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Let {XJ;», be a symmetric, nearest-neighbor random walk on Z¢
with exponential holding times of expectation 1/d, starting at the origin.
For a potential V: Z¢ — [0, «) with finite and nonempty support, define
transformed path measures by dP; = exp(T1/J/T V(X — X,) dsdt) dP/
Z; for T > 0, where Z; is the normalizing constant. If d = 1 or if the
self-attraction is sufficiently strong, then [ Xll.. has an exponential mo-
ment under P+ which is uniformly bounded for T > 0 and t € [0, T]. We
also prove that {X.};. o under suitable subsequences of {P;)r. , behaves
for large T asymptotically like a mixture of space-inhomogeneous ergodic
random walks. For special cases like a sufficiently strong Dirac-type
interaction, we even prove convergence of the transformed path measures
and the law of X as well as of the law of the empirical measure Ly
under {P1}7 -

1. Introduction. Let Q = D([0,%),Z%) be the set of right-continuous
paths from [0, =) to Z° having left-hand limits. For every t > 0 let X, with
X{(@) = o(t) for w € Q denote the evaluation map. The space Q is equipped
with the o-algebra F generated by { X,},. . Let P be the unique path measure
on (Q, F) such that { X}, , is @ symmetric, nearest-neighbor random walk on
79 with exponential holding times of expectation 1/d, starting at the origin.
For t > 0 the empirical distribution process {L, 1} . after time t is defined

by

1
(1.1) Ox(t,*)> (0, T)» L, 1(0) =—— 8x () ds € My(Z?)
' T—-t)e) 7

and L, (w) = 8y ,,, where M,(Z%) denotes the set of probability measures on
the d-dimensional cubic lattice Z% If t = 0, then we write Ly instead of L .

Let V: Z9 — [0, ) be a function, which is not identically zero, such that
the radius R = sup{||x|ls: x € Z9, V(x) # 0} of its support is finite. Define a
“Hamiltonian” H: M(ZY) — [0, ) by

H(w)= X V(x=y)p(X)u(y), peM(Z9).
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Without loss of generality we may and will assume in the following that V is
a symmetric function in the sense that V(x) = V(—x) for all x € Z9. Note
that

1 1.7
(1.2) TH(LT)=?fOfOV(XS—Xt)dsdt, T>o0.

Our aim is to investigate the limiting behavior of the transformed probabil-
ity measures

(1.3) Pr(A) = E[1aexp(TH(Ly))]/Zr, A€EF,T>0,

as T — «, where Z; = Flexp(TH(L+))] is the normalizing constant.

If the self-attraction is sufficiently strong, then it is intuitively clear that
under P; the paths tend to clump together much more than for the free walk.
An interesting consequence, which we derive near the end of Section 4 during
the proof of our main result, is the following theorem; it excludes diffusive
behavior.

THEOREM 1.4. Assume that the self-attraction is sufficiently strong to
satisfy Condition 1.10 below, which is certainly the case for d =1 or for
V = Bl with > d. Then there exists an «, > 0 such that

Sup sup ET[eXp(a0|Ithlw)] <%,
T>0te[0,T]

where ET denotes expectation with respect to I]ST.

REMARK 1.5. Brydges and Slade [3], who work on the discrete-time ran-
dom walk with the Dirac-type potential V = g1, recently proved that for
two and more dimensions and sufficiently small g > 0 the diffusive behavior
persists in the sense that {P;(X;/VT) '};., converges to a nontrivial
distribution as T tends to infinity, which is Gaussian for d > 3. (They
actually prove convergence of the rescaled process and describe the limiting
process explicitly.) As far as we know, it is still an open problem whether the
diffusive behavior persists for all coupling strengths 8 > 0 which are too
small to satisfy our Condition 1.10.

Somewhat related models have been investigated recently in [1], [16] and
[17]. The self-attraction in these models is different from the one of reinforced
random walks (see, e.g., [5] and [13]), which have a more Markovian struc-
ture. Our model is more in the spirit of the widely studied self-repellent
random walks which have a minus sign in the exponent (see, e.g., [10],
Chapter 10.1 and the references given there), but no 1 /T factor. It is easy to
see that if this 1/T factor in (1.2) would be absent in our model, then the
interaction would be too strong for an interesting result and, for example, for
V = 1, the path measures {@T}T>O would completely collapse to the Dirac
measure on the zero function as T — o,
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The Donsker—Varadhan large deviation theory plays a crucial role in this
paper. We define the rate function J: M(Z%) — (0, d] by

16) Iw=% T (e —Ve(n) =d= T Va()u(y)
{x, yycz¢d {x, y}czd
Ix—ylli=1 Ix—ylli=1

for all uw € M(Z?). Using these two representations for J and Fatou’s lemma,
it follows that J is continuous in the weak topology on M,(Z%), which is
metrizable by the total-variation distance [[u — vl = 3X, c yolu(x) — »(X)I.
The measures {PL;'};. , satisfy a weak large deviation principle with rate
function J. This means

1

(1.7) limsup =logP(L; €C) < — inf I( )
T T neC

for every compact subset C of M,(ZY), and, for every open subset U of

M(Z D),

1
1.8 liminf=logP(L- € U) > — inf J .
(1.8) iminf 5 logP(Ly € U) = = inf I(n)

See [8], Theorem 8.1, for the lower bound (1.8), which we will use in the proof
of Proposition 1.12, and [7], Theorem 5, for the identification of the rate
function.

As an abbreviation, we define A: M;(Z%) - Rby A = H — J. Let

(1.9) b= sup A(w)
peM@®

be the lowest upper bound for A. With these preparations, we can make
precise what we consider as a sufficiently strong self-attraction. In addition to
the properties of V stated above, we assume throughout this article (with the
exception of Lemma 2.1, Lemma 2.2 and the last section) the following
condition:

ConDiTioN 1.10. Let V be chosen such that b > 0.

Lemma 2.1 shows that this condition is always satisfied in one dimension.
Furthermore, if there exists a u € My(Z%) with H(w) > d, then Condition
1.10 is satisfied because the rate function J is bounded by d and, therefore,
b>H(w —JI(w > 0.

Note that A is shift-invariant, which means that A - 6, = A for all x € Z¢,
where the shift transformation 6, is defined by 6, (uw)(y) = u(y — x) for all
wEM(Z¥ and y € 79 Let

K={peM(z%: A(n) =b)}

be the set of optimal measures where the supremum in (1.9) is attained. It is
not immediately clear whether K # . Furthermore, due to the shift-invari-
ance of A, the set K is shift-invariant too and cannot be compact unless K is
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empty. Therefore, we introduce the subset

K(0) = {n € K: u(0) = H( 1) /IIVIL},

where [V, = &, . 74V(x), of those optimal measures which have a consider-
able amount of their mass at the origin.

ProposiTIiON 1.11. The following statements hold:

(@) K is a nonvoid closed subset of M,(Z9).

() If u € K, then u(x) > 0 for all x € Z¢.

(c) The set K(0) is compact and K = {6,(w): u € K(0), x € Z9}.

(d) If &> 0, then sup{A(w): u € M(Z%\ U,(K)} < b, where U,(K) is the
e-neighborhood of K with respect to the total-variation distance.

The following result concerning the asymptotic behavior of the partition
function will be proved at the end of Section 2.

ProposITION 1.12. lim; , (1/T)log Z; = b.

In Lemma 4.4 we will show among other things that for every u € K there
exists a unique family {Q/}, . ,« of Markovian path measures on (Q, F) with
QM X, =x)=1 for all x € Z9, whose conservative infinitesimal generator
Q¥ =(qf )y yezd is determined by

(1.13) qr . = | VOO0 i lx =yl = 1,

“y 0, if [x—vyll > 1.

Note that {Q}}, . ;« is reversible with respect to the measure pu.

Considering the equivalence relation on M,(Z%) given by the shift transfor-
mation, we denote by [ u] = {6,(n): x € Z% the equivalence class of u €
Mi(Z?), by My(Z?) = {[ u]: p € M(Z?)} the set of all equivalence classes and,
finally, by K ={[ u]: u € K} the optimal ones. We equip M/(Z%) with the
metric

@14)  lw] = [ell= inf fu= 6l u v e Mz,

Note that the infimum is attained because ||u — 6,(»)ll = 1 as [x|l; — <.
Since the canonical projection M;(Z%)  u — [ u] is continuous, Proposition
1.11(c) shows that K is compact. This is the substitute for the missing
compactness of K. For o € K define {, =%, . ,/u(0) . If u €K, then ¢, =
Yy ezey (X)), and we will show in Lemma 4.12 that u(x) decays exponen-
tially fast as [ x|l.. tends to infinity, hence {; ,; < . For every u € K define
e M(Z?) by i(x) = u(x) /¢, forall x € Z° Finally, let id, denote the
identity on . The main result of this article is the following theorem.
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THeoREM 1.15. The set {P,[ L1 _, is relatively compact in M,( M/(Z%))
with respect to the weak topology. Every accumulation point X of
{P[L;]17 5., as T — « is concentrated on K. If
(1.16) lim P [L ] " =3

k— =

for a sequence {T,}, < n tending to infinity, then

(117)  lim Pr(Ly. idg, Xg,) " = [K Y. 7(0)8, ® Qf ® i 3(do)

neQ

with respect to the weak topology on M,( M(Z%) x Q x 79).

We always consider the path space () equipped with the standard Skoro-
hod metric ([9], Chapter 3, (5.2)), which turns Q into a Polish space ([9],
Chapter 3, Theorem 5.6) with Borel o-algebra F ([9], Chapter 3, Proposi-
tion 7.1).

If there exists only one accumulation point 3 in Theorem 1.15, then we
obtain convergence in (1.17) for the full sequence and the right-hand side of
(1.17) simplifies. A sufficient criterion for this to happen is |K| = 1.

COROLLARY 1.18. If K = { o} for some o € M(Z%), then
- Fas - -1 ~ ~
_I!LrT:oPT(LT,IdQ,XT) =) ©n(0)s, ® Q4 ® w.

neoQ

As an illustration of this corollary, consider A c Z9. Then, for every v € o,

~ 1
lim Pr(X; e A) = ¥ EO)E(A) = — X Vv(x) X Vu(x+y).
Toe neQ b yegd yeA
To decide whether K contains just one element or not is quite delicate. For
a Dirac-type interaction we will prove the following result:

THEOREM 1.19. For 8> 0 define V = B1,, on Z% If 8 > 2d, then |K] = 1.

RemARk 1.20. The corresponding variational problem for the one-dimen-
sional Brownian motion is given by

SUD{ B/Rg“(x) dx — %f{RIVgl2 dx: g € HY(R), ligll. = 1}_

For every B > 0 this variational expression has solutions which can easily be
determined explicitly (see [11]). Unigueness (up to translations) follows from
a symmetrization argument. The delicacy of the variational problem on Z9 is
that no symmetrization argument seems to be available. We successfully
tried to lower the bound for B to the integer 2d (see Lemma 6.3) and with
more work a small additional improvement would be possible, but our
method does not allow us to reach zero. Indeed, numerical results for the
one-dimensional case suggest that uniqueness does not hold for all g € (0, 2).
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In the remaining part of this introduction we briefly outline the method we
adopt to prove our results. In Section 2 we first show that for every u € M,(Z9)
with a large value of the Hamiltonian there exists a point x € Z9 where a
considerable amount of the mass of w is concentrated, in the sense that
w(x) = HCw)/IIVIl1. If w is nearly optimal in the sense that A( ) is close to
the supremum b in (1.9), then we prove in Lemma 2.3 that most of the mass
of w is concentrated in the vicinity of the abovementioned x. It is crucial for
our results that the size of this vicinity depends on w only via the distance of
A(w) to the supremum b of A. This will imply that a sequence { u} < IS
tight if lim,_ . A(x,) = b and every p, has considerable mass at x. Using
this observation, we can prove Proposition 1.11.

Since we do not have the large deviation upper bound (1.7) for all closed
subsets of M,(Z9) and since M,(Z") is not compact either, we project the
random walk onto a large discrete torus Z% = 79/179, where a full large
deviation principle for the empirical measures is available. On Z{ we have
the torus analogue A, of A and the corresponding supremum b,. For suffi-
ciently large | the uniform distribution on Z{' cannot maximize A,. Instead,
the situation resembles the one in Z% namely, for every u € M(Z{") with
A,(w) close to b, there exists a “d-dimensional octahedron” in Z{, where
most of the mass of u is concentrated, and the size of this octahedron
depends on w only via b; — A,(w). Using this observation, we can show that
every optimal measure u on Z9, when projected onto a large discrete torus
Z¢, looks very similar to an optimal measure on Z¢. On the other hand, if u is
an optimal measure on a large torus, then we can find suitable seams to cut
the torus apart such that, after identification with a cube in Z9, the trivially
extended measure u on Z9 looks very similar to an optimal one on Z¢. This
turns Proposition 1.12 into an easy corollary. R

In Section 3 we want to prove that limsup; _, .(1/T)log Pr(L; & U,(K)) <
0 for every £ > 0. The full large deviation principle for the torus immediately
implies that the empirical measure L' on Z{ has a high P;-probability of
being close to the projections of the optimal measures constituting K. Unfor-
tunately, this does not imply that L; has to be close to an optimal measure
on Z9, because a priori the mass of L, might be distributed among several,
widely separated humps in Z9 and these humps might fall on top of each
other when projected onto Z{. In the special case d = 1 and |K| = 1, the set K
is a discrete line and we could visualize U,(K) as a tube centered around K,
which explains why Section 3 bears the title “The tube problem.” To solve
this problem, we devise a suitable way to fold the abovementioned annoying
paths of the random walk such that the humps of the corresponding empirical
measures cannot fall on top of each other during the projection. For this to
work we have to keep the probabilistic “cost” of the folding operation small
(with respect to P;) and, on the other hand, have to shift a considerable part
of the mass of L. We divide the troublesome paths into a T-dependent
number of subsets, such that for each of these sets, we can find a slab of fixed
width 3w which separates the mass of L; and in which the corresponding
paths spend only a small amount of time. Folding this slab to obtain a slab of
width w yields the desired estimates.



