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ON THE ERROR ESTIMATE OF THE INTEGRAL KERNEL
FOR THE TROTTER PRODUCT FORMULA FOR
SCHRODINGER OPERATORS

By SATOSHI TAKANOBU

Kanazawa University

The error estimate of the integral kernel for the Trotter product
formula for Schrodinger operators is shown. A basic tool for doing so is the
Feynman-Kac formula based on the pinned Brownian motion. This for-
mula enables us to express the integral kernel in handleable form and
hence estimate it. As a consequence the Trotter product formula in the L,
operator norm is obtained.

1. Introduction and results. It is well known (e.g., [8]) that if A and B
are self-adjoint operators in a Hilbert space bounded below and A + B is
essentially self-adjoint, the Trotter product formula

(1.1) im (exp(—%A)exp( ‘ B))n = exp(—tC)

| -
n— o n

and its variant
1.2 li ‘ B tA ‘ B ” C
(1.2) lim exp(—z )exp(—ﬁ )exp(—z ) = exp(—tC)

hold in strong operator topology, where C is the unique self-adjoint extension
of A + B.

When A + B is the Schrddinger operator —(A/2) + V in the space L,(RY)
and V is a C”-function bounded below such that [s*V(x)| < C (1 +
|x|?)@=1«D)/2 for every multiindex «, Helffer ([3], [4]) proved the asymptotic
estimate

(1.3) exp(— iV)exp(%A)exp(—iv) - exp(—t(—é + V) = 0(t?)

2 2 2 )

as t — 0, where a,:==a Vv 0 and |- ||, stands for the L,-operator norm, and,
as its by-product, a variant of the Trotter product formula in L,-operator
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norm

R

1 2
= —o(t?)

(1.4) 2

as n — «. Here, as —(A/2) + V is essentially self-adjoint on C5(RY), so its
unique self-adjoint extension is also denoted by the same —(A/2) + V.

The result in [5] was extended, by using probabilistic methods, to the case
of more general scalar potentials V and an estimate of e (t/2Ve(t/24g=(t/2V
— e '0(4/2*V) in | -operator norm was given; as a by-product, a variant of
the Trotter product formula in L -operator norm was obtained. There, the
integral kernels of e~ (1/2Ve(t/23g=(t/2V gnd ¢t~ (A/2*V) gre expressed by
the Feynman-Kac formula based on the pinned Brownian motion, and from
these expressions the difference of these kernels is indeed estimated and
thereby the mentioned estimate is derived. For the related L,-results with
operator-theoretic methods, we refer to [1], [2] and [6].

The aim of this paper is to estimate in the kernel level not only the
difference (e (V/2MVe(t/2MAg=(t/2MVHn _ o= t=(A/2+V) - pyt also (e (V/MV.
g(t/2mAyn _ o= t=(4/24V) In view of the estimate in [5] it is natural to
consider the estimate of the Trotter product formula in the kernel level. Also
we improve the condition on scalar potentials V to unify those in [5] and [2].

In the following let us state our results.

Let V: R - [0, =) be a continuous function. Let 0 < § < 1,0 < C,,C, < =,
0<y=<l1l O0<k=<1l1land 0<pu,v<ox For V, we consider the following
conditions:

(A IV(x) = V(y)l < Cylx = yI”;
(A); V is a C'-function such that:

() IVV(2)l < C,V(2)* 8,
(i) IVV(x) = VV(y)l < C,lx — yI;

(A), V is a C*-function such that
(i) IVV(2)l < CV(2)' 2,
(i) [VV(x) — VV(y)l < C,{V(x)E 72971 + [x — y[*) + |x — y["}x — yl.

Let H= —(A/2) +V be the Schrddinger operator and e '" be the
Schrodinger semigroup, and set

K(t) : exp( — %V )exp(%A)exp( — %V )

G(1) :

exp(—tv )exp( %A)
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We call K(t) a Kac operator. The quantities e ", K(t/n)" and G(t/n)" have
integral kernels, which are denoted by e '"(x,y), K(t/n)"(x,y) and
G(t/n)"(x, y), respectively.

Let p(t, x) be the heat kernel:

p(t, x) = (%)d/zexp(—g).

THEOREM 1.1. (i) Under (A),,

n

K(%J (X, y) —e"™M(x,y)

v/2
< p(t, x — y) const Cl(ﬁ) t(Ix — yl” + t7/2),
where const depends only on y and d.

(i) Under (A),,

n

4%}(&w—e”ﬁkw

<p(t,x-vy)
12 1\@+0)/2 1\@+0)/2 2
X const Cft“”(ﬁ) +max{C2(H) ’(CZ(H) ) }

2
% Z tj(|X _ y|j(1+x) + tj(l+K)/2)},

j=1

where const depends only on 8, k and d.
(iii) Under (A),,

M%%YO«w—e‘Why)

<p(t,x—vy)

X const{Cft“”(—

1125 1\1A20 1 \1A28 2
+ max Cz(—) , Cz(—)
n n n

x Y [tj(l/\zs)(|x_ylzj + ti +|X_y|j<2+ﬂ)+tj(1+ﬂ/2))
i=1

+i(|x — yPe ) 4+ ti<1”/2>)]},

where const depends only on &, u, v and d.
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In Theorem 1.1 and other statements below, const’s are all distinct though
they are written in the same term.

THeorem 1.2, Under (A),,

n

‘G(%) (x,y) —e"™M(x,y)

<p(t,x—y)

1 1A26 2 )
X const (H) 2 CitP(Ix —yI! + t1/2)
j=1

smarfel 3 fela) |

2
12 + Z (tj(l/\2§)(|x_y|2j+tj+|X_y|j(2+ﬂ)+tj(1+y_/2))
j=1

X

+ti(Ix —y e 4 t11+<v/2>))l}.

Here const depends only on 6, u, v and d.

RemARK 1. It is not difficult to see that the integral kernel of e(/2%g~tV

equals G(t)(y, x), and so (e/2M2e~t/MV)n(x v) = G(t/n)"(y, x). Hence
in Theorems 1.2 and 1.3 the statements with G(t/n)"(x, y) replaced by
(e(t/2M3g=(t/MV)(x y) hold.

In [5], the condition on V was as follows: for0 < § <land m€{0,1,2,...}
such that mé <1 and (m + 1)8§ > 1, V: RY - [0,») is a C™-function such
that we have the following:

1. V(2) = 1;
2. 10°V(2)| < CV(2)7 1% 0 < |a| < m;
3. 19°V(x) — V(Y < CIx —y|", lal =m

with constants 1 < C < »and 0 < k < 1. When m = 0 and 1, this condition
is just (A), and (A),, respectively. When m > 2, this implies (A), with the
same 8, C, = VdC, C, =2M"3:d"/2C, u=m-2and v=m — 2 + k, SO
that (A), is an improvement.

Following Doumeki, Ichinose and Tamura [2], we can consider another
group of conditionson V. Let 0 < p<», 0 <c<x and 0 < ¢,, ¢, < o; then
we have the following conditions:

(V), V is only a nonnegative bounded measurable function;
(V); V is a C*-function such that:

() V(2) = c(2)",
(i) IVV(2)| < ¢ (z)P ™V,
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(V), V is a C?-function such that:

() V(2) = c(z)",
(i) [VV(2)| < ¢, (z)P~ V-,
(i) [V2V(2)] < c,{z)" 2,

Here (z) = \/1 +1z)?.

