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BROWNIAN INTERSECTION LOCAL TIMES:
UPPER TAIL ASYMPTOTICS AND THICK POINTS

BY WOLFGANG KONIG AND PETER MORTERS!
Technische Universitit Berlin and University of Bath

We equip the intersection of p independent Brownian paths in R, d >2,
with the natural measure ¢ defined by projecting the intersection local time
measure via one of the Brownian motions onto the set of intersection points.
Given a bounded domain U C R? we show that, as a 1 00, the probability
of the event {£(U) > a} decays with an exponential rate of a'/Pg, where 6
is described in terms of a variational problem. In the important special case
when U is the unit ball in R? and p = 2, we characterize 6 in terms of an
ordinary differential equation. We apply our results to the problem of finding
the Hausdorff dimension spectrum for the thick points of the intersection of
two independent Brownian paths in R3.

1. Introduction and main results.

1.1. Aims of the article. Let a bunch of p independent Brownian motions
Wi, ..., W, run in R4 until their first exit times Ty, ..., T, from a large ball, or,
in the transient case, for infinite time. By classical results of Dvoretzky, Erdos,
Kakutani and Taylor the intersection of the paths of these motions,

P
(1.1) S=(\{x e R?:x = W;(t) for some ¢ € [0, T})},
i=1
contains points different from the starting point if and only if p <d/(d — 2). By
work of Geman, Horowitz and Rosen [11], in these cases the random set S of
intersection points can be equipped with a natural finite measure ¢, the ( projected)
intersection local time, which can be described symbolically by the formula

p T;
(1.2) E(A):/Adyl_[/o ds8y(W;(s))  for A C R Borel.
j=1

We review rigorous constructions of the random measure £ in Section 2.1 below.
In the following we always include the case p = 1 of a single Brownian path, in
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1606 W. KONIG AND P. MORTERS

which the role of £ is played by the usual occupation measure. However, in this
case most of our results are known and much easier.

Let U c RY be a bounded domain in R¥. The first aim of the present paper is
to determine asymptotically the upper tails of the random variables ¢(U). More
precisely, we show in Theorem 1.1 that the limit

1
ali)rrolo 7 logP{¢(U) > a}
exists and describe its value in terms of a natural variational problem associated
with p, the stopping rule and the domain U C R¢. In the special case that U is
the unit ball in R? and the Brownian motions run for an infinite amount of time,
we can solve this variational problem explicitly in terms of an ordinary differential
equation, which is nonlinear in the case p > 1; see Theorem 1.3.

This result is the key in the solution of a problem posed recently by Dembo,
Peres, Rosen and Zeitouni about the refined multifractal analysis of intersection
local times. Recall that the intersection of two independent Brownian paths in R?
is a random set of Hausdorff dimension one but length zero. More precisely, by
a result of Le Gall [15], its exact Hausdorff dimension gauge is given by the
function ¥ (r) = r[loglog(1/ r)]? and, moreover, the Hausdorff measure for this
gauge function coincides up to a constant factor with the projected intersection
local time measure on the intersection set .

The key argument leading to Le Gall’s result is the existence of a positive and
finite constant ¢ such that, almost surely, for typical x in the intersection set S,

. £(B(x,r1))
limsup ————————— =,
ri0  rlloglog(l/r)]

where B(x,r) denotes the open ball of radius r with center in x. Here we
are concerned with finer results, which focus on exceptional points in R? in a
neighborhood of which the concentration of intersection local time is untypically
large. Our first aim is to find an explicit gauge function ¢ such that

. C(B(x,r))
0 < suplimsup ——— < oo
xeS rl0 @(r)
Having found such a function, we call a point x € S thick if lim sup,. 10 L(B(x,r))/
@(r) > 0 and ask, how many thick points there are. This is answered in terms of
the Hausdorff dimension spectrum for the thick points, which is the function

L(B(x,
f(a) =dimix € S:limsupM =a}.
rl0 @(r)
Both these problems are intimately related to our upper tail asymptotics and
the numerical values featuring the dimension spectrum can be derived from our
differential equation. Theorem 1.4 describes just how large the measure £ can be
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in a neighborhood of a point and identifies the Hausdorff dimension spectrum of
thick points for the intersection local time.

The spectrum of thick points is also understood for some other classes of
random measures: For example, in the case of the local time measure on the
zero set of stable processes [23], the branching measure on a supercritical
Galton—Watson process [24], [19], the occupation measure on Brownian paths
in dimensions exceeding two [5] and in the plane [8], and also intersections of
Brownian paths in the plane [6].

The present article is organized as follows. In Sections 1.2-1.4, we describe
our main results on the upper tails of £(U), the characterization of the variational
problem arising, and the dimension spectrum of the thick points, respectively. In
Section 2, we survey three constructions of the intersection local time and prove
that the upper tail asymptotics of £(U) are completely described by the asymptotics
of its high moments. The asymptotic analysis of the high moments is carried out
in several steps in Section 3. In Section 4 we analyze the two variational formulase
that describe the upper tails, respectively, the moment asymptotics. Section 5
contains the proof of our results on the thick points of the intersection local time,
and in Section 6, we announce further results and applications which will appear
elsewhere.

1.2. Upper tail asymptotics. To describe the variational problem featuring
the upper tail asymptotics, we first introduce the Green’s function associated
with (possibly stopped) Brownian motion. The Green’s function depends on the
dimension d of the ambient space and on the way we stop the Brownian motion,
but it does not depend on the domain U or the number p of motions. Suppose
that we stop Brownian motion on its first exit time from a large open ball B(0, R),
and, if d > 3, include the case R = oo as the case of Brownian motion running
until infinity. Denote by p;(x, y) the transition subprobability density of the killed
motion. For x, y in the open centered ball B(0, R), we let

(1.3) G(x, ) =/0 ps(x, y)ds,

be the associated Green’s function. Explicitly, these functions are (see, e.g., [21],
page 114),if d = 2,

R b .
log|x— — y—| —log|x — y|, if x #£0,
|x| R

log R —log |y, if x =0,

1
(1.4) Gx,y) = ;{

and, if d > 3 and 0 < R < oo, denoting cq ='(d/2 —1)/(27/?),
2—d

R
T 20,

2—d
X — —x——y—
lx — yl ‘ ] YR

ly|>~4 — R*4, if x =0.

(L5)  Gkx,y)=ca
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Finally, in the case d > 3 and R = 0o, we have
Cd

(1.6) G(x,y)=m~

Note that G is always symmetric (see, e.g., [3], I1(4.5)). Furthermore, precisely if
p <d/(d —2), the function G” (0, -) is integrable in a neighborhood of the origin.

Now let U C R? be an open bounded set whose closure is contained in B(0, R).
Define the operator A : L2P/Cr=D(yy) — L2P(U), depending on R and U C R,
by

(1.7) Qlf(x):/UG(x,y)f(y)dy forx e U.

The operator 2( is symmetric and continuous, and its restriction 2A: L>*(U) —
L*>(U) is, moreover, symmetric, positive and compact with norm [;; [;; G(x, y)
X dxdy.

We denote by M (U) the set of probability measures on the set U C R? and, if
©we M(U) and f is an integrable or nonnegative function defined on U we use
the notation ( f, u) for the integral [;; f du. If f, g are both nonnegative functions
or their product is Lebesgue integrable on U, we use the notation ( f, g) to denote
Ju f(x)g(x)dx. We write | - |4 for the norm on L9(U).

We can now formulate our first main theorem.

THEOREM 1.1 (Upper tail asymptotics).  Suppose that p and d are positive
integers satisfying p < d/(d —2). Let U be an open bounded domain in R? and
R € (0, oo] sufficiently large that B(0, R) contains the closure of U. Denote by £
the projected intersection local time of p independent Brownian motions started in
fixed points inside U and stopped upon their first exit from the ball B(0, R). Then

1 »
(18) alngomlogP{f(U)>a}:_E’
where p* is defined as
(1.9) p* =sup{(g*? !, Ag? ) 1 g € L2P(U) with ||g|l2p = 1}.

REMARK 1. In the transient case d > 3 we denote by p*(R) the supremum
in (1.9) for the Green’s function associated with Brownian motion stopped upon
leaving B(0, R). Then limg4o p* (R) is equal to the supremum in (1.9) for the case
of unstopped Brownian motions. This follows easily from monotone convergence
and the fact that the Green’s functions on B(0, R) are increasing to the Green’s
function in (1.6).

In the next subsection we turn to an analysis of the variational formula in (1.9).
We already announce that in Proposition 2.1 below we characterize p* in terms of
another variational formula, which is more in the spirit of our actual proof of (1.8).
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1.3. The variational formula in (1.9). In the special case p = 1, the well-
known Rayleigh—-Ritz formula describes the right-hand side in (1.9) as the
principal eigenvalue of the compact and symmetric operator 2 on L?(U). Hence,
existence and uniqueness and many more properties of the maximizer are known.
For general p > 2, however, already the uniqueness seems to be an open problem,
apart from the special case of the unit ball in R3. In our next main result,
we establish the existence of maximizers and characterize them in terms of the
corresponding Euler—Lagrange equations.

THEOREM 1.2.  Suppose that p and d are positive integers satisfying p <
d/(d —2). Let U be an open bounded domain in R? and R € (0, o0] sufficiently
large that B(0, R) contains the closure of U. Then the supremum in the variational
problem (1.9) is attained. Every maximizer g in (1.9) is bounded away from 0
and infinity and has a version that is twice continuously differentiable on U and
continuously differentiable on the closure of U. Moreover, g satisfies the following
equivalent conditions:

(a) AP~ (x) = p*g(x),forall x € U.

(b) g is the restriction to U of a continuous function g : B(0, R) — [0, oo) that
vanishes on the sphere 0 B(0, R), or in the case R = 0o converges to 0 as x — 00.
This function g is continuously differentiable inside B(0, R) and is a solution of

1 1
(L10)  SAg(x) = ——g? ')y (x)  forallx € B0, R)\U.
0
If p = 1, the solution (g, p*) of (a) and hence the maximizer g in (1.9) is unique.

For p > 2 and general domains U, there seems to be no reason that, for a
solution (g, p) of assertion (a), the number p must coincide with p* in (1.9).
However, in the important special case that U = B(0, 1) is the open unit ball
and the Brownian motions run for an infinite time, we can show uniqueness of
the minimizer in (1.9) and describe it more explicitly in terms of an ordinary
differential equation. We are able to do this because G is a rotation invariant
function of the difference of its arguments, and hence Riesz’s rearrangement
theorem is applicable.

THEOREM 1.3. Letd > 3 and p a positive integer satisfying p <d/(d — 2);
further, let R = 00 and U = B(0, 1). Then the maximization problem (1.9) has a
unique solution g. Moreover, g is rotationally symmetric around the origin and
can be constructed as follows:

(1) There is a unique twice continuously differentiable function z on a maximal
interval [0, &) satisfying z(0) =1, z/(0) =0 and
Z/(x)

(1.11) z”(x)+(d—1)7+z<x)21’—1=0 forall x €10, £).
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There is a smallest number a € (0, &) with (d — 2)z(a) = —az'(a). Moreover, 7 is
positive and strictly decreasing on [0, al, and g(x) = cz(al|x|) defines the unique
maximizer of (1.9), if c is the normalization constant such that ||g||2, = 1.

(i1) We have

2 — forp=1,d >3,

*2 a
P 4na/ ()5 ds, for p=2,d=3.
0

REMARK 2. In the case p = 1, one can solve (1.11) explicitly in terms of
Bessel functions. Recall (see, e.g., [1], 9.1.7) that the Bessel function J,, of the first
kind of order v > 0 satisfies the Bessel differential equation szlﬁ/(x) + xJ)(x) +
(x2 — v?)J,(x) = 0, and define a continuous function z: [0, c0) — R by z(0) =1
and

x\ 2=d)/2
) Ja—2y/2(x) for x > 0.

(1.12) z(x)=l"(d/2)<§

From Bessel’s equation we easily derive that z satisfies (1.11). Further properties
of Bessel functions (see [1], 9.1.30) show that z’(0) = 0. The continuous function
(x)=z(x)+(d — 2)~'xz/(x) takes the positive value ¢(0) = 1 at the origin
and is nonpositive at the first zero £ of z. Hence there is a minimal a > 0 with
¢(a) = 0. For example, in dimension d = 3 we obtain z(x) = % sinx and a = /2
and thus 1/p* = 772/8. In dimension d = 5 we have z(x) = 3x ~3(sinx — x cos x)
and a = v, hence 1/p* = 2/2.

1.4. The dimension spectrum of thick points. The fine multifractal structure
of a random measure on R consists of the analysis of its thin and thick points.
The latter part has been successfully completed in the case of intersection local
times of any number of planar Brownian motions and in the case of the occupation
measure of a single Brownian motion in transient dimensions d > 3.

Before stating our new result for the case of intersections of Brownian motions
in R3, let us review the existing results. If £ is the occupation measure of a single
Brownian path in d > 3, it was shown in [5] that the correct gauge function is given
by r — r?[log(1/r)], in the sense that the number

L(B(x,
(1.13) 2p* = sup limsup (Bx.r)

Sup ISP atog(1/m <

exists and is nonrandom. The value of p* agrees with the value obtained in
Theorem 1.3(ii). The corresponding dimension spectrum is

£(B(x,r)) } o a

— fora >0,
0

(1.14)  dim{x e R?:limsup————— =4
ro0 rellog(1/r)]
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where negative values of the dimension mean that the set is empty. However,
the assertions in (1.8) and (1.9) in this case are known for a long time due to
the Ciesielski—Taylor identity [4], which is not available in the case of p > 1.
The proof of (1.13) and (1.14) is linked to the upper tail behavior of Brownian
occupation measure in a unit ball via self-similarity: most of the exceptionally
large mass in a small ball around a given point is accumulated in a very short time,
hence by scaling the probability of high concentration of occupation measure in
a small ball is asymptotically equal to the probability of exceptionally large mass
in a unit ball accumulated in a fixed time horizon.

