ̃,

∞, otherwise.
(2.6)

If µ̃ is also a probability measure, then by Jensen’s inequality we always have
H(µ | µ̃)≥ 0 and equality holds if and only if µ= µ̃.

More specifically, let U ⊂ R
d be an open bounded set and denote by M1(U)

the space of probability measures on U , equipped with the weak topology. For any
µ ∈M1(U) we define I (µ)=H(µ | λ), the relative entropy of µ with respect to
the Lebesgue measure λ on U . Note that I (µ) ≥ − logλ(U) with equality if and
only if µ is the normalized Lebesgue measure on U . Moreover, I is a convex and
lower semicontinuous function. We denote by

M∗
1(U)=

{
ν ∈M1(U

2) : for all Borel sets A⊂ U
(2.7)

we have ν(A×U)= ν(U ×A)}
the set of probability measures ν on U2 with equal marginals ν1(A)= ν(A×U)
and ν2(A)= ν(U ×A). For ν ∈M1(U

2) we define

I 2
µ(ν)=

{
H(ν | ν1 ⊗µ), if ν ∈M∗

1(U),∞, otherwise.
(2.8)
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Note that I 2
µ is the rate function for the empirical pair measures of an i.i.d. sequence

with marginal distribution µ. In particular, I 2
µ is lower semicontinuous and convex.

Define a function G :M1(U)→R by

G(µ)= inf
ν∈M∗

1 (U)
ν1=µ

{
I 2
µ(ν)− 〈ν, logG〉},(2.9)

where we extend the notation 〈·, ·〉 to integrals on U2. Observe that it suffices to
take the infimum over measures ν satisfying ν � µ ⊗ µ. We can replace I 2

µ(ν)

in the definition of G by either the relative entropy H(ν | µ ⊗ µ) or the mutual
information H(ν | ν1⊗ ν2). For the further development, the variational formula

κ∗ = inf
µ∈M1(U)

{I (µ)+ pG(µ)}(2.10)

is of fundamental interest. We state its link to (1.9) as follows.

PROPOSITION 2.1. For every positive integer p < d/(d − 2) we have

sup
{〈g2p−1,Ag2p−1〉 :g ∈L2p(U) with ‖g‖2p = 1

}
(2.11)

= exp
(
− 1

p
inf

µ∈M1(U)
{I (µ)+ pG(µ)}

)
.

Moreover, g is a maximizer of the left-hand side if and only if the measureµ(dx)=
g2p(x) dx is a minimizer on the right-hand side of (2.11). Every minimizing
sequence of the variational problem on the right-hand side of (2.11) has a
subsequence converging weakly to a minimizer.

Proposition 2.1 is proved in Section 4 together with the results of Section 1.3.

2.3. Tail asymptotics from moment asymptotics. For reasons which are ex-
plained at the beginning of Section 3, we are able to deal with integer moments
of �(U) much better than with the probability of the event {�(U) > a}. In this
section, we show how to derive the upper tail asymptotics of �(U) from moment
asymptotics. Let us first state our main result for the moment asymptotics.

PROPOSITION 2.2.

lim
k↑∞

1

k
log E

[
�(U)k

(k!)p
]
=− inf

µ∈M1(U)
{I (µ)+ pG(µ)}.

Section 3 is devoted to the proof of Proposition 2.2. In order to derive the upper
tail asymptotics from Proposition 2.2 we need the following Tauberian theorem.

LEMMA 2.3. LetX be any nonnegative random variable and fix p ∈N. Then
for any κ ∈R the following two implications hold:
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(i)

lim sup
k↑∞

1

k
logE

[
Xk

(k!)p
]
≤−κ !⇒ lim sup

a↑∞
a−1/p logP {X > a} ≤−peκ/p.

(ii)

lim
k↑∞

1

k
logE

[
Xk

(k!)p
]
=−κ !⇒ lim

a↑∞a
−1/p logP {X> a} = −peκ/p.

PROOF. The proof of (i) is easy and based on the substitution ak = e−κkp ,
Markov’s inequality and Stirling’s formula as follows:

lim sup
k↑∞

a
−1/p
k logP {X> ak} = eκ/p lim sup

k↑∞
1

k
logP {Xk > e−kκkkp}

≤ eκ/p lim sup
k↑∞

1

k
logE

[
Xk

e−kκkkp
]

= eκ/p lim sup
k↑∞

(
1

k
logE

[
Xk

(k!)p
]
+ κ − p

)
≤ −peκ/p.

Since a−1/p
k+1 /a

−1/p
k → 1 as k ↑ ∞, we see that it is sufficient to consider the

subsequence ak rather than an arbitrary sequence tending to infinity.
The proof of (ii) is based on the construction of the transformed measure

dP̂ k(X)= Xk

E[Xk] dP (X) for k ∈N,

and the fact that the random variable

Yk = log
(

X

e−κkp
)

satisfies, for every ε > 0,

lim
k↑∞ P̂

k{|Yk| ≤ ε} = 1.(2.12)

To prove this, fix an arbitrary ε > 0 and pick some small number α > 0. Then, by
the Markov inequality, we may estimate

P̂ k{Yk ≥ ε} = P̂ k{Xkα ≥ e(ε−κ)kαkpkα} ≤ e−εkαeκkαk−pkαÊk[Xkα],
where Êk denotes expectation with respect to P̂ k. Note that Êk[Xkα] =
E[Xk(1+α)]/E[Xk]. Using our assumption and Stirling’s formula, we see that the
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quotient has the asymptotic behavior e−(κ+p)kαkpkα(1+ α)kp(1+α)eo(k) as k ↑∞.
Inserting this in the right-hand side above, we get

P̂ k{Yk ≥ ε} ≤ exp
(
pkα

(
− ε
p
− 1+ 1+ α

α
log(1+ α)+ o(1)

))
as k ↑∞.

If α > 0 is chosen small enough, then the expression between the inner
brackets is negative and bounded away from zero, such that we obtain that
limk↑∞ P̂ k{Yk ≥ ε} = 0. Analogously one shows that limk↑∞ P̂ k{Yk ≤ −ε} = 0,
and this implies (2.12).

In order to finish the proof of the lower bound, we keep ε > 0 arbitrarily fixed
and substitute this time a = e−κkpe−ε. It is again clear that the consideration
of this subsequence suffices. Note that {X > a} = {Yk > −ε} ⊃ {|Yk| ≤ ε}. This
implies that

a−1/p logP {X> a} ≥ eκ/peε/p 1

k
logP {|Yk| ≤ ε}.

Note that P {|Yk| ≤ ε} = Êk[X−k1{|Yk|≤ε}]E[Xk] and that we may estimate
X−k ≥ ek(−ε+κ)k−pk on {|Yk| ≤ ε}. Using this estimate, our assumption on the
asymptotics of E[Xk] and Stirling’s formula, we obtain

lim inf
a↑∞ a−1/p logP {X> a} ≥ eκ/peε/p

(
−ε− p+ lim inf

k↑∞
1

k
log P̂ k{|Yk| ≤ ε}

)
.

Because of (2.12), the latter limit inferior is equal to zero. After letting ε ↓ 0, we
get the assertion. �

PROOF OF THEOREM 1.1. For the existence of the limit (1.8) follows from
Proposition 2.2 and Lemma 2.3(ii); the characterization (1.9) of the limit is then
immediate from Proposition 2.1. �

3. Large moment asymptotics. In this section we prove the large moment
asymptotics in Proposition 2.2. In Section 3.1, we introduce a main tool: a formula
for the integer moments of �(U), which is due to Le Gall. The two main technical
steps are carried out in Sections 3.2 (cutting off the Green’s function) and 3.3
(finite partitioning of U ). The combinatorial core argument of the proof appears
in Section 3.4. The ingredients are put together in the final Section 3.5, where the
proof of Proposition 2.2 is finished.

3.1. Le Gall’s moment formula. Starting point for our analysis of high
moments of �(U) is the following formula for the moments of the intersection local
times. For k ∈ N, we denote by Sk the set of permutations σ = (σ (1), . . . , σ (k))
of the numbers 1, . . . , k. Denote by x1, . . . , xp ∈ U the starting points of the
Brownian motionsW1, . . . ,Wp.
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LEMMA 3.1. For any k ∈N,

E[�(U)k] =
∫
U
dy1 · · ·

∫
U
dyk

p∏
j=1

∑
σ∈Sk

G(xj , yσ(1))

k∏
i=2

G(yσ(i−1), yσ(i)).(3.1)

The proof follows from the results of [14]; see [15], Part I (2.c).
On a heuristical level, Le Gall’s formula can be derived from the symbolical

formula (1.2). Indeed,

E[�(U)k] = E

[(∫
U
dy

p∏
j=1

∫ Tj
0
ds δy

(
Wj(s)

))k]

=
∫
U
dy1 · · ·

∫
U
dyk

p∏
j=1

Exj

[ ∑
σ∈Sk

∫
· · ·
∫

0≤s1≤···≤sk≤T j

k∏
i=1

δyσ(i)
(
Wj(si)

)
dsi

]

=
∫
U
dy1 · · ·

∫
U
dyk

p∏
j=1

∑
σ∈Sk

∫
· · ·
∫

0≤s1≤···≤sk
ps1(x

j , yσ(1))

×
k∏
i=2

psi−si−1(yσ(i−1), yσ(i)) dsi ds1

=
∫
U
dy1 · · ·

∫
U
dyk

p∏
j=1

∑
σ∈Sk

G(xj , yσ(1))

k∏
i=2

G(yσ(i−1), yσ(i)),

where ps(x, y), as before, denotes the transition density of the stopped Brownian
motion. For every j ∈ {1, . . . , p} define >jk :Uk→R by

>
j
k(y)=

1

k!
∑
σ∈Sk

G(xj , yσ(1))

k∏
i=2

G(yσ(i−1), yσ(i))

(3.2)
for y = (y1, . . . , yk) ∈ Uk.

Note that >jk(y) = ∞ if xj , y1, . . . , yk are not pairwise distinct. Moreover,

>
j
k(y) does not really depend on the vector y = (y1, . . . , yk), but only on the

set {y1, . . . , yk}; that is, >jk(y) = >jk(yσ ) for any σ ∈ Sk, where we put yσ =
(yσ(1), . . . , yσ(k)). Hence, to prove Proposition 2.2 it suffices to show

lim
k↑∞

1

k
log
∫
Uk
dy

p∏
j=1

>
j
k(y)=− inf

µ∈M1(U)
{I (µ)+ pG(µ)}.(3.3)

This will follow from a Laplace-method argument. Indeed, the term −I (µ) is the
exponential rate of the mass of the set of vectors y = (y1, . . . , yk) whose empirical
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measure resemblesµ, and−G(µ) will turn out to be the rate of>jk(y) for any such
vector y, independently of j ∈ {1, . . . , p}; see Lemma 3.5 in this section.

3.2. Cutting. In order to derive the upper bound in (3.3), it is necessary to
replace the Green’s function by some bounded function. We achieve this by cutting
off the Green’s function at a large level and show that we do not change the
exponential rate of >jk(y) asymptotically as the cut-off level gets large. Introduce,
forM ≥ 0, the cut-off Green’s functionGM =G∧M and denote, for j = 1, . . . , p,

>
j
k,M(y)=

1

k!
∑
σ∈Sk

GM(x
j , yσ(1))

k∏
i=2

GM(yσ(i−1), yσ(i))

(3.4)
for y = (y1, . . . , yk) ∈ Uk.

First, we need some technical preparation.

LEMMA 3.2. There exists a constantK1 > 1, depending only on U , p and d ,
such that, for all a1, . . . , a2p ∈ U and q ∈ {0, . . . , p},∫

U

q∏
i=1

G(a2i−1, z)G(z, a2i)

p∏
i=q+1

G(a2i−1, z) dz≤K1

q∏
i=1

G(a2i−1, a2i).(3.5)

PROOF. First note that, as p<d/(d−2), we have supa∈U
∫
U G

p(a, z) dz<∞
and therefore supa1,...,ap∈U

∫
U

∏p
i=1G(ai, z) dz <∞.

Now we turn to the proof of our assertion. The case d = 2 is simple, because
the supremum over a1, . . . , a2p ∈ U of the left-hand side of (3.5) is finite, and the
infimum over a1, . . . , a2p ∈ U of the product on the right-hand side is positive.
The same argument applies in the case d ≥ 3 when p = 1, q = 0 and in the case
d = 3 when p = 2, q = 0.

If d ≥ 3 and p = q = 1, we use that U ⊂U1 ∪U2 where

U1 = {z ∈U : |z− a1| ≥ 1
4 |a2− a1|} and U2 = {z ∈U : |z− a2| ≥ 1

4 |a2− a1|}.
Recall from (1.5) that G(x,y) ≤ cd |x − y|2−d , and pick some c > 0 such that
G(x,y)≥ c|x − y|2−d for any distinct x, y ∈ U . On the first domain we estimate,
for some K > 1,∫

U1

G(a1, z)G(z, a2) dz≤ cd
c

4d−2G(a1, a2)

∫
U
G(z, a2) dz≤KG(a1, a2).(3.6)

The second domain is treated analogously, proving the claim if p = 1. Now let
d = 3 and p = 2. If q = 2 we cover U by four domains:

Uij = {z ∈U : |z− ai | ≥ 1
4 |a2 − a1| and |z− aj | ≥ 1

4 |a4 − a3|},
i = 1,2, j = 3,4.
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On the first domain U13 we estimate∫
Uij

G(a1, z)G(z, a2)G(a3, z)G(z, a4) dz

≤ 16
c2
d

c2
G(a1, a2)G(a3, a4)

∫
U
G(z, a2)G(z, a4) dz(3.7)

≤KG(a1, a2)G(a3, a4).