Condition (V), requires very little on smoothness though very much on
boundedness. Condition (V), implies condition (A),(i) with C, = ¢,c™¢ 171/
and 6 =1 A 1/p (where, when p = 0, we interpret 1 A 1/0 = 1). However it
does not give us any information on condition (A),(ii). In this sense, that is,
on smoothness, (V) is looser than (A);. However, condition (V), is included
in (A),. Namely, (V), implies condition (A), with 6=1A1/p, C, =
ClC_(l_lAl/”), C, = C22(9—3)+(%C—(1—2(1/\1//1))+V D,pu=0and v=_(p—2),.

As a corollary to Theorems 1.1 and 1.2, we can present the following
theorem.

THeEOREM 1.3. (i) Under (V),,

k(&) o ey

1 )l/(Z\/p)

<p(t,x— y)const(ﬁ

% {tZ/((p/\Z)V D=1 4 1420 A(pA2)V1D/2p)

+

2
j=

[t12/<2vm(|x — v+ )+ ti(]x =y 4 tj(zvm/Z)] ,
1

5[5 ey e ooy

1 1/(2Vp)
<p(t,x— y)const(;)
2 -
X {12/ Cpr2Vh=1 L g2 4 Y [tj<1A((pA2>v1)/2p)(|X —yl +ti72)
j=1
+H2/CV O (|x — y[T 4 t))

+tj(|X _ y|J'(2Vp) + tj(Z\/p)/Z)]

where const depends only on ¢, ¢;, p and d and n > 1 (in fact it may be that
n > 222V ),
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(i) Under (V),,

‘K(%)n(x,y) —e (X, y)

1 2/(2Vp)
<p(t,x— y)const(ﬁ)

2
x{tl+2/(le)+ Y [th/(zvp)(|X_y|2J' +tj)
i=1

+tj(|x _ y|J'(2Vp) + tj(ZVp)/Z)] ,

n

‘G(%) (x,y) —e "™M(x,y)

1 2/(2Vp)
n)

<p(t,x— y)const(
2 - . - - s .
% {t2 + ¥ [tj/(lv P)(Ix —yl+ t1/2) + t12/<2vp)(|x — vy 4 tJ)
j=1
+tj(|X _ y|i(ZVp) + tj(ZVp)/Z)]
where const depends only on p, ¢, ¢, ¢, and d.

In Theorem 1.3 we state nothing under the condition (V),. In [2], this [as
well as conditions (V), and (V),] is studied and it is asserted that when (V),
holds, the L,-operator norm of K(t/n)" —e ' is of order (1/n)>/*as n - «
and that this order relation is locally uniform in t > 0. Their method is more
operator theoretical, and for (V), our method does not match it, up to the
present, in order to get this (or any more profound) result. This is the reason
why (V), is excluded.

However, under other conditions besides (V),, we can give the asymptotic
order of the L-operator norm as well as L,-operator norm of K(t/n)" — e~ "
and G(t/n)" — e ' as n — «. For this we note that fora > 0and 1 < p < o,

Hfde(t,. —y)le =yl f(y)| dyH < C(a, d)t?/?||f],, fe Lp([R{d),
P

where C(a, d) = [za|x|*p(1, x) dx. By combining the estimates in Theorems
1.1, 1.2 and 1.3 with this note, the following is easily confirmed.
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CoroLLARY 1.1. Let 1 <p <o Then, for 0 <t<1 and n € N, the fol-
lowing hold.
(i) Under (A),,

n
(5] e
n p

where const depends only on C,, y and d.
(i) Under (A),,
n

t
Kf—] —e™"
%)
where const depends only on C,, C,, 8, x and d.
(iii) Under (A),,

v/2
< const(—) titv/2,
n

{128 A+)/2

1 )25/\(1+K)/2

< const| —
p n

t n 1 1A268
HK(—) —etH sconst(—) ttrinze
n o n
t n 1A268
G(—) —e M| < const(—) tl/2+s
n o n

where const depends only on C,, C,, 8, u, v and d.

COROLLARY 1.2. Let1 < p <. Then, for 0 <t < 1, the following hold.
() Under (V),,

t n 1 1/(2vp)

K(—) —e Ml < const(—) t2/(prav D=1
n p n
t\" 1\1/@vp)

G(—) —e Ml < const(—) t2/prvV -1
n b n

where const depends only onc, ¢, p and d and n > 1,
(i) Under (V),,

t n 1 2/(2Vp)

K(—) —e M| < const(—) ti+e/eve,
n b n
£ " 1\2/@Vp)

Gl—| —e ™| <const|— tt/zr/ave)
n 0 n

where const depends only on p, ¢, ¢;, ¢, and d and n > 1.

REMARK 2. In Corollaries 1.1 and 1.2, the statements with G(t/n)" re-
placed by (e(t/2Mig=(t/MVyn Zre valid. Consequently as n — o,
(ef(t/Zn)Ve(t/Zn)Aef(t/Zn)V)n, (e—(t/n)ve(t/Zn)A)n and (e(t/Zn)Aef(t/n)V)n tend to
e {-(4/2*V)in L -operator norm at the same speed. In [6] this convergence
in trace norm is stated and proved.
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In Section 2 the integral kernels of (e (¢/2MVe(t/2MAg=(t/2mVyn  gnd
(e~ (/MVet/2MANN gre given by the Feynman—Kac formula based on the
pinned Brownian motion. Our results, Theorems 1.1, 1.2 and 1.3, are proved
in Sections 3, 4 and 5, respectively.

2. Feynman-Kac formula. Let (W, P;) be a d-dimensional Weiner
space: W is the totality of all continuous functions w: [0,1] — RY such that
w(0) = 0 with the topology of uniform convergence and P, is the Wiener
measure on W. Clearly,

1)\ |x|?
Po(w(t) € dx) = p(t, x) dx = (m) exp(——) dx.

For simplicity, set

X(t,w) = w(t),
Xo(t,w) == X(t,w) — tX(1,w) = w(t) — tw(1).

We start with the Feynman—Kac formula based on the pinned Brownian
motion (cf. [9], [10].

PRropPosITION 2.1.
exp(—tH)(x,y) =p(t,x —y)

exp(—tfolv(x +s(y—x)+ \/fXO(s))ds)},

X E,

n

K(%) (x,y) =p(t,x—y)

X E,

exp(—%(folv(ersn(y—x) +VtX,(s;)) ds
+f01\/(x+s§(y—x) +\/fX0(s,T))ds))},

G(%)n(xy y) =p(t,x—y)

X E,

exp(—tfolv(x+sn(y—x) + \/fxo(sn))ds”.

Here s/ == (ns] + 1)/n and s, = [ns]/n.
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By Proposition 2.1,
t n
<[] (xov) = et (x,y)

= p(t, x—y)(Eo[exp(—%(folV(x +s,(y —x) + \/fxo(s;))ds

(2.1) +folv(x+sn+(y—x)+\/on(srT))dsm

_Eo[exp(—tflv(x +5(y = X) + VtXq(s)) ds)})
= p(t, x = y)ka(t, x, y),

n

t
G(H) (X, y) — exp(—tH)(x, y)

(22) ~P(tx- y)(EO[EXp(‘thlV(X 5, (Y = %) +VEXo(s7)) ds”

_EO[exp(_tfolV(X £5(y = %)+t Xo(9)) dsm

= p(t, X —y)gn(t, X, y),
and hence, our problem is reduced to a study of k,(t, x, y) and g,(t, X, y).