The situation is entirely different in the recurrent dimension d = 2. Here, the
same authors have shown that the intersection local time measures £, which in the
case p = 1 degenerate to the occupation measure, satisfy

(%)p £(B(x,r))

(1.15) = sup limsup

cerd  r0  r*log(1/r)]?P

and

(1.16) dim{x cR? :limsup M =
r0 r2flog(1/r)]?p

See [8] in case p =1 and [6] in case p > 1. The values in the planar case bear
no relationship with our result on the upper tail asymptotics in (1.8) in this case.
Heuristically, this is due to the fact that in the planar case, the probability that
a small ball has unusually large concentration of mass cannot be related via self-
similarity to the probability that the unit ball carries large mass, but depends just
on the number of visits of the motions to the ball before the first exit from the
large ball B(0, R). In plain words, the asymptotics in (1.13)—(1.16) are determined
in d =2 by many returns to the small ball in a long time range, and in higher
dimensions by relatively large occupation times already in a short time range.

Our next theorem closes the gap in this picture by describing the Hausdorff
dimension spectrum of thick points for intersection local time measure on the
intersections of two Brownian paths in R3.

a}=2—pa1/p fora > 0.

THEOREM 1.4.  Suppose that p* is as in (1.9) for the case d =3, p =2,
R =00 and U the unit ball, respectively, as in Theorem 1.3(ii) for p = 2. Then,
almost surely,

¢(B(x, 1)) £(B(x,1)) (p*)2
== (5)

(1.17)  sup limsup ———— = limsupsup =
verd  rlo rllog(1/r)? 110 xes rllog(1/r)1?
Moreover,
L(B(x,
(1.18) dim{xeS:limsupM:
ry0  rllog(l/r)]

where dim denotes the Hausdorff dimension.

2
a}:l—\/a—* foralla >0,
0
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REMARK 3. There is a further difference between the recurrent and transient
case, which is worth noting. In the planar case the limsup may be replaced
by a liminf without changing the dimension spectrum. This gives the so-called
spectrum of consistently thick points. In higher dimensions this is not the case and
the spectrum of consistently thick points requires a different gauge function. This
was observed in [5], Theorem 1.6. The precise Hausdorff dimension spectrum for
the consistently thick points of intersection local time measures in RY d > 3,isan
open problem even in the case p = 1 of a single Brownian path.

To complete the picture, we review the results of [7] for thin points of the
occupation measure £ on a single Brownian path S = {W(¢):7 € [0, T]}, T the
first exit time from a large open ball. It turns out that here the ambient dimension
does not play a major role. In all d > 2, we have

| = inf liminf — < B&=7)
xe§ r—0 rz[log(l/r)]_l

and a dimension spectrum given by

, ... t(Bx,r) 2

dimjx € S:liminf w——————=a; =2 — —.

r10 r2[log(1/r)]! a

The spectrum of thin points for intersections of Brownian paths seems to be an
open problem.

2. Preliminaries. In this section, we collect some material to prepare the
proofs. First, we survey three rigorous constructions of the intersection local time
measures; afterwards we introduce another important variational problem which is
strongly linked to (1.9), and finally we show how to reduce the problem of upper
tail asymptotics to the problem of moment asymptotics in our case.

2.1. Brownian intersection local times. Recall that 7; is the first time the
motion W; reaches a sphere of fixed radius R > 0, which may be infinity in the
transient case. Also recall that we kill W; at time 7; fori =1, ..., p. We denote
the Euclidean ball in R? centered at x with radius » > 0 by B(x, r). For every
& > 0 define the Wiener sausage around W; by

Sé ={xe R : there is 7 € [0, T}) with |x — W;(1)| < e}
2.1)
fori=1,...,p,

and their intersection S, = f: | Sg'. Recall (1.1) and observe that

S=(\Se={zeR :z=Wi(t;) == W,(t,) for some t; € [0, T})}

e>0

is the intersection of the p independent Brownian paths. This set is our object of
interest. There are three ways to equip S with a natural measure:
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1. by projecting the local time at O for the confluent Brownian motion (see [11]);

2. as renormalized limit for ¢ | O of the Lebesgue measure on S, (see [14]);

3. as a Hausdorff measure on S with an appropriate dimension gauge function
(see [15]).

Luckily, all three approaches lead to the same object, the intersection local
time measure £ on S. Let us first briefly review the approach of Geman, Horowitz
and Rosen [11], based on local times for the confluent Brownian motion process
W :RP — R4 (P=D defined by

W(st,...,sp) = (Wi(s1) — Was2), ..., Wp_1(sp—1) — Wp(s)p)).

With probability one there is a family {u,:y € (R4)P~1} of finite measures on
[17_,10, T;) with the following two properties:

(i) The mapping y > u, is continuous with respect to the vague topology on
the space M (R?) of locally finite measures on R”.

(ii) For all Borel functions g:(RY)?~! — [0,00] and f:]1/_,[0,T;) —
[0, o],

2.2) [efanyay= [, fgoWds,-dsi

[T7,10.7)
These properties imply that ., is supported by the level set at y of the confluent
Brownian motion; that is, by

p
{(sl,...,sp)el_[[O,Ti):W(sl,...,sp):y :
i=1

The family {uy:y € (R4)P=1} is called the family of local times of the confluent
Brownian motion process. The local time pg at level 0 is of special interest
to us, because it is supported by the set of p-tuples of times where the
p motions Wy, ..., W, coincide. The image measure £ of 1o under the mapping
(t1,...,1p) = Wi(t1) is a natural finite measure on the intersections of the
Brownian paths, which we hence call the intersection local time of the p Brownian
motions.
Le Gall [14] carried out the second approach. Define

wPlogf(1/¢), ifd =2,
_2 . _ _
2.3) sq(e) = (27‘[8; , ifd=3and p =2,
— ¥4, ifd>3and p=1,
wd(d—Z)s ifd>3and p

where wy is the volume of the d-dimensional unit ball. By [14], Theoréme 3.1, the
renormalized restriction of the Lebesgue measure on S, converges to £ as ¢ |, 0, in
the sense that, for every set A C RY that is almost surely an £-continuity set,

2.4) lifl(}sd(e))»(Sg NA)=1L(A).
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The convergence holds in the L9 (IP)-sense for all g € [1, 00) and, in particular, in
probability.

Finally, the most natural way to equip S with a uniform distribution is by means
of a suitable Hausdorff measure. Le Gall showed in [15] that £ may be defined
intrinsically as a constant multiple of the ir-Hausdorff measure on the random
set S in the case of p spatial Brownian motions for the gauge function

rz[log(l/r) logloglog(1/r)]?, ifd=2,peN,
(2.5) Y, (r) =1 r3Plloglog(1/r)]”, ifd=3, pe{l,2},
r2[loglog(1/r)], ifd>4,p=1.

Here we have included the results of Ciesielski and Taylor [4] and Ray [22] in the
case p = 1 for completeness.

2.2. A related variational problem. As announced, we do not directly derive
the upper tails of £(U) in (1.8), but we describe the moment asymptotics and
derive (1.8) from this result. In this subsection, we introduce the variational
formula that turns out to feature the moment asymptotics of £(U ). Furthermore, we
describe the relationship of the two problems of upper tail and moment asymptotics
on the stage of the variational formulas. We have to introduce more notation.

For any probability measure w and finite measure [ on the same measurable
space the relative entropy or Kullback—Leibler distance of p with respect to [ is
defined as

u(dx) . -
(2.6) H(u | ) = { / wdxlogzrs,  ifu <R
00, otherwise.

If i is also a probability measure, then by Jensen’s inequality we always have
H(p | 1) > 0 and equality holds if and only if = [i.

More specifically, let U c R? be an open bounded set and denote by M (U)
the space of probability measures on U, equipped with the weak topology. For any
W€ M1 (U) we define I () = H(u | 1), the relative entropy of u with respect to
the Lebesgue measure A on U. Note that I (i) > —logA(U) with equality if and
only if p is the normalized Lebesgue measure on U. Moreover, [ is a convex and
lower semicontinuous function. We denote by

MI(U) = {v € Ml(Uz) :for all Borel sets A C U

2.7
we have V(A x U) =v(U x A)}

the set of probability measures v on U 2 with equal marginals vi(A) = v(A x U)
and v2(A) = v(U x A). For v € M;(U?) we define

2,08 _ JHW v ®p), ifve M),
(2.8) Lw)y= 0, otherwise.
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Note that / ﬁ is the rate function for the empirical pair measures of an i.i.d. sequence

12 is lower semicontinuous and convex.

with marginal distribution . In particular, 1,

Define a function § : M1 (U) — R by
(2.9) G = inf {I7(v)— (v,logG)},
vEMl(U)

V=K

where we extend the notation (-, -) to integrals on U?. Observe that it suffices to
take the infimum over measures v satisfying v <« u ® u. We can replace 1 If(v)
in the definition of § by either the relative entropy H (v | © ® u) or the mutual
information H (v | v ® vy). For the further development, the variational formula

(2.10) K'= uej\rlllf(U){I(M) + r§(w)}

is of fundamental interest. We state its link to (1.9) as follows.

PROPOSITION 2.1.  For every positive integer p < d/(d — 2) we have

sup{(g*" ™", A7) g € L (U) with ||gl2p = 1}
(2.11) .
=exp|—— inf {I + )
o 0t )+ p§0)

Moreover, g is a maximizer of the left-hand side if and only if the measure p(dx) =
g% (x)dx is a minimizer on the right-hand side of (2.11). Every minimizing
sequence of the variational problem on the right-hand side of (2.11) has a
subsequence converging weakly to a minimizer.

Proposition 2.1 is proved in Section 4 together with the results of Section 1.3.

2.3. Tail asymptotics from moment asymptotics. For reasons which are ex-
plained at the beginning of Section 3, we are able to deal with integer moments
of £(U) much better than with the probability of the event {£(U) > a}. In this
section, we show how to derive the upper tail asymptotics of £(U) from moment
asymptotics. Let us first state our main result for the moment asymptotics.

PROPOSITION 2.2.

1 (o
Jim 2logE[ T | == inf (10 + g0

Section 3 is devoted to the proof of Proposition 2.2. In order to derive the upper
tail asymptotics from Proposition 2.2 we need the following Tauberian theorem.

LEMMA 2.3.  Let X be any nonnegative random variable and fix p € N. Then
for any k € R the following two implications hold:



1616 W. KONIG AND P. MORTERS
@

<—k = limsupa"/Plog P{X > a} < —pe*/P.

- a?too

_ 1 x*
limsup — log E[ }
koo Kk (kHp

(ii)

1 xk 1
o - _ ; —1/p — _pek/P
ngm T logE[(k!)p] =—Kk = ahTm a log P{X > a}=—pe*/P.

PROOF. The proof of (i) is easy and based on the substitution a; = e “k?,
Markov’s inequality and Stirling’s formula as follows:

_ 1
limsupa, 1/p log P{X > a;} = /P limsup — log P{XF > e~k gy
k*1oo ktoo k

1 xk
< /P limsup A log E[i}

ktoo e—kkkkp
1 Xk
= ¢*/Plimsu <—10 E[ }—i—x—p)
traon k27 L&y
< —pe P,

Since a;_ _:{p /ak_l/ P 1 as k 1 oo, we see that it is sufficient to consider the

subsequence ay, rather than an arbitrary sequence tending to infinity.
The proof of (ii) is based on the construction of the transformed measure

k

E[X*]

dP*(X) = dP(X) fork € N,

and the fact that the random variable

X
Y =log e

satisfies, for every € > 0,
(2.12) lim P*{|Y;| <&} =1.
k1 oo
To prove this, fix an arbitrary ¢ > 0 and pick some small number o > 0. Then, by
the Markov inequality, we may estimate
ﬁk{Yk > 8} — P‘k{Xka > e(e—/c)kakpka} < e—ekaekkak—pkaﬁk[xka],

where EX denotes expectation with respect to Pk, Note that EF[X**] =
E[Xxk(+a) JE[X k. Using our assumption and Stirling’s formula, we see that the
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quotient has the asymptotic behavior e TPk frke (1 4 g)kp(1+0) 0() 55 k 4 o0,
Inserting this in the right-hand side above, we get

+ o

ﬁk{YkZS}fexp<pka<—%— 1+ ! log(1+01)+0(1))) as k 1 oo.

If « > 0 is chosen small enough, then the expression between the inner
brackets is negative and bounded away from zero, such that we obtain that
limy 400 ﬁk{Yk > ¢} = 0. Analogously one shows that lim 4o ﬁk{Yk < —¢g} =0,
and this implies (2.12).

In order to finish the proof of the lower bound, we keep ¢ > 0 arbitrarily fixed
and substitute this time a = e “kPe™%. It is again clear that the consideration
of this subsequence suffices. Note that {X > a} = {Yx > —¢e} D {|Yx| < €}. This
implies that

1
a"YPlog P{X >a} > e"/peg/pzlogP{lYH <e}

Note that P{|Y;| < ¢} = Ek[X_k1{|yk|§€}]E[Xk] and that we may estimate
Xk > ek(=e+)k=Pk on {|Yx| < €}. Using this estimate, our assumption on the
asymptotics of E[X¥] and Stirling’s formula, we obtain

1~
liminfa ="/ log P{X > a} > ¢*/Pe®/P <—£ — p + liminf - log P{|Y;| < e}>.
atoo ktoo k

Because of (2.12), the latter limit inferior is equal to zero. After letting ¢ | 0, we
get the assertion. [

PROOF OF THEOREM 1.1. For the existence of the limit (1.8) follows from
Proposition 2.2 and Lemma 2.3(ii); the characterization (1.9) of the limit is then
immediate from Proposition 2.1. []

3. Large moment asymptotics. In this section we prove the large moment
asymptotics in Proposition 2.2. In Section 3.1, we introduce a main tool: a formula
for the integer moments of £(U), which is due to Le Gall. The two main technical
steps are carried out in Sections 3.2 (cutting off the Green’s function) and 3.3
(finite partitioning of U). The combinatorial core argument of the proof appears
in Section 3.4. The ingredients are put together in the final Section 3.5, where the
proof of Proposition 2.2 is finished.