Again the other domains can be treated analogously, which finishes the proof in
the case q = 2. The case q = 1 is similar. �

LEMMA 3.3. There is C0 > 0 and, for all sufficiently largeM > 1 and small
η ∈ (0,1), there are constantsCM > 0 and εη > 0 such that, for all x1, . . . , xp ∈U
and for any k ∈N,∫

Uk
dy

p∏
j=1

>
j
k(y)

(3.8)

≤ 2ppk(2C0)
kC
ηk
M + 2p(1+ εη)k

p∑
j=1

k∑
m=&k(1−pη)'

∫
Um
dy
(
>
j
m,M(y)

)p
,

where limM↑∞CM = limη↓0 εη = 0.

PROOF. Indeed, we show (3.8) with C0 given by

C0 = sup
x∈U

∫
U
Gp(x, y) dy ∨ 1.

To define CM we choose a minimal δM > 0 such that G(x,y) ≤ M whenever
x, y ∈ U with |x − y| ≥ δM . Clearly, we have that limM↑∞ δM = 0. Now define

CM = sup
x∈U

sup
a∈U

∫
B(a,δM)∩U

Gp(x, y) dy.

From the local integrability ofGp(x, ·) around x, one sees that C0 andCM are well
defined and limM↑∞CM = 0. We assume without loss of generality that CM ≤ 1.

For any fixed j ∈ {1, . . . , p} and any vector y = (y1, . . . , yk) ∈ Uk we use the
convention y0 = xj . Put σ(0)= 0 for σ ∈Sk. Introduce

T j (y)= {n ∈ {1, . . . , k} : there is 0≤ i < n such that |yi − yn| ≤ δM}(3.9)

and

Aj(y)= {σ ∈Sk : #T j (yσ ) > ηk
}
.

In (3.1) we interchange the summation over σ with the integration over y1, . . . , yk
and split the sum over all σ ∈Sk into the sum over σ in Aj(y) and in Sk \Aj(y).
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On the first set of summation, we take advantage of the fact that at least ηk of the k
integrals are taken just over a finite union of no more than k balls of radius δM , and
the other (1− η)k integrals yield some bounded exponential rate. On the second
set of summation, we use that in at least (1− η)k integrals we may replace G by
its cut-off version GM , and the exponential rate of the contribution coming from
the remaining integrals is small if η is small. Let us turn to the details.

Using the estimate
∏p
j=1(aj + bj ) ≤ 2p

∑p
j=1(a

p
j + bpj ) for aj , bj ≥ 0, we

obtain that
p∏
j=1

>
j
k(y)≤ 2p

p∑
j=1

(
Ijk (y)+ IIjk(y)

)
,(3.10)

where

Ijk (y)=
(

1

k!
∑

σ∈Aj(y)
G(xj , yσ(1))

k∏
i=2

G(yσ(i−1), yσ(i))

)p
,(3.11)

IIjk (y)=
(

1

k!
∑

σ∈Sk\Aj(y)
G(xj , yσ(1))

k∏
i=2

G(yσ(i−1), yσ(i))

)p
.(3.12)

We first fix j and turn to an estimate for
∫
Uk dy Ijk (y). Use Jensen’s inequality for

the uniform distribution on Sk to see that

Ijk (y)≤
1

k!
∑

σ∈Aj(y)

k∏
i=1

Gp(yσ(i−1), yσ(i)).

Now integrate over y ∈ Uk and note that σ ∈ Aj(y) if and only if id ∈ Aj(yσ ),
where id ∈Sk denotes the identical permutation. Use the permutation invariance
of the integrand to obtain∫

Uk
dy Ijk (y)≤

∫
Uk
dy 1{id∈Aj(y)}

k∏
i=1

Gp(yi−1, yi).

Now substitute

1{id∈Aj(y)} = 1{#T j (y)>ηk} =
∑

B⊂{1,...,k}
#B>ηk

1{T j (y)=B}

and carry out successively the integration over yk, yk−1, . . . , y1. Note that at least
)ηk* of the corresponding integration regions for yn (more precisely: the ones for
n ∈ B) are contained in U ∩ B(yi, δM) for some i < n, the others are over the full
set U .

With CM , respectively, C0 defined at the beginning of the proof, we arrive at

2p
p∑
j=1

∫
Uk
dy Ijk (y)≤ 2pp

∑
B⊂{1,...,k}

#B>ηk

kC
ηk
M C

(1−η)k
0 ≤ 2ppk(2C0)

kC
ηk
M ,
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recalling that CM ≤ 1 and C0 ≥ 1. This yields the first term on the right-hand side
of (3.8).

We now turn to an estimate of the second term. Again fix j ∈ {1, . . . , p} and
recall the conventions y0 = xj and σ(0)= 0 for all σ ∈Sk. We turn the pth power
in the definition of IIjk (y) into a sum over p indices σ1, . . . , σp , that is,

IIjk (y)=
1

(k!)p
∑

σ1,...,σp∈Sk

∑
B1,...,Bp⊂{1,...,k}∀l : #Bl≤ηk

p∏
l=1

(3.13)

×
[
1{T j (yσl )=Bl}

k∏
il=1

G(yσl(il−1), yσl(il ))

]
.

Given σ1, . . . , σp andB1, . . . ,Bp , we defineB =⋃pl=1 σl(Bl). Letm= k−#B and
note that m≥ k− pηk. We write the integration vector in (3.13) as y = (yB, yBc),
where Bc = {1, . . . , k} \B and yB = (yi)i∈B and yBc = (yi)i∈Bc .

Given σl ∈ Sk and the set B ⊂ {1, . . . , k}, we define a bijective mapping
τl : {1, . . . ,m} → Bc as the total ordering that is induced by σl on Bc. In other
words, if Bc is equal to the set {σl(i1), . . . , σl(im)} with i1 < · · ·< im, then τl(n)=
σl(in) for any n. Note that, on

⋂p
l=1{T j (yσl )= Bl}, we have |yτl(il−1) − yτl(il )| ≥

δM for all l = 1, . . . , p and all il = 1, . . . ,m.
Integrating (3.13), we get∫
Uk
dy IIjk(y) ≤

1

(k!)p
∑

σ1,...,σp

∑
B1,...,Bp

∫
Um
dyBc

p∏
l=1

m∏
il=1

1{|yτl (il−1)−yτl (il )|≥δM }

(3.14)

×
∫
Uk−m

dyB

p∏
l=1

k∏
il=1

G(yσl(il−1), yσl(il)).

Now we apply Lemma 3.2 to each of the k−m single integrals over yj with j ∈ B
on the right-hand side of (3.14). Here we conceive all yj with j ∈Bc as parameters
which play the role of a1, . . . , a2p of Lemma 3.2. The (k −m)-fold application of
this lemma yields∫

Uk−m
dyB

p∏
l=1

k∏
il=1

G(yσl(il−1), yσl(il))≤Kk−m1

p∏
l=1

m∏
il=1

G(yτl(il−1), yτl(il)).(3.15)

We substitute (3.15) in (3.14) and replace every G by GM on the right-hand side
of (3.15). Furthermore, in order to streamline the integration set, we write yBc ∈
Um as y ∈ Um. This necessitates that we replace every bijection τl : {1, . . . ,m} →
Bc by a permutation τ̃l ∈Sm in such a way that τl(n) is the τ̃l(n)th largest element
in Bc for every n ∈ {1, . . . ,m}.
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Altogether, we obtain∫
Uk
dy IIjk (y)

(3.16)

≤Kk−m1
1

(k!)p
∑

σ1,...,σp

∑
B1,...,Bp

∫
Um
dy

p∏
l=1

m∏
il=1

GM(yτ̃l(il−1), yτ̃l(il )).

The integral on the right-hand side of (3.16) depends on the set tuple (B1, . . . ,Bp)

only via the cardinality k−m of B . We now replace the sum over the set tuples by
the summ= &k(1−pη)', . . . , k. We estimate the number of set tuples from above
by [&ηk'∑

n=1

(
k

n

)]p
≤ kp

(
k

&ηk'
)p
.

Furthermore, note that, when passing from the sum over σ1, . . . , σp ∈Sk to the
sum over τ̃1, . . . , τ̃p ∈ Sm, we obtain a counting factor of (k!/m!)p . Then we
rewrite

1

m!p
∑

τ̃1,...,τ̃p∈Sm

p∏
l=1

m∏
il=1

GM(yτ̃l(il−1), yτ̃l(il ))=
(
>
j
m,M(y)

)p
.

This leads to the estimate∫
Uk
dy IIjk (y)≤Kpηk1 kp

(
k

&ηk'
)p k∑

m=&k(1−pη)'

∫
Um
dy
(
>
j
m,M(y)

)p
.

Now use Stirling’s formula to see that the factors on the right-hand side in front of
the integral are bounded from above by (1+ εη)k with some εη ↓ 0 as η ↓ 0. This
yields the second term on the right-hand side of (3.8), which ends the proof. �

3.3. Discretization. Our second main technical tool is a reduction to a discrete
counting argument. For this purpose, we introduce a finite partition of U , which is
carefully chosen in order to represent many details of the continuous picture.

To introduce appropriate notation, let Hn = {1, . . . , n} and denote the partition
sets by U1, . . . ,Un. We assume that every Ul is measurable and has positive
Lebesgue measure λ(Ul). We call π the canonical projection π :U → Hn, that
is, x ∈ Uπx for any x ∈ U . We write πy = (πy1, . . . , πyk) for any k ∈ N and
y = (y1, . . . , yk) ∈ Uk. Furthermore, if µ is a probability measure on U , then
πµ ∈M1(Hn) is its projection on Hn. Similarly for ν ∈M1(U

2) we denote the
projection on H2

n by πν ∈ M1(H
2
n). If v is in the set M∗

1(Hn) of probability
measures on H2

n with equal marginals, we denote by v ∈M1(Hn) its left or right
marginal measure. Note that πν = πν for any ν ∈M∗

1(U), where we write ν for
the marginal measure of ν.
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For measures u ∈M1(Hn) and v ∈M1(H
2
n) we define discrete analogues of the

relative entropy functionals I and I 2
µ by

Ĩ (u)= ∑
l∈Hn

ul log
(
ul

λ(Ul)

)
and Ĩ 2

u (v)=
∑

l,m∈Hn
vl,m log

(
vl,m

vlum

)
,(3.17)

using the usual convention 0 log0 = 0. Recall that GM = G ∧M and define the
approximate Green functions G+M,G− :H2

n→R by

G+M(l,m)= sup
x∈Ul
y∈Um

GM(x, y) and G−(l,m)= inf
x∈Ul
y∈Um

G(x, y).(3.18)

Functions G+M and G− on M1(Hn) analogous to G in (2.9) are defined by

G+M(u)= inf
v∈M∗

1 (Hn)
v=u

{
Ĩ 2
u (v)− 〈v, logG+M〉

}
and

(3.19)
G−(u)= inf

v∈M∗
1 (Hn)
v=u

{
Ĩ 2
u (v)− 〈v, logG−〉},

where we used the notation 〈v,F 〉 = ∑l,m∈Hn vl,mF (l,m). The functions G+M
and G− are continuous. Indeed, for fixed u, if the set Ṽ ⊂ M∗

1(Hn) is a
neighborhood of the set {v ∈M∗

1(Hn) :v = u}, there exists a neighborhood Ũ of u
with {v ∈M∗

1(Hn) :v = ũ} ⊂ Ṽ for all ũ ∈ Ũ . Together with the obvious continuity
of Ĩ 2

u (v) in both arguments u and v and of v �→ 〈v,F 〉 this implies continuity of
G+M and G−. Our aim is to determine a partition such that the coarsened variational
formula is a good approximation of the variational formula on the right-hand side
of (3.3).

LEMMA 3.4. Given δ > 0 and M > 0, there is a measurable partition
U1, . . . ,Un of U , such that

inf
µ∈M1(U)

{
Ĩ (πµ)+ pG−(πµ)

}− δ ≤ inf
µ∈M1(U)

{I (µ)+ pG(µ)}
(3.20)

≤ inf
µ∈M1(U)

{
Ĩ (πµ)+ pG+M(πµ)

}+ δ.
PROOF. We start with the upper estimate. Choose the partition such that

| logG+M(πx,πy)− logGM(x, y)|< δ/p for all x, y ∈U.
This is possible since logGM is continuous on the closure of U2. To every
µ ∈M1(U) we associate µ̃ ∈M1(U) with constant density on the partition sets
and πµ = πµ̃. Analogously we associate to each ν ∈ M∗

1(U) a ν̃ ∈ M∗
1(U)
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with constant density on the products of the partition sets and πν = πν̃.
Then I (µ̃)= Ĩ (πµ) and Ĩ 2

πµ(πν)= I 2
µ̃(ν̃), and we infer that

G+M(πµ)= inf
ν∈M∗

1 (U)
πν=πµ

{
Ĩ 2
πµ(πν)− 〈πν, logG+M〉

}
≥ inf

ν∈M∗
1 (U)

ν̃=µ̃

{
I 2
µ̃(ν̃)− 〈ν̃, logGM〉}− δ/p

≥ G(µ̃)− δ/p
and hence

inf
µ∈M1(U)

{I (µ)+ pG(µ)} ≤ inf
µ∈M1(U)

{I (µ̃)+ pG(µ̃)}

≤ inf
µ∈M1(U)

{
Ĩ (πµ)+ pG+M(πµ)

}+ δ,
which shows the upper bound in (3.20).