SELF-ATTRACTING RANDOM WALKS 537

In Section 4 we prove the tightness of {@T Lr'}. - Note that tightness is
not an immediate consequence of Section 3, because the shift-invariant set K
of optimal measures is not compact. We start by considering, for every u in
M,(Z?), an affine function (h*, - ): M(Z9) — R which approximates H at u. If
A(Cu) > 0, then there exists a unique measure 7* maximizing (h#,-) — J(-)
and, via a Feynman-Kac-like formula, we can define time-homogeneous
Markovian probability measures {Q/},.,¢« on (Q, F) which are reversible
with respect to 7 *. If w is optimal, then 7* = u. If A(w) is sufficiently close
to b, then we can derive nontrivial upper and lower bounds for the exponen-
tial decay of «#, uniformly for all u satisfying A(w) > (1 — ¢)b for a
specific &, > 0. Furthermore, uniformly for these u, we obtain the conver-
gence of QX ! to 7# as t - «, with an explicit dependence of the conver-
gence rate on the starting point y € 79 Lemma 4.23, the main one in Sec-
tion 4, then states the following: If L; is in a neighborhood of an optimal
measure u, which has a considerable amount of its mass at x, then the
P, -probability for a corresponding path to be far away from x at a given time
t € [0, T] is negligible, uniformly for large T. We prove this lemma by a
“partial path exchange” argument. This means that we compare the paths
with a far reaching excursion at time t to similar ones which hang around x
during the period of this excursion. For the latter paths the value of H(L;) is
considerably bigger, giving them a higher E r-probability. Using Lemma 4 23,
we can derive Theorem 1.4 and the tightness of {[FD Lo

We start the proof of our main theorem in Section 5 by showing that
certain quantities and measures, like 7* and Q' for y € 79, depend contin-
uously on p as long as w is nearly optimal in the sense that A(u) > (1 — &/)b.
To prove weak convergence on M,(Q), it suffices to consider continuous
functions f: Q — [0, 1], which depend only on a finite part of the paths, say
[0, s] for a given f. By the results of Sections 3 and 4, we can reduce our
convergence problem from Z¢ to various big cubes in Z9. It follows from the
uniform convergence results in Section 4 that we can find a t > 2s such that
Q/X; /5, and QX are close to the corresponding equilibrium distribution
77“ uniformly for all nearly optimal w, which are essentially concentrated in
one cube, and all starting points y in another, larger cube. The abovemen-
tioned continuity results allow us, for sufficiently large T, to replace L, by
L, 1_. defined as in (1.1). Furthermore, we may express the term TH(L;) by
(T — 2t)H(L, +_,) plus an affine correction 2t{ht7-¢,- ). If L, satisfies the
recently stated condition for w, then so does L, ;_,. Under the measures
Q- the intervals [0,t/2], [t/2,t] and [T —t,T] are long enough for
convergence close to equilibrium; the dependence on the starting point y
thereby fades away. This indicates why we obtain a product measure in
(1.17).

A heuristic explanation why the normalized square root @ and not u itself
(as the stationary distribution of {Q}}, . ;«) determines the distribution of the
final point X; and the mixture within the equivalence class [ ] K might
be the foIIowing: At time T the paths do not have to be prepared to build up
empirical mass according to u. Instead, under P, they behave like the free
walk after T. Therefore, the distribution of X; is more spread out than pu,
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which is one property of u. Similarly, there was no need to build up empirical
mass according to u before time zero. Technically speaking, & is an eigenvec-
tor of the generator of the semigroup given by the Feynman-Kac formula
(4.9), which includes the affine approximation (h*, - ).

In the last section we prove our uniqueness result for a sufficiently strong
Dirac-type interaction, namely, Theorem 1.19. The main work is to show that
nearly all the mass of an optimal measure is concentrated at one point of 7.
To derive uniqueness from this fact, we basically use the concavity of the
function [0, 7/2] > a — H(cos?(a)§, + sin?(«)8,) for small «. To reach the
lower bound 2d for 8, our method actually requires some numerical work.

2. Proofs of Propositions 1.11 and 1.12. We first show that the self-
attraction is always strong enough in one dimension.

LeEmma 2.1. If d €N, then b <[[V]. = max,cz«V(x). If d=1, then
b > 0.

Proor. The upper bound follows from H < |[V|. and J > 0. Consider
now the case d = 1. Then there exists k € N, with V(k) > 0. Choose n € N
even such that (n — k)V(k) > 48. Define w(i) = N"*(max{0,1 — [i|/n})? for
all i € Z, where N =1+ 2" li?/n? <1+ 2X""ti/n =n. Then

n/2-k 3

l 2
HOW = V(0 T ai+Ka(i) = V(-0 o | = o

i=—n/2
and J(w) = 2/(nN). Hence, b > H(w) — J(w) = 1/(nN) > 0. O

LEMMA 2.2. For each u e M) (Z9) there exists x € Z¢ with w(x) >
HCw /IV .

Proor. Define ¢ = H(w)/IIV 1. If w(x) < ¢ for all x € Z9, then we obtain
the contradiction H(w) < cX,ceu(y)E,czaV(X —y) < cllVIly = H(w). O

The following technical-looking but important lemma will be used to show
tightness in the proof of Proposition 1.11. It is also the main tool to prove the
exponential decay of the stationary measures in Lemma 4.12. We use [-] and
| -] to denote rounding to the next higher and lower integer, respectively.

Lemma 2.3. If £€[0,b/Q|IVI; + 2b)] and w € M(Z9) satisfy A(u) >
(1 — e)b and if x € 79 satisfies u(x) > A(w)/|IV |1, then

g 4V, +2d /|R+1
(2.4) p({y €z lx—ylli>n}) < e+ . -

for all n > ny = max{R(R + 1),[4(R + DIV [3@4[IVI.. + 2d)?/b*].
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Proor. Replacing w by 6_,(w) if necessary, we may assume that x = 0.
For every j€N define A;= {yez® (j—Dr<l|yl, <jr}, where r=
max{1, R}. Since the sets { A}, are disjoint, there exists k € {1,...,|n/r |}
such that u(A) < 1/|n/r|. Define A=A, B={y e z% |yl <kr} and

m(y), fory € ZY\ (AU {0}),
(2.5) n(y) =10, fory e A,
m(0) + n(A), fory=0.

Let A = w(B®). If A =0, then estimate (2.4) holds. Since (0) > w(0) > 0,
the case A = 1 is excluded. Therefore, it remains to consider the case A € (0, 1).
If uo=n(|B) and u, = u(:|B°), then & = (1 — My, + Ap,. Since u(A) =0,
it follows from the definition of r that H(x) = (1 — M)?H( ) + A?H(u,) and
J() =1 = NI(py) + AI(wy) = @ — ND?I(py) + 22I(wy). Hence,

A(E) < (1= V) A(Ro) + APA( y)
< ((1 =1+ 2?)b < bmax{A,1 - A}.
In the remaining part of the proof we want to show that A(7) is close to A( u)
and thereby close to b. Since A turns out to be substantially smaller than 1,
this will imply that 1 — A is the maximum in (2.6), hence A has to be small.

First note that |[H(w) — H()| < 4[|V |l..u(A). It follows from the second
representation in (1.6) that

(2.7) I(R) —3I(p) = L (Vr(y)u(z) = VE(y)E(2))
{y, zf{%‘(ZA}”LCJ{ZO})#Q
y—z[l1=1

If k=1, then A contains all neighbors of the origin and we may replace
A U{0} by Ain(2.7). If k > 2, then w(z) = w(z) for all z € Z% with ||z|l; = 1.
Since w(0) < (0), we obtain an upper estimate when we replace A U {0} by

A in (2.7). Dropping all remaining terms of the form — /i(y)m(z) in (2.7),
and adding /u(y)u(z) for{y, z} € A with |ly — z|l; = 1, it follows that
B -I(w=X X V2.

yeA zezd
ly—zli=1

By the Cauchy-Schwarz inequality,

(2.8) J(E) = I(w) < v2du(A) y2du(Z?) = 2dy/u(A) .
Hence, since uw(A) < {/u(A) < y/1/|n/r| </(R+1)/n,

(2.9) A(R) = A(w) — (BIVIL. + 2d)V(R + 1) /n.

Notethat A <1 — (0 <1 — w0 <1 — A(w/IIVI. Ifmax{A,1 — A} = A in
(2.6), then the last estimate, (2.6) and (2.9) together show that

b /R+1
A(p) <b + (4lIVI. + 2d) el

(2.6)

(2.10) 1+ —

IV [l
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=b(1+ 2“%“1)/(“ ||vb||1)'

Together with (2.10) this leads to a contradiction for every n > n,. There-
fore, max{A,1 — A} =1 — X and (2.4) follows from the estimates (2.6), (2.9)
and ACu) > (1 — g)b. O

By assumption,

A(p) 2b(1—e) =b|1

~ 2|VIL + 2b

ProoF oF ProposiTioN 1.11. (a) Let {u, ) oy be a sequence in M(Z%)
such that lim, ., ACu,) = b. By the shift-invariance of A and Lemma 2.2 we
may assume that w,(0) > H(w,)/IIVI; for all k € N. Then it follows from
Lemma 2.3 that { u, ). is tight. By Prohorov's theorem, we may assume
that { w ), < converges to some u € M;(Z9). Since H and J are continuous,
K is closed and A(u) = b, hence u € K.

(b) Suppose that there exists u € K satisfying u(x) = 0 for some x € Z9.
Define the neighborhood of x by N, = {y € Z%: ||x — yll, = 1}. Without loss of
generality we may assume that wu(y) > 0 for at least one y € N,. For
te[0,1] let w, =1 —tHu + t%,, where 5, € M(Z?) satisfies §,(x) = 1.
Then

dH
a (Mt)t

Y Vu(y) <0,

d
=0 and —J = —
0 dt (lu’t) =0 yen,

which is a contradiction to u € K.

(c) Using the proof of (a), compactness of K(0) follows. The representation
of K follows from Lemma 2.2.

(d) Assume that there exists a sequence { wycn in M (Z9)\ U,(K) with
lim, . A(y,) = b. By the proof of (a) and the shift-invariance of the total-
variation distance, we may then assume that {pu,}, <y cOnverges to some
w € K, but this is a contradiction to the choice of { u, )}y cn. O

To prepare the proof of Proposition 1.12 and the treatment of the tube
problem in Section 3, we need to pass to a large discrete torus in order to
have a full large deviation principle available. Furthermore, we have to study
the connections between the optimal measures on Z° and those on the
discrete torus.

For | € N\ {1} let Z¢ = 79 /179 be the discrete torus and let 7,: Z9 - Z¢
be the canonical projection. Then X/ = 7,(X,) for t> 0 is the ordinary
symmetric random walk on Z{. Naturally, we equip the set M,(Z{) of
probability measures on Z{' with the total-variation distance. Let L} = L 7!
denote the empirical distribution of {X}'},. , up to time T > 0. It follows from
[6], Theorem 4.2.58, that the measures {P(L}) '};., satisfy a full large
deviation principle as T — o with the good rate function

d
(211) J(w) =32 ¥ XL (Ve() - Vu(x+e) |

xez{i=1

2
'

m € My(Z7),
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where ¢, = (0,...,0,1,0,...,0) € Z¢ with the 1 at position i. We define the
potential V,: Z{' > [0, «) on the discrete torus by

Vi) = X V(y), x € Z},
yem {(x)
and the corresponding Hamiltonian by
H(w) = X Vi(x=y)u(x)p(y), wneM(Z]).
x,yezf

Again, we will use the abbreviation A, = H, — J,. The large deviation princi-
ple implies that

1
lim — log E[exp(TH,(LY))] = by,
where b, = sup, ¢ y,zg, A (). Since A, is continuous and M,(Z{) is compact,
it follows that K, = {u € M(Z%): A,(w) = b,} is nonvoid and compact. If u is
in M) (Z9), then u' = pmt isin M(Z9),

H(u') = Y V((x+1Ir) = (y+1s) + 1) u(x + In)u(y + 1s)
(212) e
= H( )
and
(2.13) (') = 3(w),
since

(\/u+v—\/x+y)2s(\/a—\/;)2+(ﬁ—\/7)2

for all u, v, X, y € [0,»). These two estimates show that b, > b.

If w € M(Z?) is the uniform distribution on Z¢, then H,(w) = [V /1% and
J,(w) =0, hence b, > [VIl,/19 and u & K, for | > (|[V]ly/b)*/ 9. This already
indicates that, for large I, the optimal measures are essentially concentrated
on small regions. Using b, > b and the arguments which led to Lemma 2.3,
one can indeed prove a corresponding result for measures on Z¢.

LEmmA 2.14. Letl,n € N satisfy | > 2n + 1 and n > n, with n, defined
as in Lemma 2.3. If £ € [0, b/Q2IVI; + 2b)] and u € M(Z{) satisfy A,(un) >
(1 — &)b,, then there exists x € Z9 such that

p(Z¢N\ m({y € 2% lIx - yli < n}))

(2.15) 4V].+2d [R+1
<e+ b n .