3.1. Le Gall’s moment formula. Starting point for our analysis of high
moments of £(U) is the following formula for the moments of the intersection local
times. For k € N, we denote by & the set of permutations o = (o (1), ..., 0(k))
of the numbers 1, ..., k. Denote by x',...,x? € U the starting points of the
Brownian motions Wy, ..., W,
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LEMMA 3.1. Foranyk eN,

14 ) k
(3.1) E[E(U)k] =fUdy1~~~/Udyk l_[ Z G(x],ya(l))HG(ya(i_l),y(,(i)).
i=2

j=loe6;

The proof follows from the results of [14]; see [15], Part I (2.c).
On a heuristical level, Le Gall’s formula can be derived from the symbolical
formula (1.2). Indeed,

p T; k
IE[Z(U)"]:EK/UdyH/O dssy(Wj(s))> }
j=1

:\/;]dyl...v/l;dykli[lExj[ Z // ﬁaya(i)(Wj(si))dsi}

70k <5y <z <Ti =1

Y dykﬁz S A )
o, [~]

J=10€6k g<5 <. <5

k
X l_[ Psi—si_1 Vo i=1), Yo (i) dsi dsy
i=2

P k
=/Udy1“'/Ud)’kl_[ > GO yo) [ GOoti=1)s Yoii)
i=2

j=loe6;

where p;(x, y), as before, denotes the transition density of the stopped Brownian
motion. For every j € {1, ..., p} define @] : U* — R by

. 1 ) k
)= > G yo) [[GOoi-1): Yo i)
0eGy i=2
(3.2)

for y = (y1, ..., yx) € U*.
the that CI>£(y) = oo if x/,y1,..., yx are not pairwise distinct. Moreover,
CID,J( (y) does not really depend on the vector y = (y1,..., yx), but only on the
set {y1,..., yx}; that is, CDi(y) = CDi(yg) for any o € &, where we put y, =

(Yo (1)s - - -+ Yo (k))- Hence, to prove Proposition 2.2 it suffices to show
1 L j

3.3 lim —1 d ) =— inf {I .

(3.3) lim - ongk yj|:|1 (== inf GO+ PGl

This will follow from a Laplace-method argument. Indeed, the term —/7 (u) is the
exponential rate of the mass of the set of vectors y = (y1, ..., yx) whose empirical
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measure resembles 1, and —4 () will turn out to be the rate of CIDi (y) for any such
vector y, independently of j € {1, ..., p}; see Lemma 3.5 in this section.

3.2. Cutting. In order to derive the upper bound in (3.3), it is necessary to
replace the Green’s function by some bounded function. We achieve this by cutting
off the Green’s function at a large level and show that we do not change the
exponential rate of CIDi (y) asymptotically as the cut-off level gets large. Introduce,
for M > 0, the cut-off Green’s function Gy = G A M and denote, for j =1, ..., p,

. 1 ) k
P} () = 0 > Gu ye) [[ Guoti-1): Yoi)
" oeBy i=2

(3.4) )
fory=(y1,..., ) € U

First, we need some technical preparation.

LEMMA 3.2.  There exists a constant K| > 1, depending only on U, p and d,
such that, forall ay, ...,azp € U and g € {0, ..., p},

q p q
(3.5) /U]"[G<a2,-_1,z>G<z,a2,-> [] Gax-1.2)dz< K1 [] Gazi—1.a).
i=1 i=g+1 i=l1

PROOF. First note that, as p <d/(d —2), we have sup,y; [y GP(a, z) dz <00
and therefore sup,, o ev Ju [, G(ai, 2)dz < 0.

Now we turn to the proof of our assertion. The case d = 2 is simple, because
the supremum over ay, ..., a2, € U of the left-hand side of (3.5) is finite, and the
infimum over ay, ...,az, € U of the product on the right-hand side is positive.
The same argument applies in the case d > 3 when p =1, ¢ = 0 and in the case
d=3when p=2,4g=0.

Ifd>3and p=¢q =1, weuse that U C Uy U U, where

U1:{zeU:|z—a1|z%|a2—a1|} and Uzz{zeUzlz—azlz%laz—all}.

Recall from (1.5) that G(x, y) < cgq|x — ylz_d, and pick some ¢ > 0 such that
G(x,y)=clx — y|2_d for any distinct x, y € U. On the first domain we estimate,
for some K > 1,

(3.6) /U Gla1, Gz, dz = 412G (ay, ) /U G(z,a2) dz < KG(ay, a2).
1

The second domain is treated analogously, proving the claim if p = 1. Now let
d=3and p=2.1If g =2 we cover U by four domains:
Uj={zeUtlz—ail = glax—a1] and |z —a;|> zlas —asl},
i=1,2, j=3,4.
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On the first domain U;3 we estimate
| 6@ 96 a6, 96, a9 dz
Uij

2
C
3.7 < 16C—§G(a1,a2)G(a3,a4)/UG(z,az)G(z,cm)dz
<KG(a1,ar)G(a3z,a4).

Again the other domains can be treated analogously, which finishes the proof in
the case ¢ = 2. The case ¢ = 1 is similar. [

LEMMA 3.3.  There is Co > 0 and, for all sufficiently large M > 1 and small
n € (0, 1), there are constants Cy > 0 and &, > 0 such that,forallxl, ..., xPeU
and for any k € N,

p
J
bwﬂ%m
(3.8) » i
. .
<2 pkQC Tl 27 +e) Y > [ an(@), )
=1 m=[k(1=pm1*Y
where limps400 Cy = limy 9 &,y = 0.
PROOF. Indeed, we show (3.8) with Cy given by
Co=sup [ GP(x,y)dy V1.

xeU

To define Cj; we choose a minimal §3; > O such that G(x, y) < M whenever
x,y € U with |[x — y| > ép. Clearly, we have that lim;100 dy = 0. Now define

Cy = sup sup GP(x,y)dy.
xeU aeU Y B(a,dy)NU

From the local integrability of G”(x, -) around x, one sees that Cy and C; are well
defined and limp; 400 Cyr = 0. We assume without loss of generality that Cy < 1.

For any fixed j € {1, ..., p} and any vector y = (y1, ..., yx) € U* we use the
convention yo = x/. Put ¢ (0) = 0 for o € &. Introduce

(3.9 T/(y)= {nef{l,....k}: thereis 0 <i < n such that |y; — y,| < um}
and
Al (y) = o € & #T/ (v,) > nk}.

In (3.1) we interchange the summation over ¢ with the integration OVer yi, ..., Yk
and split the sum over all o € Gy into the sum over o in A/ (y) and in &y \ A/ (y).
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On the first set of summation, we take advantage of the fact that at least nk of the k
integrals are taken just over a finite union of no more than k balls of radius &,7, and
the other (1 — n)k integrals yield some bounded exponential rate. On the second
set of summation, we use that in at least (1 — )k integrals we may replace G by
its cut-off version Gy, and the exponential rate of the contribution coming from
the remaining integrals is small if n is small. Let us turn to the details.

Using the estimate ]_[?Zl(aj +bj) <2° 2?21(515‘7 + b;’) for aj,b; > 0, we
obtain that

14 . 14 X ,
(3.10) [Te10) <27 > M) + 1),
j=1 j=1
where
. 1 k p
(3.11) I,{<y>=<ﬁ Z G(xf,yam)1‘[G<ya<i_1>,ya<,->>),
oeAi(y) i=2

. 1 , k P
(3.12) Hi()’)=<ﬁ Z G(xjv}’o(l))HG(}’o(i—l)v)’o(i))>-

FoeGK\AY(Y) i=2

We first fix j and turn to an estimate for [« dy I,{ (y). Use Jensen’s inequality for
the uniform distribution on &y, to see that

. 1 k
Ii(y)sﬁ > JT1G6Goi-1)Yoi)-
ToeAl(y) i=]

Now integrate over y € U* and note that o € A/(y) if and only if id € A/ (yy),
where id € &; denotes the identical permutation. Use the permutation invariance
of the integrand to obtain

k
[ i = [ dvigacan [167 i,
i=1
Now substitute

Lideaitny = Lricponk) = 2 Lrig=g)
BC{l,...k)
#B>nk

and carry out successively the integration over vk, yx—1, ..., ¥1. Note that at least
Lnk] of the corresponding integration regions for y, (more precisely: the ones for
n € B) are contained in U N B(y;, 8)7) for some i < n, the others are over the full
setU.

With Cyy, respectively, Cqy defined at the beginning of the proof, we arrive at

P .

27y / dytl(y)<27p S kCpciT <2rprco)cly,

j=1 Uk Bgl{gl,m’ék}
>1
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recalling that Cj; <1 and C¢ > 1. This yields the first term on the right-hand side
of (3.8).

We now turn to an estimate of the second term. Again fix j € {1, ..., p} and
recall the conventions Yo = x/ and 0 (0) = 0 for all o € &;. We turn the pth power
in the definition of Hi (y) into a sum over p indices o1, ..., 0, that is,

. 1 P
WO =G 2 >l

o0 p €6y Bl BpCll k) [=1
Vi :#By<nk

(3.13)

k
X [H{Tj(yol)zgl} l_[ G (Yo Gij—1)>» )’ol(il)):|-

i=1

Givenoy,...,0pand By, ..., By, we define B = Ule o;(By).Letm =k —#B and
note that m > k — pnk. We write the integration vector in (3.13) as y = (yp, ype),
where B¢ ={1,...,k}\ B and yp = (yi)iep and ype = (y;)iepe.

Given o7 € &4 and the set B C {l,...,k}, we define a bijective mapping
77:{1,...,m} — B° as the total ordering that is induced by o; on B°. In other
words, if B¢ is equal to the set {07(i1), ..., 07(im)} Withi] < --- < iy, then 7j(n) =
o01(in) for any n. Note that, on ﬂle{TJ (Yo;) = By}, we have |y i,—1) — Yuapl =
Sy foralll=1,...,pandalli;=1,...,m.

Integrating (3.13), we get

. 1 P m
/kdy G <= > 2 | dyee [T T Livga-n-yqaizom
v w7 02

..... B, U" I=1ij=1
(3.14)

Pk
x /Uk_m dys [T ] GOarir—1): yorii)-

I=1i=1

Now we apply Lemma 3.2 to each of the kK — m single integrals over y; with j € B
on the right-hand side of (3.14). Here we conceive all y; with j € B¢ as parameters
which play the role of ay, ..., az, of Lemma 3.2. The (k — m)-fold application of
this lemma yields

Pk P m
(3.15) /Uk_m dys [T T1 GOoa-1: Yorin) < K" TT T1 GOmi—1y: yain)-
I=1i=1 I=1§=1

We substitute (3.15) in (3.14) and replace every G by Gy on the right-hand side
of (3.15). Furthermore, in order to streamline the integration set, we write ypc €
U™ as y € U™. This necessitates that we replace every bijection 7;: {1, ..., m} —
B¢ by a permutation 7; € G,, in such a way that t;(n) is the 7;(n)th largest element
in B¢ foreveryn € {1, ..., m}.
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Altogether, we obtain

| v

P m
<K{~ (k,)p Z Z / dy [T11 GmGaa-1) yaan)-

..... I=1i=1

(3.16)

The integral on the right-hand side of (3. 16) depends on the set tuple (By, ..., Bp)
only via the cardinality K —m of B. We now replace the sum over the set tuples by

the summ = [k(1 — pn)], ..., k. We estimate the number of set tuples from above
by
k] p p
20| = (i)
—\n - [k
n=1
Furthermore, note that, when passing from the sum over o7, ...,0, € &y to the
sum over Ti,...,T, € §,, we obtain a counting factor of (k!/m!)?. Then we
rewrite
1 g (] P
— 2 T OmOa6—n ya60) = (@5 u)"

Fy Bp€Gpy I=1ig=1

This leads to the estimate

/dy11f<y><Kp"kkp< y )p Z [, (@) )
et T (K i e

Now use Stirling’s formula to see that the factors on the right-hand side in front of
the integral are bounded from above by (1 + 8,7)k with some ¢, | 0 as n | 0. This
yields the second term on the right-hand side of (3.8), which ends the proof. [

3.3. Discretization. Our second main technical tool is a reduction to a discrete
counting argument. For this purpose, we introduce a finite partition of U, which is
carefully chosen in order to represent many details of the continuous picture.