3. Proof of Theorem 1.1. For simplicity, set

v, (t, X, y) = _flv(x +5(y —X) + VtX,(s)) ds
0
(3.1) +%(flv(x+sn(y—x)+\/fX0(sn))ds
0

+f1V(x+ Sty = X) + VtXe(sh)) ds|.
0
By a simple formula,
e —eP=(a—Db)e’ + (a— b)zfl(l — 0)efe -0 dg,
0

we have
kn(t, X, y)

- —tEo[vn(t, X, y)exp(—%(folv(x +5,(y —x) +VtX(sy)) ds

+/Olv(x +si(y—x) + ﬁxo(s;))ds)”
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~[f@-6)dor?
(3.2) 0

X Eo| va(t, X, y)zexp(—etflv(x +5(y = X) + VtX,(s)) ds)

xexp| —(1 — 0)%(/01V(x+ Sy (Y = X) + VtXq(s,))ds

+folv(x+s§(y—x) + ﬁxo(sg))ds)”

= k®(t, x,y) + k@(t, x,y).
In the following (up to Section 3.2), we suppose that V: RY — [0,«) is a
C!-function. By another simple formula,

V(z) — V(w) =(VV(w), z — w)
+f1<VV(W+0(Z—W))—VV(W)yZ_W>d'9’
v, (t, X, y) is written as
vn(t,x,y)=—%fol<VV(X+SE(y—X)+\/fxo(5r7))’
(2s—s, —si)(y —x)
+VE(2Xo(5) = Xo(57) = Xo(51))) ds
_%fl<VV(x+s:(y—x)+\/fX0(S,T))
0
—Vv(x+sg(y—X)+\/on(5r?))v
(s = sy = Xx) + VT (Xe(5) = Xo(s7))) ds
(3.3) L
_5-/;) dsfode(vv(x+sn(y—X)+\/on(Sn)
+0((s = 55) (Y = X) + VE(Xo(8) = Xo(51))))
—VV(Xx +s,(y—Xx) +VtXq(s;)).
(s—s;)(y—x)+\/f(xo(5)—Xo(sﬁ)»
1 1 i N
J ds [ do{vV (x+ 51y =) + VEXo(sy)
+0((s = 87)(y = %) + VE(Xo(5) = Xo(51))))
—VV(x + 87 (y = X) + VEX(87)),
(s—s:)(y—x)+\/f(xo(5)—Xo(SrT))>

N[

4
= 3 vil(t, x,y).
j=1
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In view of (3.2) and (3.3), set
KaD(t, x,y) = —tEO[v,ﬂi)(t, X, Y)

(3.4) X exp

e strn i

K@D(t, x,y)
= /Ole dé 4t2E0[vg”(t, X, y)"

(3.5)
X exp

—0%(f01V(X+5n(y_X) +VtXo(sy)) ds

V(x5 (y = x) + ﬁxo(s;))ds)”.

0
Then clearly

4
kKP(t, x,y) = 2 kiP(t, x,y),
j=1

4
[k@(t, x, y)| < ¥ k@D(t, x, y),
j=1

and hence

[ka(t, X, y)| <|KEV(E, x, y)| + k@V(t, x, y)

3.6 4 ) 4 _
=0 + X[k %, y) [+ X KED(L X, y).
j=2 j=2

3.1. Case (A),. In this subsection, we assume condition (A),.
We first state the following lemma, which is easily seen from condition
(A, ().

LEMMA 3.1.
Iv@(t, x, y)|
C _
< 72 l{V(x +s,(y—x)+ \/fXO(sg))(l 28+
0

><(1 +|(st = s7)(y — %) + vVt (Xo(s)) —Xo(s,;))|M)
X[(st = i)y = %) +VE(Xo(55) = Xo(50)]
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X[(s = s7)(y = %) +VE(Xo(5) = Xo(57))]
+[(st =)y = %) +VE(Xo(55) — Xo(50)]
x|(s = s7)(y = %) +VE(Xo(5) = Xo( )]} ds,

1+v

v (t, x, y)|
C, 1 . 128,
< — {V(x+sn(y—x)+\/fxo(sn))
0

X (1 +](s = s2)(y = x) + VE(Xo(5) = Xo(52))[")

x[(s = 50)(y = %) + VE(Xo(5) = Xo(52))]°

+[(s = s2)(y = 3) + VE(Xol(5) = Xo(52))[ "} s,

[V (t, x, y)|
< %[Ol {v(x +si(y = x) +VEXe(s) 2

(1 +](s = s7)(y = %) + VE(Xo(s) = Xo(si))])

x[(s =7y = x) + VT (Xo((S) = Xo(s0))]

(s = sy = x) +VE(Xo(8) = Xo(si))[ "} .

By this and the moment estimate (3.10) below, the following is shown.
LEmMMA 3.2. LetmeN,0<f<1landj=234 Then
i t
etmE0[|V,§J)(ta X, y)|m exp( —05(/1V(x +s,(y—x) + \/fXO(srj)) ds
0

+folv(x+s§(y— X) + \/fxo(sg))ds)”

1\1nr28 m
< const(Cz(H) )

X{al—m(l—28)+tm(1/\26)(|x _ y|2m +tM o+ |X _ ylm(2+m + tm(1+,L/2))
+9tm(|X _ ylm(2+V) + tm(1+v/2))}_

Here const depends only on 6, u, v, d and m.
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Proor. We do the proof only for j = 2. By the Jensen and then the Holder
inequalities, Lemma 3.1 implies that

GtmEo[|v§12)(t, X, Y) |m

X exp

_ag(fv(x+sn(y—x) +VtX,(sy)) ds

0

+flv(x +si(y—x)+ \/fXO(s;))ds)”
ETENY
(3.7)

m(1-28)
X E, ’

Ol{v(x+s;(y—x) +VtXo(s,))

X exp

—O%folv(x +s7(y—x) + \/fxo(sn))ds)

(L1057 = s2)(y =) +VE(Xo(57) = Xo(si )| )

x|(st = s)(y = %) + VE(Xo(s7) = Xo(s2))["

x[(s = s7)(y = )+ VE(Xo(5) = Xo(s))["

(st = s (y = %) + VE(Xo(57) = Xo(50))]
x [(s = s3)(y = x) + VE(Xo(5) —xo<s:))|”‘}ds1-

m(l+v)

Here we note that

b b
(3.8) the ' < (E) , t=0,b>0,

where, when b = 0 we understand (0/e)° == 1. Since, by this

m(1-28),

V(x+s;(y—x) +\/fx0(sg))

X eXp

_0%/01\/()( +5,(y — %) +VEX(s;)) ds)
< V(x+57(y = %) + VEX(57)) "
XeXp(_"%%V(X +sy(y—x) + \/fxo(sn)))

< g~ma-29), 1 s M m1-28),
B n e
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the right-hand side of (3.7) is dominated by

_ _ (1-28),
E 3C, " gLl-mL-28), tmA A 25) i sz 2m(1 —26)., K
3\ 2 n e

<[ Boll(st = sy =)+ VE (o) = Xo(s))]”
x|(s = $5)(y = %)+ VE(Xo(S) = Xo(s))]"]
(39) B (55 = s0) (v = %) + VE(X(5) = Xo(57))[™ "
xI(s = s2)(y = %) + VE(Xo(5) = Xo(s0))["]) as

m(l+v)

Jr@tmfolEo“(Sn+ = sp)(y = X) + VE(Xo(s7) = Xo(s7))|

><|(5 —5)(y = X) + VE(Xo(s) — Xo(srf))rn] ds}.

To estimate this, we use the following moment estimate: for 0 <s<u<1
and a > 0,
a
Eo|I(u = )2 + VE(Xo(u) = Xo(5))["]
(3.10)
<370 {Ju = slYzI* + 26/%u — sI**E[| X (1) 1] }.