For u € My(Z?) and x = (xy,..., X4) € Z° we define @, € M,(Z?) by

w(m(y)), ifye z°n n?:l[xi = [1/2], x + [(1 - 1)/2J]'
0, otherwise.

e (y) =
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There exists a minimal z € {1,..., I} with respect to the lexicographic order
such that A(x,) = max, .« A(%,). Let & denote this &,. Note that &' = u
for every w € M(Z®). The next lemma establishes the close relationship
between the nearly optimal measures on Z9 and those on Z¢ for large I. For
e>0and | € N\ {1} define U, , = U,({ u'}, c «)-

LEMMA 2.16. Let g, = min{b/(2lIVIl; + 2b),1/(2|IV..)}. For every ¢ in
(0,&,] there exists I, € N\ {1} such that for every | > I, the following state-
ments hold:

@ If ueM(Z) satisfies A,(n) = (1 — &)b,, then
ACE) = Ay(p) —2(d + D)e;
(b) b, <b + 2(d + De;

(© sup{A,(w): peMZH\U, }<b;
d K, cu,,.

ProoF. (a) Take any n > ng,, with n, as in Lemma 2.3, such that the
right-hand side of (2.15) is less than 2¢. Let | > 2n + 2R + 3 be given. Take
any u € M(Z?) satisfying A,(u) = (1 — &)b,. By Lemma 2.14 there exists
x € 7% such that u(A) < 2¢ with A =7\ 7,({y € 7% [Ix — yll, < n}). De-
fine A =7\ m({y € Z% lIx — yll; < n + 1}). Note that [[V,]l.. = [V |l... Since
e < 1/Q2|IVIl..), it follows that

H(w) —H(E) < X V(Y —2)m(Y)r(2) <IVill( u(A))® < 2e.
y,ZEA

Using (1.6), (2.11) and the Cauchy—-Schwarz inequality, it follows that

d
() =) < X Eyu(y)p(y +e&) <ydu(A)ydu(A) <2des.
yeAi=1

(b) Apply part (a) to any u € K.

(c) Assume that (c) does not hold. Then there exist a strictly increasing
sequence {l,}, < in N\ {1} and a sequence { u®}, c, such that every u® is
in the compact set M,(Z{)\ U, , and satisfies A, (u“) > b. Remember that
b, >b for all 1 € N\ {1}. Using part (b) and choosing a subsequence if
necessary, we may assume that (1 — ¢,/k)b; < b for all k € N. It follows
from part (a) that

017y A>T 1 &0 b 2(d + 1) g 1 b+2d+2
@11 AE) = (1= 2o, - =t = (1

for all k € N. By Lemma 2.2 there exists, for every k € N, a point x, € Z¢
with @®(x,) = A(u®)/IIV ;. Since every single measure is tight and since
Lemma 2.3 applies to @® for every k > (b + 2d + 2)/b, it follows that
{6_, 1'%y is a tight subset of M,(Z9). Using Prohorov's theorem and
choosing a sub-subsequence if necessary, we may assume that {G,Xkﬁ(k)}keN
converges to some u € M(Z%). Since A is continuous, it follows from (2.17)

& |b
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that A(u) > b, hence u € K and 6, u € K for all k € N. Furthermore,

| w0~ (8, )"

Thus, u® e U, .1, for all sufficiently large k € N. This is a contradiction to
the choice of the" sequence { u™}, . Hence, there exists I, > 2n + 2R + 3
such that (c) holds.

(d) If part (c) holds for | € N\ {1} and if u € K,, then A,(n) =b, > b,
hence u & M(Z{")\ U, , by part (c). O

<79 -6, pl=16_, 5% —ul—>0 ask— o,

PrRooF oF ProposiITION 1.12. The lower bound in Proposition 1.12 follows
from (1.8) as in the proof of [6], Lemma 2.17. To show the upper bound, choose
any & > 0. By (2.12) and the full large deviation principle for {P(L}) %}, . o,

1 1
limsup T log Z; < lim T log E[exp(TH,(LY))] = b, < b+ 2(d + 1)e,
Tox

T->c

where the last inequality follows from (Lemma 2.16(b) for all large |. O

3. The tube problem. As explained in the introduction, the tube prob-
lem is to show that L, stays in P-law inside a “tube” around K as T — o,
that is, to prove the following proposition:

ProposiTION 3.1. For any ¢ > 0,

Ilmsup—logP (Lr ¢ U,(K)) <oO.
Tow

The proof of this proposition together with a corollary concerning the
existence of an uniformly bounded exponential moment is given at the end of
this section. The difficulty in proving Proposition 3.1 is coming from the fact
that we have only a weak large deviation principle for {PL;'};., at our
disposal. Also, the monotonicity argument based on (2.12), which we used in
the above proof of Proposition 1.12, does not work here.

LemmA 3.2, If £ > 0, then there exists I, € N such that

1 ~
sup limsup — log Pr(LY ¢ U,,) <o0.

I>lg Toox

Proor. The large deviation principle for {P(L}) %}, ., and [6], Exercise
2.1.24, show that

1
lim sup — log [E[exp(TH,(L'T)); Ly & U, | <sup{A(p):neU,, )

Tox

By Lemma 2.16(c) there exists |, € N with sup{A,(u): u & U, |} <b for all
I > 1,. This together with Proposmon 1.12 proves the claim. l:l
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Already this seems to be very close to Proposition 3.1, except for one very
annoying point. We know by Lemma 2.14 that the elements in K, are
essentially concentrated on small sets, namely, d-dimensional octahedrons,
uniformly in I. Therefore, Lemma 3.2 says that L. is essentially concentrated
on the union of the I-translates of such a small set. The delicacy is to exclude
the possibility that L has substantial mass on more than one of these
translated sets.

To explain the key idea for the solution of this problem, we need to
introduce some additional notation. Given a coordinate direction « € {1, ..., d}
and an integer i € Z, let h; , ={(Xy,..., Xy) € Z°: x, = i} denote the corre-
sponding (discrete) hyperplane. Such a hyperplane divides Z¢ into two half-
spaces given by hi" ={(x,,..., xq) € Z% |x, — 1/2] < [2i — x, — 1/2[} and
hi .= Z*\ h{ . Note that h;", always contains the origin, the d unit vectors
e;=1(0,...,0,1,0,...,0) € Z9 where the 1 is at place j € {1,...,d}, and the
hyperplane h; . itself (this justifies the plus sign). We have to use 1/2
instead of 0 in the definition of h{", to handle the case i = 0 conveniently. For
i€ Zand w e N, define

andlets; ., =(h{ Nhy)Uh;  be the slab of width w.

The main idea to prove Proposition 3.1 is the following. If the empirical
measure L; has substantial mass in more than one of the translated d-
dimensional octahedrons, then we choose a slab s; , ;,, which is visited

seldom, such that L, has substantial mass in the half-spaces h;, ', and

hi \ h; .. With the help of two reflections at the hyperplanes h; . and
h;,.. . we fold up the path inside the slab s; , 5, such that it fits into the slab
Si «.w- The empirical distribution of the new path, when projected to 79, turns
out not to be essentially concentrated on one “d-dimensional octahedron” of
Z{. Hence Lemma 3.2 applies. Of course, we have to show that the probabilis-
tic “cost” of these two reflections is less than the “cost” for L' to substantially
deviate from K,.

In one dimension we could prove Proposition 3.1 using one reflection,
because V(x) = V(—x) for all x € Z. In higher dimensions we need the more
complicated construction with two reflections to prove Lemma 3.6(c) be-

low. This is due to the fact that, for a general potential, V(x,,..., Xq4) #
V(Xq,y ooy X g =Xy X gr ey Xg)-
For k €{1,...,d} and i € Z let o; , , = 0. Define the arrival and depar-

ture times of the random walk for the hyperplane h; ., recursively for every
keNy, by 7, =inf{t>a  : X;€h; }and o, =inf{t>7
Xy h; J.For T>0let n; , + =max{k € Ny: o; , , < T} be the number of
excursions starting from the hyperplane h; , before T. Let 7, r =17,
be the end of the last excursion which started from h; , before T. Further-
more, we denote by My = max, .o 1l Xs — X¢ll. the maximal spread up to

time T. The following lemma contains some useful large deviation estimates.
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Lemma33. (@) Ife>0,i€Z ke{l,...,d}, T>0and 6 < sexp(—1 —
(V. + 1)/&), then By (Ly(h, ) <8, N, 1> &T) < exp(—T).

(b) If T > exp(IV . + 2), then Pr(M > T?) < dexp(—T?).

© If a, T >0, then Er[exp(aM;); M = Texp(IVI.. + 2 + @)] < d.

Proor. (a) Since the k-component of {X,},. , is recurrent, P(7; , | <) =
1 for all k € N,. The random variables ¢, = inf{t > 0: X, & h; } for
k € N, are independent and exponentially distributed with éXpectation 1.
They describe the duration of the visits of { X },. , at the hyperplane h; ,. By
the derivation of the one-dimensional version of Cramér’s theorem ([6],
Section 1.2),

leT]

Y éc<oT

k=0

P(Ly(h; ) <é,n , +>eT)<P < exp(—mh(8T/m))

with m = | ¢T | + 1 > 8T, where the rate function is given by

- _ FAYa-y _ > for x < 0,
h(x) = ftelg()\x |ogf0 etve dy) {X_ 1-log x, forx>0.
Note that the rate function h is decreasing within the interval [0, 1]. Since
eT <mand —h(x) <1 + log x for x > 0, it follows that

-mh(8T/m) < —eTh(8T/m) < eT(1+1log é/e) < —(IIVIl. + 1)T.

Since 0 < H(w) < |IVIl. for all w< M(Z?), it follows that exp(TH(L;)) <
exp(T IV |l..) and E[exp(TH(L;))] > 1. Using (1.3), part (a) follows.

(b) For every k € {1,...,d} let {£ ,}, . be the times between successive
jumps of the random walk in coordinate direction k. These times are indepen-
dent and exponentially distributed with expectation 1. If M; > T2, then
there is a direction « in which the random walk jumped at least [T ?] times.
Hence

d [T2]
P(Mr>T?)< Y Pl X & <T|<dexp(-T?h(1/T)).
k=1 k=1

Using the inequalities —h(1/T) <1 + log(1/T) < —|IVIl.. — 1land T < T?, it
follows that P(M; > T?) < dexp(—[IV[l.T — T2). Similarly as in the proof of
part (a), part (b) follows from the last estimate.

(© If T>0and My =m with m > T exp(|Vll. + 2 + «), then there ex-
ists a coordinate direction in which the random walk {X};. , jumped at least
m times during [0, T]. Similarly as in part (b), it follows that

P(M;y=m) <dexp(—mh(T/m)) <dexp(—m(lIVIll. + 1+ a))
and
@T( M =m) <de ™~ M
Therefore,

E.[exp(aM;); My > Texp(IVIl. + 2 + «)] <dT,,cne ™ <d. O
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Forie Zand ke{1,...,d} let

for x e hf

I, K?

0i k(%) = {X—Z(X —i)e,, for x=(x...,Xq) €h;,

be the map which reflects the half-space h; , into h,, and, for w € N, let

Qi (%), for x € hiy,. o
(3.4) (pi’K’W(X) = X—(iZW_i)eK’ fOI"XEhiW,Ky

be the map which folds up the slab s; . The second case in (3.4) corre-
sponds to reflecting o; . (x) from h{ \ hI . back into h . For T > 0 define
the accompanying map @; ., -  — Q which folds up the paths, by

@i cw(o(t)), fort<z AT

iy, k, T

Q_Di,K,W,T(w)(t) = QiW,K(w(t))' for?iw,K,TA TiZW,K,TSt<?iW,K,T’
w(t), fort>7 1.

LEMmMA 35, IfieZ kefl,...,d}, T>0andweN, thenPg, & , ;+ <P
and dPg; & ,, 1/dP < 2"Mxt iy eT,

Proor. Since the random walk is symmetric, it suffices to give, for every
w €, a crude upper estimate for the number of paths @ e Q with
G ow, T((u) = w. If the path » leaves one of the hyperplanes h; . and h;
before T, then & may have gone (if at all possible) into the other dlrectlon
with respect to the k-coordinate. Since « leaves the hyperplanes h; . and
h;,, . before T exactly n; , + + n; .  times, we get the claimed estimate. O

For every integer i € Z, coordinate direction « {1,...,d} and width
w € N, we define a “folding operator” @, , ,,; M(Z%) — M(Z?), which corre-
sponds to ¢; , , givenin (3.4), by &, , ,(w) = pe; =, for all u € My(Z?). Note
that ¢; , y°o Ly =L;°o ., 1 forevery T > 0.

LEmmMA 3.6. Let ¢, be defined as in Lemma 2.16. For every choice of ¢ > 0
and § € (0, min{g,, £/(45d)}] there exist I, € N and a width w € N such
that, for every | > I, and every u € Mi(Z%) \ U,(K) satisfying u' € U, |, there
exist an integer i € Z and a coordinate direction x € {1, ..., d} such that:

(a) /J'(Sl K, 3w) =< 26
(b) (¢| K, w( M)) & Us/(7d) 1
© H(@;  w(p) — H(w < 4IV]..62

Proor. Define n, as in Lemma 2.3. Choose an integer n > n, such that
the second term on the right-hand side of (2.4) is less than §. Since § < &,
Lemma 2.16(d) applies. Hence there exists I, > 8(2n + 1) such that K, c U; |
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for all 1 >1,. Define w=2n+ 1. Take | > I, and u € M,(Z9)\ U,(K) with
p' € U . Since U; | = U;({v'}, c ), there exists v € K with || u' — v < 5. By
Lemma 2.3 there exists a d-dimensional octahedron O = {y € Z% ||x — y|l, <
n}, centered at some x € Z9, such that »(O) > 1 — 8. For every z € Z¢ define
the shifted octahedron O, = {y + lz: y € O}. Let C = U, .40, be the collec-
tion of all these octahedrons. Since C = o (7 (0)) and |lu' — v'|| < &, it
follows that

w!(m(0)) = v!(m(0)) — &
v(C) —8=v(0)—-6=>1-26.