To introduce appropriate notation, let ¥, = {1, ..., n} and denote the partition
sets by Uy, ..., U,. We assume that every U; is measurable and has positive
Lebesgue measure A(U;). We call m the canonical projection 7 :U — %, that
is, x € Uy, for any x € U. We write my = (wy1,...,my) for any k € N and
y=1,...,%) €U k. Furthermore, if W is a probability measure on U, then
T € M(X,) is its projection on X,. Similarly for v € Ml(Uz) we denote the
projection on E,% by v € Ml(E,%). If v is in the set M} (X,) of probability
measures on X2 with equal marginals, we denote by v € M (X)) its left or right
marginal measure. Note that 7V = 7v for any v € M} (U), where we write v for
the marginal measure of v.
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For measures u € M{(X,) and v € ng(E,%) we define discrete analogues of the
relative entropy functionals / and / EL by

G.17) 7(“)=Z“110g<i> and I2(v)= Z vl,mlog(_vl’m >,

leX, AU I,mex, Viltm

using the usual convention 0log0 = 0. Recall that Gy = G A M and define the
approximate Green functions G,, G : Z,% — R by

(3.18) G},,(l,m) =sup Gy(x,y) and G~ (,m)= inUf G(x,y).
xeU xeU;
yeUm yeUm

Functions 9},, and §~ on M;(X,) analogous to ¢ in (2.9) are defined by

G w) = inf ){Tf(v) —(v,logG};)} and
v67l n

(3.19) ~
G~ w)= inf {I?(v)—(v,logG™)},
UGMT(EVI)

where we used the notation (v, F) = > ,,c5 vi,mF(l,m). The functions 9},,
and §~ are continuous. Indeed, for fixed u, if the set V C MP(Z,) is a
neighborhood of the set {v € M{(%,) : v = u}, there exists a neighborhood U of u
with {v e M (Z,):v=1} C VforallieU. Together with the obvious continuity
of INMZ(U) in both arguments u# and v and of v — (v, F') this implies continuity of
9;{4 and §~. Our aim is to determine a partition such that the coarsened variational
formula is a good approximation of the variational formula on the right-hand side
of (3.3).

LEMMA 3.4. Given § > 0 and M > 0, there is a measurable partition
Ui, ..., U, of U, such that

g reunl T PIT IO =02, 160 P G0)

< inf {TGrw) + pGt (Tl + 6.
MGMI(U){ (rp) + p§y(r )}

PROOF. We start with the upper estimate. Choose the partition such that
|logG;{,I(nx,ny)—logGM(x,y)l <d/p forallx,y e U.

This is possible since log G is continuous on the closure of U?. To every
u € My(U) we associate i € M(U) with constant density on the partition sets
and mp = mji. Analogously we associate to each v € M{(U) a v € M{(U)
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with constant_density on the products of the partition sets and 7v = 7v.
Then I (i) = I (7t ) and I]TZM(JTU) = Il%(f)), and we infer that

G4 (ri) = inf {7712#(711)) — (v, log G}

1)6MT(U)
TV=T L
> inf {[Z()— (9, logGuy)}—8/p
veMT (V)
A
>G(n)—§8/p
and hence
inf  {I(u)+ < inf {I()+ p§(i
Lot U +pgGoY < inf {1+ pg(m)

< inf T(rp) + pai (x + 6,
MGMI(U){ (Tw) + PGy (T}
which shows the upper bound in (3.20).

Let us turn to the lower estimate. Given § > 0, we select an approximate
minimizer v € M} (U) with marginal ;« =V such that

321 inf {10+ p§w) = 1) + p(2(1) — (v,1og G)) — 8/2.
HEM(U)

We use now Jensen’s inequality to show that, for any partition, we have
(3.22) I(w)>T(rp) and I2(v) > T2 (wv).

To prove this, abbreviate ¢ (x) = x log x and note that

d — d
I(M)=<k,¢od—/;>= > wwn [ dngo .
lex, l

where 1; denotes the normalized restriction of the Lebesgue measure to U;. Now
use Jensen’s inequality for the convex function ¢ and summarize to arrive at the
first inequality in (3.22). The proof of the second one goes along the same lines,
recalling that Ivz(v) =V RV,¢o(dv/d¥ ®V))). Furthermore, for the fixed v,
every partition can be refined such that (v,log G) < (wv,logG™) + §/(2p). This
can be seen by choosing N so large that (v,logG) — (v,logGy) < §/(4p) and
using uniform continuity of log Gy on the closure of U? to split the domain of
integration into partition sets on which the variation of log G is less that §/(4 p).
Substituting this and (3.22) into (3.21), we arrive at the lower bound in (3.20). [

3.4. The combinatorial argument. Having removed technical obstacles, like
unboundedness of the integrand, and discretized the integrals, we are ready to
turn to the combinatorial core argument in the proof of Proposition 2.2. The main
observation is that the k-fold product in (3.2) only depends on the numbers of



1626 W. KONIG AND P. MORTERS

transitions the sequence ys (0), Yo (1), - - - » Yo (k) makes from one set of the partition
to the other. In other words, one can summarize the permutations that lead to
the same empirical pair measure of the sequence 7y, (0), TYo (1), - - -» T Yo (k) and
sum over all the empirical pair measures instead. Since the combinatorics turn
out to be manageable, this observation leads to a great simplification and enables
us to use large deviation theory for empirical pair measures. Let us turn to the
details.

We fix a large M > 0 and small § > 0 and a partition Uj,..., U, chosen
according to Lemma 3.4. Recall that M} (X,) denotes the set of probability
measures on 22 havmg equal marginals. In the next lemma, we give lower and

upper bounds for CDk (y), respectively, CIDk »(¥) in terms of a variational problem
on M7 (X,). Recall our notation wy = (wyi, ..., wy) for y € U*, and denote by
L}Ty’k € M (X,) the empirical measure,

| K
Lflfy,k(A) =% ZSyi (A) forall A C X,,.

LEMMA 3.5. Forall j €{1,..., p},ask? oo, uniformlyiny = (y1,..., Yr)
e Uk,

(3.23) @] () < e®Pexp(—kg(LL, )
and
(3.24) ] () = " ¥ exp(—k§~ (L}, ).

PROOF. Fix j and recall the convention yy = x/ and o(0) = 0 for all
o € Gi. Assume without loss of generality that yo € U;. Note that, for any
y =1, -...5) € UK, we have G(yo(i-1), Yo(i)) = G~ (TYa(i-1), TYo()) and
GM(yo'(i—l),yo'(i)) < Gj‘;[(nya(,-_l),ny(,(i)). We introduce the empirical pair
measure

ka— 25(1//, ) €MI(E)  fory = (..., Yn) € T,
l 1

where 19 = 1 is the index of the set U;. This implies that, with 7y, =
(Yo (1ys -+ s TVo (k)

; 1
@,J{(y)zﬁ > expk(L}, ;.logG™)) and
Toeby

(3.25) |
CDLM(Y) < T Z exp(k(L> e, k,logGIT,[)).

foeby
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Denote by M{k) (X)) the set of probability measures u on X, such that the numbers
ku(1), ..., ku(n) are integers and sum up to k; analogously we define M{k)(Z,zl).

Abbreviate u = L}Ty © € Mik)(En) for the course of the proof. Note that, for
any o € Gy, the total variation distance between u and any of the two marginal

. . C -2
measures of L%ya, x is not bigger than 2/k, which is denoted below as L, ~ u.

Now we reorganize the sum over o € &) by summing over all vectors ¥ € E’,ﬁ
and simply counting the permutations o such that ¢ = my,. Hence, for F €
{G~, GJAC,}, we have

> exp(k(L:, ;.log F))

0By
2
3200 => > 11{,%:%11@1{%}exp(k(Lw,k,1ogF>)
yexkoeby '
= Z exp(k(v,log F)) Z 1{L2¢‘k:v}#{066kiﬂ)’a =Y}
ven P (2) vezk

vRU

Note that, for any ¥ € Zﬁ satisfying L%” « = v for some v satisfying v ~ u, we have

n
(3.27) #o € Gp:my, =) = [ [kup)!.
=1
In other words, if the empirical measures of 7y and i coincide, then there are
[T/ (ku;)! reorderings of (wyy, ..., wyx) that are equal to (1, ..., ¥). Further-
more, well-known combinatorial considerations (see, e.g., [10], 11.2) yield that, for

vRu,
HleE (kup)!
(3.28) #{y € wk.p2 ) — o) N ’
{ ! vk } nl,meE,, (kvl,m)!

where ¢?® is uniform in v € M\ (32). Substituting (3.27) and (3.28) in (3.26),
we obtain

1
0 Z exp(k(L%yo’k,logF))
(3.29) Fo€Sk
=™ Z exp(k(v,log F))

ven P z2)

vRU

[ies, kun??
K Ty mes, kvt

Stirling’s formula yields that, uniformly in u and v, the last ratio is
2 exp(—kluz(v)). Hence, uniformly in y € U*,

1
5 2 UL, k. log F))

ToeBy
(3.30) —e"® 3" exp(—k(I2(v) — (v, log F))).

UEMgk)(Z,%)

vRU



1628 W. KONIG AND P. MORTERS

Now recall that Tuz(-) — (-, log F') is continuous, that the total variation distance
between {v € eMl(E,%):i ~ u} and Mj(X,) is not bigger than 2/k and that
H#M ik)(E,%) is bounded above by a polynomial in k. From (3.25) we obtain our
two assertions, for F' = G},,, respectively, F =G~. U

In the next lemma, we integrate the upper, respectively, lower bound stated in
Lemma 3.5 over y € U¥ and obtain an upper, respectively, lower bound for the
logarithmic asymptotics in (3.3) in terms of a variational formula, which is the
coarsened form of the right-hand side of (3.3).

LEMMA 3.6. Foreach j€{l,..., p} and each M > 0,

: 1 '
(3.31) hmsup%log/Uk dy CDLM(y)pi— mt

inf
k100 1(

e ){f(nM)er%(nu)}-

Moreover,

1 p j ~
3.32 liminf —1 d ) >— inf {I - .
(332)  liminf o og/Uk yj];[1 (== inf AT+ p§” ()

PROOF. In order to derive (3.31), we raise the upper bound (3.23) to the pth
power and integrate over y € UX. Note that the right-hand side of (3.23) does not
depend on y, but only on =7y = (wyy, ..., myr). Hence, it makes sense to
subdivide the domain of integration according to the tuples that arise. In this way
we get the bound

[ arelor=e® 55 [ [ dyedyiexp(—kpgis(LY,0)
Uk ’ pexk Uy Uy,

1
= "0 S exp(—kpgip (LY, ) T] »wp*ve®
1[/625 lexy
< o® Z #y € 25 : Lllﬁ’k = u}e_kpﬁf(”)
ueMP ()

X exp(k Z ullogA(U1)>.

lex,

Now use Stirling’s formula to see that the counting factor in the last line is
) exp(—k Zlezn uylogu;), uniformly in u € M%k)(En). We recall (3.17) and
infer that

[ v @lu) =@ T exp(—k(pgi ) — Tw))
ueM (2y)
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From the two facts that 1 — pgx,, is continuous, and that #M{k)(En) is bounded
above by a polynomial in k, we infer that (3.31) holds.
The proof of the lower bound (3.32) is analogous, using (3.24). O

3.5. Conclusion. In this section we complete the proof of Proposition 2.2.
Recall that only (3.3) is left to be shown.

The lower bound is immediate from (3.32) and (3.20). For the upper bound take
logarithms in (3.8), divide by k and let k 1 co. According to Lemma 3.3, after
letting M 1 oo, one obtains

: 1 L
lim sup zlog /;]k dy l_[ CID,i(y)
j=1

k1 oo —
(333) | : .
<log(l +¢&,) + A}Iim mpﬁii( limsup — log Z / . dy CDL’M()/)P.
too 7=l koo m=k(1—pn1”Y

Estimate the last integral on the right-hand side from above against the maximum
onm € {[k(1 — pn)],..., k}. Now we pick § > 0, choose a partition according to
Lemma 3.4, and use Lemma 3.6 to infer

1 - -
limsup — lo / dy &’ P<— inf {I(mwp) + psl,(rw)).
msup_log f 4 m (V) et TG+ pgi (ri)

Now use (3.20) and let first M 1 oo, then 7 |, 0, to obtain

1 Ay
limsup—log/ dy l_[ <I>,J<(y)
kTOO k Uk j:1

<limlog(1 + & — lim(1 — inf 1 + p +li]ll($ 1—
=00 g( n) Wio( p”) M ( ){ (IL) 9’(#)} 710 ( p”)
eMi( ){ (M) 9’(#)}

Now let § | 0. This completes the proof of the upper bound in (3.3).

4. Analysis of the variational formulas in (1.9) and (2.10). In this section
we prove our results related to the characterization of the limit in (1.8). These
are Proposition 2.1, Theorem 1.2, and finally Theorem 1.3, which we discuss in
Sections 4.1-4.3, respectively.

4.1. Proof of Proposition 2.1. 1t turns out that the variational formula (1.9)
is much easier to analyze than (2.10). Indeed, in contrast to (2.10), for (1.9)
compactness and continuity arguments are available, such that the existence of
maximizers, their positivity and the Euler—Lagrange equations can be derived in a
fairly standard way. Furthermore, (1.9) majorizes (2.10) in a certain strong sense,
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such that the maximizers of (1.9) turn out to stand in an elementary one-to-one
correspondence to the minimizers of (2.10).

Before going into the details of the proof, we discuss general continuity
properties of the operator 2 that are of use in the forthcoming proofs.

LEMMA 4.1. () Ifd =2 and q > 1, then 2 is a bounded linear map from
L9(U) into L*°(U).

(i) Ifd =3 and 1 <q <d/2, then U is a bounded linear map from L9 (U) into
L49/d=2q) (1)),

PROOF. The first statement follows easily from Holder’s inequality using that
in d =2 we have sup, [ G(x,y)?dy < oo forall g > 1.

If d > 3 we recall, e.g., from [17], 4.3, the Hardy-Littlewood—Sobolev in-
equality. Forall s,r > 1,0 <A <d with 1/r +X/d 4+ 1/s = 2 there is a constant
C > 0 with

@.1) ]/U/Uﬂxnx—yr*h(y)dxdy <CIIf Il

Recall that G(x,y) < cqlx — y|> ¢ and use the Hardy—Littlewood—Sobolev
inequality with A =d — 2 and s = ¢q, r = dq/(dgq + 2q — d), which yields
(h,Af) < Clfllqlihll, for any f € LY9(U) and h € L"(U). Hence 2 maps f
continuously into the dual of L"(U), which is L44/(¢=29 (). This proves (ii). [

For our purposes, it is convenient to rewrite (1.9) as

4.2) p*=sup{(£,Af): feL*P/CP=DW) and | fll2p/@p-1) < 1}.