By the Schwarz inequality and this, (3.9) is further dominated as follows:

m _ m(1-28), -m1-28),
1(3C2) {Bl—m(1—25)+tm(1/\28)(2m(1 26)+ ) (1)

< — _
31 2 e n

X{ym‘l((%)zmlx —yIP" + 2tm(%)mEo[| X(1)|2”‘])

2m(1+p)
+ 32m(1+,u)—l((_) |X_y|2m(l+/.l,)

n

A+
+2tm<1+m(_)m ” E [IX(1)|2m(l+“)])
n 0

o [2) g 2tm(;)mEo[|x(l)lzm]))m]

1 2m(1+v)
+0tm 32m(1+v)1((_) |X_y|2m(l+u)
n
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m(l+v)

+2tm(1+v) .
n

Eo[|><(1)|2'“<“"’])

x32m1((%)2m|x -y + 2tm(%)mE0[| X(l)lzm]))1/2}

m _ m1-28), m(1A28)
<£(&) {Bl—m(1—25)+(2m(1 28)”’) tm(l/\ZS)(i)
— 3\ 2 e

n
X [32m—1((|x —yIP™ + 2tTE || X (1) 7]
#3me e (x -yt 4 gt | X (1) P
x(1x = yem + 2o [ x@ )]
m

+9tm(%) 3m(2+v)fl

X((Ix _ypmaEn 2tm(l+”)E0[| X(l)lzm(1+u)])

><(|x -y + 2tmE0[| X(1)|2m]))1/2}

<

i m(l/\Zﬁ)i 27C2)m
9 2

2m(1 _ 26)+ m(1-28),
w | gl-ma-28), gma A 28)
e

n

X [Ix -y + 2t”‘E0[| x(1)|2m]

1/2
+3m“(|X _ y|m(2+u) + ‘/Etm/2|x — y|m(l+M)E0[| X(1)|2m]

1/2
+‘/§t(m(1+u))/2|x _ y|mEo[| X(1) |2m(1+p,)]

1/2 1/2
s2eme w2 [ X () P B[ () P )]

1/2
+03mvtm(|x _ ylm(2+v) + ‘/Etm/2|x _ ylm(1+V)Eo[| X(1)|2m]

1/2
L2 tmat /2y yImEO[l X(1) |2m(1+v)]

1/2 1/2
+2tm(1+”/2)E0[|X(1)|2m] / EO[|X(1)|2m(1+V)] )}
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Consequently, noting that

1
t/2)x -yl ez g T By yeen
2+ 2+ u
+ 1
t(l+u)/2|x_y|$ I'Lt1+u/2 + |X_y|2+y,,
o

we obtain the desired estimate. O

CLAaim 3.1.

4 4
kSt %, y) |+ X KED(t x, )
j=2 j=2

1\1A20 1\1A28 2
< constmax{Cz(H) ’(CZ(E) ) }

{tj(l/\26)(|x_y|2j + ti +|X—y|j(2+")+tj(1+”/2))

g

X

j=1

+tj(|X _ y|j(2+v) + tj(1+v/2))}.

Here const depends only on 8, u, » and d.
Proor. Recall (3.4) and (3.5). By Lemma 3.2,

1A26
|KED(t, x, y)| < constCz(H)

X{tlA”(lx — Y+t 4 x -y e2)

+t(Ix —y[Pr 4+ 2,

1A28

K@D(t, x,y) < Zconst(Cz(H) )
X{ T 28t2(l/\23)(|x . y|4 +t2 4 Ix — y|4+2y + t2+,L)

+t2(Ix — V" tz”)}.

From this the claim follows immediately. O
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Next we estimate k(M(t, x, y) and k@V(t, x, y).
Recalling (3.3), we rewrite v{"(t, X, y) as

vP(t, x, y)
10 I—1 (I—l))
= —— VV|x + —x) + VvVt X | —— ],
2 |§1 '/;I—l)/n< n (y ) 0 n

(25_ 2|n—1)(y_x)

N

I_]-(y—x) + \/fXO(I_Tl)),

n

+/t

1 n
- -y 1/"<Vv
2,537

X +

2o
A
I_l(y—x) +\/ExO(I_Tl)),

n
fol/n (25— %) ds(y—x)>

+ﬁfol/”<vv I_l(y—X)+ﬁXo(l_Tl))-

(3.11) +Vt

- —%é(<vv

X +

X +

n

) w5 xd )

nl(y—x)+\/fX0(|_l)),

n

2X,

= —ﬁ ifol/n<vv(x+

I=1

-1 -1 |
2X,| s + - )—XO - )—XO(H)>ds,
and so
vi(t, x, y)°
=£2n:( 1/n<VV X+ — (y—x)+\/fxo(;)),
4,1 \Jo n n

oxfo 52w 52) xl)of
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t

1/n
+= ) <
2 1sl<msn/0

o4 )
)) of ) s
<[ B -0 v B

2x0(s+-n];'l)—-xo(n1;'1)—-xo(2?)>ds

Substituting (3.11) and (3.12) into (3.4) and (3.5), respectively, we have

t3/2 t
kiV(t, x,y) = Texp(— o (V(X) + V( y)))

n 1/n
X X Bl [ {vV|x+
I=1 0

2X(s+

o))

) ol ) el

(3.13) |
n
_%jxlv(x+ =(y —x) +VtX, (%))”

X exp

kZP(t, X, y)

- foledf) t%xp(—%(V(X) + V(Y)))
(gl (%)

n
-1 -1 I 2
ol s+ = )—XO( = )_XO(H) ds
gt n-1 i '

2X

(3.14)

1<l<m<n
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1

xfOF<VV

X +

(y—x)+\/_Xo( ))

2X, s+m;1)—xo(m;1)—x(%)>ds
X exp —%TZIV(X-F—()/—X)'F\/_XO(%)))

Here we have used that
1( 1 B ,
E(fo V(X +s,(y —x) +VtX(s;)) ds
+flV(x+s,f(y—x) +VtXo(sy)) ds)
0

1 1n-1 ' '
— z(V(x) +V(y)) + nglv X + %(y—x) + \/fxo(%)).

ProPosITION 3.1. For £, e R and 0 <ty <1, let (Xo"(),_,., be
the solution of the following SDE:

_Xt
t, — t

dX, = dw, + dt, 0O<t<t,

Xo=§
(cf. [7], pages 243-244). Then we have the following:
D (X2 ™MDy rcr, ~L (€4 W/1)n — €) + W) — (t/t)IW(te)g< <,
In partlcular (X& °(t))0<t<1 L (Xo(t)g < p<r-
(i) Po(Xt" 1"(' +t) e *|F1) = F’o(xtl"_t1 (o) € *)|§1=X£‘0*”(t1) O<t <
t, < 1), where F, is the sub-o-field generated by w(t), 0 <t < 7.
(iii) (thovn(t))OStgto ~L (X;of(to - t))OStstO'

By virtue of Proposition 3.1, ki(t, x, y) and k@V(t, x, y) are rewritten as

kEP(t, x, y)
t3/2

_ _exp(_ S V() + V( y)))

X + ir-](y— X) + ﬁxgo(%)))

j=1

xEo[fol/n <VV

n t!1-1
(3.15) X |§1 E, [exp( - YV

X + I_Tl(y—x) + \/fX(}YO(I_Tl)),
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1-1 | —1 |
s + ) —X(}'O( ) —X(}’O(—)>ds
n n n
F(ll)/n“’

2X3°

X + %(y - X) + \/fxg’o(%))