Let us turn to the lower estimate. Given δ > 0, we select an approximate
minimizer ν ∈M∗

1(U) with marginal µ= ν such that

inf
µ∈M1(U)

{I (µ)+ pG(µ)} ≥ I (µ)+p(I 2
ν (ν)− 〈ν, logG〉)− δ/2.(3.21)

We use now Jensen’s inequality to show that, for any partition, we have

I (µ)≥ Ĩ (πµ) and I 2
ν (ν)≥ Ĩ 2

πν(πν).(3.22)

To prove this, abbreviate φ(x)= x logx and note that

I (µ)=
〈
λ,φ ◦ dµ

dλ

〉
= ∑
l∈Hn

λ(Ul)

∫
Ul

dλl φ ◦ dµ
dλ
,

where λl denotes the normalized restriction of the Lebesgue measure to Ul . Now
use Jensen’s inequality for the convex function φ and summarize to arrive at the
first inequality in (3.22). The proof of the second one goes along the same lines,
recalling that I 2

ν (ν) = 〈ν ⊗ ν,φ ◦ (dν/d(ν ⊗ ν))〉. Furthermore, for the fixed ν,
every partition can be refined such that 〈ν, logG〉 ≤ 〈πν, logG−〉 + δ/(2p). This
can be seen by choosing N so large that 〈ν, logG〉 − 〈ν, logGN 〉 < δ/(4p) and
using uniform continuity of logGN on the closure of U2 to split the domain of
integration into partition sets on which the variation of logGN is less that δ/(4p).
Substituting this and (3.22) into (3.21), we arrive at the lower bound in (3.20). �

3.4. The combinatorial argument. Having removed technical obstacles, like
unboundedness of the integrand, and discretized the integrals, we are ready to
turn to the combinatorial core argument in the proof of Proposition 2.2. The main
observation is that the k-fold product in (3.2) only depends on the numbers of
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transitions the sequence yσ(0), yσ(1), . . . , yσ(k) makes from one set of the partition
to the other. In other words, one can summarize the permutations that lead to
the same empirical pair measure of the sequence πyσ(0), πyσ(1), . . . , πyσ(k) and
sum over all the empirical pair measures instead. Since the combinatorics turn
out to be manageable, this observation leads to a great simplification and enables
us to use large deviation theory for empirical pair measures. Let us turn to the
details.

We fix a large M > 0 and small δ > 0 and a partition U1, . . . ,Un chosen
according to Lemma 3.4. Recall that M∗

1(Hn) denotes the set of probability
measures on H2

n having equal marginals. In the next lemma, we give lower and

upper bounds for >jk(y), respectively, >jk,M(y) in terms of a variational problem
on M∗

1(Hn). Recall our notation πy = (πy1, . . . , πyk) for y ∈ Uk , and denote by
L1
πy,k ∈M1(Hn) the empirical measure,

L1
πy,k(A)=

1

k

k∑
i=1

δyi (A) for all A⊂Hn.

LEMMA 3.5. For all j ∈ {1, . . . , p}, as k ↑∞, uniformly in y = (y1, . . . , yk)

∈ Uk ,
>
j
k,M(y)≤ eo(k) exp

(−kG+M(L1
πy,k)

)
(3.23)

and

>
j
k(y)≥ eo(k) exp

(−kG−(L1
πy,k)

)
.(3.24)

PROOF. Fix j and recall the convention y0 = xj and σ(0) = 0 for all
σ ∈ Sk. Assume without loss of generality that y0 ∈ U1. Note that, for any
y = (y1, . . . , yk) ∈ Uk , we have G(yσ(i−1), yσ(i)) ≥ G−(πyσ(i−1), πyσ(i)) and
GM(yσ(i−1), yσ(i)) ≤ G+M(πyσ(i−1), πyσ(i)). We introduce the empirical pair
measure

L2
ψ,k =

1

k

k∑
i=1

δ{(ψi−1,ψi)} ∈M1(H
2
n) for ψ = (ψ1, . . . ,ψk) ∈Hkn,

where ψ0 = 1 is the index of the set U1. This implies that, with πyσ =
(πyσ(1), . . . , πyσ(k)),

>
j
k(y)≥

1

k!
∑
σ∈Sk

exp(k〈L2
πyσ ,k

, logG−〉) and

(3.25)

>
j
k,M(y)≤

1

k!
∑
σ∈Sk

exp(k〈L2
πyσ ,k

, logG+M〉).
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Denote by M(k)
1 (Hn) the set of probability measures u onHn such that the numbers

ku(1), . . . , ku(n) are integers and sum up to k; analogously we define M(k)
1 (H

2
n).

Abbreviate u = L1
πy,k ∈ M(k)

1 (Hn) for the course of the proof. Note that, for
any σ ∈ Sk , the total variation distance between u and any of the two marginal

measures of L2
πyσ ,k

is not bigger than 2/k, which is denoted below as L
2
πyσ ,k

≈ u.

Now we reorganize the sum over σ ∈Sk by summing over all vectors ψ ∈Hkn
and simply counting the permutations σ such that ψ = πyσ . Hence, for F ∈
{G−,G+M}, we have∑

σ∈Sk

exp(k〈L2
πyσ ,k

, logF 〉)

= ∑
ψ∈Hkn

∑
σ∈Sk

1{πyσ=ψ}1{L2
ψ,k≈u} exp(k〈L2

ψ,k, logF 〉)(3.26)

= ∑
v∈M

(k)
1 (H2

n)

v≈u

exp(k〈v, logF 〉) ∑
ψ∈Hkn

1{L2
ψ,k=v}#{σ ∈Sk :πyσ =ψ}.

Note that, for anyψ ∈Hkn satisfyingL2
ψ,k = v for some v satisfying v ≈ u, we have

#{σ ∈Sk :πyσ =ψ} =
n∏
l=1

(kul)!.(3.27)

In other words, if the empirical measures of πy and ψ coincide, then there are∏n
l=1(kul)! reorderings of (πy1, . . . , πyk) that are equal to (ψ1, . . . ,ψk). Further-

more, well-known combinatorial considerations (see, e.g., [10], II.2) yield that, for
v ≈ u,

#
{
ψ ∈Hkn :L2

ψ,k = v
}= eo(k) ∏

l∈Hn(kul)!∏
l,m∈Hn(kvl,m)!

,(3.28)

where eo(k) is uniform in v ∈M(k)
1 (H

2
n). Substituting (3.27) and (3.28) in (3.26),

we obtain
1

k!
∑
σ∈Sk

exp(k〈L2
πyσ ,k

, logF 〉)
(3.29)

= eo(k) ∑
v∈M

(k)
1 (H2

n)

v≈u

exp(k〈v, logF 〉)
∏
l∈Hn(kul)!2

k!∏l,m∈Hn(kvl,m)! .
Stirling’s formula yields that, uniformly in u and v, the last ratio is
eo(k) exp(−kĨ 2

u (v)). Hence, uniformly in y ∈ Uk ,
1

k!
∑
σ∈Sk

exp(k〈L2
πyσ ,k

, logF 〉)
(3.30) = eo(k) ∑

v∈M
(k)
1 (H2

n)

v≈u

exp
(−k(Ĩ 2

u (v)− 〈v, logF 〉)).
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Now recall that Ĩ 2
u (·)− 〈·, logF 〉 is continuous, that the total variation distance

between {v ∈ M1(H
2
n) :v ≈ u} and M∗

1(Hn) is not bigger than 2/k and that

#M(k)
1 (H

2
n) is bounded above by a polynomial in k. From (3.25) we obtain our

two assertions, for F =G+M , respectively, F =G−. �

In the next lemma, we integrate the upper, respectively, lower bound stated in
Lemma 3.5 over y ∈ Uk and obtain an upper, respectively, lower bound for the
logarithmic asymptotics in (3.3) in terms of a variational formula, which is the
coarsened form of the right-hand side of (3.3).

LEMMA 3.6. For each j ∈ {1, . . . , p} and eachM > 0,

lim sup
k↑∞

1

k
log
∫
Uk
dy >

j
k,M(y)

p ≤− inf
µ∈M1(U)

{
Ĩ (πµ)+ pG+M(πµ)

}
.(3.31)

Moreover,

lim inf
k↑∞

1

k
log
∫
Uk
dy

p∏
j=1

>
j
k(y)≥− inf

µ∈M1(U)

{
Ĩ (πµ)+ pG−(πµ)

}
.(3.32)

PROOF. In order to derive (3.31), we raise the upper bound (3.23) to the pth
power and integrate over y ∈ Uk . Note that the right-hand side of (3.23) does not
depend on y, but only on ψ = πy = (πy1, . . . , πyk). Hence, it makes sense to
subdivide the domain of integration according to the tuples that arise. In this way
we get the bound∫

Uk
dy>

j
k,M(y)

p ≤ eo(k) ∑
ψ∈Hkn

∫
Uψ1

· · ·
∫
Uψk

dyk · · ·dy1 exp
(−kpG+M(L

1
ψ,k)
)

= eo(k) ∑
ψ∈Hkn

exp
(−kpG+M(L

1
ψ,k)
) ∏
l∈Hn

λ(Ul)
kL1
ψ,k(l)

≤ eo(k) ∑
u∈M(k)

1 (Hn)

#{ψ ∈Hkn :L1
ψ,k = u}e−kpG+M(u)

× exp

(
k
∑
l∈Hn

ul logλ(Ul)

)
.

Now use Stirling’s formula to see that the counting factor in the last line is
eo(k) exp(−k∑l∈Hn ul logul), uniformly in u ∈ M(k)

1 (Hn). We recall (3.17) and
infer that ∫

Uk
dy>

j
k,M(y)

p ≤ eo(k) ∑
u∈M(k)

1 (Hn)

exp
(−k(pG+M(u)− Ĩ (u)

))
.
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From the two facts that Ĩ − pG+M is continuous, and that #M(k)
1 (Hn) is bounded

above by a polynomial in k, we infer that (3.31) holds.
The proof of the lower bound (3.32) is analogous, using (3.24). �

3.5. Conclusion. In this section we complete the proof of Proposition 2.2.
Recall that only (3.3) is left to be shown.

The lower bound is immediate from (3.32) and (3.20). For the upper bound take
logarithms in (3.8), divide by k and let k ↑ ∞. According to Lemma 3.3, after
letting M ↑∞, one obtains

lim sup
k↑∞

1

k
log
∫
Uk
dy

p∏
j=1

>
j
k(y)

(3.33)
≤ log(1+ εη)+ lim

M↑∞
p

max
j=1

lim sup
k↑∞

1

k
log

k∑
m=&k(1−pη)'

∫
Um
dy >

j
m,M(y)

p.

Estimate the last integral on the right-hand side from above against the maximum
on m ∈ {&k(1− pη)', . . . , k}. Now we pick δ > 0, choose a partition according to
Lemma 3.4, and use Lemma 3.6 to infer

lim sup
m↑∞

1

m
log
∫
Um
dy >

j
m,M(y)

p ≤− inf
µ∈M1(U)

{
Ĩ (πµ)+ pG+M(πµ)

}
.

Now use (3.20) and let firstM ↑∞, then η ↓ 0, to obtain

lim sup
k↑∞

1

k
log
∫
Uk
dy

p∏
j=1

>
j
k(y)

≤ lim
η↓0

log(1+ εη)− lim
η↓0
(1− pη) inf

µ∈M1(U)
{I (µ)+ pG(µ)} + lim

η↓0
δ(1− pη)

=− inf
µ∈M1(U)

{I (µ)+ pG(µ)} + δ.

Now let δ ↓ 0. This completes the proof of the upper bound in (3.3).

4. Analysis of the variational formulas in (1.9) and (2.10). In this section
we prove our results related to the characterization of the limit in (1.8). These
are Proposition 2.1, Theorem 1.2, and finally Theorem 1.3, which we discuss in
Sections 4.1–4.3, respectively.

4.1. Proof of Proposition 2.1. It turns out that the variational formula (1.9)
is much easier to analyze than (2.10). Indeed, in contrast to (2.10), for (1.9)
compactness and continuity arguments are available, such that the existence of
maximizers, their positivity and the Euler–Lagrange equations can be derived in a
fairly standard way. Furthermore, (1.9) majorizes (2.10) in a certain strong sense,
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such that the maximizers of (1.9) turn out to stand in an elementary one-to-one
correspondence to the minimizers of (2.10).

Before going into the details of the proof, we discuss general continuity
properties of the operator A that are of use in the forthcoming proofs.