It is clear that the supremum in (4.2) may be restricted to positive nor-
malized functions f € L?P/@P=D(U). We start by showing that the operator
2A: L2P/CPr=D(U) — L2P(U) is continuous and establish (2.11).

LEMMA 4.2.  Suppose p is a positive integer with p <d/(d —2).

(1) Ais a bounded linear map from L?P/CP=D(U)Y into L*P (U). In particular,
p* < 1.
(11) Forall p € M(U) with g2p(x) dx = u(dx) we have

@3) exp(—— (10 + pga0) ) = (77" A7),
(iii) Equality in (4.3) holds if and only if there is p > 0 with the property
“4.4) ngzp_l (x) = pg(x) for u-almost every x € U.
Moreover, in this case I(u) + pG(n) = —plogp and G(n) = —logp —

2(u,logg).
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PROOF. Assertion (i) is a direct consequence of Lemma 4.1 and the fact that
the spaces L9(U) are continuously embedded in each other for decreasing g.
Indeed, if d =2, one can choose g =2p/(2p—1) andif d >3 and p <d/(d —2)
it is always possible to choose the parameter ¢ in such a way that the three
conditions

dq 2p
Z 2p7 q S ) 1 < q < ~
d—2q 2p—1 2
are satisfied, from which (i) readily follows.
We now show (ii). Assume without loss of generality that 7 (u) + p$(n) < oo,

and let g2” be a density of ;. We first show that
(4.5) §(1) = —(u. log(g - A* ™).

Indeed, recall the definition of § in (2.9) and use Jensen’s inequality for —log to
estimate

G(u)=— sup <v,log<MG)>

veMF () dv
V=

—— sup M(dx)[f v(dxdy) log<(M®M)(dxdy) G(x,y))]
vesiw) JU u p(dx) v(dxdy) g(y)

v=p

(4.6) —{n,logg)
— dx)1
= — sup Uu( x) og[fU

ueMT(U)
v=p

- <H“7 10gg>
= —(u, log(Ag*P~ 1)) — (u, logg).

This shows that (4.5) holds.
Now we apply (4.5) and Jensen’s inequality, to obtain

v(dxdy) (u® w)(dxdy) G(x, y)]
wu(dx) v(dxdy) g(y)

1 1
exp(—;(l 0 + pst(m)) < exp(—;w, log ) + (4, log(g - mng’—l»)

A 2p—1 2p—1
“.7) - eXp<<M, log =% >) < <u 2 >
8 8

— <g2p—1, ng2p—1>'

This proves (ii).

Finally, to prove (iii), assume that we have equality everywhere in (4.7). By
strict convexity of the logarithm, equality in the second line implies that, for some
constant p > 0, we have Ag??~! = pg, for p-almost every x € U. Together with
equality in the first line of (4.7), which is equality in (4.5), this yields that

G(w) = — (1, log(g - Ag*P~ 1) = —log p — 2(u, log g).
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Conversely, if (4.4) holds, we have equality in the second line of (4.7). To check
equality in the first line, we define a probability measure v € M*(U) by

1
v(dxdy) =h(x,y)dxdy = ;gzl’—1<x>g2p—1<y>0<x, y)dxdy.

The measure v is well defined by (4.4) and plugging this into (2.9) yields

(1) < — (1, log(pg?)).

This means that equality holds in (4.5) and hence also in the first line of (4.7),
completing the proof of (iii). U

We now prove the existence of maximizers in (4.2).

LEMMA 4.3.  Every maximizing sequence for the variational problem in (4.2)
has a subsequence that converges weakly in L' (U) toward some maximizer of this
problem.

PROOF. Write |- || for |- l2p/2p—1) and put K = {f € L' (U): f >0,
|1l <1}. It is easy to see that it is sufficient to establish the following two
statements:

4.8) K is weakly compact in L ),

the mapping f +— (f, 2 f) is upper semicontinuous on K
4.9)
in the weak topology on LY(U).

To establish (4.8) we first note that K is weakly relatively compact in LY(U),
because the family K is uniformly integrable (see [9], C7). It remains to show
that K is weakly closed. For this purpose it suffices to show weak closedness in
{feL'(U): f>0}.Let f >O0satisfy f ¢ K. Then || f|| > 1. Let

"’":<||fAn||> €L

Then we have
liminf/ @n fdx > liminf || f An|Y/172P) /(f An)?P/CP=D gy
ntoo ntoo
=liminf || f An| = fII > 1,
ntoo

and, for all g € K, using Holder’s inequality,

1/2p
[ ngdx < lnllapligh < 15 A /020 (/(f A 2P/ @D dx) 1
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Hence, for n sufficiently large, the function ¢ = ¢, € L°°(U) satisfies, for all
sequences (gr:k € N) in K,
limsup(p, gk) < 1 < (@, f),
k100
which means that £ is not in the weak L!-closure of K. We infer that K must be
weakly closed in LY(U), which proves (4.8).

To show (4.9) we assume that (f,:n € N) and f are in K such that
fu — f weakly in L'(U). Our aim is to show that limsup,_, o (fu. Afn) <
(f,Af). For some large M > 0, we split A = Ay + (A — Ayps), where the
operator 2y, is defined like 2, but with G1g<y instead of G. We show that
limps— o0 SUP,en{ frs L — Apg) fn) = 0. In d = 2 this is straightforward using
Holder’s inequality. If d > 3, we recall that G(x, y) < cglx — y|*>~¢ to estimate
G(x,y) < C'lx — y]’?74G(x, y) /42D for some C’ > 0. Apply the Hardy—
Littlewood—Sobolev inequality (4.1) with r =s =4d/(2d +3) and A =d — 3/2
to obtain, for some C > 0,

s @ — Uyp) fi) < C' V420 / / FoOlx = yI7* fu(y) dx dy

< C'CMVER2D) f2.

Since r <2p/(2p — 1), this vanishes as M — oo, uniformly in n € N. Hence, we
only have to show that, for fixed M > 0, we have lim,,, o ( fi;, Jas fr) = (f. Am )
and taking the limit M — oo yields the desired conclusion. The proof of this
follows from a standard monotone class argument. Let J#f be the class of all
¢ € L°(U?) with the property that

lim [[ fu@ ey dxdy= [[ f@ 7000 dxdy.

This class is a vector space containing all functions of the form ¢ (x)¢2(y) for
$1, > € L (U). Finally, suppose that 0 < ¢ 1 ¢ € L®(U?) and ¢ € #. We can
estimate, using the triangle inequality and Holder’s inequality,

([ reormeapaxay= [[ e noseddy

(4.10)

<| [[ rrrm@ - o axay

(4.11) * ’ //(f(x)f@) — () fu () i (x, y) dx dy‘

+ ’/ () fu (V) (@ — i) (x, y) dxdy‘

<A1 — dellap + ] / / (FOFO) = Fu@) fuODe(x. y) dx dy
+ £l — dll2ps
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where we recall that |- || =]l -|l2p/2p—1) and extend the notation || -2, to
L?P(U?). Now it is easy to see that the last line of (4.11) can be made arbitrarily
small by choosing a large k and letting n — oo. This shows that ¢ € # and, by the
monotone class theorem, we have shown that #¢ = L (U?2). Hence GligG<myeH
and this completes the proof of (4.9). U

Now we derive the Euler—Lagrange equation for the maximizers in (4.2).

LEMMA 4.4.  Any nonnegative maximizer of the variational problem in (4.2)
is essentially bounded away from 0. Writing this maximizer as g*P~", the function
ge€ L?P(U) satisfies (4.4) with some p > 0.

PROOF. Let f € L?P/Cr=1(U) be a nonnegative and normalized maximizer
in (4.2). We first show that f is essentially bounded from 0. Assume the contrary,
which means that A{f < e} > 0 for all ¢ > 0. We fix some ¢ > 0 such that
M f > c} > 0. We define a function f: U — [0, 00) as follows:

N f&)+a, if f(x) <e,
f(X)={f(X)—b, if f(x)=¢,

fx), otherwise.

Our plan is to choose a,b > 0 and & > 0 so small that ||f||2p/(2p_1) =1 but

(f,Af) > (f,2Af), which contradicts the maximality of f. For every sufficiently
small ¢ and ¢ > 0 we may find b < c¢/2, such that | f|l{4+, = 1, where we
abbreviate n = 1/(2p — 1). This condition implies that

0= P =LA = [ 1w+ -

AL 1+
Hf @ =0 = e ax

and one can see that this implies, for some constant C > 0, that does not depend
onaore,

4.12) b<Ca(a+e)"\Mf <e}.

On the other hand, one can use this to check in the same way that, again for
constants Cp, C, > 0, which do not depend on a or ¢,

(FLAf) = (f,Af) <ar{f <e}(Ci(a+e)" - Ca).

We may now choose a, ¢ suitably, such that the right-hand side is negative. This
yields the desired contradiction.

In order to prove the second assertion, it is convenient to abbreviate & = g2P =
£2P/2P=D: hence ||h||; = 1. Let ¢ : U — R be bounded with J@(x)dx =0. For
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sufficiently small ¢ > 0, we have ||z + e¢|1 =1 and & + ¢ > 0 on U. Using the
maximality of f in (4.2), we infer

0
0= - <(h + 890)(217_1)/217, A(h + g(p)(Zp—l)/2p)
e=0

4.13
(4.13) o

(g, k=112 2P=1)/20).

We infer that, in L2(U), the function 2 ~1/2PQ(h(2P=1/2P) is orthogonal to the
orthogonal complement of the span of the constants. Hence there is a constant p
such that

ph'?P (x) = AnPP=D/2P (x) for A-almost every x € U.

As h is essentially positive, we have p > 0. Recalling that & = g7, we have
verified (4.4). O

Putting together the previous three lemmas we obtain the existence of mini-
mizers for the variational problem in (2.10) and the convergence of minimizing
sequences.

LEMMA 4.5. Every minimizing sequence for the variational problem in (2.10)
has a subsequence that converges weakly toward some minimizer of this problem.
If g% denotes its density, then g € L*P(U) satisfies (4.4).

PROOF. Suppose that (u,:n € N) C M(U) is any minimizing sequence for
the variational problem in (2.10). At least for sufficiently large n, the measures
un have Lebesgue densities, which we denote by g,zlp € L?P(U). By Lemma 4.2,
(gﬁp e N) is a maximizing sequence of the variational problem in (4.2). By
Lemma 4.3, we can extract a subsequence converging weakly in L' (U) to some
g?P~1 e L?P/Cr=1(U). Defining u by pu(dx) = g?”(x) dx yields a minimizer of
the problem (2.10) we started with. It is obvious that u is the weak limit of the
corresponding subsequence of (u, :n € N). [

We have now established the existence of a minimizer u(dx) = ng’ (x)dx
for (2.10) satisfying (4.4) with p = p* defined by (1.9), respectively, by (4.2).
Also, g is a maximizer of (1.9) if and only if the measure u(dx) = g2p (x)dx isa
minimizer of (2.10). Hence, Proposition 2.1 and the existence of the maximizers
have been proved.

4.2. Proof of Theorem 1.2. Next, we establish smoothness properties for
every g satisfying (4.4).
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LEMMA 4.6. Every g satisfying (4.4) has a version that is twice continuously
differentiable on U. By

@1 gw=— [ Gengr ody  forxeBO.R),
o* Ju

one can define an extension of g to B(0, R), which is continuous on the closure of
B(0, R) and continuously differentiable in the interior of B(0, R).

PROOF. We start by showing that (4.4) implies that g € L°°(U). Indeed, if d =2
we know that g € L27(U) and thus Lemma 4.1 shows that g = (1/p)2g?’~!
L% (U). In the case d = 3 and p =2 we get from Lemma 4.1 that g = (1/p)2g> €
L'2(U). By Holder’s inequality we infer that

3/4
ﬂg3(x)§< [ G(x,y>4/3dy) ( [ g”(y)dy)

Because G(x,y) <cg4lx — y|_1 the right-hand side is bounded, and we use (4.4)
again to infer that g € L°°(U). Finally, in the case d > 3 and p = 1 we iterate
the use of Lemma 4.1 and (4.4) to obtain g € L*(U) for some s > d/2. Let
q =s5/(s — 1) and note that 1 < g < d/(d — 2). By Holder’s inequality again
we infer that Ag(x) < ||G(x,")ll4llgllg/(g—1)- The right-hand side is bounded,
and we infer from (4.4) that g € L°°(U). Now extend g by (4.14) to the whole
ball B(0, R). Using that gly € L*°(U), we know from [21], 4.6.6, that g is
continuously differentiable on B(0, R) and continuous on the closure of B(0, R).
To see that it is even twice continuously differentiable on U let

1/4

iBg(y)=/UGU(x,y)g(X)dx for y € B(0, R),

where Gy denotes the Green’s function with zero boundary conditions on U rather
than on B(0, R). Denote by Ay the harmonic measure on dU. For almost every
x € U we have

(4.15) g(x)=19lg2p‘1<x>=l%g2p‘1<x>+l f Ag*P N ()hy (x, dz).
1% 1Y P JoU

As g2~ is Lipschitz continuous on U, the first summand on the right-hand side
is twice continuously differentiable by [21], 4.6.6, and the second summand is
harmonic in U and hence infinitely often differentiable. [J

We have by now shown that every maximizer g in (1.9) has a version satisfying
Theorem 1.2(a). We now prove the equivalence of the two characterizations of the
maximizer given in Theorem 1.2.