Assume that there exists z € 79 with w(0,) > 1 — 4&/9. Let u = u(:|0,)
and 7= v(-|0). Then || u' — &'l < llp — &l < 4e/9and [Iv' = 7' < llv — Pl <
8. Furthermore, |z — 6,7l = lIx' — (0, D'l = 17" — 7"l < Iw" — w'll +
' = 2"+ llv' — 7'l < 4e/9 + 2. Hence

(3.7) w(C)

lp—6,vll<llp—gll+1lx—0,7I+106,7— 6,,vll <8s/9 + 38 < &.

This is a contradiction to 6,,v € K and p & U_(K).
For every je Z and « € {1,..., d} define

Assume that
&

forall j€ Zand k € {1,..., d}. Forevery k € {1,..., d} we know that A; , | J
as j—» —« and A; 1C as j— « Hence, there exists j, € Z such that
A=A \A_,;  satisfies u(A) = u(C) — 2¢/(5d). Using (3.7), it follows
that u(A ) >1—-28—-2¢/(5d) =1 — 4¢/(9d). If we define z = (j,..., jg),
then O, = NY_, A, and w(0,) > 1 — 4&/9. According to the previous para-

graph, this leads to a contradiction. Hence, there exist j € Zand « € {1,..., d}
such that

&

— < (A ) <m(C) - —.

sq < M AL < 5d
With x = (Xy,..., X4) as above, define i = jl + x, + 4w. Then s; , 5, N C =

@ hence (a) follows from (3.7). Define A = ¢; W(A ) and B=g¢ (C\

- Then @, (u)A) > g/(6d) and @; . ,( w(B) > s/(5d) Furthermore,
smce @i «,w Shifts either A;  or C\ A;, by 2w in the k-direction and since
the || - [[;-diameter of O equals w — 1, it follows that, for every d-dimensional
octahedron O' ={y € 7% |y — z|, < n} with z € Z9 the intersection of
m 1(7,(0")) with either A or B is empty, hence

(3.8) B () (T H(m(0))) <1 - o5

Assume that (g; W( w)' isin U, 74, ;. Then there exists a measure p, e K
with [[(&; . ()" = B'll < e/(7d) and by Lemma 2.3, there exists Z € 7¢



548 E. BOLTHAUSEN AND U. SCHMOCK

such that O’ = {y € 7% ||y — Z||; < n} satisfies (O') > 1 — §. Hence,
= . ) . & & &
Giew( W) (m H(m(0))) > B(0) = o5 =1 -8— -0 >1— 0,

which is a contradiction to (3.8). This proves part (b).

Let D={(y,,...,Yq9) €EZ% i_g <V, <ig.3, be the region where the
terms of H may be distorted. Since n > n, > R by the definition of n, in
Lemma 2.3, it follows that D N C = J, hence u(D) < 28 by (3.7). Therefore,

[H(&i . w(p) = H(w)|

= X (Ve ow(Y) = @i w(2) = V(Y = 2))u(y) u(2)

y,zeD
< IVI( u(D))* < 4lIVIL..82,
because V is nonnegative. This proves part (c). O

ProoF orF PropPosiITION 3.1. Choose any & > 0. According to Lemma 3.2
there exists |, € N such that

1 .
(3.9) y= —sup IirTn sup = log Pr(LY €U, qa)1) > 0.
> 0 — 0

Let &£, be given as in Lemma 2.16, define

) € Y Y VI + 1
6 = min{ &g, , , —expl—-1-12———
45d " | 12|IV].. " 24 4

and let the corresponding I, € N and w € N be determined by Lemma 3.6.
According to Lemma 3.2 there exists |, € N such that

1 ~
(3.10) sup limsup — log Pr(LY ¢ U,,) <O.

1>, T-oow»
Let | = max{l,, 1, 1,} and T > 0. Then
Pr(Ly & U (K)) < Pr(LYU; ) + Pr(Ly € U(K), LY € U, ).

The first probability on the right-hand side is estimated by (3.10).

To estimate the second probability, define f; (u) = [H(g; . () — H(w)|
for every i € Z, k €{1,...,d} and u € M,(Z?). Using Lemma 3.6, it follows
that

Pr(lr & U(K), Lh ey, )

5
o

d
Z[FDT(MTZTZ)+ Z I]:DT(ai,K,W(LT)I$Us/(7d),l1
k=1j=—|T?

Lr(Si,vaw) <28, f; (Ly) < 4IVI.82).
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The term P;(M; > T2) is estimated in Lemma 3.3(b). Due to the choice of 5,
it follows from Lemma 3.3(a) that

~ yT

P-| L+ (s; <26, max n; > —

T T( |,K,3w) Ke0.1.2,3} Tewr &, T 12
> X Pr(Le(hy, ) =28, N, 1= 7yT/12) <4dexp(—T)

ke{0,1,2,3}

for all i€Z and k< {1,...,d}. Since lim;_ (1/T)log(2dT? +d) =0, it
therefore suffices to show that

. 1 ~ | Y
lim sup  —log PT(GDi,K,w( L) ¢ U, a1 fi (Ly) <,
(3_11) kefl,..., d}
max n < ﬂ < — Y
kefo.1.2,30 kT = 12 )7 37

Since @ we° Lt =Ly°9g w1 aswell as N r° Cieow, T = N TN, 0T
and Ny 1°® cwt =0 71+0N . ,itfollowsfrom(1.3) and Lemma 3.5
that, forallie Z, ke {1,...,d}and T > 0,

~ (. | 0% yT
PT((Pi,K,W( L) €U, qay1s i (L) < E’ke{??xz 3}”ikw,,<,TS E)
eyT/s I
oS Z [E[eXp(TH(LT°‘»_Di,K,w,T));(|—T°€_Di,.<,w,T) E U, qa), 10
.

(ni,K,T + niW,K,T)O g_Di,K,W,T < ‘yT/S]
<e?TPP (LY € U, qa)1)-

Using (3.9), the estimate (3.11) follows. O

CoRrOLLARY 3.12. For T > 0 let My = maxg ;o 1l Xs — Xl denote the
maximal spread up to time T. Given & > 0, there exists & > 0 such that
(3.13) supE+ [exp(@My); Ly & U (K)] < .

T=0

Proor. Proposition 3.1 implies the existence of @ € (0, 1] and ¢ > 0 such
that P (L; & U.(K)) < cexp(—aT exp(||V].. + 3)) for all T > 0. Hence
E;[exp(@Ms); My < Texp(IIVI. + 3), Ly & U,(K)] <c.

Using Lemma 3.3(c), the corollary follows. O
4. Tightness. In this section we prove the tightness of {ﬁT Lr')r., and

also Theorem 1.4. For x € Z¢ let P, denote the path measure on (Q, F) of a
symmetric, nearest-neighbor random walk on Z¢ with exponential holding
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times of expectation 1/d, starting at x. Let E, denote the corresponding
expectation. Note that P, =P and E, =E. For every u < M,(Z%) define
H'(w): Z% - [0,%) and h*: Z9 — R by

(4.1) H(p)(x) =2 X V(x=y)u(y), xeZz9
yezd

and

(4.2) h“(x) = H'(m)(x) — H(p), xeZ%

For a bounded function f: Z¢ - R let {(f, u) = X, . ;¢ F(x)u(x). Furthermore,
define
(4.3) At = sup (<(h*, vy —J(v))

ve My(zZ9)
and note that 2[|V[. — H(w) > A* > (h* u) — I(w) = H(w) — I(p) =
A( ). We start with a lemma which shows that, in particular for all nearly
optimal measures u, there exists a unique solution 7* of the linearized
variational expression in (4.3). This w* is the stationary distribution of a
certain ergodic random walk.

LEMMA 4.4. Let u € M,(Z9) with A* > 0 be given.
(@) For every £ > 0 there exists n € N such that
(4.5) v({x € 2 Ixll. > 2n}) < 4¢

for all v € M(Z?) satisfying (h*, v) — J(v) = (1 — &)X

(b) There exists a unique 7* € M;(Z%) with A* = (h#, k) — I(7 k). It
satisfies 7*(x) > 0 for all x € 79,

(©) Ifx €79 then 7% = g (™).

(d) There exists a set {Q}}, < ;« of time-homogeneous Markovian probability
measures on (), F) such that, for every x € Z% t > 0 and A € F,,

exp( —A¥t)

(4.6) @f( A) = W[@[hexp(t(h”, Lt>)V7T“( Xt) ]

(e) The conservative generator Q* = (g}’ ,)
is determined by

,a corresponding to {Q#}, _ ,a

X, y€&€

gv . = Wrr(y)/m (x), iflix =yl =1,
“Y o, if Ix —yll, > 1.

(f) The measure 7 * is the reversible distribution of {Q#}, . ;a.
(@ If peK,then A*=band 7* = pu.

Proor. (a) It suffices to consider the case ¢ < %. Define 8 = eA*. Using
the finite support of V, the tightness of u and (4.1), it follows that there
exists n € N with n > (2d/6)? such that H'(u)(x) < & for all x € Z¢ with
1]l > n.
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For every j € N define A; ={x € 79 |1 x]l.. = j}. Since the sets {Aj}jcy are
disjoint, there exists k € {n + 1,...,2n} such that »(A,) < 1/n. Define A =
A, and B = {x € 7% |Ix]l.. < k}. Use (2.5) with v instead of u to define the
measure 7. Note that (h*, 7) > (h* v) — §. The arguments leading to (2.8)
show that J(7) — J(v) < 2dy/»( A) < 8. Hence

(4.7) A =38 < (h* p) — I(v) — 28 < (he, 7)) — I(F).

Define y = 7(B°). If y = 0, then we are done. If y = 1, then v(B€) = 1 and
(1 - &)A* < (h* v) — I(v) < 8 = er*, which is a contradiction to & < 7. It
remains to consider y € (0, 1). Defining v, = 7(:|B) and v, = 7(-|B°), it fol-
lows that J(7) = (1 — y)J(v,) + yI(vy) = (1 — y)I(vy). Since <h*, - ) is lin-
ear and (h*, v;) < §, it follows that (h*,7) — J(¥) < (1 — y)A* + §. Using
(4.7) and solving for y, we obtain y < 48/A* = 4e¢.

(b) To prove the existence of 7*, let {»,}, ., be a sequence in M,(Z%) with
lim, . ((h* v — Iy ) = A* It follows from part (a) that {v,}, . is tight.
Hence we may assume that the sequence converges to some 7* € M,(Z9).
Since J is continuous, (h*, 7#) — J(a7*) = A* By the same method as in the
proof of Proposition 1.11(b) it follows that 7*(x) > 0 for all x € Z¢,

To prove the uniqueness of 7r*, it suffices to show that J is strictly
mid-convex on the set of all v € M(Z%) satisfying »(x) > 0 for all x € 79
Let v and 7 be such measures, define 7= v+ 37 and assume that
J(@) = 23(») + £3(¥). Using the second expression for J in (1.6), a short
computation shows that this is equivalent to (/»(x)7(y) — /v (y)7(x))?
=0, hence »(x)/v(y) =T(x)/?(y), for all x,ye Z9 with |[x —yl; = 1.
Therefore, v = 7.

(©) Since (h%® ¢ (v)) = (h#, v) for all v € M(Z?), it follows from (4.3)
that A%(» = A# Furthermore, (h%® g (7#)) — I(0(7") = (hH*, 7+) —
J(m#) = A* = A% Hence 7%(» = ¢ (7 *) by the uniqueness from part (b).

(d) Since w*(x) > 0 by part (b), we can define

1
(48) AM=h*(x)—-d+ —— Y, J#*(y), xez°
2 77-M(X) yezd
x=yll=1

Take x € 29\ {0}. For t in the interval (— 7 *“(0), m*(x)) define v, , € M(Z?)
by v, = m# + t§, — t8,. By part (b), w# maximizes the variational expres-
sion in (4.3). Hence 0 = (d/dt)Kh*, v, ) — I(y, D=0 = Ay — AL By (4.8),
(1.6) and part (b), X, c yaAX w#(x) = (h#*, m#) — I(m*) = A*, hence A* =AY
for all x € 79,

Define a semigroup of transition kernels {P/*},. , by

(4.9) P#(x, A) = E,[exp(t(h#, L))1A(X)], xez% Aczd t=0.

The corresponding operator semigroup on the space of bounded functions on
Z° is denoted by {P/}; . o, too. Let L* = (L ), , ¢ be the generator of this
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operator semigroup. Its components are given by

1/2, for ||x — ylly = 1,
PG ) — 8y | Yl
(410) Lg¢, = lim ={(h#(x) —d, forx=y,
' ti0 t
0, for [[x —yll, > 2.

Furthermore, [[L*[lop < 2|V . + 2d.

If Y # denotes the vector (y/7#( x) )y < ¢, then it follows with the help of
(4.8) that L*/7* = Ax*/z*, hence P#V/r#* = exp(A*t)V7*. Therefore, (4.6)
defines a probability measure on (2, F,) for every t > 0 and x € Z9. Further-
more, for every x € Z9, these measures are consistent. Hence, they can be
uniquely extended to measures {Q 4}, . ;« on (Q, F) ([14], Chapter V, Theorem
4.2). The other properties of {Q/}, . ,« follow from those of {P,}, c ;u.