LEMMA 4.1. (i) If d = 2 and q > 1, then A is a bounded linear map from
Lq(U) into L∞(U).

(ii) If d ≥ 3 and 1< q < d/2, then A is a bounded linear map from Lq(U) into
Ldq/(d−2q)(U).

PROOF. The first statement follows easily from Hölder’s inequality using that
in d = 2 we have supx

∫
G(x,y)q dy <∞ for all q > 1.

If d ≥ 3 we recall, e.g., from [17], 4.3, the Hardy–Littlewood–Sobolev in-
equality. For all s, r > 1, 0< λ < d with 1/r + λ/d + 1/s = 2 there is a constant
C > 0 with ∣∣∣∣∫

U

∫
U
f (x)|x − y|−λh(y) dx dy

∣∣∣∣≤ C‖f ‖s‖h‖r .(4.1)

Recall that G(x,y) ≤ cd |x − y|2−d and use the Hardy–Littlewood–Sobolev
inequality with λ = d − 2 and s = q , r = dq/(dq + 2q − d), which yields
〈h,Af 〉 ≤ C‖f ‖q‖h‖r for any f ∈ Lq(U) and h ∈ Lr(U). Hence A maps f
continuously into the dual of Lr(U), which is Ldq/(d−2q)(U). This proves (ii). �

For our purposes, it is convenient to rewrite (1.9) as

ρ∗ = sup
{〈f,Af 〉 :f ∈ L2p/(2p−1)(U) and ‖f ‖2p/(2p−1) ≤ 1

}
.(4.2)

It is clear that the supremum in (4.2) may be restricted to positive nor-
malized functions f ∈ L2p/(2p−1)(U). We start by showing that the operator
A :L2p/(2p−1)(U)→L2p(U) is continuous and establish (2.11).

LEMMA 4.2. Suppose p is a positive integer with p < d/(d − 2).

(i) A is a bounded linear map from L2p/(2p−1)(U) into L2p(U). In particular,
ρ∗ ≤ ‖A‖.

(ii) For all µ ∈M1(U) with g2p(x) dx = µ(dx) we have

exp
(
− 1

p

(
I (µ)+ pG(µ)

))≤ 〈g2p−1,Ag2p−1〉.(4.3)

(iii) Equality in (4.3) holds if and only if there is ρ > 0 with the property

Ag2p−1(x)= ρg(x) for µ-almost every x ∈ U.(4.4)

Moreover, in this case I (µ) + pG(µ) = −p logρ and G(µ) = − logρ −
2〈µ, logg〉.
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PROOF. Assertion (i) is a direct consequence of Lemma 4.1 and the fact that
the spaces Lq(U) are continuously embedded in each other for decreasing q .
Indeed, if d = 2, one can choose q = 2p/(2p− 1) and if d ≥ 3 and p < d/(d− 2)
it is always possible to choose the parameter q in such a way that the three
conditions

dq

d − 2q
≥ 2p, q ≤ 2p

2p− 1
, 1< q <

d

2
,

are satisfied, from which (i) readily follows.
We now show (ii). Assume without loss of generality that I (µ)+ pG(µ) <∞,

and let g2p be a density of µ. We first show that

G(µ)≥−〈µ, log(g ·Ag2p−1)〉.(4.5)

Indeed, recall the definition of G in (2.9) and use Jensen’s inequality for − log to
estimate

G(µ)=− sup
ν∈M∗

1 (U)
ν=µ

〈
ν, log

(
d(µ⊗µ)
dν

G

)〉

=− sup
ν∈M∗

1 (U)
ν=µ

∫
U
µ(dx)

[∫
U

ν(dx dy)

µ(dx)
log
(
(µ⊗µ)(dx dy)
ν(dx dy)

G(x, y)

g(y)

)]

−〈µ, logg〉(4.6)

≥ − sup
ν∈M∗

1 (U)
ν=µ

∫
U
µ(dx) log

[∫
U

ν(dx dy)

µ(dx)

(µ⊗µ)(dx dy)
ν(dx dy)

G(x, y)

g(y)

]

−〈µ, logg〉
= −〈µ, log(Ag2p−1)〉 − 〈µ, logg〉.

This shows that (4.5) holds.
Now we apply (4.5) and Jensen’s inequality, to obtain

exp
(
− 1

p

(
I (µ)+ pG(µ)

))≤ exp
(
− 1

p
〈µ, logg2p〉 + 〈µ, log(g ·Ag2p−1)〉

)
= exp

(〈
µ, log

Ag2p−1

g

〉)
≤
〈
µ,

Ag2p−1

g

〉
(4.7)

= 〈g2p−1,Ag2p−1〉.
This proves (ii).

Finally, to prove (iii), assume that we have equality everywhere in (4.7). By
strict convexity of the logarithm, equality in the second line implies that, for some
constant ρ > 0, we have Ag2p−1 = ρg, for µ-almost every x ∈ U . Together with
equality in the first line of (4.7), which is equality in (4.5), this yields that

G(µ)=−〈µ, log(g ·Ag2p−1)〉 = − logρ − 2〈µ, logg〉.
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Conversely, if (4.4) holds, we have equality in the second line of (4.7). To check
equality in the first line, we define a probability measure ν ∈M∗(U) by

ν(dx dy)= h(x, y) dx dy = 1

ρ
g2p−1(x)g2p−1(y)G(x, y) dx dy.

The measure ν is well defined by (4.4) and plugging this into (2.9) yields

G(µ)≤−〈µ, log(ρg2)〉.
This means that equality holds in (4.5) and hence also in the first line of (4.7),
completing the proof of (iii). �

We now prove the existence of maximizers in (4.2).

LEMMA 4.3. Every maximizing sequence for the variational problem in (4.2)
has a subsequence that converges weakly in L1(U) toward some maximizer of this
problem.

PROOF. Write ‖ · ‖ for ‖ · ‖2p/(2p−1) and put K = {f ∈ L1(U) :f ≥ 0,
‖f ‖ ≤ 1}. It is easy to see that it is sufficient to establish the following two
statements:

K is weakly compact in L1(U),(4.8)

the mapping f �→ 〈f,Af 〉 is upper semicontinuous on K
(4.9)

in the weak topology on L1(U).

To establish (4.8) we first note that K is weakly relatively compact in L1(U),
because the family K is uniformly integrable (see [9], C7). It remains to show
that K is weakly closed. For this purpose it suffices to show weak closedness in
{f ∈ L1(U) :f ≥ 0}. Let f ≥ 0 satisfy f /∈K . Then ‖f ‖> 1. Let

ϕn =
(
f ∧ n
‖f ∧ n‖

)1/(2p−1)

∈L∞(U).

Then we have

lim inf
n↑∞

∫
ϕnf dx ≥ lim inf

n↑∞ ‖f ∧ n‖1/(1−2p)
∫
(f ∧ n)2p/(2p−1) dx

= lim inf
n↑∞ ‖f ∧ n‖ = ‖f ‖> 1,

and, for all g ∈K , using Hölder’s inequality,∫
ϕng dx ≤ ‖ϕn‖2p‖g‖ ≤ ‖f ∧ n‖1/(1−2p)

(∫
(f ∧ n)2p/(2p−1) dx

)1/2p

= 1.
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Hence, for n sufficiently large, the function ϕ = ϕn ∈ L∞(U) satisfies, for all
sequences (gk :k ∈N) in K ,

lim sup
k↑∞

〈ϕ,gk〉 ≤ 1< 〈ϕ,f 〉,

which means that f is not in the weak L1-closure of K . We infer that K must be
weakly closed in L1(U), which proves (4.8).

To show (4.9) we assume that (fn :n ∈ N) and f are in K such that
fn → f weakly in L1(U). Our aim is to show that lim supn→∞〈fn,Afn〉 ≤〈f,Af 〉. For some large M > 0, we split A = AM + (A − AM), where the
operator AM is defined like A, but with G1G≤M instead of G. We show that
limM→∞ supn∈N〈fn, (A − AM)fn〉 = 0. In d = 2 this is straightforward using
Hölder’s inequality. If d ≥ 3, we recall that G(x,y) ≤ cd |x − y|2−d to estimate
G(x,y) ≤ C′|x − y|3/2−dG(x, y)1/(4−2d) for some C′ > 0. Apply the Hardy–
Littlewood–Sobolev inequality (4.1) with r = s = 4d/(2d + 3) and λ= d − 3/2
to obtain, for some C > 0,

〈fn, (A−AM)fn〉 ≤ C′M1/(4−2d)
∫∫

fn(x)|x − y|−λfn(y) dx dy
(4.10)

≤ C′CM1/(4−2d)‖fn‖2
r .

Since r ≤ 2p/(2p− 1), this vanishes asM→∞, uniformly in n ∈N. Hence, we
only have to show that, for fixedM > 0, we have limn→∞〈fn,AMfn〉 = 〈f,AMf 〉
and taking the limit M →∞ yields the desired conclusion. The proof of this
follows from a standard monotone class argument. Let H be the class of all
φ ∈ L∞(U2) with the property that

lim
n↑∞

∫∫
fn(x)fn(y)φ(x, y) dx dy =

∫∫
f (x)f (y)φ(x, y) dx dy.

This class is a vector space containing all functions of the form φ1(x)φ2(y) for
φ1, φ2 ∈ L∞(U). Finally, suppose that 0≤ φk ↑ φ ∈ L∞(U2) and φk ∈H . We can
estimate, using the triangle inequality and Hölder’s inequality,∣∣∣∣ ∫ ∫ f (x)f (y)φ(x, y) dx dy − ∫∫ fn(x)fn(y)φ(x, y) dx dy∣∣∣∣

≤
∣∣∣∣ ∫ ∫ f (x)f (y)(φ − φk)(x, y) dx dy∣∣∣∣
+
∣∣∣∣ ∫ ∫ (f (x)f (y)− fn(x)fn(y))φk(x, y) dx dy∣∣∣∣

+
∣∣∣∣ ∫ ∫ fn(x)fn(y)(φ − φk)(x, y) dx dy∣∣∣∣

≤ ‖f ‖2‖φ − φk‖2p +
∣∣∣∣ ∫ ∫ (f (x)f (y)− fn(x)fn(y))φk(x, y) dx dy∣∣∣∣

+ ‖fn‖2‖φ − φk‖2p,

(4.11)
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where we recall that ‖ · ‖ = ‖ · ‖2p/(2p−1) and extend the notation ‖ · ‖2p to
L2p(U2). Now it is easy to see that the last line of (4.11) can be made arbitrarily
small by choosing a large k and letting n→∞. This shows that φ ∈H and, by the
monotone class theorem, we have shown that H = L∞(U2). HenceG1{G≤M} ∈H
and this completes the proof of (4.9). �

Now we derive the Euler–Lagrange equation for the maximizers in (4.2).

LEMMA 4.4. Any nonnegative maximizer of the variational problem in (4.2)
is essentially bounded away from 0. Writing this maximizer as g2p−1, the function
g ∈ L2p(U) satisfies (4.4) with some ρ > 0.

PROOF. Let f ∈ L2p/(2p−1)(U) be a nonnegative and normalized maximizer
in (4.2). We first show that f is essentially bounded from 0. Assume the contrary,
which means that λ{f ≤ ε} > 0 for all ε > 0. We fix some c > 0 such that
λ{f ≥ c}> 0. We define a function f̃ :U→[0,∞) as follows:

f̃ (x)=

f (x)+ a, if f (x)≤ ε,
f (x)− b, if f (x)≥ c,
f (x), otherwise.

Our plan is to choose a, b > 0 and ε > 0 so small that ‖f̃ ‖2p/(2p−1) = 1 but
〈f̃ ,Af̃ 〉> 〈f,Af 〉, which contradicts the maximality of f . For every sufficiently
small a and ε > 0 we may find b ≤ c/2, such that ‖f̃ ‖1+η = 1, where we
abbreviate η= 1/(2p− 1). This condition implies that

0= ‖f̃ ‖1+η
1+η − ‖f ‖1+η

1+η =
∫
{f≤ε}

[(
f (x)+ a)1+η − f (x)1+η]dx

+
∫
{f≥c}

[(
f (x)− b)1+η − f (x)1+η]dx,

and one can see that this implies, for some constant C > 0, that does not depend
on a or ε,

b ≤Ca(a + ε)ηλ{f ≤ ε}.(4.12)

On the other hand, one can use this to check in the same way that, again for
constants C1,C2 > 0, which do not depend on a or ε,

〈f,Af 〉 − 〈f̃ ,Af̃ 〉 ≤ aλ{f ≤ ε}(C1(a + ε)η −C2
)
.

We may now choose a, ε suitably, such that the right-hand side is negative. This
yields the desired contradiction.

