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SHARP EXPLICIT LOWER BOUNDS OF HEAT KERNELS?!

BY FENG-YU WANG

Beijing Normal University and University of Warwick

By using logarithmic transformations, an explicit lower bound esti-
mate of heat kernels is obtained for diffusion processes on Riemannian
manifolds. This estimate is sharp for both short and long times, especially
for heat kernels on a compact manifold, and is extended to manifolds with
unbounded curvature.

1. Introduction. Let M be a complete Riemannian manifold of dimen-
sion d and let L = (A + Z) for some C*-vector field Z. Denote by p,(x, y)
the heat kernel of L, namely, the transition density of the L-diffusion process
with respect to Riemannian volume element.

A large number of papers have studied the heat kernel estimates, for in-
stance, [1], [3], [4], [8], [11], [12], [14]-[17], [20] and references therein. Most
of these works treat the case Z = 0, but their techniques usually can be ex-
tended to more general cases. All the resulting explicit estimates are based
on a bounded geometry assumption; say, the Ricci curvature for L is bounded
from below. Under this assumption, the study now is already complete. To see
this, we would like to recall some sharp results in the literature.

First, the well-known result in [2] states

(1.1) p(x, y) ~ (2mt) " exp(—p?(x, y)/(2t))

for short times and small p(x, y) when Z = 0, where p denotes the Rieman-
nian distance on M.

Next, let pf(x, y) = pf(p(x, y)) be the heat kernel of A on M, the space
form with constant sectional curvature —% < 0. Davies and Mandouvalos [9]
presented the following two-sided estimate:

(1.2 e(d) A, plx, ¥)) < pi(x, ) < c(d)h(t, p(x, ¥)),
where ¢(d) depends only on d and

r2 (d-1%kt (d—1)Vkr

h(t,r) = (2mt)~9/? exp[—z—t 5 5 ]

(1.3) B\ (@-D/2-1
x<1+x/%r+?> (1+VEkr), t,r>0.

Although [9] only considered the case k& = 1, the estimate in the present form
follows immediately from a simply conformal change of the metric. Then we
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obtain a precise lower bound estimate by combining (1.2) with Cheeger and
Yau’s comparison theorem [6]:

(1.4)  pJx,y) = p*(p(x, y)) provided Z =0 and Ric > —k(d — 1).

As was pointed out to the author by a referee, such a comparison estimate can
be extended to the gradient drift case.

Finally, a sharp Harnack inequality has been proved by Yau [20] for a very
large class of elliptic operators. This leads to a lower bound estimate of heat
kernels which is sharp for short times; see also [1].

From the several results mentioned, we see that the study of lower bound
estimate has already reached its final form for noncompact manifolds with
bounded geometry. So we will be concerned mainly with the unbounded cur-
vature case, as well as sharp estimates for compact manifolds.

In contrast to the works discussed, this paper adopts a probabilistic ap-
proach called “logarithmic transformations” initiated by Fleming [10]. This
method was applied successfully in [18] to the study of heat kernels on R¢.
The advantage of the method is that it not only provides sharp estimates but
also is valid for the unbounded curvature case.

For explanation of the main idea of logarithmic transformations, we will also
consider the bounded curvature case, although it is not the case we emphasize.
Then we go to the unbounded curvature case, and finally, present a lower
bound estimate for heat kernels on a compact manifold which is sharp for
short times and is nontrival for long times.

2. Logarithmic transformations for Riemannian manifold setting.
For fixed y € M, simply denote p,(x) = p(x, y), x € M. Let

F(x) = C; exp(—p2(x)/(2)),  a>0, xe M,

where C,, is the positive constant such that [, F*(x)dx = 1. Then F*(x)dx
is a probability measure on M which converges weakly to §, (the single-point
measure at y) as « — 0. Take

F%(x) = P,F*(x) := /M pi(x, 2)F*(2) dz,
J¢(x) = —log F§(x), t>0, a>0.
Then
(2.1) Iing J¥(x) = —log p,(x, y), t>0, xeM.
Since [,, p,(x,z)dz =1 for each ¢ > 0,
IFi(e) = Fio(2)] = 267 exp(-1/2a) + [ [Pioa(x,2) = pu(x, D) F*(2) dz
Y,