(e) The generator follows from (4.6) using (4.8) and (4.10).

(f) Check that w*(x)q}, = w*(y)q/, forall x,y € 7.

(g) Remember that L*/z7* = A*/z* by the proof of part (d). Due
to Proposition 1.11(b), the proof of (d) also works when A* from (4.3) and 7+
are replaced by b and w, provided that the variational expression in (1.9)
and A(y, ,) are used instead of the one in (4.3) and <{h*,», ) — J(», ).
Hence, L*/u = by/u. Since the matrix L* is symmetric, bﬁ/ﬁ,ﬂ) =
(L Vaey = GJu, LWEEY = A#/u, Va*). Therefore, b = A* and

7 * = u by the uniqueness in part (b). O

Define &, = b/(4|[V ). Note that &, < +. For every x € Z9 let

(411) K(x, &) ={peM(Z:A(p) > (1—&)b, u(x)>A(r)/IVIL}
denote the set of all nearly optimal measures with considerable mass at x.
The following three lemmas show that, uniformly for all u in a neighborhood
of the set K of optimal measures, the corresponding invariant measures 7 *
given by Lemma 4.4 have an exponential decay without decaying too fast and
that { X}, , under {Q}1}, . ;« “forgets” its starting point sufficiently fast.

LEMMA 4.12. There exist constants c,, ¢, € (0, ) such that

mH(y) < cpexp(—C,llx — yl)
forall x,y € 79 and p € K(x, &,).

Proor. It suffices to consider x, y € Z9 with |[x — yl|l.. > 10n,, where n,
is as in Lemma 2.3, and prove the estimate with the constants €, = (d + 1)?
and c, = b/(2max{e?, 2|IV|.}) for these x,y. Define j=[llx —yl../2] and
t =2c¢,j/b. Using (4.6) for A = Q and A* > A(w) > 3b/4, it follows that

Vat(y) <exp(—3bt/4)E, [exp(t(h*, L))].

Note that (h#, L,) < 2[[VI].. by (41). If z € Z° satisfies ||z — x|l; > 5n, >
4n, + R, then (4.1) and an application of Lemma 2.3 with n = 4n, show that

- - V1l
H'()(2) < 2IVIpu({F € 291§ = xll, > 4n,}) < bm <b.
1
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Hence h*(z) < b/4 because H(u) > A(u) > 3b/4. Let N, = max .o ol Xs —
yll.. If the walk starts at y and if N, < j, then (h*, L,) < b/4. Therefore,

(4.13) m*(y) <exp(—bt/2) + exp(—3bt/4)exp(2t[[VI.)P, (N, >]).
Applying Cramér’s theorem as in the proof of Lemma 3.3, it follows that
P,(N, > j) < dexp(—jh(t/j)). Using t/j <e ? and h(e ?) > 1 for the first
step and j > 2t[V|[l. for the second one, it follows that P,(N, > j) <
dexp(—j) < dexp(—2t||V|.). Substituting this estimate into (4.13) proves
the lemma. O

LEMMA 4.14. There exists a constant ¢, € (0, %) such that
aH(y) = ca(4IV L. + 2d) 2
forall x,y € 7% and p € K(x, &,).

Proor. Define n; = max{n, + 1,[(R + D&[IV .. + 2d)?/(be,)*T} with n,
as in Lemma 2.3. Since u({z € 7% |Ix — zl; > n;}) < 2¢, by Lemma 2.3, it
follows from (4.1) and (4.2) that H'(uX2) < 4¢,IVIl. < b and, therefore,
h*(z) < b/4forall z € Z® with || x — z|[l; > n, + R, because H(u) > A(u) >
3b/4. Since ||h*].. < 2|[V].. and

b/4 + 2|V |(2n, + 2R + 1)d max{m*(z):lIx — zlly < n; + R}
> (ht, mk)y > Cht k) — I(mH) = A% > A(p) > 3b/4,

where the equality follows from Lemma 4.4(b), there exists a point ¥ € 7¢
with [|[x = ¥ll; < n; + R such that

b d
4.15 MY) =z ———(2n, + 2R+ 1) .

From the proof of Lemma 4.4(d), in particular from (4.8), it follows that
Vo (Z)/m*(z) —d <A* —h*(z) < 2|V for all z,Ze 7% with [z —
7ll, = 1. Hence w*(z) = (4|IV|.. + 2d) 27 *(2). Given y € Z9, there exists a
path from y via x to y with a length not exceeding n; + R + [[x — yl|;.
Applying the last estimate to every bond of this path and using (4.15), the
lemma follows. O

LEMMA 4.16. There exists an increasing function c¢: N, — [0, %) such that

c(llx =yl
(4.17) IQEX Y — @EX; Y < %
for all x, y € 79, u € K(x, &,) and t > 0. Furthermore,
(4.18) lim sup QX' — w4 =0.
tox neK(x, 1)

Proor. Define random walks {X.,. , and {Y/}. , by X{(w,, ,) = w,(s)
and Y/(w,;, w,) = w,(s) for all s> 0 and (w,, w,) € Q% Let 7= inf{s > 0:
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X! =Y/} denote the first time they meet. Then T: Q? — Q?2, defined by

(0y(8), w5(5)), fors e [0,7(w;, w,)),
(wl(s),wl(s)), forse[r(wl,wz),oc),

gives the coalescent random walks and Q/~; = (Qf ® Q)T ~* is the corre-
sponding coupling measure (to verify this, show that Q/J is a time-homoge-
neous Markovian measure on (Q?, F ® F) with the classical coupling genera-
tor given in [4], Example 5.11). For every A c Z¢ the coupling inequality

yields
|Q (X € A) — QXX € A)| =|QL (X[ €A) — QLY € A)|
<Qpfy(r>1t).

Let £, denote the expectation with respect to Qf ® Q/" Since 7T = 7, it
follows that Q- S(r > t) = (Qf ® QN7 >t) <E{ [7]/t. To prove (4.17), it
suffices to show for x #y that Ef ,[7] < c(j) with j =[x —yl; and

o (4IVIL + 2d) 20j
(4.19) c(j) = 2
(o d

where c; is the constant from Lemma 4.14.

Define o, = 0 and o, = min{i € N: i > ag,_,, (X{,Y{) = (X, y)} for every
n € N. The idea is to show that after each stopping time ¢, the two walks
have a new, independent chance to meet within the next time unit. Let
{B). o be the time-shift operators on Q2 Then 7 < ¥ _,0,°0, 1. ., ,. Note
that {r> o} ={r0, >0,°0, }Nn{r>o0,_}and{r>o,_} €F,  for
every n € N. Hence, by the strong Markov property,

|E>i(L, y[Ulo®Un1(T> a'n)| F(rn] = 1{7-> o'n)[E;l(L,y[a-l]

T(w;, ,)(s) =

exp(4llV .. + 2d),

and
Qe Q(r>alF, )=1,., ,QF® Q7> 0y).
Therefore, using the last equality recursively,

n_ [Ef(jd,y[o-l]

S 0reQi(r< o)’

By Lemma 4.4(f), the unique invariant distribution of Qf ® Q' is given
by 7 ® m#, hence the Markov chain {(X{, Y )},cy, is positive recurrent
([12], page 74). It follows from [12], Example 5.1(a), that Ef [o,] =
(m*(x)r*™(y)) 1. Using (4.20) and Lemma 4.14, the first quotient of (4.19)
follows.

To estimate the denominator in (4.20), we only consider the case 7 #(x) >
m*(y) and use {X] = X, Y{ = x} C {r < 0y}, because the case 7*(x) < 7*(y)
using {X; =y, Y/ =y} c{r< o} is similar. It follows from (4.6) and
A = <ht L) < 2|V that QX = x) > exp(=2|IV [P, (X; = x) and
QM(X; = x) = exp(—2[IVIL)P,(X; = x). Note that P,(X, = x) > e” ¢, because
the walk may stay at x during [0, 1]. To estimate P (X, = x), note that there

(420) Ef [7] <Ef,[oy] Z_‘,O (QF ® Qf(7> ay))
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exists at least one path from y to x of length j =[x — yll;, hence the walk
can reach x from y in time u = 1 using j steps if it goes along this path and
then stays at x. Since the distribution of the time for j jumps is given by the
gamma density f; ;(s) = dlsI=te 9 /(j — 1), it follows that

1 A
[ty (5)de-90-0 g5 = T2

(4.21) U:Dy( Xu = X) > W o (Zd)j

Hence P, (X, = x) > 277de~¢/jl. Combining this estimate with the ones given
above, the remaining factors in (4.19) follow.
To prove (4.18), note that due to Lemma 4.4(f) and (4.17),

QX —mrll < )} w#(x = y)lIQEXt — @, X

yezd

X T(y)min{1, c(llyll:) /t}

yezd

(4.22)

IA

for all w e K(x, &) and t > 0, where TI(y) = sup{m“(x — y): u € K(X, &,)}
for every y € 79 Lemma 4.12 implies that Ly ez0II(y) <. Hence (4.18)
follows from (4.22) using the dominated convergence theorem for the limit
t—>oo O

_We need the following lemma for t=0 to prove the tightness of

{P; L7+ . 0, and we will need its full strength to reduce the convergence in
(1.17) from 79 to various big cubes. Furthermore, it will enable us to prove
Theorem 1.4,

LEMMA 4.23. There exist «, g4, T, > 0 such that, for every u € K(0),

(424) sup sup ) ET[exp(aIIXt = Xll); Ly € U, (6,( ,u))] <e.
T>To te[0,T] xe z¢

REMARK 4.25. Let us briefly explain how we are going to prove this
important lemma. If L; is in an gy,-neighborhood of 6,(w), then, due to
Lemma 2.3, the process { X}, <o+ SPends most of its time in the vicinity of x.
When the process is far away from x at time t, then it must be on an
excursion from the main bulk of 6,(u) during a time interval [u, v], where
u e [0,t]and v € [t, T]. Since we do not have Lemma 4.16 for random times,
we need to discretize time. As in (1.1) define, for (u,v) # (0, T),

1
8y ds.

4.26 L = —
(4.26) ot u+T—vf[o_u)U[v,T)xs

u,v,

Splitting L, as
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we can use (4.1) and (4.2) to decompose the Hamiltonian in the following way:
TH(L;) = (T —-v+u)H(L ) + (v —u)hbevr L, )

4.27 —u)?
(4.27) +(v u)

u,v,T

(H(Lu,v) - <hLu'V'T' Lu,v>)'

Since v — u is small compared with T, the contribution of H(L, ,) is small.
Furthermore, since L, , has its support outside the main bulk of Lu v,7 and
since V has only finite support, the contribution of (H’ (Lyy 1)Ly is
small. If v — u < s, for an appropriate s, > 0 and if || X, — x|l is sufficiently
large, then the process must have jumped very often during [u, v]. Using a
large deviation argument concerning the sum of the holding times, we can
show that the probability of such a far-reaching excursion during [u, v]
decreases exponentially with || X, — x|l.. If v —u > s;, then we consider a
partially exchanged path, which is identical to the original one during
[0, T]1\ [u, v] but hangs around the main bulk of 6,( «) during [u, v]. For this
modified path, (H'(L, , 1), L, > and therefore H(L;) are considerably in-
creased to surpass «l X; — x|l.. without paying too much “entropy.” Hence,
the partially exchanged path has a substantially higher probability with
respect to the transformed measure P;. That is, the P -probability of the
original path was small enough to balance exp(all X, — x|..). See [1] for a
more involved application of such a “partial path exchange” argument.

PROOF OF LEMMA 4.23. With b given by (1.9), define a = cosh™*(1 + b/3),
&gq = € with
(4.28) i b b ! f f(up)f,
: e=min{ —, ———, — in
VI, 168IVIL" 18 weko

where f(u) = inf, _ o, /l6,(n) — wull for all we M(Z?), and T, =1/ To
prove that £ > 0, first note that b > 0 by Condition 1.10 and that K(0) is
compact by Proposition 1.11(c). Since lim,, _.l6,(x) — pll=1 for every
p € M(Z9), there always exists x, € Z\ {0} with f(u) =16, () = pll
Furthermore, f( ) > 0, because there is no shift-invariant u. To see that f is
continuous, notice that for all u, v € M(Z9),

f(v) SHOXM(V) — v”
<[ o (») = o (| +]| (1) = n| + =l

=f(p) +2lu— vl
Given u € K(0), there exists m € N such that m > R and
(4.29) w(BS ro) < &,

where B, , ={y € Z% [[x — yll. <n} for n € N and x € Z°. By Proposition
1.11(b) the constant

(4.30) c, = !