In order to prove the second assertion, it is convenient to abbreviate h= g2p =
f 2p/(2p−1); hence ‖h‖1 = 1. Let ϕ :U → R be bounded with

∫
ϕ(x) dx = 0. For
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sufficiently small ε > 0, we have ‖h+ εϕ‖1 = 1 and h+ εϕ ≥ 0 on U . Using the
maximality of f in (4.2), we infer

0= ∂

∂ε

∣∣∣∣
ε=0

〈
(h+ εϕ)(2p−1)/2p,A(h+ εϕ)(2p−1)/2p〉

(4.13)

= 2p− 1

p

〈
ϕ,h−1/2p

Ah(2p−1)/2p〉.
We infer that, in L2(U), the function h−1/2pA

(
h(2p−1)/2p) is orthogonal to the

orthogonal complement of the span of the constants. Hence there is a constant ρ
such that

ρh1/2p(x)=Ah(2p−1)/2p(x) for λ-almost every x ∈U.
As h is essentially positive, we have ρ > 0. Recalling that h = g2p , we have
verified (4.4). �

Putting together the previous three lemmas we obtain the existence of mini-
mizers for the variational problem in (2.10) and the convergence of minimizing
sequences.

LEMMA 4.5. Every minimizing sequence for the variational problem in (2.10)
has a subsequence that converges weakly toward some minimizer of this problem.
If g2p denotes its density, then g ∈ L2p(U) satisfies (4.4).

PROOF. Suppose that (µn :n ∈ N)⊂M1(U) is any minimizing sequence for
the variational problem in (2.10). At least for sufficiently large n, the measures
µn have Lebesgue densities, which we denote by g2p

n ∈ L2p(U). By Lemma 4.2,
(g

2p−1
n :n ∈ N) is a maximizing sequence of the variational problem in (4.2). By

Lemma 4.3, we can extract a subsequence converging weakly in L1(U) to some
g2p−1 ∈ L2p/(2p−1)(U). Defining µ by µ(dx)= g2p(x) dx yields a minimizer of
the problem (2.10) we started with. It is obvious that µ is the weak limit of the
corresponding subsequence of (µn :n ∈N). �

We have now established the existence of a minimizer µ(dx) = g2p(x) dx

for (2.10) satisfying (4.4) with ρ = ρ∗ defined by (1.9), respectively, by (4.2).
Also, g is a maximizer of (1.9) if and only if the measure µ(dx)= g2p(x) dx is a
minimizer of (2.10). Hence, Proposition 2.1 and the existence of the maximizers
have been proved.

4.2. Proof of Theorem 1.2. Next, we establish smoothness properties for
every g satisfying (4.4).
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LEMMA 4.6. Every g satisfying (4.4) has a version that is twice continuously
differentiable on U . By

g(x)= 1

ρ∗
∫
U
G(x, y)g2p−1(y) dy for x ∈B(0,R),(4.14)

one can define an extension of g to B(0,R), which is continuous on the closure of
B(0,R) and continuously differentiable in the interior of B(0,R).

PROOF. We start by showing that (4.4) implies that g∈L∞(U). Indeed, if d=2
we know that g ∈ L2p(U) and thus Lemma 4.1 shows that g = (1/ρ)Ag2p−1 ∈
L∞(U). In the case d = 3 and p = 2 we get from Lemma 4.1 that g = (1/ρ)Ag3 ∈
L12(U). By Hölder’s inequality we infer that

Ag3(x)≤
(∫
U
G(x, y)4/3 dy

)3/4(∫
U
g12(y) dy

)1/4

.

Because G(x,y) ≤ cd |x − y|−1 the right-hand side is bounded, and we use (4.4)
again to infer that g ∈ L∞(U). Finally, in the case d ≥ 3 and p = 1 we iterate
the use of Lemma 4.1 and (4.4) to obtain g ∈ Ls(U) for some s > d/2. Let
q = s/(s − 1) and note that 1 < q < d/(d − 2). By Hölder’s inequality again
we infer that Ag(x) ≤ ‖G(x, ·)‖q‖g‖q/(q−1). The right-hand side is bounded,
and we infer from (4.4) that g ∈ L∞(U). Now extend g by (4.14) to the whole
ball B(0,R). Using that g1U ∈ L∞(U), we know from [21], 4.6.6, that g is
continuously differentiable on B(0,R) and continuous on the closure of B(0,R).
To see that it is even twice continuously differentiable on U let

Bg(y)=
∫
U
GU(x, y)g(x) dx for y ∈ B(0,R),

whereGU denotes the Green’s function with zero boundary conditions onU rather
than on B(0,R). Denote by hU the harmonic measure on ∂U . For almost every
x ∈ U we have

g(x)= 1

ρ
Ag2p−1(x)= 1

ρ
Bg2p−1(x)+ 1

ρ

∫
∂U

Ag2p−1(z)hU(x, dz).(4.15)

As g2p−1 is Lipschitz continuous on U , the first summand on the right-hand side
is twice continuously differentiable by [21], 4.6.6, and the second summand is
harmonic in U and hence infinitely often differentiable. �

We have by now shown that every maximizer g in (1.9) has a version satisfying
Theorem 1.2(a). We now prove the equivalence of the two characterizations of the
maximizer given in Theorem 1.2.

LEMMA 4.7. The equation in Theorem 1.2(a) and the partial differential
equation in Theorem 1.2(b) are equivalent.
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PROOF. Suppose (g,ρ) is a solution of (1.10). By the Meyer–Tanaka formula,
for a Brownian motion B = (Bs : s ≥ 0), the processM defined by

Mt = g(Bt )+ 1

ρ

∫ t
0
g2p−1(Bs)1U(Bs) ds

is a local martingale on [0, T ), where T is the first exit time from B(0,R). Hence,
by the optional stopping theorem, for all x ∈U ,

g(x)= E[M0] = E[MT ] = E

[
1

ρ

∫ T
0
g2p−1(Bs)1U(Bs) ds

]
= 1

ρ
Ag2p−1(x).

Now assume, conversely, that the operator equation of Theorem 1.2(a) holds in U .
The continuation of g to the closure of B(0,R) defined in (4.14) has the necessary
differentiability and continuity properties. Recall (4.15). Applying −)/2 to both
sides of the equation and recalling that −)Bf (x) = 2f (x) for all bounded f ∈
C2(U) (see [21], Theorem 4.6.6) gives (1.10) for x ∈U . To get (1.10) for x /∈ U it
suffices to observe that (4.14) is harmonic on the interior of B(0,R) \U . �

Finally, we prove uniqueness of the maximizer in (1.9) in the case p = 1. Note
that we do not know whether uniqueness holds if p > 1, except in the special case
when U is a ball and R =∞; see Section 4.3 below.

LEMMA 4.8. In the case p = 1 the solution g of (4.4) is uniquely determined.

PROOF. Recall the Krein–Rutman theorem (see, e.g., [2], Theorem 3.2).
L∞(U) is an ordered Banach space whose positive cone has nonempty interior
and A is a strongly positive compact linear operator A :L∞(U)→L∞(U). Hence
A has exactly one normalized strictly positive eigenvector and this eigenvector is
the unique maximizer g. �

4.3. Proof of Theorem 1.3. Suppose now that U = B(0,1) is the open unit
ball centered at the origin and consider unstopped Brownian motions in R

d , d ≥ 3.
By (1.6) in this situationG(x,y) is a rotationally symmetric function of x−y, and
the maximizers for the problem in (4.2) are necessarily rotationally symmetric.
This is a direct consequence of Riesz’s strict rearrangement inequality; see [17],
3.7, 3.9.

Let f ∈ L2p/(2p−1)(U) be a minimizer of the problem in (4.2), put g2p−1 = f
on B(0,1) and extend g to a C1-function on the whole of R

d . Recall that this
is possible by Theorem 1.2(b). Define z : [0,∞)→ (0,∞) by g(x) = cz(a|x|),
choosing the positive parameters a, c such that

z(0)= 1 and ρ∗ = 2c2p−2/a2.
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Writing the Laplacian in polar coordinates gives for |x|< 1,

−ca2z(a|x|)2p−1 =− 2

ρ∗
g2p−1(x)=)g(x)

(4.16)

= d − 1

|x| caz
′(a|x|)+ ca2z′′(a|x|).

In other words, z satisfies (1.11) on [0, a]. Differentiability of g implies z′(0)= 0,
and we can infer that z satisfies the requirements of Theorem 1.3(i) on the interval
[0, a].

We now show uniqueness of the solutions of (1.11) with z(0)= 1 and z′(0)= 0.
In the case p = 1 the transformation (1.12) can be inverted and this reduces
the problem to uniqueness of solutions of the Bessel differential equation; see
Remark 2. To show uniqueness in the remaining case p = 2, d = 3, we argue
as follows. Pick a ∈ (0, ξ) maximal such that z(a) + az′(a) = 0. Hence, the
derivative of the map x �→ xz(x) is positive on (0, a). Therefore, we may define
f : [0, az(a)] → [0,∞) by putting f (xz(x)) = xz(x) + x2z′(x). Note that f
has a simple zero at the origin, and that f satisfies the differential equation
f ′(t)= 1− t3/f (t). Indeed, using (1.11) in the penultimate step, we get

f ′(xz(x))=
d
dx
f (xz(x))

xz′(x)+ z(x) = 1+ 2xz′(x)+ x2z′′(x)
xz′(x)+ z(x)

(4.17)

= 1− x2z(x)3

xz′(x)+ z(x) = 1− (xz(x))3

f (xz(x))
,

and the result follows by substitution of t = xz(x).
The function f is uniquely determined by the differential equation f ′(t) =

1− t3/f (t), at least close to the origin. To show this, let ‖ · ‖T be the supremum
norm on [0, T ]. Then, if f1 and f2 satisfy the equation and f1(0)= f2(0)= 0, we
obtain, for suitable constants C′, C > 0,

‖f1 − f2‖T ≤
∫ T

0
|f ′1(s)− f ′2(s)|ds =

∫ T
0

s3

f1(s)f2(s)
|f1(s)− f2(s)|ds

≤ C′
∫ T

0
s‖f1 − f2‖T ds ≤ CT 2‖f1 − f2‖T .

For sufficiently small T > 0, this shows that f is unique on [0, T ]. A standard
Picard–Lindelöf argument shows the uniqueness on the whole interval on which
f1 and f2 are defined and positive.

The uniqueness of z now follows by noting that z can be uniquely recomputed
from f by the formula∫ xz(x)

az(a)

ds

f (s)
= C + logx for x ∈ [0, a],(4.18)
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where C = limε↓0(
∫ ε
az(a)

ds
f (s)

− log ε). Indeed, (4.18) follows by writing the
relation between z and f as

1

x
=

d
dx
(xz(x))

f (xz(x))
,

and integrating.
We now check that a is indeed the smallest value such that z(a) = az′(a)/

(2 − d). Because g is harmonic on R
d \ B(0,1) and vanishing at infinity, there

exists a constant C > 0 such that g(x) = C|x|2−d for all |x| ≥ 1. Hence, z(t) =
Kt2−d for some K > 0 and any t ≥ a, and therefore z′(a) = (2 − d)z(a)/a, as
claimed. Now suppose that there is a smaller value 0 < ã < a satisfying z(ã) =
ãz′(ã)/(2 − d). Define h(x) = c̃z(ã|x|) where c̃ is chosen such that ‖h‖2p = 1.
This implies, writing σd−1 for the area of the (d − 1)-sphere,

ãd

c̃2p = ãd
∫
U
z2p(ã|x|) dx = ãdσd−1

∫ 1

0
rd−1z2p(ãr) dr

(4.19)

= σd−1

∫ ã
0
sd−1z2p(s) ds < σd−1

∫ a
0
sd−1z2p(s) ds = ad

c2p .

One can check easily, by reversing the arguments above, that h is a solution of

1

2
)h(x)=− ã2

2c̃2p−2
h2p−1(x)1U (x).

In particular, recalling the equivalence of this differential equation and the operator
equation in Theorem 1.2(a) we get

(〈h2p−1,Ah2p−1〉)= 2c̃2p−2

ã2 >
2c2p−2

a2 = ρ∗.
The strict inequality above follows from (4.19) together with the fact that d(1−
1/p)≤ 2. This contradicts the fact that g is a maximizer in (1.9).

We have thus characterized the maximizer uniquely. The formula in Theo-
rem 1.3(ii) follows easily from the relation ρ∗ = 2c2p−2/a2. Indeed, this is ob-
vious in the case p = 1, and in the case p = 2, d = 3 it follows by evaluating the
normalization constant using polar coordinates,

c−4 =
∫ 1

0
z(a|x|)4 dx = 4π

a3

∫ a
0
s2z(s)4 ds.

Hence, the proof of Theorem 1.3 is complete. �

5. The dimension spectrum of thick points. In this section we give the proof
of Theorem 1.4. The upper bound for both (1.17) and (1.18) follows from standard
methods, for the lower bound we rely on the method of hitting with a percolation
limit set and adapt ideas of [18] and [13] for our purpose. A main problem in
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the investigation of the Hausdorff dimension of subsets of S comes from the fact
that there is no natural parametrization of S by a nonrandom set. This makes the
investigation more involved than, say, in the case of a single Brownian path, where
such a parametrization is available. We assume that under P the processes W1
and W2 are two unstopped independent Brownian motions in R

3, started in the
origin and � their intersection local time. For the limit in (1.8) we introduce the
abbreviation θ = 2/ρ∗ with ρ∗ given by (1.9) for d = 3, p = 2, U = B(0,1) and
R =∞, or equivalently by Theorem 1.3 for p = 2.