< 2Cr exp(—1/(2a)) + c,(2), a<t,
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where ¢,(¢) := SUP, (;)<1 |P:(x, 2) — p;a(x, 2)| goes to zero as a — 0. Hence,
by (2.1),

(2.2) Iirrg) JiP (x)=—log p(x, ¥), t>0,xe M.
It is easy to check that

d 1 1
STt = (04 2)T7 — SV
(2.3)

i 1 W 1o,
_Uér’P:M{E(A+Z+2U)Jt +§|U| }

where the inf can be attained at U = —VJ¢.
For fixed T' > 0, define

Fr ={U € C}([0, T); 2°(M)) : there exists ¢ € C([0, T')) such that
[U(¢, %) < c(t)p, (%)},

where 2°(M) denotes the set of C*-vector fields on M. Now, we are ready to
prove the following lemma, which is key to this paper.

LEMMA 2.1. Suppose that (A + Z)pi(x) <c(l+ pfv(x)) for some ¢ > 0 and
all x ¢ cut(y). Forany T > 0 and ¢ € (0, T"), we have

T-¢
(2.4) o) = jnt BX{g [0 UG m)P de+ Tg(nr-,)),

where n,(t < T) is the {%(A + Z + 2U)}-diffusion process which solves the
following SDE up to time T':

dn, = ®,0dB, + 3(Z(n,) +2U(t, n,)) dt,
d®, = Hg odny, Mo =%, Pg € O (M).

Here, H is the horizontal lift and O,(M) the set of orthonormal frames at x.
Proor. For any U € %7, we have
5(A+Z +20(t, )p5(x) < cr+copi(x),  t<T—¢

for some constants c¢;,c, > 0 and all x ¢ cut(y). Then 7, is not explosive
before time T — ¢. Since ¢ can be arbitrary, the lifetime of 7, is T. Let 7, =
{t € [0, T]: py(n;) = n}. Since VJ* is bounded on [0, T'] x Q for any compact
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Q C M, by It6’s formula we obtain

(T—¢e)AT,

b)) = BT ()~ ES [ A5, ()

X Ta x (T-e)AT, J a
= E*J(p_ sy (Nr-e)rr,) — E /0 {5 Ttg}(nt)dt
(2.5)

(T—&)AT, 1
_ Ex/o 5(A +Z +2U(t, )G (n,)dt

1 T—¢
< BTy oy () 5 [ EUG m)Pdr.

Here we have used (2.3) in the last step. Note that P,F* < ||F¢|,, = C,* and
we have J, > log C,. Now, by Fatou’s lemma, the proof is completed by letting
n— ooin (2.5). O

We remark that the equality in (2.4) holds when U(¢, x) = —-VJ7_,_.(x) €
Ir_.. From Lemma 2.1 we see that a good lower bound estimate of the heat
kernel follows from a suitable choice of U. But to compute E*J§(ny_,), we
need to estimate Jj first.

LEMMA 2.2. For @ >0and ! € (0,1/2«), we have

2 —1)? 2
JS(x)sg'Og ma_ (-1 pH()

M.
1- 2al al 20 > €

ProoF. It is well known that the volume element on M can be character-
ized in polar coordinates at y as (see [5], page 67)

dz=\/g(r, £)drde,

where z = exp[ré] ¢ cut(y) for r > 0 and ¢ € S‘y’z’l ={X eT,M: |X| =1}
such that exp(s¢)|so,-) IS the minimal geodesic from y to z, and d¢ is the

standard measure on S}i’l.
By Bishop’s comparison theorem (see [5], page 71),

(2.6) \/ g(r, &) < k@2 sinh® ' (VEr), r>0, £esi,

where the right-hand side of (2.6) is understood as ¢~ when % = 0.
Since the volume of cut(y) is zero,

C, = /M exp(—p%(2)/(2a)) dz = /M exp(—p5(2)/(2a)) dz

\Cut(y)

< |80 | ~ exp(=r2/(2a)) k@ D72 sinhdY(VEr) dr,
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where |S?71| denotes the (d — 1)-volume of the unit sphere in R?. Note that
sinhr < r exp(r) for r > 0, then

C=1s™ [ " exp(=r2/(2a) + (d — DVEr)rtt dr
= exp((d —~ 1R/ [ expl(l ~ 1/(2a))r?}r dr

= exp((d — 1)2k/(4l)) /R exp (1 - 1/(2e))|2I?} dz

2T« >d/2

Now the proof is complete by the fact that J§(x) =log C, + pi(x)/(Za). 0

3. Manifolds with Ricci curvature bounded from below. In this sec-
tion, we assume that Ricci > —k(d — 1) for some % > 0.