X eXp

tn—l
— ZV
nj:|

k@Y(t, x,y)

- [0 top| (v + V()

x{ i Eolexp

XEO[

0t|’1
— ZV
n i=1

fl/” <VV
0

2X3°

X + ir-](y —X) + ﬁxgo(ﬁ)))

X + I_l(y—x) +\/fX§'°(I_Tl)),

n

2 52 o]

X + ir-](y— X) + ﬁxgo(%)))

X eXp

gtn—l
- Z \
n i=1

(3.16)

1<l<m<n

—%Tg_:v X + lr-](y - X) + ﬁxgo(%)))
I-1

xfol/”<vv - (y—x)+\/fxol'°(l_T1)),
2X(}’°(s+ I;l) —xgyo(lgl) —Xol'o(%)>ds
XEO[fOl/n <Vv(x+ m_1(y—x) + \/fxg")(mr:l)),

n
m-—1 m-1 m

2xgv0(s+ )—xng( )—xgﬂ(—) ds

F(ml)/nH}-

X +

n n n

X exp

ot n-1 ' '
-—— ) V(x+ l(y—x) + \/fxol'o(i)
n 5 n

gl
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LEMMA 3.3. Letl<l<n meNand0O< 6<1 Then

e[

e 52 {2l o]

X + I_Tl(y—x) + \/fX(}O(I_Tl))

X exp —FrTZIlV X + %(y—x) + ﬁx&’o(%))) F(l—l)/n]
fm
_ Eo[Eo (j;)l/n <VV(X + I_Tl(y— x) + ﬁ&),

2X,/ME(s) — &~ n>ds) l

j=1

o1

ot n-1 ]
XE, |exp| — — Y V(x+ﬁ(y—x)

n=Xg~ (=DM EL~ l/n)l E=X&0U1-1)/n)

Proor. By Proposition 3.1, this equality is derived in the following way.
The left-hand side is

EO[(/:/” <VV

o -1 ! o1 1-1 "
(s ) e e 2 2 s

X + I_Tl(y—x) + \/fx(}'o(l_Tl)),

ot n-1 i
xexp| —— ZIV(er%(y—x)
j=
i—1+1 1-1
+\/fX01'0( - + - )))F(,l)/n}
n 1-1
- E, (fol/ <Vv(x+T(y—x)+\/f§),

m
ng:l.f(lfl)/n,O(s) _ f _ Xgl('l)/“’°(£)>ds)
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_%nz V(x+—(y—x)

j=1

X exp

j—1+1
— (- s -
+YEXE 1>/n0( - )

)

[by Proposition 3.1(ii)]

£=X§0%U1-1)/n)

1/n

E[

<VV(X+ I_Tl(y—x) +\/f§),

(0]

m
1
2X3 10/ 0(s) - ¢ ><£*"”“’°(H)>ds)

xEo[exp(—O— nle( + l()/ = X)
i=1 n

+\/fX§1—<l—1)/n,0(J_l—+l)

n

I

1
[smce a(x§1<'1)/”~°(s); 0<s< H) - Fl/n]

£=X3%1-1)/n)

1-1
X+T(y—x)+\/f§),

1/n
0 ( <Vv
0

1 m
2X U= D/n0(g) — ¢ — x§<'1>/“’°(ﬁ)>ds)

[exp(—%nz V(x+—(y—x)

j=1
_ -1
oo |
n =X~/ [{eox 01— 1))
[by Proposition 3.1(ii)]

( Ol/n <VV(X+ I_Tl(y—x) +\/f§),

:EO

2xg<'1>/”'§(1 - I_Tl - s) - ¢

I m
—xol‘“‘”/”'f(l - ;)>ds)
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ot n=t j
Eolexp| — — X V[x+ =(y—x)
n ;2 n
nxg('l)/”'f(ll/n)l E=X§2U-1/n)

[by Proposition 3.1(iii) ]

= EolEo[exp(—% nilv(x + %(y - X)

+ﬁx#<l/n>,0(%))

ji=1

Jr\/fxgl/n,o(_J ; I)

)

fol/n<vv(x+ I_Tl(y—x) +\/f§),

n=Xg= =/ &1 —1/n)

X E,

1 |
2xg“l>/“'f(H —s+1- H)

I m
iy - X01—<|—1)/n,§(1 - ;)>ds) F1_|/nH

|
[since x01<|1)/n,§(1 - H) is Fl,/n—measurable}

: EO[EO[exp |
o )

1-1
X+T(y—x)+\/f§),

£=X40(1-1)/n)

n—-1

_Iv(x+%(y—x)

nj

n=X§" "/ M —1/n)

X E,

fl/” <VV
0

2X$/“’§(% —s) - é- n>ds) l

and that equals the right-hand side. O

7]=)(&(I1)/n,§(:|__|/n)] §=Xé'°((l—l)/n)
[by Proposition 3.1(iii) ]

LEmMMA 3.4. Letl <l <nand ¢ neRY Then

Eo[fol/" <VV

-1
x+ ——(y=x) +tg], 22X mE(s) —§—n>ds} =0,
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[l e+ o efaneeio e
1 -1 2
=WVV X+T(y—x)+\/f§) .

Proor. By Proposition 3.1(i), we indeed compute these as follows. The
first expression is

Eo[fol/n <Vv(x+ I_Tl(y—x) +\/f§),

2

n+ns(é&—m) +w(s) — nsw(%)) —&- n>ds}

Eo

fol/n <VV(X + I_Tl(y—x) + \/ff),
(2ns = 1)(&E—m) + Z(W(s) - nsw(%))>ds}
- <Vv(x+ "le—x) + ﬁg),fol/”(Zns— 1) ds(¢ - n>>
+fol/n <VV(X n I_Tl(y_ X) + \/fg),ZEo[w(s) — nsw(%)Dds

= 0.
The second expression is

EO[(/Ol/n <Vv(x + I_Tl(y —x) + ﬁg),
-]
(/ol/n <VV(X + I_Tl(y —x) + \/fg),w(s) _ nSW(%)>ds) 1

|

(oa
(by the change of variables: s = F)

(2ns=1)(é—m) +2

- 4E,

= —E, ( 1<VV(X+ I_—:L(y—x) + \/fg),w(a) - 0'W(1)>d0') ]
0 n
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[by the scaling property: (W(%) s ~L %W(O’)) }
- Vv(erl_Tl(y—x)ﬂ/ff)2
X E, (/Ol(wl(a') — owy (1)) da)zl
=va(x+l_Tl(y—x)+\/f§)2- o

By Lemmas 3.3 and 3.4, we claim the following.

CLAim 3.2.