5.1. The upper bounds. In this subsection we prove all upper estimates needed
in the proof of Theorem 1.4. Fix a unit cube C = b + [0,1]3 at positive distance
from the origin. Fix a > 0 and denote the set of a-thick points in C by

F(a)=
{
x ∈ C : lim sup

r↓0

�(B(x, r))

r[log(1/r)]2 ≥ a
}
.(5.1)

The remainder of this section is devoted to the proof of the following
proposition.

PROPOSITION 5.1. We have, almost surely:

(i) if a > 1/θ2, then F(a)=∅;
(ii) if a ≤ 1/θ2, then dimF(a)≤ 1− θ√a.

Moreover, almost surely:

(iii) lim sup
r↓0

sup
x∈R3

�(B(x, r))

r[log(1/r)]2 ≤
1

θ2
.

We write P(x,y) for probabilities with respect to two independent Brownian
motions W1, W2 started in the points x and y. In particular, P = P(0,0). The
following lemma draws the conclusion from Theorem 1.1 needed for the proof
of Proposition 5.1.

LEMMA 5.2. For every δ > 0 there is an ε > 0 such that, for all 0< r < ε,
and all y ∈ ∂B(x, r),

P(x,y)

{
�
(
B(x, r)

)≥ ar[log(1/r)]2}≤ r√aθ−δ.
PROOF. A simple coupling argument shows that the nonnegative random

variable �(B(x, r)) is stochastically maximal if the starting points x and y agree.
Hence, using also Brownian scaling, we infer that

P(x,y)

{
�
(
B(x, r)

)≥ ar[log(1/r)]2} ≤ P(x,x)

{
�
(
B(x, r)

)≥ ar[log(1/r)]2}
= P(0,0)

{
�
(
B(0,1)

)≥ a[log(1/r)]2}.
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From Theorem 1.1 in the case U = B(0,1) and R =∞ we get the estimate for the
right-hand side with the value θ = 2/ρ∗ identified in Theorem 1.3(ii). �

In the following, we define a random sequence of collections (Jn)n of smaller
and smaller cubes such that the set F(a) is covered by

⋃
n≥j Jn for all j . Fix ε > 0

smaller than a. Pick c > 0 so small that, for sufficiently large N ,

hn = e−cn and kn = hn
(

1+ 1

n

)
satisfy

hn+1

kn
≥ a− ε
a− ε/2

(5.2)
for all n≥N.

Abbreviate sn = hn/(
√

3n) and observe that limn→∞ sn = 0. Introduce the
following collection of cubes of sidelength sn:

In = {b+ sn((k, l,m)+ [0,1]3) : 0≤ k, l,m < s−1
n integer

}
.

Note that In is a covering of the cube C.
For every I ∈ In denote by Tn(I ) the first hitting time of the cube I byW1 and,

if Tn(I ) <∞, let z(I ) =W1(Tn(I )) ∈ ∂I be the entry point. We pick now those
minicubes from In that are hit by W1 and such that the intersection local time of
the two motions in a neighborhood of the entry point exceeds a certain threshold,

Jn = {I ∈ In :Tn(I ) <∞ and �
(
B
(
z(I ), kn

))≥ (a− ε)kn[log(1/kn)]2}.
We first prove that F(a) is covered by the cubes in

⋃
n≥j Jn for all j .

LEMMA 5.3.

(i) For all sufficiently large n ∈N and r ∈ [hn+1, hn],
V (r)=

{
x ∈ C∩ S :�

(
B(x, r)

)≥ (a − ε
2

)
r[log(1/r)]2

}
⊂ ⋃
I∈Jn

I.

(ii) F(a)⊂
∞⋂
j=1

∞⋃
n=j

⋃
I∈Jn

I .

PROOF. Fix a large n and r ∈ [hn+1, hn] and let x ∈ V (r). As In is a covering
of C, certainly x lies in some I ∈ In. We have to show that this small cube I lies
in Jn. Note that Tn(I ) <∞ since x ∈ S. Put z= z(I ). As |x− z| ≤ √3sn we have,
using also (5.2), that

�
(
B(z, kn)

)= �(B(z,hn+√3sn)
)≥ �(B(x, r))

≥
(
a− ε

2

)
r[log(1/r)]2 ≥

(
a − ε

2

)
hn+1[log(1/hn+1)]2

≥ (a − ε)kn[log(1/hn+1)]2 ≥ (a − ε)kn[log(1/kn)]2.
Hence, I ∈ Jn and this proves (i).
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Now let x be in F(a). Then, for infinitely many n ∈N, there is an r ∈ [hn+1, hn]
such that x ∈ V (r). Then x lies in

⋃
I∈Jn I for infinitely many n, and this

implies (ii). �

LEMMA 5.4. There is a sequence εn ↓ 0 such that, for every I ∈ In, we have

P{I ∈ Jn} ≤ h2+√a−εθ−εn
n .

PROOF. The probability that a three-dimensional Brownian motion started in
the origin hits a ball B(y, r), whose closure does not contain the origin, is equal
to r/|y|. In particular, as the cube C has positive distance to the origin, there is a
constant K > 0 such that, for sufficiently large n,

P{W1 hits I } ≤Ksn for all I ∈ In.

Moreover, if we apply the same argument to the second Brownian motion, we can
find another constant K̃ > 0 such that, for sufficiently large n,

P
{
W1 hits I andW2 hits B

(
z(I ), kn

)}≤ K̃snkn for all I ∈ In.

Look at a pair of Brownian motions started in z1, respectively, z2 with |z1 − z2|
= kn. From Lemma 5.2 we get a sequence δn ↓ 0, which does not depend on the
choice of z1, z2, such that, for sufficiently large n,

P(z1,z2)

{
�
(
B(z1, kn)

)≥ (a− ε)kn[log(1/kn)]2}≤ k√a−εθ−δnn .

We apply this to the points z1 = z(I ) and z2 defined as the point where W2 enters
B(z1, kn). By the strong Markov property, if n is sufficiently large,

P{I ∈ Jn} = P
{
W1 hits I and �

(
B
(
z(I ), kn

))≥ (a− ε)kn[log(1/kn)]2}
≤ K̃snk1+√a−εθ−δn

n ≤ h2+√a−εθ−εn
n ,

recalling sn = hn/(
√

3n), kn = hn(1+ 1
n
) and defining εn ↓ 0 accordingly. �

PROOF OF PROPOSITION 5.1. Lemma 5.4 gives, for any γ ∈R,

E

[ ∞∑
n=1

#Jns
γ
n

]
=

∞∑
n=1

sγn

∑
I∈In

P{I ∈ Jn} ≤
∞∑
n=1

sγn h
2+√a−εθ−εn
n #In

≤
∞∑
n=1

hγ−1+√a−εθ−εn
n (

√
3n)−γ ,

(5.3)

where we recall that sn = hn/(
√

3n). Because hn = e−cn, the right-hand side
of (5.3) is finite for all γ > 1− θ√a − ε, and we can infer that

∞∑
n=1

#Jns
γ
n <∞ almost surely.(5.4)
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By Lemma 5.3(ii), the set F(a) can be covered, for each j , by the family
⋃
n≥j Jn

consisting, for each n≥ j , of #Jn cubes of sidelength sn. Hence (5.4) implies that
dimF(a)≤ γ . As this holds for all γ > 1− θ√a− ε and ε > 0 we can infer that

dimF(a)≤ 1− θ√a.
If the right-hand side is negative, F(a) must be empty almost surely, so that
Proposition 5.1(i) and (ii) are proved. For the proof of (iii) we use the above
estimates for arbitrary a > 1/θ2, some small ε > 0 and γ = 0. By Chebyshev’s
inequality we infer that

∞∑
n=1

P{#Jn ≥ 1} ≤
∞∑
n=1

E[#Jn]<∞.

By the Borel–Cantelli lemma, Jn must be empty for all sufficiently large n, almost
surely. Lemma 5.3(i) thus implies

lim sup
r↓0

sup
x∈S

�(B(x, r))

r[log(1/r)]2 ≤ a.

Letting a tend to 1/θ2 finishes the proof of Proposition 5.1(iii). �

5.2. Hitting with a percolation limit set. To obtain lower bounds we use the
method of intersection with independent random sets; see, for example, [13] for an
extensive account of this.

Suppose that C ⊂ R
3 is a fixed compact unit cube not containing the origin.

We denote by Dn the collection of compact dyadic subcubes (relative to C) of
sidelength 2−n. We also let D=⋃∞n=0 Dn.

Given γ ∈ [0,3] we construct a random compact set "[γ ] ⊂ C inductively
as follows: we keep each of the eight compact cubes in D1 independently with
probability p = 2−γ . Let S1 be the collection of cubes kept in this procedure and
pass from Sn to Sn+1 by keeping each cube of Dn+1, which is not contained in a
previously rejected cube, independently with probability p. Then the random set

"[γ ] :=
∞⋂
n=1

⋃
C∈Sn

C

is called a percolation limit set. The usefulness of percolation limit sets in fractal
geometry comes from the following lemma, see [20] or [12] for a proof.

LEMMA 5.5. For every γ ∈ [0,3] and every Borel set A ⊂ C the following
properties hold:

(i) If dimA< γ , then almost surely, A ∩"[γ ] =∅.
(ii) If dimA> γ , then A ∩ "[γ ] �=∅ with positive probability.



1644 W. KÖNIG AND P. MÖRTERS

(iii) If dimA> γ , then almost surely dim
(
A ∩ "[γ ])≤ dimA− γ and, for all

ε > 0, with positive probability dim(A ∩ "[γ ])≥ dimA− γ − ε.

Observe that the first part of the lemma gives a lower bound γ for the Hausdorff
dimension of a set A, if we can show that A∩"[γ ] �=∅ with positive probability.
To make use of this observation, recall that θ = 2/ρ∗, fix a ∈ [0,1/θ2], and put
γ = 1− θ√a. We suppose that the random set "[γ ] and two unstopped Brownian
motions W1 and W2, started at the origin, are realized independently on the same
probability space, and we write P for the joint distribution of the motions and "[γ ].

Lemma 5.5(i), applied to the set F(a) defined in (5.1), yields the lower
bound dim(F (a)) ≥ γ = 1 − θ√a with positive probability, if we show that
the set F(a) ∩ "[γ ] is nonempty with positive probability. The latter is shown
in Proposition 5.6 below. A lower bound for the dimension of the set of strictly
a-thick points follows with a little more effort; see Section 5.3 below.

PROPOSITION 5.6 (Hitting by thick points).

P
{
F(a)∩ "[γ ] �=∅

}
> 0.(5.5)

The remainder of this subsection is devoted to the proof of Proposition 5.6. The
idea is to construct a compact random subset S∗ ⊂ S ∩ "[γ ] with the regularity
properties:

(a) S∗ �=∅ with positive probability;
(b) almost surely, for every open set U ⊂ C with U ∩ S∗ �= ∅ we have

dim(U ∩ S∗)≥ 1− γ .

Property (b) is instrumental in the proof that F(a) ∩ S∗ is dense in S∗ almost
surely, which together with (a) implies that F(a) ∩ "[γ ] �= ∅ with positive
probability. To construct such a set S∗ we fix a countable base B of open subsets
of C and define, for 0< δ ≤ 1− γ , compact random sets

S∗[δ] = (S ∩ "[γ ])∖ ⋃{B ∈B : dim(B ∩ S ∩"[γ ]) < δ}.
Obviously the sets S∗[δ] have the property that, almost surely for every open set
U ⊂ C,

U ∩ S∗[δ] �=∅ implies dim(U ∩ S ∩"[γ ])≥ δ.(5.6)

In the case δ = 1 − γ this property is closest to property (b), but it still weaker
than (b) and there is also no direct argument to see that S∗[1 − γ ] is nonempty
with positive probability.

On the other hand, let 0 < δ < 1 − γ and recall from Section 2.1 that
dim(S ∩C)= 1 if �(C) > 0, and the latter event has positive probability. Hence, by
Lemma 5.5(iii), we have dim(S ∩ "[γ ]) > δ with positive probability. Removing
countably many sets of dimension strictly smaller than δ does not decrease
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the dimension of the set and hence we have dimS∗[δ] > δ and, in particular,
S∗[δ] �=∅, with positive probability.

Property (b) is not immediate for S∗[δ], so we have to make do with (5.6).
The proof of Lemma 5.9 below, however, implicitly shows that (b) holds, and
the sets S∗[δ] are the same for all 0 < δ ≤ 1− γ . In order to avoid unnecessary
repetition of arguments, though, we do not make this statement explicit, but fix
some 0< δ < 1− γ once and for all, put S∗ := S∗[δ] and use (5.6) instead of (b).

We now provide the two main technical lemmas in the proof of Proposition 5.6.
The first of them is an extension of the lower bound of our upper tail asymptotics
of Theorem 1.1 to the following situation. For given y ∈R

3 and integer n≥ 1, we
consider three balls centered at y.

1. At two points in ∂B(y,2−n/n), we start the two motions.
2. We measure their intersection local time in B(y,2−nn).
3. We consider the intersections of the paths only until the motions leave
B(y,2−nn2), and we condition on their respective leaving positions.

Readers unfamiliar with Brownian motion conditioned on leaving a domain at
a fixed exit point are recommended to consult [3], III Proposition (2.7).