LEMMA 4.7. The equation in Theorem 1.2(a) and the partial differential
equation in Theorem 1.2(b) are equivalent.
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PROOF. Suppose (g, p) is a solution of (1.10). By the Meyer-Tanaka formula,
for a Brownian motion B = (B; :s > 0), the process M defined by

1 r? _
My =g(B) + - /0 ¢~ (B,) 1y (By) ds

is a local martingale on [0, T'), where T is the first exit time from B(0, R). Hence,
by the optional stopping theorem, for all x € U,

T
(x) = E[Mo] = E[M;] = E[l [ e @otum ds} = Log2r1(x).
o Jo P

Now assume, conversely, that the operator equation of Theorem 1.2(a) holds in U.
The continuation of g to the closure of B(0, R) defined in (4.14) has the necessary
differentiability and continuity properties. Recall (4.15). Applying —A /2 to both
sides of the equation and recalling that —A®B f (x) = 2 f(x) for all bounded f €
C%(U) (see [21], Theorem 4.6.6) gives (1.10) for x € U. To get (1.10) for x ¢ U it
suffices to observe that (4.14) is harmonic on the interior of B(0, R) \ U. [

Finally, we prove uniqueness of the maximizer in (1.9) in the case p = 1. Note
that we do not know whether uniqueness holds if p > 1, except in the special case
when U is a ball and R = o0o; see Section 4.3 below.

LEMMA 4.8. In the case p =1 the solution g of (4.4) is uniquely determined.

PROOF. Recall the Krein—Rutman theorem (see, e.g., [2], Theorem 3.2).
L*(U) is an ordered Banach space whose positive cone has nonempty interior
and 2 is a strongly positive compact linear operator 2 : L>°(U) — L°°(U). Hence
2l has exactly one normalized strictly positive eigenvector and this eigenvector is
the unique maximizer g. [J

4.3. Proof of Theorem 1.3. Suppose now that U = B(0, 1) is the open unit
ball centered at the origin and consider unstopped Brownian motions in R?, d > 3.
By (1.6) in this situation G (x, y) is a rotationally symmetric function of x — y, and
the maximizers for the problem in (4.2) are necessarily rotationally symmetric.
This is a direct consequence of Riesz’s strict rearrangement inequality; see [17],
3.7,3.9.

Let f € L>P/@P=D(U) be a minimizer of the problem in (4.2), put g??~! = f
on B(0, 1) and extend g to a C'-function on the whole of R¢. Recall that this
is possible by Theorem 1.2(b). Define z:[0, c0) — (0, 00) by g(x) = cz(a|x|),
choosing the positive parameters a, ¢ such that

z(0O)=1 and p*=2c*""2/a’.
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Writing the Laplacian in polar coordinates gives for |x| < 1,

. 2 5,
—ca*z(alx)*P7N = ——g*" " (x) = Ag(x)

(4.16)

- d|x| : caz'(a|x)) + ca®7" (a|x|).

In other words, z satisfies (1.11) on [0, a]. Differentiability of g implies z’(0) =0,
and we can infer that z satisfies the requirements of Theorem 1.3(i) on the interval
[0, a].

We now show uniqueness of the solutions of (1.11) with z(0) = 1 and z’(0) = 0.
In the case p = 1 the transformation (1.12) can be inverted and this reduces
the problem to uniqueness of solutions of the Bessel differential equation; see
Remark 2. To show uniqueness in the remaining case p = 2, d = 3, we argue
as follows. Pick a € (0,&) maximal such that z(a) + az’(a) = 0. Hence, the
derivative of the map x — xz(x) is positive on (0, a). Therefore, we may define
f:10,az(a)] — [0,00) by putting f(xz(x)) = xz(x) + x2z'(x). Note that f
has a simple zero at the origin, and that f satisfies the differential equation
f'(t) =1—13/f(t). Indeed, using (1.11) in the penultimate step, we get

L fxz(x) |4 20 572 ()
xZ/(x) +z(x) x7/(x) + z(x)

BT 16 AN 7 16)))
x7/(x) +z(x) fxz(x))’

and the result follows by substitution of # = xz(x).

The function f is uniquely determined by the differential equation f’'(¢) =
1 —13/f(t), at least close to the origin. To show this, let || - |7 be the supremum
norm on [0, T']. Then, if f; and f, satisfy the equation and f1(0) = f2(0) =0, we
obtain, for suitable constants C’, C > 0,

flxz(x) =

4.17)

| f1(s) — fa(s)lds

o , (T 5?
||f1—fz||T§/0 If1<S>—f2<s)'dS—/o f16) f2(5)

T
< c/fo slfi — follrds < CT2 fi — follr.

For sufficiently small 7 > 0, this shows that f is unique on [0, T]. A standard
Picard-Lindelof argument shows the uniqueness on the whole interval on which
f1 and f> are defined and positive.

The uniqueness of z now follows by noting that z can be uniquely recomputed
from f by the formula

xz(x) s
(4.18) / —— =C+logx for x € [0, a],
az(a) f(s)



BROWNIAN INTERSECTIONS 1639

where C = limgw(fagz(a) % — loge). Indeed, (4.18) follows by writing the
relation between z and f as

1 fEGzx)

x o fzx)’
and integrating.

We now check that a is indeed the smallest value such that z(a) = az’(a)/
(2 — d). Because g is harmonic on R? \ B(0, 1) and vanishing at infinity, there
exists a constant C > 0 such that g(x) = C|x|*~4 for all |x| > 1. Hence, z(1) =
K12~ for some K > 0 and any ¢ > a, and therefore 7'(a) = (2 — d)z(a)/a, as
claimed. Now suppose that there is a smaller value 0 < a < a satisfying z(a) =
az'(a)/(2 — d). Define h(x) = ¢z(alx|) where ¢ is chosen such that ||k]>, = 1.
This implies, writing oz for the area of the (d — 1)-sphere,

d

a

1
:adf ZZP(&le)dx=&dad_1/ rd=122P @Grydr
U 0

(4.19) )

a a
— _ a
:o’d_l/o Sd IZZP(S)dS<6d—1/() sd IZZP(S)dS=C2—p.

One can check easily, by reversing the arguments above, that 4 is a solution of

a2
252])—2

%Ah(x) = P11y (x).

In particular, recalling the equivalence of this differential equation and the operator
equation in Theorem 1.2(a) we get

252])—2 2c2p—2 .
a2 T e P

(<h2p—1’ th2p—l>)

The strict inequality above follows from (4.19) together with the fact that d(1 —
1/p) < 2. This contradicts the fact that g is a maximizer in (1.9).

We have thus characterized the maximizer uniquely. The formula in Theo-
rem 1.3(ii) follows easily from the relation p* = 20202 /az. Indeed, this is ob-
vious in the case p = 1, and in the case p =2, d = 3 it follows by evaluating the
normalization constant using polar coordinates,

1 4 a
e :/ z(a|x|)4 dx = —Z/ szz(s)4 ds.
0 a’ Jo
Hence, the proof of Theorem 1.3 is complete. []

5. The dimension spectrum of thick points. In this section we give the proof
of Theorem 1.4. The upper bound for both (1.17) and (1.18) follows from standard
methods, for the lower bound we rely on the method of hitting with a percolation
limit set and adapt ideas of [18] and [13] for our purpose. A main problem in
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the investigation of the Hausdorff dimension of subsets of S comes from the fact
that there is no natural parametrization of S by a nonrandom set. This makes the
investigation more involved than, say, in the case of a single Brownian path, where
such a parametrization is available. We assume that under P the processes W
and W, are two unstopped independent Brownian motions in R3, started in the
origin and £ their intersection local time. For the limit in (1.8) we introduce the
abbreviation 6 = 2/p* with p* given by (1.9) ford =3, p =2, U = B(0, 1) and
R = o0, or equivalently by Theorem 1.3 for p = 2.

5.1. The upper bounds. In this subsection we prove all upper estimates needed
in the proof of Theorem 1.4. Fix a unit cube C = b + [0, 1]? at positive distance
from the origin. Fix a > 0 and denote the set of a-thick points in C by

¢(B(x,
5.1) F(a)z{xec:limsuer))zZa}.
ry0 rllog(1/r)]
The remainder of this section is devoted to the proof of the following
proposition.
PROPOSITION 5.1.  We have, almost surely:

() ifa > 1/62, then F(a) = @;
(ii) ifa <1/60%, then dim F(a) < 1 — 0+/a.

Moreover, almost surely:

o U(B(x,r)) 1
(iii) limsup sup —————— < —.
0 xers Illog(1/r)]= — 0

We write P(, yy for probabilities with respect to two independent Brownian
motions Wy, W, started in the points x and y. In particular, P = P ). The
following lemma draws the conclusion from Theorem 1.1 needed for the proof
of Proposition 5.1.

LEMMA 5.2.  For every § > 0O there is an ¢ > 0 such that, for all0 <r < ¢,
andall y € 0B(x,r),

Peyy [€(B(x, 1) > arllog(1/r)?} < Y3,
PROOF. A simple coupling argument shows that the nonnegative random

variable £(B(x, r)) is stochastically maximal if the starting points x and y agree.
Hence, using also Brownian scaling, we infer that

Py [€(B(x, 7)) > arllog(1/r)]*} < P {€(B(x, ) > arflog(1/r)1*}
=P.0){€¢(B(0, 1)) > allog(1/r)]*}.
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From Theorem 1.1 in the case U = B(0, 1) and R = oo we get the estimate for the
right-hand side with the value & =2/p* identified in Theorem 1.3(ii). [

In the following, we define a random sequence of collections (), of smaller
and smaller cubes such that the set F'(a) is covered by ,,> j Jn forall j.Fixe >0
smaller than a. Pick ¢ > 0 so small that, for sufficiently large N,

a—¢&
+1>

_ 1 .. h
hy=e"" and kn=hn<1+;>satlsfy Zn S )

foralln > N.
Abbreviate s, = h,/ (\/gn) and observe that lim,_ s, = 0. Introduce the
following collection of cubes of sidelength s,,:
In=1{b+s,((k,1,m) +10,11°):0<k,l,m <5, " integer }.

Note that {,, is a covering of the cube C.

For every I € 4, denote by T, (/) the first hitting time of the cube / by W and,
if T,(I) < oo, let z(1) = W (T, (1)) € 91 be the entry point. We pick now those
minicubes from J,, that are hit by W; and such that the intersection local time of
the two motions in a neighborhood of the entry point exceeds a certain threshold,

Jn=1{I € 4,,: T,(I) < 00 and £(B(z(I), ky)) > (a — &)kn[log(1/ky)T*}.
We first prove that F(a) is covered by the cubes in (U, ; #» for all j.

5.2)

LEMMA 5.3.
(1) For all sufficiently largen e Nand r € [h,41, hy],

V(r)= {x €eCNS:4(B(x,r))> (a - %)r[log(l/r)]Z} c U I

Iegn
oo o0
i) Fac(YUJ Y 1.
j=ln=jI€gn

PrROOF. Fixalargen and r € [hy4+1, hp] and let x € V(). As 4, is a covering
of C, certainly x lies in some I € J,. We have to show that this small cube I lies
in §,. Note that 7,,(/) < cosince x € S. Putz =z(I). As |[x —z| < V/3s, we have,
using also (5.2), that

€(B(z, kn)) = £(B(z, hy +~/354)) = £(B(x, 1))
€ 2 € 2
> (a - E)r[loga/r)] > (a - E)hm[log(l/hnm]

> (a — )kn[log(1/ hns 1)1 = (a — &)k [log(1/kn)]*.
Hence, I € §, and this proves (i).



1642 W. KONIG AND P. MORTERS

Now let x be in F (a). Then, for infinitely many n € N, there is an r € [h, 41, h,]
such that x € V(r). Then x lies in (J;cg, I for infinitely many n, and this
implies (ii). O

LEMMA 5.4.  There is a sequence &, |, 0 such that, for every I € 4,,, we have

P{I € §,} < h2TVa=e0=¢n

PROOF. The probability that a three-dimensional Brownian motion started in
the origin hits a ball B(y, r), whose closure does not contain the origin, is equal
to r/|y|. In particular, as the cube C has positive distance to the origin, there is a
constant K > 0 such that, for sufficiently large n,

P{Wihits I} < Ks, forall I € 4,,.

Moreover, if we apply the same argument to the second Brownian motion, we can
find another constant K > 0 such that, for sufficiently large 7,

P{W hits I and W, hits B(z(I), k,)} < K spky forall I € 4,,.

Look at a pair of Brownian motions started in z1, respectively, zo with |z; — z2|
= k,. From Lemma 5.2 we get a sequence 3, | 0, which does not depend on the
choice of z1, z2, such that, for sufficiently large n,

Pz, {€(B(z1. kn)) = (@ — )k [log(1/ k) 1P} < kya=0 =0,

We apply this to the points z; = z(/) and z, defined as the point where W, enters
B(z1, kn). By the strong Markov property, if n is sufficiently large,

P(1 € Fu} =P{Wy hits I and ¢(B(2(1), kn)) = (a = &)ky[log(1/kn) I’}
< Ksyhy Tame0n < privazet=en,

recalling s, = hn/(\/gn), kp=h,(1+ %) and defining ¢, | 0 accordingly. [

PROOF OF PROPOSITION 5.1. Lemma 5.4 gives, for any y € R,

o

oo oo
E[Z #gc,,sg} =Y sU Y P egn) <Y sThy Ve ey,
n=1 n=1 led, n=1

(5.3)
o0
< Z hz—l—h/a—e@—sn (\/gn)—y,
n=1

where we recall that s, = h,/ (\/§n). Because h, = ¢~ ", the right-hand side
of (5.3) is finite for all y > 1 — 6.+/a — ¢, and we can infer that

o0
(5.4) Z #Jns) < oo almost surely.

n=1
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By Lemma 5.3(ii), the set F'(a) can be covered, for each j, by the family ( J,~ j In
consisting, for each n > j, of #¢,, cubes of sidelength s,,. Hence (5.4) implies that
dim F(a) < y. As this holds for all y > 1 —04/a — ¢ and ¢ > 0 we can infer that

dim F(a) <1 —04/a.