KED(t, X, y) = 0,
cz21

K@D(t, x,y) < ——(

6 &

4(1 - §)\24? 1\2°
ti+2s _) .
e n

Proor. Combining Lemma 3.3 with Lemma 3.4, we have

Eo[fol/n <VV X + I_Tl(y -X) + \/fX&’O(I_Tl)),

1,0 -1 1,0 -1 10I
2X30|s + —— | = xgo[ = | = xd°| | )ds

3 x+~%(y'—x)'k¢fxéﬁ(%J)) HFJVH}

tnl
__ZV
nj:|

X exp

1/n -1 1.0 1-1
A <VV erT(y—x)+\/fX0 (T))

1,0 -1 1,0 -1 10I i
2Xy Pl s + - - Xy = - X o ds

X + %(y - X) + \/fxolo(%)))

X exp

ot n-1
Y Vv
j=1

n J
2

33 Vv

X + I_Tl(y —X) + \/fxol'o(l_Tl))
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j
x+ﬁ(y—X)

ot n-1
XE,| Eolexp[ —— Y Vv
n JZI

{1

X + I_Tl(y —X) + ‘/fx<%0(l_T1))

1q=xg)-(ll)/n.f(:|__|/n)] §:Xé’0((|*l)/n)

2

3nd

ot n-1
X E,|exp \

Vv

j
+_ —
X n(y X)

n j=1

j-1+1

1,(|,1)/ ,0
+VU X, n ( -

)l

[by Proposition 3.1(ii)]

o ()

e=XE0(1-1)/n)

2
\AY

e 1
- =0 3n3

X exp

n j=1

" nilV(x Py ﬁxgyo(%)))

F(I—l)/n]
[by Proposition 3.1(ii) again] .
Substituting these into (3.15) and (3.16), respectively, we see

KED(t, x,y) =0,

. ot
KED(t, X, ) =f0 6 do t3exp(—%(V(X) +V(Y)))

2

Vv

n 1
X E,| —=
E’l ° 3n3

x+'_Tl(y—x)+¢fXé'°('_Tl))

tn-1

Xexp(_F .lv(x + %(y —x) + ﬁx&”(%)m

J

LY feder
IETE =1fo

X Eq||VV

X + I_Tl(y - X) + \/fXO(ITl))
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ot n j—1 j—1
xXexp —%jglv X + J - (y—X) +\/fXO(JT)))
ot n ' '
X exp —%jglv x+%(y—x) +\/fxo(%)))].

Here, recall condition (A),(i) and inequality (3.8). By these,

2

v

X + I_Tl(y—x) + \/fXO(I_Tl))
j;l<y—x)+ﬁxo(j‘Tl)))
X + I_Tl(y - X) + \/fXO(I_Tl))Z(l_S)

ot
——V
2n

ot n
- — V
2n Z

j=1

X exp X +

< C&v

X exp

X + I_Tl(y—x) + \/fXO(I_Tl)))

ot 2=/ 4(1 — §) 2L
Scf(ﬁ) (—( : )) '

and hence

k@Y(t, x,y)

<

13§:f

170

w

n

1 —-2(1-6) 4(1_ 8) 2(1-9)
"0do t3C1202(15)t2(15)(—) (—)
|

n e

0

1 1 25 4(1 _ 6) 2(1-9)
025—1 decftl+28(ﬁ) ( . )

1

3

2 2(1-9) 28
_&E 4(1-9) {126 i

6 & e n/ °
We complete the proof of Claim 3.2. O

For the proof of Theorem 1.1 in Case (A),, by (3.6), Claims 3.1 and 3.2, we
have the statement of Theorem 1.1 at once.

3.2. Case (A);. In this subsection, we assume condition (A);.

By using condition (A),(ii) instead of (A),(ii), Lemma 3.1 is replaced by the
following.
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LEmMMA 3.5.
C, 1 “
V@t x| = =7 [10s5 = s0)(y = %) + VE(Xo(57) = Xo(57))
0
X|(s=55)(y = x) + Vt(Xo(s) — Xo(s;))] ds,

1+«

Wt ) = 211 = 50y =)+ VE(Xa(s) = Xols) | as,
V(L x, y) | < %f:ks =) (Y =)+ VE(Xo(8) = Xo(s7)) " ds.

By this and (3.10), the following is easily seen.

LEmMMA 3.6. Letm e N andj = 2,3,4. Then

t"E [|v(j)(t X y)|m]
0 n 1 Ny
A+wyy2y ™
SCOI’lSt(CZ(;) ) tm(|x—y|m(1+")+tm(l+")/2).

Here const depends only on «, d and m.

CLAIM 3.3.

4 4
Y KED(t, x, y) |+ X k@(t, x, y)
j=2 j=2

1\(@+K)/2 1\ @+n)/2 2
< const max CZ(H) ’(CZ(H) )

% tj(|x_y|j(1+K)+tj(1+K)/2)_
]

Here const depends only on « and d.

M~

1

Proor. By (3.4) and (3.5),
[KED(t, x, y) | < tEo[[viP(t, x, v)],

kZD(t, x,y) < f19d94t2E0[|vgi)(t, X, y)|2] = 2tZEO[|vgJ’>(t, X, y)|2],
0
and hence, by Lemma 3.6, the claim follows immediately. O
Since condition (A),(i) is the same as (A),(i), Claim 3.2 is valid.

For the proof of Theorem 1.1 in Case (A),, by (3.6), Claims 3.3 and 3.2, we
have the statement of Theorem 1.1 at once.
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3.3. Case (A),. In this subsection, we assume condition (A),.
Since, by (3.1)

Vo(t, X, y) = —%fol(V(X +5(y = %) +VEXo(9))
—V(x+57(y = x) + VEX,(s7))) ds
_%fol(v(x +5(y = x) + VtXq(s))
—V(x+s5(y —x) +VtXy(sy))) ds,

we have by condition (A),,
C
[va(t, x, y)| < 71f01|(5 —sy)(y—x) + \/f(XO(s) - Xo(sr:))ry ds
C
= [0 = s3)(y = %)+ VE(Xo(5) = Xo(57))|" ds.
0
Note that

[ka(t, X, y)| < Eo[t]v,(t, x, y)[].

Hence, by combining these with (3.10), we see

|ka(t, x, y)| < Clt((%)yb( —yI"+ 2tv/2(%)w2 Eo|| X(1)|’])

1

< Cl(ﬁ)y/zmax{l, 2E0[| X(l)ly]}t(lx — I + 172),

which completes the proof of Theorem 1.1. O

4. Proof of Theorem 1.2. Throughout this section we assume condition
(A),.

4.1. Proofforn = 1. Though our aim is to estimate (G(t/nm)" — e " )(x, y)
or g,(t, x, y) [recall (2.2)], we first view it for n = 1.

CLAmM 4.1.
[(G(t) —e™)(x, y)]

=p(t, x = y)]gs(t, x, y)|
<p(t,x—y)
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C, 1\’ 2
xconst{7t3|x—y|+ (7) t?°(Ix — yI* + 1)

+ Zcé(tj(l/\ZB)(|X_y|2j +tj+|X_y|j(2+pb)+tj(1+,u/2))
i=1

+I(1x =y 4 i r/2))
where const depends only on §, u, v and d.
ProoF. As v, (t, x, y) and v{(t, x, y) (1 < j < 4), we set

u(t, %, y) = = [TV(x+5(y = %) + VI Xo(s)) ds + V(x)

u®(t, x, y) = K{VV(x), x =y
u@(t, x,y) = —\/f<VV( x),flxo(s) ds>
0
u®(t, x,y) = —fldsf1d6<VV(x +0(s(y = x) +VtX,(s))) = VV(x),
o o

s(Y = X) + VtXo(s)) .
Note that u(t, x, y) = £3_,u(t, x, y). Then

91(t, X, ) = —tE[u(t, x, y)exp(—tV(x))] - [* (1 - 6) do 12
0
X Eq|u(t, X, y)zexp(—otflv(x +5(y = X) + VtXy(s)) ds)
xexp(—(1 - G)tV(x))}
= gi"(t, x, y) + 97(t, X, y)
and

3 3
g’ (t, X, y) = X —tE[ud(t, x, y)e V] = ¥ g{(t, x, y)
i=1

[N

—

IA

e T

lg@(t, x, y)] /019 d6 3t°E,[ui(t, x, y) e V)]

i

9I(t, x, y).