H Ty 2 e V() A(2)
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is well defined, where S, ={y<€Z% [x —yll.=m} for x € Z% Using
Lemma 4.4(g) and Lemma 4.16, it follows that there exists s, > 1 such that
. @#( Xs = Z) 1
(4.31) min ————— > — forevery s > s,.
Y, ZESh o /.L( Z) 2
As a convenient abbreviation, choose ne€ N such that n>m + 1 +
max({sy, 2dm} and (k/e)* > (k — 1)! for all k > n —m — 1.
For the remaining part of the proof fixatime T > T,. Forall t [0, T] and
x € 7 define the random time o, , = max{0, sup{u < t: X,_€ S, ,}} and the
stopping time 7, , = min{T,inflv > t: X, € S, /}}. We say that a path with
X; € B  is on its excursion from the main bulk of 6,(w) during [o ,, 7 ,).
We define the time spans, for which the walk rests before and after its
excursion, by ¢7, = min{o, ,,inf{lu € (0, oy ,I: X(0y ; — u) # X(o; (—)}} and
E,=min{T — 7, inflve O, T -7 ,]: X(r, v) #+ X(r, J}}. Further-
more, for all o > 0 and x € 79, we define the two events A, sex=1& <o,
& #Fodand A, ={& <0, §,#FT -1 ) We want to show that,
for every o € (0, 1],

)y ET[eXp(a||Xt = xll); {LT € U (6 ), X, € Brcnx}
(4.32) xez
N A°

o,0,1, X

N A

QTtX]SC’

where the constant c is explicitly expressible in terms of «, b, ¢,, d, &, m, s,
and ||V ||..; it does not depend on o, t or T. Since Q = D([O ), Zd) it follows
that A, , . «ldand A, D for o |0. Hence we can apply Fatou’s lemma
to (4.32) for the limit 0 10. Since U_(6,(w)) and U,(6,( ) are disjoint for all
X,y € Z% with x #y, we obtain that the series of expectatlons in (4.24) is
bounded by ¢ + e*" for every T > t, and t € [0, T].

As a reduction step, let us show that (4.32) for t € [0, T/2) follows from
(4.32) for t € [T/2,T]. For this purpose, we define the map T;: Q — Q,
which reverses the time in [0, T], by

o_(T—-5)+ w(0) —w_(T), forse[0,T),
Tr(w)(s) = 20(0) — w(s), fors € [T, ),

where w_ is the left-continuous version of w € Q. Since {X/)., is a time-
homogeneous process with independent, symmetric increments under P and
P(X, # X,_) =0 for all s> 0, it follows that P = PT;"!. Hence T; is mea-
sure-preserving. Note that Ly o Ty = 6y _y_ (Ly). Hence H(L;) = H(L; » T¢)
and

{LT °oTr € Ug(OX( M))} = {L eu (Gx Xo+X1_ (M))}

Furthermore, t — oy , o Ty = 71 ,_x 0t X — (T —t). In addition, &7, T; =
ET_t, x—x,+%,_+ Since the a—nelghborhoods in (4.32) are disjoint, the series and
the expectation can be exchanged, and the above relations can be used to
rewrite (4.32) with T — t in place of t.
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In the following we fix t € [T/2,T] and x € Z9 and show that
E[exp(allX, = XIl. + TH(Ly)); {Lt € U,(6( 1)), X, € BS .}
(4.33) A, ox VA ol
< cE[exp(TH(Ly)); Ly € Uy, (6,( 1))l

which implies (4.32) because the 9¢-neighborhoods are disjoint. We will drop
the indices t and x at various places.
If Ly € U,(6,(w), then, by (4.29),
(4.34) Lr(Brm-r.x) <&+ u(Bg ro) <2e.
If in addition X, € Bf ,, then L, (Bf ,) =1forevery uelo— ¢7 0] and

n, x1

velr,t+ &7 Slnce Lovt(By g X) < L 1(Bf g x) < 2¢ by (4.34), it follows
from (4.1) and the definition of the radius R that {( H’ (Ly 1) Ly < 4elVi.
on{L; € U (6,(w), X, € B ,}. It follows from (4.34) and Ly ( B,‘; ) = 1that
V—u<2eT.Since 0 < H(») < [V for all v e M,(Z?), it follows from (4.2)
and (4.27) that TH(L;) < (T — v + WH(L, , 1) + 8e(v — WV ..

To discretize time, define the sets 1, = {t — jo: j €{1,2,...,12sT /o]}} and
L={t+joAT: je{1,2,...,126T/o}}. Since t>T/2 and ¢<1/8, it
follows that I, c[T/4,T). If Ly e U(6(w) and (u,v) €, x|, then
Ly vt € Us,(6,(w). For the next inequality we use the results of the pre-
vious paragraph and the Markov property, partially applied in the form that
P(Clo({X,: s €[u,v)) = P(CIX,, X,) for Ce ao({X, s<[0,u] Ulv,o)})
[P-almost surely. Since the walk may be outside of B, , during [t, T] if t is
close to T, we have to consider two different terms (one of them may be zero):

E[exp(all X, = xll. + TH(Ly)): {Ly € U,(6,( n)), X € BE,} N AL, N AL ]
<y X Y exp(8e(v—uVIL)P(X, =y)

UEl, ve I\{T} ¥, ZE€S,
XE[exp((T = v+ u)H(Ly , 1));
Luv,7 € Us (6( )Xy =y, X, =2]
XE,[exp(ell X(_y = XIl); X, # Y, Xy € BE
Ly u(Brx) =1, X,y

+ Y ) Y, exp(8e(T — VL)

UEIQ ve |éﬂ{T} YESnh x

XE[exp(uH(L,)); Ly € Us,(6,( 1)), X, =]
XE,[exp(all Xy = Xll);

4.35
(4.35) *2, X,_, = 2]

I—T—u( Br?n,x) =1, Xg #Y, Xy u € Brﬁ,x]'

We will handle the terms with v — u < s, by a large deviations argument; for
the other ones we will use a “partial path exchange” argument.

Consider y,z € S, , and (u,v) € I, X (1, \ {T}). For every s € [0, ) and
e € 7% with |le]l; = 1 let NS denote the number of jumps of {X,},, ., during
[0, s] of size e. The 2d processes {N¢}),. o are independent Poisson processes
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under P, with intensity 1/2. Since P,(N,; > 1IN = k) < ko/s for all s > o
and k € N (see, e.g,, [15], Chapter 5, Theorem 3.2), it follows that P,(N; > 1,
N, =K < (0/2P(NS , =k —1). Since P(X, , ,# X, ,)<1-e %<
do, it follows by considering the direction of the first jump of {X/},. , that
E,[exp(allX,_,

< d?p%"E, [exp(all X, , — xIl); X, , €BS ;]

= Xll); X, #y, Xy € BE ., X #2, Xy_y, = 2]

v—u-—o

(4.36)

Similarly, for every ul,and y € S

m, X7

Ey[exp(all Xy = xIL); X, # ¥, Xo_y € BS ]
(4.37)
= Xlle); Xeoy € BE_y ]

n-1,x

< doe“E [exp(all X

t—u

Consider y, z € S, , and (u, v) € |, X |; satisfying v — u < s. If the event
{Xo =V, Xy — yll. = K} occurs for some k > n — m — 1, then there exists
at least one coordinate direction in which the walk has jumped at least k
times during [0, v — u]. As in the proof of Lemma 3.3, it follows that

P,(IIX,—, = Yl = k) < dexp(—kh((v —u)/k))

- d(E(V_U))ks"(kigl)!(vs_ou)m’

because v — u < s, < k, 2dm < k and (k/e)¥ > (k — 1)! by the above choice
of n, and because —h(r) < 1 + log r for all r > 0. It follows that

Ey[exp(all X;_y = Xll); Xe_y € Bi_y 4]

o

<e ™ Y e P,([[ Xy — Yl = k)
(4-39) k=n-m-1 Y o

t—u

V —u 2dm
sdexp(a(m+1))soexp(soe”‘)( . )
0

Define g: 2% - R by g(2) = max{— ||V |, h%(2) — 40&|IV[l.}. If v — u < s,
it follows with (4.21) applied to P\ (X,_, = z) with j =y — zl; < 2dm that
Ey[exp((v = u)<g, Ly_u)); X,y = 2]
d v—u
>
(2dm)!

2dm
) exp(—so(d + V1)),
So

because s, > 1. Comparison with (4.39) shows that
exp(82(V — U)IIV IL.)E, [exp(all X, — XIl.); X,y € BS_1.,]
(4.40) < (2dm)!s,e*™*Dexp(s e )exp(s,d + so(1 + 8&)IIV..)
X E [exp((v —u){g, L,_)); X,_, =2].

This estimate is also valid without the event { X = z} in the last expecta-

tion.

v—u
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We now consider y, z € S, , and (u,v) € |, X 1) which satisfy v — u > s,.
Lemma 4.4(d) and (g) together with (4.30) and (4.31) show that

[Ey[exp((v —u)<h™W L D) X,y = z]

(4.41) b(v—u gx( M)( y) 0. _ eb(vfu)
= e )VGX(M—)(Z)@V()(XV_U—Z)Z ZCM .

For s > 0 let X denote the first component of X,. Since f(s) = E[lexp(aX})]
satisfies f'(s) = f(s)cosh(a) — 1), it follows that f(s) = exp((cosh(a) — 1)s).
Hence, E[exp(all X,l..)] < 2d exp((cosh(a) — 1)s) for all s > 0. In particular,

E,[exp(allX;_, — xll.) < 2de“™exp((cosh(a) — 1)(v — u)).
Since a = cosh (1 + b/3) and 56|V |l. < b/3 by the choice of « and ¢, a

comparison with (4.41) yields
exp(16&(v — u)lIV ) E, [exp( el X, _, — xIk)]
(4.42) < 4c,de“™exp(—b(v —u)/3)
XE,[exp((v —u){g, L, )i X,_, = 2],

where we may again drop the event { X,_, = z} in the last expectation.
Finally, if (u,v) € 1, X 17, then v — u < 4¢T and, by (4.1) and (4.2),

(v-u)’
(443) ———(H(Ly,) = (hter L)) + 8e(v = wIVIL = 0.

Furthermore, if L, , + € U, (6,(w), then [[htuvt — h%W], < 40|V ]l... Us-
ing htvvr > —[|V |, it follows that

(4.44) (htoer Ly ) =g, Ly )

We now have all the ingredients to derive (4.33) from (4.35). There are at
most [SO/QJ terms in (4.35) with (u, v) € 1, X (1) \ {T} satisfying v — u < s
and at most | s,/0 | terms with (u,v) €1, X (1, N {T}) satisfying v — u <'s,.
We can use (4.36) and (4.37), respectlvely, and then (4.40) to obtain an upper
estimate for these. We then use the Markov property to put the factors in
(4.35) together, use (4.44) to replace g by htuv.7 insert the exponential of the
left-hand side of (4.43) and use the decomposition (4.27). Finally, since
vV —u <4eT, wecan replace L, , 1 € Ug (6,(n)) by L; € Uy, (6,(w)).

To estimate the other terms in (4.35) with v — u > s,, we first use (4.36), if
v < T, or (4.37), if v=T. The next step is to use (4.42), where we drop the
event {X,_, =z} in the case v=T. Then, as above, we use the Markov
property to put the factors in (4.35) together, use (4.44) to replace g by htuvr,
insert the exponential of (4.43) and use the decomposition (4.27). Then, since
vV —u <4eT, wecan replace L, , + € U; (6,(w) by Ly € Uy, (6,(n)). We are
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left with two sums, which we regard as Riemann sums and estimate as
follows:

vV—u V—u
Y 0? exp(—b ) + Y Qexp(—b )
(u, VIELXUNTDH 3 (u, VI, xUN{TH 3
v—u>sg vV—u>sg

t T v—u T T-u 3b+ 9
Sfoft exp(—bT)dvdu+fOexp(—b 3 )dus b2
Using this, we finally obtain (4.33) from (4.35). O

PrRoOOF oF THEOREM 1.4. Let a, g4, T, > 0 be given by Lemma 4.23. Since
K(0) is compact and nonvoid by Proposition 1.11, there exists a finite nonvoid
subset M of K(0) such that U ,. U, ,,(u) covers K(0). According to Corol-
lary 3.12, there exists a > 0 such that (3.13) holds with & replaced by ¢,/2.
Define a, = 3 min{a, @}. Note that U, ,(K)C U ,cy U ycz¢U, (6(n) by
Proposition 1.11(c). In view of Lemma 3.3(c), it suffices to show that

(445) sup sup ¥ ¥ Erfexp(aolX(ll.); Ly € U, (6,(n))] <.
T>=Tyte[0,T] ueM xezd
Since explagll X, — X,ll) < explagll X, — Xll)exp(a,ll X, — x|l..) for all t >0
and x € Z9, an application of the Cauchy—Schwarz inequality shows that
sup sup Y X Er[exp(2aol X, — xll.); Ly € U, (6,(n))] <

T>Tote[0, T] ueM xezd

is sufficient for (4.45). Since 2, < «, this follows from Lemma 4.23. O

We are now ready to prove the tightness of the set {ﬁT LiYr.o by
combining Proposition 3.1 with Lemma 4.23. For use in the proof of Theorem
1.15, we formulate (4.47) of the following proposition with the supremum over
all t in [0, T]. For part (b) we only need the case t = 0 and use the fact that
P+(X, = 0) = 1. For n € N define

K(n) ={6,(un): neK(0), xezZ% [Ixll. <n}.

PROPOSITION 4.46. Let g, be defined as in Lemma 4.23.

(a) For every n > 0 there exists n € N such that, for every & € (0, ¢,/2],
there exists T, > 0 satisfying

(4.47) sup sup @T(LT EM(Z)\U(&,n, X,)) <,
T>T, te[0,T]

where U(g, n, x) = {6,(w): p € U,(K(n))} for all x € 7.
(b) The set {P; L)1, is a tight subset of M( M(Z%).

Proor. (a) Since K(0) is compact and nonvoid by Proposition 1.11, there
exists a finite nonvoid subset M of K(0) such that U .U, (w) covers
K(0). Let o and T, be given by Lemma 4.23. For each u € M let c, denote
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the left-hand side of (4.24). Define ¢, = max, . y c,. Choose n € N satisfying
ne®*" > 2¢,|M|. By a Chebyshev-type estlmate for all peM, T>T, and
t e [01 T]!