If the right-hand side is negative, F(a) must be empty almost surely, so that
Proposition 5.1(i) and (ii) are proved. For the proof of (iii) we use the above
estimates for arbitrary a > 1/62, some small ¢ > 0 and y = 0. By Chebyshev’s
inequality we infer that

o0 o0
Y Pl#g, =1} < ) El#g,] < 0.
n=1 n=1
By the Borel-Cantelli lemma, &, must be empty for all sufficiently large n, almost
surely. Lemma 5.3(i) thus implies
£(B(x,r1))

lim sup sup ———
0T e rllog(1/m P =

Letting a tend to 1/62 finishes the proof of Proposition 5.1(iii). [

5.2. Hitting with a percolation limit set. To obtain lower bounds we use the
method of intersection with independent random sets; see, for example, [13] for an
extensive account of this.

Suppose that C C R? is a fixed compact unit cube not containing the origin.
We denote by %, the collection of compact dyadic subcubes (relative to C) of
sidelength 27". We also let © = (J52 , Dj,.

Given y € [0, 3] we construct a random compact set I'[y] C C inductively
as follows: we keep each of the eight compact cubes in ® independently with
probability p =277. Let 4 be the collection of cubes kept in this procedure and
pass from 4, to 4,1 by keeping each cube of D, 1, which is not contained in a
previously rejected cube, independently with probability p. Then the random set

ryl=( U C¢

n=1Ce4,

is called a percolation limit set. The usefulness of percolation limit sets in fractal
geometry comes from the following lemma, see [20] or [12] for a proof.

LEMMA 5.5.  For every y €10, 3] and every Borel set A C C the following
properties hold:

(i) Ifdim A < y, then almost surely, ANT'[y]=2.
(ii) Ifdim A > y, then A NT'[y] £ @ with positive probability.
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(iii) If dim A > y, then almost surely dim(A NT'[y]) <dim A — y and, for all
& > 0, with positive probability dim(A N T'[y]) > dimA —y —e¢.

Observe that the first part of the lemma gives a lower bound y for the Hausdorff
dimension of a set A, if we can show that A N I'[y] # & with positive probability.
To make use of this observation, recall that 6 = 2/p*, fix a € [0, 1/92], and put
y = 1 — 0.4/a. We suppose that the random set I'[y] and two unstopped Brownian
motions Wi and W, started at the origin, are realized independently on the same
probability space, and we write [P for the joint distribution of the motions and I'[y].

Lemma 5.5(@1), applied to the set F(a) defined in (5.1), yields the lower
bound dim(F(a)) > y = 1 — 04/a with positive probability, if we show that
the set F(a) N I'[y] is nonempty with positive probability. The latter is shown
in Proposition 5.6 below. A lower bound for the dimension of the set of strictly
a-thick points follows with a little more effort; see Section 5.3 below.

PROPOSITION 5.6 (Hitting by thick points).
(5.5 P{F(a)NT[y]# @} >0.

The remainder of this subsection is devoted to the proof of Proposition 5.6. The
idea is to construct a compact random subset $* C § N I'[y] with the regularity
properties:

(a) S* # @ with positive probability;
(b) almost surely, for every open set U C C with U N S* # & we have
dm(UNS*)>1—y.

Property (b) is instrumental in the proof that F(a) N $* is dense in $* almost
surely, which together with (a) implies that F(a) N I'[y] # @ with positive
probability. To construct such a set $* we fix a countable base B of open subsets
of C and define, for 0 < § < 1 — y, compact random sets

S*[81=(SNTIyD\ | J{B € B:dim(BNSNT[y]) <3}.

Obviously the sets S*[8] have the property that, almost surely for every open set
Ucc,

(5.6) U N S*[8] # @ implies dim(U NS NT[y]) > 6.

In the case § = 1 — y this property is closest to property (b), but it still weaker
than (b) and there is also no direct argument to see that S*[1 — ] is nonempty
with positive probability.

On the other hand, let 0 < § < 1 — y and recall from Section 2.1 that
dim(SNC) =1if £(C) > 0, and the latter event has positive probability. Hence, by
Lemma 5.5(iii), we have dim(S N I'[y]) > § with positive probability. Removing
countably many sets of dimension strictly smaller than § does not decrease
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the dimension of the set and hence we have dim S*[§] > § and, in particular,
S*[8] # @, with positive probability.

Property (b) is not immediate for S*[§], so we have to make do with (5.6).
The proof of Lemma 5.9 below, however, implicitly shows that (b) holds, and
the sets S*[8] are the same for all 0 < § < 1 — y. In order to avoid unnecessary
repetition of arguments, though, we do not make this statement explicit, but fix
some 0 < & < 1 — y once and for all, put $* := §*[8] and use (5.6) instead of (b).

We now provide the two main technical lemmas in the proof of Proposition 5.6.
The first of them is an extension of the lower bound of our upper tail asymptotics
of Theorem 1.1 to the following situation. For given y € R? and integer n > 1, we
consider three balls centered at y.

1. At two points in d B(y, 27" /n), we start the two motions.

2. We measure their intersection local time in B(y, 27 "n).

3. We consider the intersections of the paths only until the motions leave
B(y,27"n?), and we condition on their respective leaving positions.

Readers unfamiliar with Brownian motion conditioned on leaving a domain at
a fixed exit point are recommended to consult [3], III Proposition (2.7).

To formulate precisely what we need, we assume for simplicity of notation
that y = 0. By £z we denote the intersection local time for the two independent
Brownian motions Wy and W, stopped at the time o*lR, respectively, 02R of their
first exit from B(0, R). We write P(y, y,) for the distribution of the two motions,
started at x| and x», respectively.

LEMMA 5.7 (Localization).  For any ¢ > 0, there is an N > 0 such that, for
any n > N and for any x1, x,uy,up € 0B(0, 1),

]P(xl X2)27"/n {EZ"nz (B(O, 2_nl’l))

—nn2

272
5.7 > a2_"n[log—] ‘ W; (‘71'2 )= ui27"'n? fori e {1, 2}}
n

> p-n(Vab+e)
PROOF. It is clear from the Brownian scaling property that the left-hand side
of (5.7) is equal to

272 ,
P(xl,xz)/ﬁ{gn(B(O, 1) > a[log 7} ‘ Wi(o/") =u;n fori e {1, 2}}.

In the following we write P" for the joint distribution of (%Wl (a1), %Wz(az"))
under ]P’(xl’xz)/nz. Let Ay, Ay be arbitrary Borel subsets of dB(0, 1). Fix some
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R > 1 and assume that n > 2R. Since ¢, > £, we obtain a lower bound by
replacing £,, by £g. Use the strong Markov property at time o*lR and 02R to obtain

1
mA// IP)(Jfl,xz)/nz{eR(B(o, 1))

1XA2

2112
> a[log ;] ‘ Wi(o]") = nu; fori € {1, 2}}P"(du1du2)

212 _
=]P)(x1,x2)/n2{£R(B(Ov 1) > a[log ;} ’ Wi(o!") e nA; fori e {1, 2}}

2" 2 2 min|u|_R PM{W,'(O'”) € nAi}
>P £r(B(0,1)) > al|log — | | — L .
= (X1,x2)/ﬂ2{ R( ( )) - a[ 08 n :| }izl max|y|=r Pu{Wi(Uin) €nA;}

From the explicit formula for the harmonic measure (see, e.g., [3], II Theo-
rem (1.17)), one can see that the product on the right-hand side converges uni-
formly in A and A, to 1.

Obviously,

on 2
]P)(Xl,xz)/nz{fR(B(o’ )= a[log;] }

X1 1 on 2
Z]P)(xl,xz)/rﬂ tr| B ﬁ’l_ﬁ =a log; .

By a simple coupling argument, one can see that the random variable £z (B (x1/n?,
1 - niz)) is stochastically minimal if the distance of the starting points x;/n* and

x2/ n? is maximal. Therefore, fixing some y € d B(0, 1),
X1 1 21 7?
B o en(B(5 1= 7)) 2o
1 2172
>P Lr(Bl0,1——=))>al|log—| }.
= Ponfea(#(01-5)) =aloe’ |

Altogether, there exists an integer N such that, for all u1, us, x1,x0 € dB(0, 1)
andn > N,

2112
]P’(xl,xz)/ﬁ{fn(B(o» 1) > a[log ;] ‘ Wi(o/") =nu; fori € {1, 2}}

1 1 2n 72

(5.8)
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Recall that the left-hand side is equal to the left-hand side of (5.7). On the other
hand, the right-hand side satisfies, as n — oo,

— , _—— = a 0 —_—
FPoy ) Er 3 g
S ¢~ Valog@"/mQ/p*(R)+o(1)) 5 p=ny/a2/p*(R)+o(1)),

where we used the lower bound in (1.8) and denoted p*(R) the quantity in (1.9) for
motions stopped at the first exit time from B(0, R). Recall from Remark 1 that the
limit as R — oo of p*(R) is equal to the value of p* for the unstopped motions.
Since 2/p* = 6, we arrive at the assertion. []

The second main technical lemma is a lower bound on the probability that the
path of two conditioned Brownian paths intersect ['[y’] in a set of dimension close
to 1 — y. We look at the following situation. Let n > 1 and V € 4, be a cube,
which is kept in the percolation procedure, and £ € V its center.

1. At two points in 0V, we start the two motions.

2. We consider the dimension of the intersection of the paths with I'[y] only until
the motions leave the annulus B(&, 27"n?) \ B(¢,27""/n), and we condition on
their respective first exit positions.

For the precise statement, we again simplify notation by assuming that the cube
is centered in the origin. We consider two independent Brownian motions W; and
W> and write again P(y, r,) for the distribution of the two motions, started at x;
and x, respectively. For 0 < r < s we let ™, respectively, wy* be the time of
first exit of Wy, respectively, W5 from the annulus B(0, s) \ B(0, r). Write U for
the centered compact cube of side length 1.

LEMMA 5.8.  For every e > 0 thereisan N = N(¢) > 0 and p = p(e) >0
such that, for any n > N and for any x1,x2 € dU and uy,ur € dB(0,1/n) U
dB(0,n?),

—n —n,2 —n —n,2
Py, o {dim(W1 [0, /"2 T Ws[0,05 N2 UN Ty )

2_”/}1,2_”}12
i

(5.9) 1=y —&|W(w )=2—"u,-forie{1,2},2—"tUez;,,}

> p(e).
PROOF. By the scaling invariance of Brownian motion and the canonical self-
similarity of percolation fractals, the left-hand side of (5.9) is equal to
. 1/n,n? 1/n,n?
IP)(xl,xZ){dlm(Wl [0, a)l/n’" N w;[0, wz/"’” ]
l/n,n2 .
NCyl)>1—y —¢e|Wi(o; )=uif0rle{1,2}},

where ['[y] is a percolation fractal in the unit cube U.
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Using the same line of argument as in the beginning of Lemma 5.7 one can
show that there exists an integer N such that, for all n > N, x1,x2 € 0U and
ui,uz € dB(0, 1/n) UdB(0, n?),

1/n,n% 1/n,n?

Py {dim(Wi[0, @, TN W2[0, 0™ ]

1

NIyl)>1—y —¢| Wi(a»l/"’”z) =u; fori € {1,2}}

. 1/4,2 1/4,2
> 1Py {dim(W1[0, 0] A Wa[0, 0,/ N Ty D) > 1=y — e},
thus getting rid of the conditioning on the exiting points. Using Lemma 5.5(iii),
it is easy to see that the latter probability is bounded from below by a positive
constant depending only on ¢. This completes the proof. [J

The following lemma constitutes the main step in the proof of Proposition 5.6.
Define, form > 1,

Um)={xeS*: thereis0 <h <27 with ——— "~ g — — 1

€(B(x, h)) 1
hllog(1/m)]? m }

LEMMA 5.9.  Almost surely, U(m) is dense in S* for all m € N.

PROOF. Fix m € N and an open set O C C. It suffices to show that, almost
surely, the event O N S* # & implies that U(m) N O # &. By (5.6) the event
O N S* # @ implies that dim(O NS NT[y]) > §. Hence there exists a dyadic cube
V € ® with V C O such that dim(V N SN T'[y]) > §/2. It thus suffices to show
that, almost surely for any dyadic cube V € ® the eventdim(V NSNT[y]) > §/2
implies U (m) NV # &.

Fix n € N and a dyadic cube V € ®,,. We introduce some terminology for the
proof. For every integer k > n we let & be the collection of 2" cubes in Dy that
are contained in V. We subdivide € into m(k) = (k3 + 1)° disjoint subcollections

k k
Qfl, ceey sz(k)

such that, for all 1 < j <m(k), any two distinct cubes in Q‘E’; have distance at least
k327K,

Recall that /a® =1 —y and § < 1 — y. Fix a small number ¢ > 0 and some 7
such that

/ 1
(5.10) 8§ <n and a——0+e<n<l—y.
2m

For every cube U € (’EIJ‘- with center £ we let ,of] be the first entry time of W
into U, tlU the first entry time of Wy into B(&, 2k /k) and O’IU the first exit time
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after ,of] of W from B(&, 27Kk2). Let a){] = tlU A O’IU be the first exit time after
,0{] from the annulus B(&, 27 kg2 \ B(&, Z_k/k).

Analogously for the second Brownian motion W, define the stopping times
,og , 1'2U , 02U and a)g . Let £Y be the intersection local time of the two Brownian
motions on the (possibly degenerate) time intervals [a)ij, O’IU ], respectively,

[wg , 02U ]. Wecallacube U € (’EIJ‘- admissible if U € 4 and both Brownian motions
hit the cube; that is, if ,of], ,og < 00. Denote by M ;‘ the number of admissible cubes
Ueéek.