To formulate precisely what we need, we assume for simplicity of notation
that y = 0. By �R we denote the intersection local time for the two independent
Brownian motions W1 and W2 stopped at the time σR1 , respectively, σR2 of their
first exit from B(0,R). We write P(x1,x2) for the distribution of the two motions,
started at x1 and x2, respectively.

LEMMA 5.7 (Localization). For any ε > 0, there is an N > 0 such that, for
any n > N and for any x1, x2, u1, u2 ∈ ∂B(0,1),

P(x1,x2)2−n/n

{
�2−nn2

(
B(0,2−nn)

)
≥ a2−nn

[
log

2n

n

]2 ∣∣∣Wi(σ 2−nn2

i

)= ui2−nn2 for i ∈ {1,2}
}

(5.7)

≥ 2−n(
√
aθ+ε).

PROOF. It is clear from the Brownian scaling property that the left-hand side
of (5.7) is equal to

P(x1,x2)/n
2

{
�n
(
B(0,1)

)≥ a[log
2n

n

]2 ∣∣∣Wi(σni )= uin for i ∈ {1,2}
}
.

In the following we write Pn for the joint distribution of ( 1
n
W1(σ

n
1 ),

1
n
W2(σ

n
2 ))

under P(x1,x2)/n
2 . Let A1,A2 be arbitrary Borel subsets of ∂B(0,1). Fix some
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R > 1 and assume that n > 2R. Since �n ≥ �R , we obtain a lower bound by
replacing �n by �R . Use the strong Markov property at time σR1 and σR2 to obtain

1

Pn(A1×A2)

∫∫
A1×A2

P(x1,x2)/n
2

{
�R
(
B(0,1)

)

≥ a
[
log

2n

n

]2 ∣∣∣Wi(σni )= nui for i ∈ {1,2}
}
Pn(du1 du2)

= P(x1,x2)/n
2

{
�R
(
B(0,1)

)≥ a[log
2n

n

]2 ∣∣∣Wi(σni ) ∈ nAi for i ∈ {1,2}
}

≥ P(x1,x2)/n
2

{
�R
(
B(0,1)

)≥ a[log
2n

n

]2} 2∏
i=1

min|u|=R Pu{Wi(σni ) ∈ nAi}
max|u|=R Pu{Wi(σni ) ∈ nAi}

.

From the explicit formula for the harmonic measure (see, e.g., [3], II Theo-
rem (1.17)), one can see that the product on the right-hand side converges uni-
formly in A1 and A2 to 1.

Obviously,

P(x1,x2)/n
2

{
�R
(
B(0,1)

)≥ a[log
2n

n

]2}

≥ P(x1,x2)/n
2

{
�R

(
B

(
x1

n2
,1− 1

n2

))
≥ a
[
log

2n

n

]2}
.

By a simple coupling argument, one can see that the random variable �R(B(x1/n
2,

1− 1
n2 )) is stochastically minimal if the distance of the starting points x1/n

2 and

x2/n
2 is maximal. Therefore, fixing some y ∈ ∂B(0,1),

P(x1,x2)/n
2

{
�R

(
B

(
x1

n2
,1− 1

n2

))
≥ a
[
log

2n

n

]2}

≥ P(0,y)

{
�R

(
B

(
0,1− 1

n2

))
≥ a
[
log

2n

n

]2}
.

Altogether, there exists an integer N such that, for all u1, u2, x1, x2 ∈ ∂B(0,1)
and n≥N ,

P(x1,x2)/n
2

{
�n
(
B(0,1)

)≥ a[log
2n

n

]2 ∣∣∣Wi(σni )= nui for i ∈ {1,2}
}

(5.8)

≥ 1

2
P(0,y)

{
�R

(
B

(
0,1− 1

n2

))
≥ a
[
log

2n

n

]2}
.
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Recall that the left-hand side is equal to the left-hand side of (5.7). On the other
hand, the right-hand side satisfies, as n→∞,

1

2
P(0,y)

{
�R

(
B

(
0,1− 1

n2

))
≥ a
[
log

2n

n

]2}
≥ e−

√
a log(2n/n)(2/ρ∗(R)+o(1)) ≥ 2−n

√
a(2/ρ∗(R)+o(1)),

where we used the lower bound in (1.8) and denoted ρ∗(R) the quantity in (1.9) for
motions stopped at the first exit time from B(0,R). Recall from Remark 1 that the
limit as R→∞ of ρ∗(R) is equal to the value of ρ∗ for the unstopped motions.
Since 2/ρ∗ = θ , we arrive at the assertion. �

The second main technical lemma is a lower bound on the probability that the
path of two conditioned Brownian paths intersect "[γ ] in a set of dimension close
to 1 − γ . We look at the following situation. Let n ≥ 1 and V ∈ Sn be a cube,
which is kept in the percolation procedure, and ξ ∈ V its center.

1. At two points in ∂V , we start the two motions.
2. We consider the dimension of the intersection of the paths with "[γ ] only until

the motions leave the annulus B(ξ,2−nn2) \B(ξ,2−n/n), and we condition on
their respective first exit positions.

For the precise statement, we again simplify notation by assuming that the cube
is centered in the origin. We consider two independent Brownian motions W1 and
W2 and write again P(x1,x2) for the distribution of the two motions, started at x1
and x2, respectively. For 0 < r < s we let ωr,s1 , respectively, ωr,s2 be the time of
first exit of W1, respectively, W2 from the annulus B(0, s) \ B(0, r). Write U for
the centered compact cube of side length 1.

LEMMA 5.8. For every ε > 0 there is an N = N(ε) > 0 and p = p(ε) > 0
such that, for any n > N and for any x1, x2 ∈ ∂U and u1, u2 ∈ ∂B(0,1/n) ∪
∂B(0, n2),

P(x1,x2)2−n
{
dim
(
W1
[
0,ω2−n/n,2−nn2

1

]∩W2
[
0,ω2−n/n,2−nn2

2

]∩ 2−nU∩"[γ ])
> 1− γ − ε ∣∣Wi(ω2−n/n,2−nn2

i

)= 2−nui for i ∈ {1,2},2−nU ∈ Sn
}

(5.9)

>p(ε).

PROOF. By the scaling invariance of Brownian motion and the canonical self-
similarity of percolation fractals, the left-hand side of (5.9) is equal to

P(x1,x2)

{
dim
(
W1
[
0,ω1/n,n2

1

]∩W2
[
0,ω1/n,n2

2

]
∩"[γ ])> 1− γ − ε ∣∣Wi(ω1/n,n2

i

)= ui for i ∈ {1,2}
}
,

where "[γ ] is a percolation fractal in the unit cube U.
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Using the same line of argument as in the beginning of Lemma 5.7 one can
show that there exists an integer N such that, for all n ≥ N , x1, x2 ∈ ∂U and
u1, u2 ∈ ∂B(0,1/n)∪ ∂B(0, n2),

P(x1,x2)

{
dim
(
W1
[
0,ω1/n,n2

1

]∩W2
[
0,ω1/n,n2

2

]
∩"[γ ])> 1− γ − ε ∣∣Wi(ω1/n,n2

i

)= ui for i ∈ {1,2}
}

≥ 1
2P(x1,x2)

{
dim
(
W1
[
0,ω1/4,2

1

]∩W2
[
0,ω1/4,2

2

]∩ "[γ ])> 1− γ − ε
}
,

thus getting rid of the conditioning on the exiting points. Using Lemma 5.5(iii),
it is easy to see that the latter probability is bounded from below by a positive
constant depending only on ε. This completes the proof. �

The following lemma constitutes the main step in the proof of Proposition 5.6.
Define, for m≥ 1,

U(m)=
{
x ∈ S∗ : there is 0< h< 2−m+1 with

�(B(x,h))

h[log(1/h)]2 > a −
1

m

}
.

LEMMA 5.9. Almost surely, U(m) is dense in S∗ for all m ∈N.

PROOF. Fix m ∈ N and an open set O ⊂ C. It suffices to show that, almost
surely, the event O ∩ S∗ �= ∅ implies that U(m) ∩ O �= ∅. By (5.6) the event
O ∩S∗ �=∅ implies that dim(O ∩S ∩"[γ ])≥ δ. Hence there exists a dyadic cube
V ∈D with V ⊂ O such that dim(V ∩ S ∩ "[γ ]) > δ/2. It thus suffices to show
that, almost surely for any dyadic cube V ∈D the event dim(V ∩ S ∩"[γ ]) > δ/2
implies U(m)∩ V �=∅.

Fix n ∈ N and a dyadic cube V ∈Dn. We introduce some terminology for the
proof. For every integer k ≥ n we let Ek be the collection of 2k−n cubes in Dk that
are contained in V . We subdivide Ek into m(k)= (k3+ 1)3 disjoint subcollections

Ek1, . . . ,E
k
m(k)

such that, for all 1≤ j ≤m(k), any two distinct cubes in Ekj have distance at least

k32−k .
Recall that

√
aθ = 1− γ and δ < 1− γ . Fix a small number ε > 0 and some η

such that

δ < η and

√
a− 1

2m
θ + ε < η < 1− γ.(5.10)

For every cube U ∈ Ekj with center ξ we let ρU1 be the first entry time of W1

into U , τU1 the first entry time of W1 into B(ξ,2−k/k) and σU1 the first exit time
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after ρU1 of W1 from B(ξ,2−kk2). Let ωU1 = τU1 ∧ σU1 be the first exit time after
ρU1 from the annulus B(ξ,2−kk2) \B(ξ,2−k/k).

Analogously for the second Brownian motion W2, define the stopping times
ρU2 , τ

U
2 , σ

U
2 and ωU2 . Let �U be the intersection local time of the two Brownian

motions on the (possibly degenerate) time intervals [ωU1 , σU1 ], respectively,
[ωU2 , σU2 ]. We call a cubeU ∈ Ekj admissible if U ∈ Sk and both Brownian motions

hit the cube; that is, if ρU1 , ρ
U
2 <∞. Denote byMk

j the number of admissible cubes

U ∈ Ekj .

An admissible cube U ∈ Ekj with center ξ is called successful if:

(A) both motions hit B(ξ,2−k/k) before leaving B(ξ,2−kk2); in other words
τU1 < σ

U
1 and τU2 < σ

U
2 ;

(B) the dimension of the intersection of "[γ ] ∩ U with the paths before they
hit B(ξ,2−k/k) is bigger than η, formally dim(W1[ρU1 ,ωU1 ] ∩ W2[ρU2 ,ωU2 ] ∩
"[γ ] ∩U) > η;

(C) the intersection local time in B(ξ,2−kk) of the paths started on first hitting
B(ξ,2−k/k) and stopped upon leaving B(ξ,2−kk2) is exceptionally large; more
precisely,

�U(B(ξ,2−kk))
2−kk[log(2k/k)]2 > a −

1

2m
.

We say that the collection Ekj is bad if there exists no successful cube in Ekj .
Let us next explain that it is sufficient for the proof of this lemma to show that,

almost surely, given dim(V ∩ S ∩ "[γ ]) > δ/2, for arbitrary large k there exists
a successful cube U ∈ Ek.

Indeed, if U ∈ Ek is successful, then, by condition (B), dim(S ∩ "[γ ] ∩ U) >
η > δ. Hence there does not exist a covering of S ∩ "[γ ] ∩U by sets B ∈B with
dim(S ∩"[γ ] ∩B) < δ. This implies that S∗ ∩U �=∅ by construction of S∗. Pick
some y ∈U ∩ S∗ and infer from condition (C), for h= 2−k(k +√3),

�
(
B(y,h)

)≥ �U (B(ξ,2−kk))> (a− 1

2m

)
2−kk[log(2k/k)]2.

Hence, if k is so large that h < 2−m, and(
a− 1

2m

)
2−kk[log(2k/k)]2 ≥

(
a − 1

m

)
h[log(1/h)]2,

we have y ∈ V ∩U(m) and the proof is complete.
Thus, writing Ak = {Ekj is bad for all 1≤ j ≤m(k)} it is sufficient to show that

lim
k→∞P

{
Ak | dim(V ∩ S ∩ "[γ ]) > δ/2}= 0.
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We estimate the probability that all collections Ekj are bad as follows. We use the
estimate

P
{
Ak | dim(V ∩ S ∩ "[γ ]) > δ/2}
≤ P
{
Mk
j ≤ 2ηk for all 1≤ j ≤m(k) | dim(V ∩ S ∩ "[γ ]) > δ/2}

+
m(k)∑
j=1

P{Ekj is bad |Mk
j > 2ηk}

P{dim(V ∩ S ∩ "[γ ]) > δ/2} .
(5.11)

It suffices to show that the two terms on the last two lines of (5.11) vanish as
k→∞. We begin with the term on the second line. Recall the definition of an
admissible cube, and the number Mk

j of admissible cubes U ∈ Ekj . Further recall

thatm(k) is a polynomial in k and assume that dim
(
V ∩S∩"[γ ])> δ/2. Together

with basic properties of the Hausdorff dimension this implies that

lim inf
k→∞

1

log(2k)
log

m(k)
max
j=1

Mk
j ≥ dim(V ∩ S ∩ "[γ ]) > δ/2.

Hence, for all sufficiently large k, there exists j with Mk
j > 2kδ/2.