)y l]’:BT(LT € U, (6(w)), IX; = xll. > n)

xezd

n ~
< E+|ex X, —Xl|l.); Ly € U, (0
2C0|M| XEZZd T[ p(aH t || ) T ( (l“(‘))] 2|M|
Given ¢ € (0, £,/2], Proposition 3.1 guarantees the existence of T, > T, such
that sup; .+, Pr(Ly & U,(K)) < 1/2. Note that U , c U, () covers U,(K(0)).
Hence, using Proposition 1.11(c),

{e—xt( Ly) & Us(K(n))}
L2 U(KJU U U {Lr € U(6(m). 1%~ xll > n}.

xez9 pEM
Therefore, (4.47) follows from the two estimates above.

(b) Given > 0 and ¢ € (0, ¢,/2], choose n € N and T, > 0 according to
part (a) such that P;(L; & U/(K(n)) <n for all T > T,. Since K(0) is
compact by Proposmon 1.11(c), the set K(n) is compact too Since [0, T,] =
T P L7t € M M(Z®) is continuous, {P; L7 Yt cjo,7, IS compact. Hence,
by Prohorovs theorem, there is a compact C M,(Z9) with P-(L; & C) < 7
for all T € [0, T,]. Therefore, P;(L; & U,(C")) < n for all T > 0, where C' =
C U K(n). Part (b) now follows from [9], Chapter 3, Theorem 2.2. O

5. Proof of the main theorem. For every g € M?(Zd) with A# > 0 for
w € o define ¢, = MEQ\/ m#(0). Using [ u] = {6(w): x € 2% and Lemma
4.4(c), it follows that ¢, = X, cze/ m*(x) for every u € My(Z) with A* > 0.
For every £ >0 defme K(s) ={une Ml(Z ) Alw) > (1 — &)b} and K(e) =
{{ u]: n € K(&)}. Note that K(e) = U, ,«K(X, &) by (4.11) and Lemma 2.2.
It follows from Lemma 4.12 that {, < « for every o € K(sl) where ¢, =
b/(4|V ;). Therefore, for every u € K(e,), we can define 7+ € M,(Z%) by

mH(y) = mh(y) /{,y for all ye 79, According to Lemma 4.4(g) these
definitions are compatible with the ones given before Theorem 1.15. To prove
the weak convergence stated in our main theorem, we need the continuity of
several maps in a neighborhood of the optimal measures. Note that the set
{u € M(Z%: X* > 0} contains K(e,).

LEMMA 5.1.  As in Section 4, let &, = b/(4|IV |y).

(@ The maps u — h* € I"(Z%) and u — A* are continuous on M(Z?).

(b) The map {u € My(Z%: A* > 0} 3 u— 7* € M(Z?) is continuous.

(c) The quotient topology on M,(Z9) coincides with the topology generated
by the metric (1.14).

(d) For every & > 0 the set K(e) is open in Ml(Zd)

(e) The map K(&,) 3 0 — {, € [1,%) is bounded and continuous.

(f) The map K(g,) o u— 7# € M(ZY) is continuous.

(@) The map K(g;) > u—> QF € Ml(Q) is continuous for every y € 7¢.
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Proor. (a) It follows from (4.3) that
IA# = A <llh* = h"[l. <8IVl — »l

for all w, v € M(ZY).

() Let { e € {m € M(Z9): A* > 0} converge to some u with A* > 0.
By Lemma 4.4(b) there exist 7 and 7, = w*« for all k € N, and they satisfy

AF > Che ) — I(my)
> (h#e, )y — I(my) — [Th# = h#,
= A\ Mk — ||hlu«k — hILHoc

Part (a) implies that lim, , (Kh* a7, ) — J3(a,)) = A*. Hence, according to
Lemma 4.4(a), the set {m,}, <\ is tight. Since J is continuous, every accumu-
lation point 7 of {m}, < satisfies (h* 7) — J(7) = A*. By Lemma 4.4(b),
a* is the unique solution of this equation, hence lim, _, . = Ty = =Tk

(c) Let 7 be the quotient topology on Ml(Zd) and let 7' be the topology
induced by (1.14). The canonical projection from M,(Z9) to Ml(Zd) is continu-
ous with respect to 7', hence 7' C 7. The other way round, if A € 7, then the
set B ={u € M((Z%: [ nl € A} is open. If u € B, then there exists ¢ > 0 such
that U,( ) < B. Furthermore, U,([ u]) = {[v]: v € U,(w)} < A. Hence, 7 C 7.

(d) Use the shift-invariance of A and part (c).

(e) According to part (c) it suffices to show that K(x, &;) > u = {, is
continuous for every x € Z¢. It follows from Lemma 4.12 that there exists a
constant C > 0, independent of x € Z9, such that

{um= L VrH(y) = X sup Jri(y) <C <=

yezd yez® REK(X, &1)

Hence, the series converges uniformly in u € K(X, ¢;) and the continuity
follows from part (b).

(f) Combine (b) and (e).

(g) Let x,y € 79 By [2], Lemma 2.21, it suffices to consider an arbitrary
continuous function f: Q — [0, 1], which is F-measurable for some t > 0, and
to show that K(x, &;) © u — EJ[f] is continuous. Using (4.6) and the conti-
nuity of u — (h*, L(w)) for every o € Q, this follows from (a) and (b). O

ProoF oF THEOREM 1.15. Proposition 4.46(b) and the continuity of the
projection from M,(Z%) to M,(Z%) imply that {P;[L;] ;. , is tight and,
therefore, relatively compact. According to Proposition 3.1, every accumula-
tion point of this sequence as T — o is concentrated on K. Let S € M,( My(Z9))
denote such an accumulation point and let {T,}, . be a sequence tending to
infinity and satisfying (1.16).

Let C,a be the set of all functions g: Z% — [0, 1] and let C,, (29 be the set
of all uniformly continuous functions y: M,(Z%) — [0, 1]. Flnally, let C,
denote the set of all continuous functions f: Q — [0, 1], which are F,-mea-
surable for some s > 0. Note that Cy ;) and C, are convergence determin—
ing by [9], Theorem 3.1, and [2], Lemma 2.21, respectively. For (¢, f, g) €
Cu,z¢y X Cq X Cza define the map ¥, ¢ g)( w, @, X) = y(w)flw)g(x). By [9],
Proposmon 4.6(b), the set of all these ¥, ¢ , is convergence determining for
the weak convergence on M,( M,(Z%) X Q >< Z ).
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To prove (1.17), choose any (4, f, g) € Cy 4, X Cy X Cye, Where f is
F.-measurable for some s > 0. For . € M,(Z¢) with A* >0and x € 79 letE}
denote the expectation with respect to Q. Define ¢: K(al) — [0, 1] by

(52) e(0) = ¥ #4(O0)p( wE*[F1(g, 7"

nEQ

Let x: M(Z%) - [0,1] be a continuous_function which is equal to 1 on
K(&,,/2) and vanishes outside of the set K(s,); according to Lemma 5.1(c) we
may choose x([ w]) = min{l1, max{0, 2(A(w)/b — 1 + &;)/&,}}. Defining
o(po) = X(Q)(,D(Q) for all o € K(e,) and 3(p) = 0 otherwise, we obtain a
function o: Ml(Zd) — [0, 1]. In view of Lemma 4.4(g), it suffices for the proof
of (1.17) to show that

(5.3) lim £ [ (L) 9(Xr,)f] = ijEdE.

By Lemma 5.1(f) and (g), each term of the series in (5.2) is continuous on
K(e,). Note that ¢, > 1 for u € K(gy). Using [u] ={6,(n): y € 2 and
Lemma 4.4(c) to rewrite the series in (5.2), it follows from Lemma 4.12 that,
for every x € 79, this series converges uniformly for u € K(x, &,). Therefore,
the function K(e;) > u— o([ n] is continuous. Since y vanishes outside
K(el) the function M(Z%) > p — &( u)) is continuous, too. Hence, by Lemma
5.1(c), K(g,) 2 o~ ¢(p) and M,(Z%) 3 0 — (o) are continuous. Choose
n € (0, 1]. Since {P [ Lt 17y ey satisfies (1.16), it is sufficient for the proof of
(5.3) to show that, for all sufficiently large T,

(54) |ET[¢/(LT)9(XT)f] _EE\T[;B([LT])”S]'OO"’?-

Let us now determine all relevant epsilons, cube sizes and time intervals
for the proof of (5.4). Since @ is continuous, there exists, for every o K, a
radius ¢, > 0 such that |o(0) — (o)l < n/2 for all ¢ € U (Q) Since K
is compact there exists a finite subset M of K such that K is covered by
Ugem %/3(@) Define ¢, = min,cy ¢,/3. Since U,cpy 289/3(9) covers
U%( K), it follows that

(55) [8(0) -~ ()| <n forallg,¢ €U, (K)withllo - ¢l < &,

By the uniform continuity of ¢, there exists g,> 0 such that [y(u) —
Yy < for all u, v € M(Z?) with || u — v[| < ¢,. The set K(0, &,) is open
because A is continuous. The set K(0) is compact by Proposition 1.11(c) and
contained in K(0, &;). Hence there exists ¢, >0 such that U,(K(0) c
K(0, £,/2). The shift-invariance of H and A then implies that U, (K) C K(ey).
With &, as in Lemma 4.23, define ¢ = min{e,, ¢,, &,, 5,}-

Since K(0, ¢;) may contain shift-equivalent measures, define n; = n, + 2
with n, as in Lemma 2.3. Then, if u € K(0, &;) and y € Z¢ satisfy 6,(u) €
K(0, &,), it follows that u(—y) > (1 — &,)b/IIVIl; = 3b/(4|[VI) by (4.11) and,
on the other hand, w(B; o) < & + b/Q[IVI1) < u(—y) by Lemma 2.3. Hence
Iyll. < n,.
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According to Proposition 4.46(a) there exist n, € N and T’ > 0 such that

(5.6) sup sup Pr(L; & U(g/2,n,,X,)) < 1/5.
T>=T' tel0,T]
Note that {;,; > 1 for u € K(&,). Hence, by Lemma 4.12, there exists n; >
n, + 2n, such that
(5.7) max  sup FH(BS o) <.
XeB”sz neK(x, e1)
Furthermore, there exists n, > n, + n; such that
(5.8) max sup  7*(Bg, o) <.
XEB”z*”avO ne K(X,é‘l)

By Lemma 4.14, Lemma 4.16 and shift-invariance, there exists t > 2s such
that

@)'7( Xy = Z)
(5.9) max sup  sup max |————— —1|<n
ue{t/2,t} ye7d peK(x, sy ¥ 2€Ban,x 77“(2)
and
(5.10) sup  sup lQ{Xph — 7l < 7.

XEBn3,0 ,‘LEK(Xy -91)

Using (4.26) and the splitting L, = Qt/T)L, 1+ + + (@ = 2t/T)L 1, it
follows in a similar way as (4.27) that

4t2 8t?
ITH(Ly) — Y 7| = ?| H(L7o¢r) — Chbers, Lt,T—t,T>| = ?”V”“'

where Y, 1 = (T — 2t)H(L, +_) + 2t{h"7 L 1 ;). Choose T” > T’ such
that exp(8t2||V|]../T") <1+ nand T” > 4t/s. Then, forall T > T”,

E|exp(Y
(5.11) ‘1_ Elexp(Y,7)] <
Zy
and
2t &
5.12 L Lyl = < —=.
(5.12) Il - — Lell =<3

To show that (5.4) holds for all T > T”, fix any such T for the remaining
part of the proof. We are now going to reduce our problem to various big
cubes and decouple the time intervals [0, t], [t, T —t]and [T — t, T].

If x,ye z9 satisfy [[x — yll. > n, +2n,, then U(e/2, n,, x) and
U(e/2,n,, y) are disjoint by the argument which led to the choice of n,.
Hence, it follows by using P;(X, =0) = 1 and applying (5.6) for the five
intermediate times 0, t/2, t, T — t and T that

(5.13) Pr(Ly € U(e/2,n,, X,), Ar) =1 — 7,
where
Ar={Xi2 €By,, 0. X € By o, IIXr_¢ = Xl < ny + 205, X7 = Xl < ng}.



566 E. BOLTHAUSEN AND U. SCHMOCK

By (5.13) it is sufficient for the proof of (5.4) to show that
|ET[w(LT)g(XT)f; Ly €U(e/2,n,, X,), AT]
~Er[e([Ls]): Ly € U(5/2,1,, X)), Ar]] < 98,
It follows from (5.12) and (5.6) that
0<Pr(Ler€U(e, Ny, X)) = Pr(Ly €U(g/2,n,, X,))
<Pr(Ly € U(5/2,n,, X)) < 7.

To further reduce (5.14), we first use (5.12), (5.5), ¢ < ¢, and (5.15) to replace
L; by L, +_; an application of (5.11) then shows that we have to prove that

|[E[‘/f( Ler-0) 9(Xp) fexp(Yy1); Leroe € U(e, Ny, X)), Ag]
(5.16) —E[o([Ler-c)exp(Ye r)i Liroe € U(e, Ny, Xo), Af]|
< 927Z,.
It remains to show that the two expectations in (5.16) are essentially the
same, using the fact that the time intervals [t/2,t] and [T — t, T] are long
enough for the new ergodic random walks to converge close to their equilib-

rium distributions. Using the definition of Y, ;, the Markov property and
(4.6), it follows that the first expectation in (5.16) can be rewritten as

ye%‘nz,ofu(g,nz,y)xsnﬁzﬂzvyllf( p)exp((T — 2t)H( p) + 2tA )m

(5.17)
X

(5.14)

(5.15)

g(Xy)
Eg[f, Xt/2 S Bn4,0! Xt = y]E#[W, Xt (S Bn3,y
t
X Py(Ly_p Xr_p) (dp, dz).