An admissible cube U € (’EIJ‘- with center £ is called successful if:

(A) both motions hit B(&, 2k / k) before leaving B(&, 27%k2): in other words
! <ol and Y <o¥;

(B) the dimension of the intersection of I'[yy] N U with the paths before they
hit B(£,27%/k) is bigger than 5, formally dim(Wi[p¥, o¥1 N W,[p¥, w¥1N
ClylnU) >n;

(C) the intersection local time in B(§, 27kk) of the paths started on first hitting
B(£,27%/k) and stopped upon leaving B(&,27¥k?) is exceptionally large; more
precisely,

UBE 2 k) 1
2 *kllog /O 4T om”

We say that the collection QS’; is bad if there exists no successful cube in QE’;.

Let us next explain that it is sufficient for the proof of this lemma to show that,
almost surely, given dim(V N S N I'[y]) > &/2, for arbitrary large k there exists
a successful cube U € €.

Indeed, if U € & is successful, then, by condition (B), dim(SNI'[y]NU) >
n > §. Hence there does not exist a covering of SN T'[y]N U by sets B € B with
dim(SNT[y]1N B) < §. This implies that $* N U # & by construction of S*. Pick
some y € U N §* and infer from condition (C), for & = 27k (k 4+ /3),

¢(B(y, b)) = £Y(B(£,27%k)) > (a - ﬁ)Z_kk[log(Zk/k)]Z.

Hence, if k is so large that & <27, and

(4= 5, )2 Htiog @002 = (= - Jaiiog(1 /2
2m m

we have y € V N U (m) and the proof is complete.
Thus, writing Ay = {QE’; is bad for all 1 < j <m(k)} it is sufficient to show that

klim P{Ay | dim(VNSNT[y]) > §/2} =0.
—00
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We estimate the probability that all collections Q‘E’; are bad as follows. We use the
estimate

P{A; | dim(V N SNT[y]) > 8/2}
<P{M} <2" forall 1 < j <m(k)|dim(V NSNT[y]) > 8/2}

(5.11)
n®) P{etisbad | MY > 27%)

+ ; P{dim(VNSNT[y]) > 8/2}"

It suffices to show that the two terms on the last two lines of (5.11) vanish as
k — oco. We begin with the term on the second line. Recall the definition of an
admissible cube, and the number M ;‘ of admissible cubes U € (’EIJ‘-. Further recall

that m(k) is a polynomial in k and assume that dim(V NSN F[y]) > §/2. Together
with basic properties of the Hausdorff dimension this implies that

liminf ——— logmaxM >dim(VNSNI[y]) >4§/2.
k— 00 1og(2k)
Hence, for all sufficiently large k, there exists j with M ;‘ > 2ké/2,
The next step in the proof is to use self-similarity in order to improve this lower
bound and get M ;‘ > 2K1 for some j, for all sufficiently large k. For this purpose
fix k and 1 < j <m(k). We find a maximal finite sequence of stopping times,

0<pi(l)<o1(1) <p1(2) <01(2) <--- < p1(m) <o1(M) < 00,

successively as follows: let p;(1) be the time of first entry of W; into some
cube in Q‘E’;, denote its center by £;(1) and let o1(1) be the first exit time from

B (1), 27Kk, Having constructed o1 (I — 1), we let p1(l) be the first time of
entry of W into a cube in X, which is different from all previous cubes, denote

its center by &;(/) and let o7(/) be the first exit time from B(&;(/), 27kk2). We
proceed until p;(m+ 1) =00
Denote by #7(J, k) the o -field generated by W restricted to the time domain

[0, p1(D]U [o1(1), p1(D]U--- U[o1(m), 00).

The analogous stopping times for W, are denoted by p»(/), 02(!) and the o-field
for Wy is #5(J, k). The o -field generated by 4y is called § (k) and we let £ (j, k) =
F1(j, k) v F2(j, k) v §(k). It is important to note at this place that whether or not
a cube U € QS’; is admissible is an event in £ (j, k) and hence M;f is F(j, k)-
measurable.

Conditional on ¥ (j, k), there is a fixed maximal collection {U7, ..., Uy} C (’Ek
of admissible cubes (where M = M k) whose centers we denote by &, .. SM
For each 1 <[ < M there are unlque values ¢;(I) € N such that p; (¢; (1)) is the
first entry time of W; in U; and o;(&; (1)) the exit time from the ball B(&, 27 k2.
Moreover, each Brownian motion W; in the time interval [p; (¢; (1)), 0i (& (1))] is
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conditioned to start from a fixed point on dU; and is stopped upon exiting the ball
B(&i (1), 27%k?) at a fixed point of the boundary. Consider the events

= {dim(Wi[o{", 0" 1N Wa[p]", @3 I U NTIy1) > n}.

Conditional on ¥ (j, k), the events Eq, ..., Ep are independent, and, by Lem-
ma 5.8, the conditional probability of each Ej is

PE N F(. B}z p(d—y —n).

Hence the conditional probability that all events E1, ..., E)s fail is at most

Mk
(1—=p—y—m)™
We infer that the conditional probability, given dim(V N SN I'[y]) > §/2, that no
dyadic subcube U C V has dim(U NS N I'[y]) > n is bounded from above by
2k8/2

limsupm(k)(1 — p(1 —y —n)) =0.

k—o0

We have thus shown that
(5.12) ]P’{dim(V NSNTy]D) >n|dm(VNSNT[y]) > 8/2} =1.

As above, this implies that, for all sufficiently large k, we have M ;‘ > 2K for some
1 < j <m(k), almost surely on dim(V N SN T'[y]) > §/2. In particular, the term
on the second line of (5.11) converges to 0 as k — oco. To deal with the term on the
third line of (5.11), we again fix k > 2 and j < m(k). The problem is to control the
probability, conditional on ¥ (j, k), that the collection of admissible cubes does
not contain a successful cube. More precisely, we show that, on {M k' 2mk) the
conditional probability that QE’]‘ is bad is exponentially decreasing.

Conditional on ¥ (j, k), we again look at the maximal collection {Uy, ..., Uy}
C &% of admissible cubes and recall the notation, & for the centers of the cubes,
and ¢;(I) € N such that p;(&; (1)) is the first entry time of W; in U; and o;(&; (1))
the exit time from B(&, 27kg2y. Additionally, let 7; (; (/)) the first entry time into
B(&,27*/k) and 0; (& (1) = 0 (& (D) A T (G (D).

Conditional on ¥ (j, k) each Brownian motion W; in the time interval
[pi (¢i (1)), 0i(&i(1))] is conditioned to start on a fixed point on the boundary oU;
and exit the ball around &; with radius 27 kk? at a fixed point W; (o (¢ (1))). For
le{l,..., M}recall that £V denotes the intersection local time of the two motions
in the intervals [11 (&1 (1)), o1(£1(1))], respectively, [12(£2(1)), 02(£2(1))]. Consider
the event E; that 71(¢1(1)) < 01(¢1(D)), 172(82(1)) < 02(82(1)) and

dim<W1 [o1(51(D), w1(51D) ] N Wa[p2(2(D), w2(52(D))]NU N F[V]) >,
and also
eYi(B(€,27%k)) 1
2 *kllog /O 4T om”
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Clearly the event E; implies that Uj; is a successful cube. Moreover, conditional on
F(j, k), theevents Ey, ..., Ej are independent. To estimate the probability of E;
from below, first note that, for a Brownian motion started in x; € dUj,

Polt <o}z 2—==

for an absolute constant ¢ > 0. From Lemma 5.8 we know that, given u; €
dB(&,27%/k), that

P{dim(Wi[p1(61(1), 01 (61 (1)] N Wa[pa2(2D), @2(82(D)]
NUNT[y]) > n\Wi(a)iUl)=u,~ for i 6{1,2}} >p(l—y—n),

and finally, for v; € dB(&, 27 %k?), by Lemma 5.7,
eYI(B(E,27%k)) 1 U

P uy,u - 7 Wi i

(1, 2){2_kk[log(2k/k)]2 > o Wi

> o —k(y/a—(1/2m)0+e)

Altogether, the conditional probability of each E; is bounded from below by
. C . —
PLE | F (k) = 152 Ka=(172m0+6)

= forie{l,z}}

for C = c?>p(1 — y — n). Hence the conditional probability that the collection of
admissible cubes does not contain a successful cube is at most

M
(1 — £2_k(\/d—(l/2m)9+g))
k? )

We infer that, for all 1 < j <m(k),

k
C fa=iTamse \
]P){Qzljc is bad| Mj{ = 2)7k} < E[(l _ ﬁz_k( a—(1/2m)0+€)> J ‘Mf - znk]

2k

-13) < (1 _ 22—k<¢a—<1/zm>e+g>)
k2
< exp<_£22k(77—\/ a—(1/2m)9—8)>.
o k

Recalling (5.10) we see that the right-hand side decreases exponentially fast. As
the number of summands in the third line of (5.11) is just polynomial, we infer that
this term converges to 0 as k — oco. [

LEMMA 5.10. F(a) N S* is almost surely dense in S*. In particular, we have
P{Fa)NS*#o|S*#o}=1.
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PROOF. Note that U(m) is relatively open in S* and, by Lemma 5.9, also
dense in $* for any m. As S* is compact, hence complete, one can infer from
Baire’s theorem that

F(a)NS*= () U(m)
m=1

is dense in $* almost surely. Hence P{F(a) N S* 4 2 | S*#A2}=1. U

PROOF OF PROPOSITION 5.6. Recall that
P{F(a) NT'[y]# @} = P{F(a) N §* # o}
=P{F(a)NS*#£2|S" #£OP{S* # 2} =P{S* £ 2} > 0.

This proves Proposition 5.6. [

5.3. Completion of the proof of Theorem 1.4. Fix 0 < a < 1/6? and denote the
set of strictly a-thick points by

B - UB(x.r) }
H(a)= {x eR 'hrilfoup 7r[log(1/r)]2 =ay.

For the upper bound in (1.18) first fix a unit cube C at positive distance from the
origin. Then, by Proposition 5.1, we have

dim(H(a) NC)< dimF(a) <1 —6+/a.

Taking a countable family of such cubes covering R? \ {0} we get dim H (a) <
1—-6ya.

Turning to the proof of the lower bound in (1.18), we look at a large open
ball B C R? centered at the origin and fix a compact unit cube C C B at positive
distance from the origin. Let y = 1 — 64 /a. By Proposition 5.1(ii),

/ 1
dim(F(a—I—%))fl—G at+—<vy,
n

and, by Lemma 5.5(ii), we have that F(a + 1/n) N I'[y] = @ almost surely for
all n. Hence, almost surely,

(5.14) H@NT[yl=F@NTyln() F<a + %) = F(a) NT[y].

n=1

Recall from Proposition 5.6 that the set on the right-hand side of (5.14) is
nonempty with positive probability. Hence we have shown that P{H (a) N I'[y] #
&} > 0. Together with Lemma 5.5(i) this implies that dim(H (a) N B) > y with
positive probability.
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By the Brownian scaling property this probability does not depend on the radius
of the ball B, so that it holds for arbitrarily small balls. In particular,

P{dim(H (a)NB(0,r)) > y forallr > 0} = liﬁ)l]P’{dim(H(a)ﬂB(O, r)>y}=>0.

We now use Blumenthal’s zero—one law to see that this probability is actually
equal to 1. Indeed, recall that three Brownian paths almost surely do not have
a point of intersection; hence after the first exit times 77, respectively, 7> from
any centered ball B both Brownian motions do not hit W[0, 71] N W[O0, T>] again
and, by compactness, even keep a positive distance from W0, T1] N W[O0, T>]. We
infer that almost surely every point, which is strictly a-thick for the intersection
local time of the Brownian motions stopped at 71, respectively, T3, is also strictly
a-thick for the unstopped motions. Moreover, by transience, there exists a small
(random) centered ball, which is not visited by any Brownian motion after 77,
respectively, 7>. Thus the event {dim(H (a) N B(0, r)) > y for all » > 0} is in the
completion of the o-field generated jointly by the Brownian motion W stopped
in 71 and the Brownian motion W, stopped in 75. This holds for every ball B and
hence, by Blumenthal’s zero—one law, we infer that

P{dim H (a) > y} > P{dim(H (a) N B(0,r)) >y forall r >0} = 1.

This finishes the proof of the lower bound in (1.18).
In order to prove (1.17) we observe that
L(B(x,r)) L(B(x,r)) 1

1
— <suplimsu < limsup su <.
2= 08 o rllog(1/m)2 = 0 T res rllog(1/m 2 62

Indeed, the first equality follows from the fact that, for every a < 1/62, the set
of a-thick points has positive dimension and hence is nonempty. The second
inequality is obvious, and the third inequality is Lemma 5.1(iii). This proves (1.17)
and thus completes the proof of Theorem 1.4. [

6. Outlook on future work. The characterization of the limit in (1.8) in
terms of (1.9) naturally raises the question how the maximizers g of (1.9) can
be interpreted. For a first answer define, on {£(U) > 0}, the random probability
measure L on U as the normalized restriction of £ to U; more precisely, let

L(A)=4€(A)/LU) for A C U Borel.

We ask how the measure L distributes the unit mass over the set U if we condition
the Brownian paths to have a large amount of occupation measure £(U). An answer
to this question is given by the following result. Let d: U x U — [0, 00) be any
metric that induces the weak topology on M1 (U).
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THEOREM 6.1 (Law of large masses). Let I C M(U) be the set of
probability measures u(dx) = gzp(x) dx on U with g a maximizer in the
variational problem (1.9). Then, for all ¢ > 0,

6.1) Tim P{A(L, M) > e[ £(U) > a} =O0.

The convergence in (6.1) is exponentially fast with rate a!/?. Theorem 6.1
itself is a consequence of the identification of the exact rate of decay of P{L €
A | LU) > a} for sets A C M1(U) in terms of a large deviation principle. This
problem goes beyond the scope of the present paper and will be treated in a
forthcoming paper.
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