j=1
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Since
E,[u®(t, x, y)] = —\/E<VV(x),f01 Eo[ Xo(S)] ds>= 0,
g®2(t, x, y) = 0. By condition (A),(i),
Ot %, )] = 2VO0M T

lu@(t, x, y)| < C,V(x)'~°t/2

fl Xo(s) ds
0
and by this and (3.8),

|U(l)(t, X, y) |me—9tV(X)

C,\™(m(1—8)\"*
< | == e—m(l—a)t—m(l—a)lx_wm’
2 e

uD(t, x, y)[e oo

_ m(1-38) m
< C{"( m(1 5)) g- M- 8)p-m(1-8)+m /2 flxo(s) ds
e 0
Hence
C]_ _ 1-6
|9§”)(t,x,y)|s7( - ) t?|x — yl,
C,\23 [2(1—-28)\2*?
L YTy -
3 (2(1-6)\*? 1 2
(22) 2__ | ~= 7 1+28
g1 (t’XaY)SC126( e ) t Eo ‘/0 Xo(s) ds
2(1-8)
=Czi 2(1-59) it1+23
1
26 e 12
2 2(1-8)
=(%) %(2(1;8)) (12

By condition (A),(i),

Ut %, )| = & [V 27 ([s(y = %)+ VEXo(9) [
0

2+ ;L)

+]s(y = X) + VEXo(9)]

+ls(y =) +VExo(s) [} s,
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and by this and (3.8),

Ot x, y) e
m(l _ 25)+ )m(126)+
e

g~ ML-28), t~ML-28),

1 m
= §(3C2) {

<[ [ 1sty =20+ VExo(o) " o

m(2+,u) )

[ 1s(y = x) + VExo(9)]

[N Is(y =0+ Vixe(s)[™ T ds }
Hence

a-29),
(1_28)+) tLin2s

e

Igﬁﬁxt,x,y>|sscz{(
X( 1E0[|S(y —X) + ‘/fXO(S)|2] ds
0
+ [P Els(y = %) + Exo(9) 7] as)

+tf [s(y—x)+\/_X(s)| ] }

< const Cz{tlA25(|x —yPP At Ix =yt t1+,¢/2)
+t(Ix —yIPr + trr2)),
9?d(t, X, y)
1 2
= 5(302)

2(1-28),
M) {20 28)

e

Tr2s
<[ L Eflsy =20+ VExe() ] as

+f01E0[|s(y - X) + \/fXO(s)|4+2”] ds)
21 Eg[[s(y = x) + VExo(9)[ ] as }

< const sz{tz(“za)(lx —y1t 4 xR 4 2

+t2(Ix —yI*"? + tz*”)},
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where in the last lines in each inequality we have used (3.10), and const
depends only on 6, u, v, and d.

Consequently, combining all the above, we have the desired estimate and
the proof is complete. O

4.2. Decomposition of (G(t/n)" — e " )(x, y). In the following (up to the
end of Section 4) let n > 2. In this subsection we decompose (G(t/n)" —
e tH)(x, y) into the sum of three terms.

As an operator, it is observed that

t n
G(—) —exp(—tH)
n
: VIK Al ! \Y : A tH
~oo{ gV K(5) el gpv ]| gna) - ewt-w
t n—-1 1 \"*! n—1
=exp(——V) K( t ) —exp(— tH)
2n n n-1 n
t t
X exp(— Z—V)exp(z— )
t v n-1 H t v t A
+ exp(—z ),exp(— = t )exp(—z )exp(z )
n-1 t t
+exp(— = tH) G(H)—exp(—HH) ,

where in general [ A, B] .= AB — BA (the commutator of A and B). Viewing
integral kernels in both sides, we have

(5]

- fRdexp(—%V(x))(K( nrjltnl_l)nl —eXp(—nT_ltH))(Xy z)

n

- eXp(—tH))(X, y)

X exp ——V(z)) (% - )
+fRd exp( ) exp( ”(x z)
t t
X exp —%V(z))p(ﬁ,z—y) dz

ol el ool
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and hence

‘( B ) —exp(—tH) (x, y)‘

f (n—l nil)nl—exp(—ngltH))(x,z)
(4.1) Xp %,z—y) dz
+fRd [exp(—%v),exp(—ngl )}(X z) (i Z—Y) dz

o] ool 3]

=1+ 1, + 13,
where the last line in the inequality comes from the fact

n—-1 n—-1
Osexp(—TtH)(x,z) sp(Tt,x—z).

In the next three subsections we estimate 1,, |, and I3, respectively.
Before closing this subsection, we present the following (whose proof is
routine, and so we omit it).

t,X—Z)

ProposITION 4.1. Leta >0 and u,s > 0. Then

/de(“' x —y)p(s, y)lyl* dy

us s
=p(u+s ) [ PV sV urs”

4.3. Estimate of I,.

CLAIm 4.2.
1 <P(t,x—Yy)

1\2° 1\1n28 1 \1n28 2
X const Cft“z‘*(—) + max{Cz(—) ,(Cz(—) ) }
n n n

[tj(l/\ZB)(|X_y|21 +tj+|X—y|j(2+“)+tj(l+“/2))

DM~

X
|

1
+t(Ix =y + ti(“v/z))]}.

Here const depends only on 6, u, » and d.
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Proor. By Theorem 1.1 and Proposition 4.1, this estimate is obtained in
the following way:
(— z — y) dz

Il:fRd (K(n;1tni1)n_l—exp(—nT_ltH))(x z)

n—lt t d
Ll el o)

n-— 1 1426 1 26
X const Cf( - t) ( )

n—1

ool el )

Xi[(n_l )(1/\25)

i=1

2j B

X +

t

j _ jA+u/2)
) n-1
Ix — z| +]x — z@tm 4 ( t) )

n

+( n ; 1t)j(lx _gjiern 4 (n ; 1t)J<l+v/2>)]}
—constcz(—t)l+25( ) p(t, x —y)
olis) " (el ]

2 |(n—1 \iar2d n-—1 t _
X t,x—z|p[=,z-y|ix-z*d
b e e Feerar

j=1

4+ const max

n—-1

t)jp(t,x—y)

t i
j@+w)
+‘/?de( - t, X z)p(n,z y)lx z| dz

n—1 iA+p/2)
+( t) p(t, x—y))

(22 (oS-
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t j2+v)
Xpﬁ,z—ylx—zl dz

A ]

_1qﬁw&f;ﬂwmtx—w

1

et el ]

n-1 jaAn28)
X ( ﬁ p(t,x —y)

=1\ "
1n—1t n—1
— zZ+ X —
Vn - —(x—y)

= const Cf(

+const max

2j

X dz

f,p.2)

j2+ )

dz

n—1 n—1
tz +

(x—y)

n—1 \l@+te/2
5]

1
+/de(1,z) P

n

n

j+wv)
dz

n—1 n—1
n

(x—y)

n-1 jaA+v/2)
5
n

2 26
< p(t, x —y){const Cft“”(ﬁ)

1A28
+const max{Cz(H) ,

o)

[t““z‘”(f _p(1, 2)227 1 (td] 2| + |x — yI*T) dz + t]
R

gl

X

j=1
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+/ p(_']_’ 2)21(2+M)—l(ti(1+u/2)|Z|J(2+M) +|x — y|j(2+M)) dz + tj(1+u/2))
Rd
+ti / 1, z)2i@+n-1 tid+r/2) 5@+
([ p.2) (th 72

+x — yP'@T ) dz + tj(“”/Z)”

1129 1\1r28 1\1A20 2
S I SR

% [tj(l/\26)(|x_y|21+tj +|X—y|j(2+“)+tj(l+“/2))

i=1
+ti(|x -y 4 gt g
4.4. Estimate of 1.
CLAIM 4.3.
I <p(t,x—y)
2 Cl I j(5+1/2)_ ) _
X const _Z (7) (H) tP(Ix —yl' + t1/?)
j=1
1\1A28 i 1] _
(el ) (%) oo =ox =yt + 0

+|X _ y|J(2+u) + tj(l+M/2))

+tj(|X _ y|j(2+v) + tj(l+V/2))] _

Here const depends only on 6, u, » and d.