It follows from (5.11) that the two expectations in (5.16) and, therefore, (5.17)
are bounded above by (1 + 1)Z;. Using (5.7) and (5.9), it follows that

9y B, |- o5
f[“]vﬂ'“( Xt) >
< 77“( B;S’y) + n%“( an,y) <27

for all ye B, o, p€U(e,n, y) and z € B, ,,,, ,. According to Lemma
4.4(d) the measures {Q/}, . ,« with u € U,(K) are Markovian. Using f < 1,
(5.8), (5.9) and (5.10), it follows that, for all y € B, , and p € U(e, n,, y),

[ESL[f; Xis2 € Bn, o0 X = Y]
()

i
4

(5.18)

—[Eé‘[f]‘

@x”( Xij2 = Y)
T (y)

<I@EXe s — 7l + mH(Bg, o) + nQ (X, € By, o) < 3m.

< G;D(QL(Xt/z € B&,o) + X @éL(xt/Z = X)

XEB
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Using (5.18) and (5.19) to rewrite (5.17), we obtain

[E[‘/’(Lt,T—t)g(xT)feXp(Yt,T); Lir-c € U(e, ny, Xy), AT]

- X Y(w)Eg[ 1<, 7*)7"(0)

YEB, 0 U(e, Ny, Y)XBy ton,.y

(5.20)
X 5[4”]%“( y)7#(z)exp((T — 2t) H( ) + 2tA¥)

X Py(Ly ot Xr_p0) (dp, dz)

<(5+6n)n(l+n)Z,
where we used that the first expectation is bounded by (1 + 7)Z;. Note that
the sum in (5.20) is bounded by (1 + 7)(1 + 21)(1 + 3n)Z;. Since w = H(w),
= A* and p~ ¢, are shift-invariant, and since 7%)(y) = 7*(0) and
7y + z) = 7*(z) by Lemma 4.4(c), the sum in (5.20) can be rewritten as

fu P l!f(ey( /.L))[Egv(“)[f](g'ﬁﬂy(m>%ey(m(o)

(&,n3,00XBp 42,0 ye Bn,.0

(5.21) X §[4M]%“(O)%“(Z)9Xp((-r —2t)H(p) + 2tA*)

X PO( LT—2ta XT—Zt)il(d[.L, dZ)
Using (5.2), Lemma 4.4(c) and (5.7), it follows that
0O<o([un]) - X l/f(ay( p,))[Eng[ f1<g, FHm)FHm(0)
(5.22) YEBn, 0
< %M(B&O) <n

for all u € U(e, n,,0). Using (5.21) and (5.22) to rewrite (5.20), we obtain

[E[’l/(Lt,T—t)g(xT)feXp(Yt,T); Lir-c € U(e, ny, Xy), Ar]

- ‘P([ :“])5[4#]%”(0)%#(2)

U(e, Nz, 00XBp 1 2n,.0

(5:23) X exp ((T — 2t)H( ) + 2tA*)

X Po(Lr_z0 Xr_z0)  (dp, d2)

< n(1+ 1)(6 + 11n + 69%)Z;.
The calculations leading from the first expectation in (5.16) to the estimate
(5.23) are also valid for ¢y = o([-] with ¢ given by (5.2), when we set g = 1,4
and f = 1, in these calculations. Therefore, (5.23) also holds with the expec-
tation in (5.23) replaced by the second one from (5.16). Since we chose n < 1,
the estimate (5.16) follows from the two versions of (5.23). O
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6. Proof of Theorem 1.19. For B > 0 define a function V: Z9 — [0, »),
which models a Dirac-type interaction, by V = B1,. In this section we write
wy = w(x) for w € My(Z%) and x € 79, Define

KB: {:U’E K po = max, . za I-Lx}'

LEmMMA 6.1. Ifa€[1/2,1] and u € M,(Z?) satisfy u, < a for all x € 79,
then ¥, _,a pu2 <a®+ (1 — a2

Proor. There exist 1 ¢ Z9 and y e 79\ | such that r=%,_, u, <a
and s=r+ u,>a Note that s—a<s—pu,=r. Hence u>=((s—a)+
(a-rNP<(s—a?*+(a—-r)?+2r(a—r)and

Youh= 2 i+l Y M

xez4 xel xeZN\(u{y)
sr2+(s—a)2+(a—r)2+2r(a—r)+(1—s)2
<a’+ (1-a)’. O

Lemma 6.2. If 8= 2d and u € K, then po > (1 + Vi- (2d/B)* ) /2

Proor. Define v € M)(Z%) by v, =1 and », = 0 for all x € Z9\ {0}. Then
H(v) = g and J(v) = d. Define

a, = 3(1+V1-(a/p)" ")

for all n € N,. We show by induction that u, > a, for all n € N,.
Assume that u, < a,. Then H(w) < B8/2 by Lemma 6.1. Since J( ) > 0, it
follows that A(u) < 8/2, which contradicts A(uw) > A(v) =8 —d > B/2.
Assume now that u, < a,,,,. Then, by Lemma 6.1,

1\* B
H(M)Szﬁ(anJrl_E) +E

2d 2(1—2-(n* D) 2d 1-2-"
S () e
B 2 B

According to the induction hypothesis, u, > a,. Hence u, <1 — a, for all
y € Z%9 with |lyll; = 1. Restricting the sum in (1.6) to all {0, y} c Z9 with
llyll, = 1, it follows that

I(w) > dYa, —yI-a,) =d-2dy/al - a,) =d-d@d/p) 2",

hence A(w) < B — d. Again, this contradicts A(u) > A(¥v) =8 —d. O

The result of Lemma 6.2 would be sufficient to prove Theorem 1.19 for
B > 3.1766d. To prove |Ky =1 for all B> 2d, we need a refinement of
Lemma 6.2.
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Lemma 6.3, If 8> 2d and u € K, then pg > (1 +v/1 - (1.19d/8)° )/2.

Proor. Define the measure v € My(Z9) by v, = (1 + \/1 -d/(2p?) )/2

and », = (1 — v,)/(2d) for all x € 79 satisfying /x|l = 1. Hence », = 0 for
[Ix|ly > 1. A lengthy but elementary calculation shows that

A B loa+1+@d-1)/1- =2 -1

= — + 1+ - - + —d.
() =44 ( ) 22 163
Define «; = 2 and, recursively for n € {1, 2, ..., 10},

Xnig

1 414 +8/2d a, —30 1 4
——1/48-8/14 + + —8——|V/4- a2,
/8 \/ d ()’ oG e

where d’ = min{d, 2}. Evaluating this numerically shows that «; > a, >
ag > -+ > ay,. Furthermore, a,; = 1.18075 < 1.19, if d=1, and a;; =
1.10491, if d > 2. For every n € {1, 2, ..., 11} define

a, = (1+ Vi- (and/B)*)/2.

Lemma 6.2 shows that p, > a;.
Assume that there exists n € {1,...,10} with u, €[a,, a,,,]. Then, by
Lemma 6.1,

2 2
Ay 1d

2B

1\ B
H(/.L)SZB(an+l—E) +§=B—
Since pq = a,,

W= L (Van - Vi)

xezd
[Ixlli=1

Under the restriction X, _; u, < 1 — a,, this lower bound is minimal when
u, =1 —a,)/@d) for all x € 2% with ||x|l; = 1. Therefore,

2
1-a,
3= afya, 25
2d+1 2d-1 a,d\? 1 «,d?
= + — — ,
4 4 B v2d B
hence

1 [4(2d-1)p2 -

dZ
+8dman—6d+1+4(2d—1)[3(1— 1—(a; ) )
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Since the functions
B~ p2(1-y1-d/(28%))
and
B~ B(1-V1-(a,4/8))
are decreasing on [2d, «), we get an upper estimate by setting g = 2d in

these expressions. Furthermore, N>d — 1 — /1 —1/(8d) is maximal for
d = 1. Hence, A(n) — A(v) < d?f(d, n)/(168), where

4
f(d,n) = 48 — 8/14 — 8a?,, — (8 - —),/4 - a?

d
4Y14 +8/2da, —30 1
+ q +?.

In order to show that f(d, n) < f(d’, n), it suffices to show that f(d + 1,n) <
f(d, n) for all d > 2. Using 1/(d + 1)> < 1/d? and

1 1 1
yd VJd+1 Jd(d+1)(Yd +Vd+1)
1 1

= 2(d+1)vd - V2(d+ 1)d’

it suffices to show that 0 < 4V14 + 8a, + 4y/4 — a2 — 30, which is in fact
true for «,, €[1.0186, 2].

Since f(d’, n) = 0 by the definition of «, . ,, it follows that A(x) — A(v) < 0.
Since v ¢ K; by Proposition 1.11(b), we thereby obtain a contradiction. O

ProorF oF THEOREM 1.19. If 8> d, then H(v) = 8 > d for every Dirac
measure v. Therefore, Condition 1.10 is satisfied and IKBI > 1 by Proposition
1.11(a). Assume that there exist u, & € Kdﬁ with u # %. Define ¢, € 1,(Z%)
by ¢, = /u, and &, = /&, for all x € Z° Define

-G
17— <@ o).l

X and g, = arcsinl|g — (@, )1, ¢ll,

as well as #: [0, g,] > 1,(Z?) by (&) = ¢cos e + ysin e and »: [0, gy] —
M,(Z%) by (&) = (¢, COS & + x, sin &)? for all x € 7% and & € [0, &,]. Note
that y(&,) = @. Define AMe) = A(v(¢&)) for all £ € [0, g4]. Then

N=4B Y vl — X (do— ) — )
xezt ||{:lyy}||czi
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and, using ¢" = —,

X=4p X w(3(u)’ - ) +23ev— X (H—w)"
xezt H{:'—yy}\fzi

To prove the theorem, it suffices to show that A"(g) < 0 for all ¢ € [0, &,].
Since (', ¢)1, = 0and llyll,, = ll¥'lli, = 1, it follows that, for every x € Z¢,

<V1- (61— u2.

Il =] X dydy

yeZN\{x}

Squaring and solving for (4,)? yields (,)?> <1 — 2. Since J < d on M(ZY),
it follows that X' <2d + 128 — 16H - ». Since the estimate in Lemma 6.3
holds for u, and 1, it is also valid for v,(&) with ¢ € [0, &,]. Therefore,

N <2d+ 128 — 168v2

< 2d + 4(1.192d2) /B — 4B(2y/1 - (1.19d/8)° — 1).

For B > 2.38d/ V3 = 1.3741d this upper bound is obviously decreasing in S
and it is negative for 8 = 2d. Hence, A" <0 for all B> 2d. O

Acknowledgments. We would like to thank D. C. Brydges, J.-D.
Deuschel and G. Slade for discussions about our model and related ones.

REFERENCES

[1] BoLTHAUSEN, E. (1994). Localization of a two-dimensional random walk with an attractive
path interaction. Ann. Probab. 22 875-918.
[2] BoLTHAUSEN, E., DEuscHEL, J.-D. and ScHmock, U. (1993). Convergence of path measures
arising from a mean field or polaron type interaction. Probab. Theory Related Fields
95 283-310.
[3] BrybcEs, D. C. and SLADE, G. (1995). The diffusive phase of a model of self-interacting
walks. Probab. Theory Related Fields 103 285-315.
[4] CHEN, M. F. (1992). From Markov Chains to Non-Equilibrium Particle Systems. World
Scientific, Singapore.
Davis, B. (1990). Reinforced random walk. Probab. Theory Related Fields 84 203-229.
[6] DeuscHEL, J.-D. and STroock, D. W. (1989). Large Deviations. Academic Press, San Diego.
[7] DonskeR, M. D. and VARADHAN, S. R. S. (1975). Asymptotic evaluation of certain Markov
process expectations for large time. I. Comm. Pure Appl. Math. 28 1-47.
[8] DonskER, M. D. and VARADHAN, S. R. S. (1976). Asymptotic evaluation of certain Markov
process expectations for large time. I1l. Comm. Pure Appl. Math. 29 389-461.
[9] ETHIER, S. N. and KurTz, T. G. (1986). Markov Processes, Characterization and Conver-
gence. Wiley, New York.
[10] MaADRAs, N. and SLADE, G. (1993). The Self-Avoiding Walk. Birkhauser, Boston.
[11] MANsSMANN, U. (1991). The free energy of the Dirac polaron, an explicit solution. Stochastics
34 93-125.
[12] NumMELIN, E. (1984). General Irreducible Markov Chains and Non-Negative Operators.
Cambridge Univ. Press.

9



572 E. BOLTHAUSEN AND U. SCHMOCK

[13] PEMANTLE, R. (1988). Phase transition in reinforced random walk and RWRE on trees. Ann.
Probab. 16 1229-1241.

[14] PARTHASARATHY, K. R. (1967). Probability Measures on Metric Spaces. Academic Press, New
York.

[15] Ross, S. M. (1985). Introduction to Probability Models. Academic Press, San Diego.

[16] ScHmock, U. (1989). Convergence of one-dimensional Wiener sausage path measures to a
mixture of Brownian taboo processes. Stochastics 29 203-220.

[17] SzniTMmAN, A.-S. (1991). On the confinement property of two-dimensional Brownian motion
among Poissonian obstacles. Comm. Pure Appl. Math. 44 1137-1170.

ANGEWANDTE MATHEMATIK
UNIVERSITAT ZURICH
WINTERTHURER STRASSE 190
CH-8057 ZURICH
SWITZERLAND

E-MAIL: eb@amath.unizh.ch

DEPARTEMENT MATHEMATIK
ETH-ZENTRUM

CH-8092 ZURICH

SWITZERLAND

E-mAIL: schmock@math.ethz.ch