THEOREM 3.1. Suppose that |Z| is bounded from above by b, let 8 = ﬂ(d—
1)+b. Forany ¢, 0 > 0 and x, y € M, we have

1 2 2 2
pts.= o o]+ 25 )~ - 240) ]
We remark that when Z = 0 (or more generally, Z is a gradient), the above
estimate is not as precise as that obtained by (1.2), (1.3) and (1.4). But it
should contain interest for general Z. Moreover, this estimate is sharp for
short times (take o = ¢+/7) by (1.1), and when M = M, and Z = 0, it provides
the exact main order exp(—#(d — 1)?k/8) for long times.

Proor. Without loss of generality, we assume that 2 > 0. For a > 0, choose
f € C*(R,) such that /" € [0,1 + «a], f/(0) =0 and f(r) = r for r > a. For
fixed ye M and T > 0, take U(t, x) = O for x € cut(y) and

Vp2 1
% —5BVfopy(x), x¢eut(y), t <T.

We use Cranston’s trick [7] to treat cut(y) and then obtain the following for-
mula as in [13]:
(31 dpj(m,) =2p,(n)db, + $(A+ Z +2U(t, ))p}(n,) dt — Ly,

where b, is a one-dimensional Brownian motion and L, an increasing process
with support contained in {t > 0:n, € cut(y)}. Moreover, (A + Z + 2U)p,(n,)
is taken to be zero whenever 7, € cut(y).

Since Ricci > —k(d — 1), we have (see [5])

380%(x) < 1+ Vk(d — L)p,(x) coth[Vkp,(x)]
=d +(d — 1){VEkp,(x) coth[VEp,(x)] — 1}.

U(t,x)=—

(3.2)
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Let A(r)=rcothr —1—r, r >0, then 2(0) =0 and
R'(r) = sinh ™2 r(sinh rcosh r — r — sinh? r) := sinh =% rh,(r).

We see that #,(0) =0 and A7(r) = exp(—2r)—1 <0 for » > 0. So A(r) <0 for
r > 0. Therefore, by (3.2),

(3.3) F(A+ Z)p3(x) < d + Bpy(x).
On the other hand,

2 2
U(t7 x)pi(x) = ;y_(t) - pr(x)f/ © py(x)
2 2
<- ;y_(xt) — Bp,(x) + Ba, t<T.
We have
2 2
(3.4) %(A + Z 4+ Ut ))p%(x) < d + Ba — pr—_(xt).

Let 7, = {¢t > 0: p,(n,) > n}; by (3.1) and (3.4) we obtain

E*p2(ny,,) < (d+ Ba)t + p2(x),  t<T.
Then

g(t) == E*p*(n,) = E*p5(m4n,) < (d + Ba)t + p5(x)

which is bounded on [0, T'). This means that 2f0t py(ms) dby is a (square inte-
grable) martingale before time T' and hence Lemma 2.1 holds if we put the
present U into %7. Now, it follows from (3.1) and (3.4) that

2g(t)

@5 g =d+pa-. O =p®), te[0.T).

Let G(t) = g(t)/(T — t)?, then (3.5) is equivalent to G'(¢) < (d + Ba)/(T —t).
This implies that

T — t)?
@8 Epny < T

Next, for any o > 0, we have

P2(x) + %(T _0d+Ba), t<T.

1 2
B < {200 4 2+ wp)

L P51 1
< (l-i-O'\/T——t)E (T — 1) + Z(l—l—a)ZBZ(l-i— m)

2
Y d+ Ba
< @rovT-p|B s P

+ 1(1+oz)232<1+ ;>
4 ovT —t/)
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Note that

e _ 2 32 32 Tre 1 _
/o VT —tdt = (1% - a*?), /0 mdt_Z(ﬁ Ja),

dt = 2T(VT — Ja) — (Ts/z 3/2)53713/2,

t
,/T_
T—« t T
/ 7 dt=—T+a+Tlog—.
0 Tt
Then

/0 E*|U(¢, n,)|? dt
(i 3f>py(x)+ “(1+a)’B <T+§ﬁ)

+(d+Ba)<T —1+log E + §aﬁ).