The next step in the proof is to use self-similarity in order to improve this lower
bound and get Mk

j > 2kη for some j , for all sufficiently large k. For this purpose
fix k and 1≤ j ≤m(k). We find a maximal finite sequence of stopping times,

0< ρ1(1) < σ1(1) < ρ1(2) < σ1(2) < · · ·< ρ1(m) < σ1(m) <∞,
successively as follows: let ρ1(1) be the time of first entry of W1 into some
cube in Ekj , denote its center by ξ1(1) and let σ1(1) be the first exit time from

B(ξ1(1),2−kk2). Having constructed σ1(l − 1), we let ρ1(l) be the first time of
entry of W1 into a cube in Ekj , which is different from all previous cubes, denote

its center by ξ1(l) and let σ1(l) be the first exit time from B(ξ1(l),2−kk2). We
proceed until ρ1(m+ 1)=∞.

Denote by F1(j, k) the σ -field generated byW1 restricted to the time domain

[0, ρ1(1)] ∪ [σ1(1), ρ1(2)] ∪ · · · ∪ [σ1(m),∞).
The analogous stopping times for W2 are denoted by ρ2(l), σ2(l) and the σ -field
forW2 is F2(j, k). The σ -field generated by Sk is called G(k) and we let F (j, k)=
F1(j, k)∨F2(j, k)∨G(k). It is important to note at this place that whether or not
a cube U ∈ Ekj is admissible is an event in F (j, k) and hence Mk

j is F (j, k)-
measurable.

Conditional on F (j, k), there is a fixed maximal collection {U1, . . . ,UM} ⊂ Ekj

of admissible cubes (where M = Mk
j ) whose centers we denote by ξ1, . . . , ξM .

For each 1 ≤ l ≤ M there are unique values ζi(l) ∈ N such that ρi(ζi(l)) is the
first entry time of Wi in Ul and σi(ζi(l)) the exit time from the ball B(ξl,2−kk2).
Moreover, each Brownian motion Wi in the time interval [ρi(ζi(l)), σi(ζi (l))] is
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conditioned to start from a fixed point on ∂Ul and is stopped upon exiting the ball
B(ξi(l),2−kk2) at a fixed point of the boundary. Consider the events

El =
{
dim
(
W1
[
ρ
Ul
1 ,ω

Ul
1

]∩W2
[
ρ
Ul
2 ,ω

Ul
2

]∩U ∩ "[γ ])> η}.
Conditional on F (j, k), the events E1, . . . ,EM are independent, and, by Lem-
ma 5.8, the conditional probability of each El is

P{El |F (j, k)} ≥ p(1− γ − η).
Hence the conditional probability that all events E1, . . . ,EM fail is at most(

1− p(1− γ − η))Mkj .
We infer that the conditional probability, given dim(V ∩ S ∩ "[γ ]) > δ/2, that no
dyadic subcube U ⊂ V has dim(U ∩ S ∩ "[γ ]) > η is bounded from above by

lim sup
k→∞

m(k)
(
1− p(1− γ − η))2kδ/2 = 0.

We have thus shown that

P
{
dim(V ∩ S ∩ "[γ ]) > η | dim(V ∩ S ∩"[γ ]) > δ/2}= 1.(5.12)

As above, this implies that, for all sufficiently large k, we haveMk
j > 2kη for some

1≤ j ≤m(k), almost surely on dim(V ∩ S ∩ "[γ ]) > δ/2. In particular, the term
on the second line of (5.11) converges to 0 as k→∞. To deal with the term on the
third line of (5.11), we again fix k ≥ 2 and j ≤m(k). The problem is to control the
probability, conditional on F (j, k), that the collection of admissible cubes does
not contain a successful cube. More precisely, we show that, on {Mk

j > 2ηk}, the
conditional probability that Ekj is bad is exponentially decreasing.

Conditional on F (j, k), we again look at the maximal collection {U1, . . . ,UM}
⊂ Ekj of admissible cubes and recall the notation, ξl for the centers of the cubes,
and ζi(l) ∈ N such that ρi(ζi(l)) is the first entry time of Wi in Ul and σi(ζi(l))
the exit time from B(ξl,2−kk2). Additionally, let τi(ζi(l)) the first entry time into
B(ξl,2−k/k) and ωi(ζi(l))= σi(ζi(l))∧ τi(ζi(l)).

Conditional on F (j, k) each Brownian motion Wi in the time interval
[ρi(ζi(l)), σi(ζi(l))] is conditioned to start on a fixed point on the boundary ∂Ul
and exit the ball around ξl with radius 2−kk2 at a fixed point Wi(σi(ζi(l))). For
l ∈ {1, . . . ,M} recall that �Ul denotes the intersection local time of the two motions
in the intervals [τ1(ζ1(l)), σ1(ζ1(l))], respectively, [τ2(ζ2(l)), σ2(ζ2(l))]. Consider
the event El that τ1(ζ1(l)) < σ1(ζ1(l)), τ2(ζ2(l)) < σ2(ζ2(l)) and

dim
(
W1
[
ρ1
(
ζ1(l)

)
,ω1
(
ζ1(l)

)]∩W2
[
ρ2
(
ζ2(l)

)
,ω2
(
ζ2(l)

)]∩U ∩ "[γ ])> η,
and also

�Ul (B(ξ,2−kk))
2−kk[log(2k/k)]2 > a −

1

2m
.
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Clearly the eventEl implies that Ul is a successful cube. Moreover, conditional on
F (j, k), the events E1, . . . ,EM are independent. To estimate the probability of El
from below, first note that, for a Brownian motion started in xi ∈ ∂Ul ,

Pxi

{
τ
Ul
i < σ

Ul
i

}≥ √2− k−2

k − k−2 ≥ c
k
,

for an absolute constant c > 0. From Lemma 5.8 we know that, given ui ∈
∂B(ξl,2−k/k), that

P

{
dim
(
W1
[
ρ1
(
ζ1(l)

)
,ω1
(
ζ1(l)

)]∩W2
[
ρ2
(
ζ2(l)

)
,ω2
(
ζ2(l)

)]
∩U ∩ "[γ ])> η ∣∣Wi(ωUli )= ui for i ∈ {1,2}

}
>p(1− γ − η),

and finally, for vi ∈ ∂B(ξl,2−kk2), by Lemma 5.7,

P(u1,u2)

{
�Ul (B(ξ,2−kk))

2−kk[log(2k/k)]2 > a−
1

2m

∣∣∣Wi(σUli )= vi for i ∈ {1,2}
}

≥ 2−k(
√
a−(1/2m)θ+ε).

Altogether, the conditional probability of each El is bounded from below by

P{El |F (j, k)} ≥ C
k2

2−k(
√
a−(1/2m)θ+ε),

for C = c2p(1− γ − η). Hence the conditional probability that the collection of
admissible cubes does not contain a successful cube is at most(

1− C
k2

2−k(
√
a−(1/2m)θ+ε)

)M
.

We infer that, for all 1≤ j ≤m(k),

P
{
E
k
j is bad

∣∣Mk
j > 2ηk

}≤ E

[(
1− C

k2 2−k(
√
a−(1/2m)θ+ε)

)Mkj ∣∣∣Mk
j > 2ηk

]

≤
(

1− C
k2 2−k(

√
a−(1/2m)θ+ε)

)2ηk

≤ exp
(
−C
k2

2k(η−
√
a−(1/2m)θ−ε)

)
.

(5.13)

Recalling (5.10) we see that the right-hand side decreases exponentially fast. As
the number of summands in the third line of (5.11) is just polynomial, we infer that
this term converges to 0 as k→∞. �

LEMMA 5.10. F(a)∩S∗ is almost surely dense in S∗. In particular, we have

P
{
F(a)∩ S∗ �=∅ | S∗ �=∅

}= 1.
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PROOF. Note that U(m) is relatively open in S∗ and, by Lemma 5.9, also
dense in S∗ for any m. As S∗ is compact, hence complete, one can infer from
Baire’s theorem that

F(a)∩ S∗ =
∞⋂
m=1

U(m)

is dense in S∗ almost surely. Hence P{F(a)∩ S∗ �=∅ | S∗ �=∅} = 1. �

PROOF OF PROPOSITION 5.6. Recall that

P{F(a)∩ "[γ ] �=∅} ≥ P{F(a)∩ S∗ �=∅}
= P{F(a)∩ S∗ �=∅ | S∗ �=∅}P{S∗ �=∅} = P{S∗ �=∅}> 0.

This proves Proposition 5.6. �

5.3. Completion of the proof of Theorem 1.4. Fix 0≤ a ≤ 1/θ2 and denote the
set of strictly a-thick points by

H(a)=
{
x ∈R

3 : lim sup
r↓0

�(B(x, r))

r[log(1/r)]2 = a
}
.

For the upper bound in (1.18) first fix a unit cube C at positive distance from the
origin. Then, by Proposition 5.1, we have

dim
(
H(a)∩ C)≤ dimF(a)≤ 1− θ√a.

Taking a countable family of such cubes covering R
3 \ {0} we get dimH(a) ≤

1− θ√a.
Turning to the proof of the lower bound in (1.18), we look at a large open

ball B ⊂ R
3 centered at the origin and fix a compact unit cube C⊂ B at positive

distance from the origin. Let γ = 1− θ√a. By Proposition 5.1(ii),

dim
(
F

(
a+ 1

n

))
≤ 1− θ

√
a+ 1

n
< γ,

and, by Lemma 5.5(ii), we have that F(a + 1/n) ∩ "[γ ] = ∅ almost surely for
all n. Hence, almost surely,

H(a)∩ "[γ ] = F(a)∩"[γ ] ∩
∞⋂
n=1

F

(
a+ 1

n

)c

= F(a)∩ "[γ ].(5.14)

Recall from Proposition 5.6 that the set on the right-hand side of (5.14) is
nonempty with positive probability. Hence we have shown that P{H(a)∩ "[γ ] �=
∅} > 0. Together with Lemma 5.5(i) this implies that dim(H(a) ∩ B) ≥ γ with
positive probability.
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By the Brownian scaling property this probability does not depend on the radius
of the ball B , so that it holds for arbitrarily small balls. In particular,

P
{
dim
(
H(a)∩B(0, r))≥ γ for all r > 0

}= lim
r↓0

P
{
dim
(
H(a)∩B(0, r))≥ γ }> 0.

We now use Blumenthal’s zero–one law to see that this probability is actually
equal to 1. Indeed, recall that three Brownian paths almost surely do not have
a point of intersection; hence after the first exit times T1, respectively, T2 from
any centered ball B both Brownian motions do not hit W [0, T1] ∩W [0, T2] again
and, by compactness, even keep a positive distance fromW [0, T1] ∩W [0, T2]. We
infer that almost surely every point, which is strictly a-thick for the intersection
local time of the Brownian motions stopped at T1, respectively, T2, is also strictly
a-thick for the unstopped motions. Moreover, by transience, there exists a small
(random) centered ball, which is not visited by any Brownian motion after T1,
respectively, T2. Thus the event {dim(H(a) ∩B(0, r))≥ γ for all r > 0} is in the
completion of the σ -field generated jointly by the Brownian motion W1 stopped
in T1 and the Brownian motion W2 stopped in T2. This holds for every ball B and
hence, by Blumenthal’s zero–one law, we infer that

P{dimH(a)≥ γ } ≥ P
{
dim
(
H(a)∩B(0, r))≥ γ for all r > 0

}= 1.

This finishes the proof of the lower bound in (1.18).
In order to prove (1.17) we observe that

1

θ2 ≤ sup
x∈S

lim sup
r↓0

�(B(x, r))

r[log(1/r)]2 ≤ lim sup
r↓0

sup
x∈S

�(B(x, r))

r[log(1/r)]2 ≤
1

θ2 .

Indeed, the first equality follows from the fact that, for every a < 1/θ2, the set
of a-thick points has positive dimension and hence is nonempty. The second
inequality is obvious, and the third inequality is Lemma 5.1(iii). This proves (1.17)
and thus completes the proof of Theorem 1.4. �

6. Outlook on future work. The characterization of the limit in (1.8) in
terms of (1.9) naturally raises the question how the maximizers g of (1.9) can
be interpreted. For a first answer define, on {�(U) > 0}, the random probability
measure L on U as the normalized restriction of � to U ; more precisely, let

L(A)= �(A)/�(U) for A⊂U Borel.

We ask how the measure L distributes the unit mass over the set U if we condition
the Brownian paths to have a large amount of occupation measure �(U). An answer
to this question is given by the following result. Let d :U × U → [0,∞) be any
metric that induces the weak topology on M1(U).
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THEOREM 6.1 (Law of large masses). Let M ⊂ M1(U) be the set of
probability measures µ(dx) = g2p(x) dx on U with g a maximizer in the
variational problem (1.9). Then, for all ε > 0,

lim
a→∞P

{
d(L,M) > ε

∣∣�(U) > a}= 0.(6.1)

The convergence in (6.1) is exponentially fast with rate a1/p. Theorem 6.1
itself is a consequence of the identification of the exact rate of decay of P{L ∈
A | �(U) > a} for sets A ⊂M1(U) in terms of a large deviation principle. This
problem goes beyond the scope of the present paper and will be treated in a
forthcoming paper.
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