(3.7) <

By Lemmas 2.1 and 2.2, (3.6) and (3.7),
a X Ja 1 T=a x 2
T () < BXT(nr-o) +5 [ EU )P dt

27 (d-12%k 1

d
—1 —_E* 2
sl ot Tt E ()

1 T x 2
t5 [ EUG )P

dlo 2 +(d—1)2k+1 1 20 + 2(x)
=297 24 2l t3UT T2 pyx

+ (d+Boz)(—+|ogT+ 0'\/—> 8(T+ ~/_>
Therefore
—log py(x, y) = lim J5_,(x)

d (d-1%k 1/1 20
= 5 log(2aT) + —p—+ 5(— + 3f) 2(x)

2d 1 2
+T" T+§BZ(T+—«/T>, [>0, o>0.
g

Now the proof is complete by letting [ — oco. O
4. Manifolds with unbounded curvature. In this section, we extend

Theorem 3.1 to manifolds with unbounded curvature. Suppose that for fixed
y € M, there exist k,, k, > 0 (which may depend on y) such that

(41)  Ricci(X, X) > —(ky + kapy(x))2(d — 1| XP, X eT.M.
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Next, let b, = |Z(y)| and suppose that
by, =sup{{(VyZ,U): U e TM, |U| =1} < oo.

Let Bi = maX{O, (d - 1)kl + bi}’ l = 1, 2
For any x ¢ cut(y), let Uy(s € [0, p,(x)]) be the unit tangent vector field
along the minimal geodesic from y to x. Then

py(x) d
(42 Zpx)= [ (U Z)ds+ (Uo. Z) < by + bop ().

Recalling that rcothr — 1 < r for r > 0, by Bishop’s comparison theorem we
obtain

3(A+Z)p5(x) < 1+(d = 1)(k1py(x) + kopi(x)) coth[yp, (x) + kop5 ()]
(4.3) +b1py(x) + byps(x)
< d+ B1py(x) + B2p5(%).

Then Lemma 2.1 holds for the present case.
Since Ricci > —(d — 1)(ky + k,r)? in B(y, r), (2.6) holds with v% replaced
by kl + kzr. Then

C, <5 / Zexp(—r2/2a + (d — 1)(ky + kor))rd -t dr
0

< exp((d — 1)k§/41)/Rd exp{ (z +(d - 1)k, — %)W} dz

2o
1-2a[l+(d—1)k,

d/2
= exp((d — 1)2k1/4l)< ]> , 1> 2a[l+(d—1)k,].

Therefore

(d-12k2 d 27a p3(x)

@4 S = T T Rl T 20

Take U(t, x) =0 for x € cut(y) and

VRA(x)  BaVAA(x) 1

U(t, x):_Z(T—t) 2 —E,Blvfopy(x), x¢cut(y), t<T,

where f is as in Section 3. Then (3.6) holds with B replaced by ;.
Finally, from Section 3 we see that

2
pTy(_mt)Jrsz;(m)Jr%} +O(—alog a)

/OH E*|U(t, m,)? dt = /OH E{

for small «. Now, we obtain the following result by some ordinary calculations
as in Section 3.
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THEOREM 4.1. For any o > 0, we have

pi(x, ) = 2mt) 2 exp{~f1(o, )p*(x, y) = fo(o, )}, >0, x,y e M,

where
o B2 0132 .32 Bz 3/2
filo,t) = o 3f+ f+ st t og
B: 2do ,81—1—2d/32 ZUdﬂz 3o A5 doB3
— (=1, =7 /2 2,2 2,5/2
folo, t) = < + )«f 5 ARt

5. Heat kernels on a compact manifold. As was pointed out in Section
1, there are many estimates which are sharp for short times, and some are
sharp as well for long times when the manifold is a noncompact space form.
But most of them become zero when ¢ — oo; this is not the case for heat
kernels on a compact manifold. The purpose of this section is to present an
explicit lower bound of heat kernels on a compact manifold which is sharp for
short times and nontrivial for long times.

Let D be the diameter of M and B as in Theorem 3.1. By (3.3) we have

opi(x) 1

T—ga tg” B0

(5.1) %(A+Z)p§,(x) <d+

for any o > 0.
Take U(¢, x) =0 in cut(y) and

Vpi(x)  oVpi(x)

U(t’x)z_Z(T—t)_4(T—t)3/4’ x ¢cut(y), t<T.
We obtain
2 2

dp2(n,) < 2p,(n,) db, + [d + (40) AT — 1)¥*]dt - ;’,—(”t) dt, t<T.
This implies that (cf. Section 3)

i T —¢t)? d(T - t)t

E*pi(n,) < mln{DZ, %Pi(x) + %
2 _ £\2

(5.2) + @[(T — )V = T—1/4]}

. T —t)? d(T —t)t B2t(T —t)"*

< mm{Dz, %Pi(x) ( T LAl T ) }
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Then
T« T-a 1 ag 2
x 2 _ x 2
B [ U n)Pdt = | [T_t+2(T_t)3/4} E*p%(n,)dt

T—a (T — ¢t)2 1 o 2
Spfv(x)/o ( TZ) [T—t+ } dt

2(T — )3/
(5.3) o 2
+/ [ AT t)3/4}
x min{DZ, d(TT_ Dt th(z; t)7/4}dt

= pi(x)]l + 12.
It is easy to see that

1 n i¥es n o2

T " 5T%* " 6T

On the other hand, for any p € (0,T), let ¢ = T — p. Divide I, into three
terms:

(5.5) 12=/;+/0p+/:_a:=13+14+l5.

We have

(5.4) I <

q 1 o 2
I, < D?
3= /,,{T—t+2(:r—t)3/4}dt
<1p2 + 4o —3/4 + _2 -2\ 11
= p 3 p 2 p {q>p}'

Note that T'— ¢ > q for ¢ € [0, p], then

[ 1 o 2rd(T -ttt  B2(T —t)"/4
I4S/O|:T—t+2(T—t)3/4:|< T T T )dt

2 o2d o2
g2 1/4
=< 2T +B82+—— 7 q }

Similarly, note that ¢/T < 1, we have

(5.6)

(5.7)
{dq +o g2 +daqg ¥+ —

B? do

Is </ { T—t (T —00h  (T—1)pn
2

T =1

4 2 o 2
B p3/4—|—4d0'p1/4+,8 p—i——\/—-l- ,8 5/4‘

2
(5.8) + B+ + i(T — t)l/4} dt

§dlog£
o

Now, by Lemmas 2.1 and 2.2 and (5.2)—(5.8), we obtain the foIIowmg result.
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THEOREM 5.1. Suppose that D < oco. Forany o > 0and ¢ > p > 0, we have
pi(x, y) = (2mp) Y2 exp{—f3(t, 0)p*(x, y) — f4lt, D, )}, x, ¥y €M,

where

Falt, o) = 1 n 20 n o?
3\, 0)= 2 4t3/4 12\/E’
d D%/ . 40 _ o?
fa(t, p,o)= E‘i‘{?(l? l+?p 3/4+7P 1/2>}1{t>2p}
p2 BZ
s 2= prt e B py s ot pyoe
4¢ o
2d 2
+ 8-y g T p
4 4
2B° 3/4 1 B’ o’d op?
“p” 3dopt/4 4+ 2 Ta 2, TP s
+30_p +3dop +2p+4p +1Op
If B =0, we may take o = 0, then
d  p*(x, ) dp® D?
> (2w p) Y2exp]—= — 2 - —1 :

REMARKS. (a) Obviously, we have f3(oco0, o) = 0 and f4(o0, p, o) < oo for
all p, o > 0. Then the lower bound given in Theorem 5.1 is nontrivial as
t — oo. On the other hand, take p = 1¢ and o = ¢3/4; then the lower bound is
sharp for short times.

(b) Theorems 3.1, 4.1 and 5.1 are also true for Neumann heat kernels on
a convex regular domain. The only change made to the proofs is that n, now
becomes a reflecting diffusion process, so the increasing process L, appearing
in (3.1) may also increase whenever 7, visits the boundary. See [19].
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