Proor. By Claim 4.1 and Proposition 4.1, this estimate is obtained in the
following way:

n—-1

I3=fde( = t,x—z)

n—-1 t
t, X — —, 7 — t
< de( = X z)p(n Z y)cons

dz

2]
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C, [t 5| | C,\?( t\* | 2 t
X{—=|= -yl+ == —-yl©+ =
2 \n 2= 2 n 2=y n

T/t jan2s) ) tyJ
e+ (|z—y|21+(;

+

t jA+p/2)
T
£ ' £\ ia+v/2)
+(H) (|Z_Y|J(2+V)+ (H) )]} dz
d S () (M ‘ z-yld
= cons 7(;) fde( - ,x—z)p(;,z—y)z—y z

[ e

t
+;p(t, X — y))

t iz —yliee
j=1 [\

2 1 \1A28\]
+ Z C (_) )tj(l/\25)
S\ in
n-1 t .
X fde( . t,x—Z)p(ﬁ,z—y)IZ—ylz’dZ

+(%)jp(t,x—y)

n-1 t .
_ _ _ _ y|iCtw
+/de( —t, X z)p(n,z y)IZ yl dz
(t
+_
n
1\! n-1 t .
) i _ — 5 _ ylie+n
e I

n
t jA+v/2)
+(; p(t, X—y))l}

1n—1t 1
J— +_ —
\/n ——tz n(X y)

iA+p/2)

p(t, x—y))

dz

= const{%(i)ﬁp(t’ X — y)/de(l, z)

n

(] vr

n
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2

1 ln—lt 1 g t
X , — + —=(x - + —
[Py &tz s(x—y)| dz
2 1 \1A28 i
"k (CZ(_) )“(l“”p(t-x—y)
=1 n
2j :
1n-1 1 t)’
X'[de(l,z) P tz+;(x—y) dz+(ﬁ)
. \/ﬁ 1 “““’d
+ , — tz+ —(x~—
[PL D 5tz S (x =) z
t \iaQ+n/2
{3)
n
1\
+(CZH) tp(t, x —y)
j2+v)
X 1,z2)y/ — _ tz+£(x—y) dz
/de( ’ n n
t j(l+V/2)
1)
n
<p(t,x-y)
2 (rc,\ift)ier/2 o
XCOHStZ (—) (—) ‘[15(|X_y|1+tJ/2)
j-1 |\ 2 n

(el TG

X[tj(l/\ZB)(|X_y|2j +tj+|X_y|j(2+u)+tj(1+,u/2))

+tj(|x _ ylj(2+v) + tj(1+v/2))]}_ O

4.5. Estimate of I,. We start with the following lemma.

LEMmMA 4.1.  Suppose V satisfies condition (A),.
(i) If V is moreover a C2-function, then we have the equality:

(V(y) = V(X)) Eo[exp(—tfolv(x +5(y = X) + VEX(s)) ds)]

= %Eo[exp(—tflv(x +5(y = X) + VtXy(s)) ds)
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x(tjol(l—zs)Av(Hs(y—x) +VtXo(s)) ds
—t2<folvv(x +5(y — X) + VEX,(s)) ds,
fol(l —28) V(X + 5(y = X) + VEX,(s)) ds>

_2f1<VV(x +5(y = X) + VtXq(s)), x — y> ds”.
0
(ii) Even though V is not a C2-function, we have the inequality:

(V(y) — V(x))Ey|exp —tflv(x +5(y — X) + VtX,(s)) ds
0

((1 —826)+ )“‘2‘”*

1
< E{czz\/a t11 22+ C/dt

21 — & 2(1-8)
+Cf(—( . ))

25 1_6176—“5
20+ C2l —— | it |x —yl}.

Proor. (i) Let V: RY — [0,%) be a C?-function satisfying (A),. As before,
for simplicity set H := —(A/2) + V. Note that the integral kernel of [e ', V]
is given by the following expression:

[exp(—tH),V](x,y) = p(t, x = y)(V(y) — V(X))

(4-2) exp(—t[lv(x+s(y—x) +\/fxo(s))d5”.
0

X E,

Since He tH = e tHH, [e M V] is rewritten as

A A
[e7™™,V]=e"""V — Ve M = e‘tH(H + —) - (H + —)e‘“*

2 2
A A
— e—tH_ _ _e—tH'
2 2
and hence, for f € C5(RY)
A A
(4.3) [e7™M V]f(x) = e‘tHEf(x) - Ee““f(x).

On the other hand, by the usual Feynman-Kac formula,

exp(—tH) f(x) = Eo[exp(—tj;lv(x + 1t X(s)) ds)f(x + \/fx(l))},
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it is observed that
Aexp(—tH)f(x)

- Eo[exp(—tflv(x + V1 X(s)) ds)
0

X {t2

_2t<f1vv(x +VEX(s)) ds, Vf(x + \/EX(1))>
0

'YV (x + VEX(s)) ds 2f(x +VEX(1))
0

_tflAv(x + X (s))ds f(x + VtX(1)) + Af(x + \/fX(l))H
0
= exp(—tH) Af(x)

exp(—tflv(x + Yt X(s)) ds)

+E,

x{(—tj:AV(x + Yt X(s))ds

+12

/Olvv(x +VtX(s))ds

2) f(x + VtX(1))

_2t<flvv(x + VtX(s)) ds, V(x + ﬁx<1))>”.
0
Combining this with (4.3), we see

[exp(—tH), V] f(x)

= E, exp(—tflv(x + VYt X(s)) ds)
0

x(i[lAV(x + Yt X(s))ds

(4.4) ~ t_

2) f(x + vVt X(1))

f (x + VtX(s))ds

2
+ E,le p( t 1V x+\/fx(s))ds)

X

~+

< tyv (x + VtX(s)) ds, Vf(x+\/_X(1))>}
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Now we compute the second term of (4.4). By integration by parts, and the
formula, (d/3y) p(t, x —y) = p(t, x — y)(X; — )/,

Eo[exp(—tfolv(x + Yt X(s)) ds)

st [FVV(x + VEX(s)) ds, VF(x + vVEX(1
</0 ( (s)) ds, VF( ())}]

= fde(t, x—y)<E0 exp(—tfolv(x+s(y—x) +VEXo(s)) ds)
xtflvv(x+s(y—x)+\/fxo(s)) ds],Vf(y)>dy
= Ed"l fde(t, X — y)Eo[exp(—t/OlV(x +s(y—x) + \/fXO(s)) ds)
xtflaiv(x+s(y—x) +\/fX0(s))ds} a,f(y) dy
0
d d
SR COPE

X E,

exp(—tflv(x +5(y — X) + VtX,(s)) ds)

0
xtflﬁiv(x +5(y — X) + VtX,(s)) ds])f(y) dy

0

d
= - Elfde(t, x = y)f(y)
><{(xi — yi)EO[exp(—tfolV(x +5(y = X) + VtX,(s)) ds)

x[laiv(x +5(y = X) + VtX,(s)) ds]

+E,

exp(—t/olv(x +5(y = X) + VtX,(s)) ds)

X

_tzfls&iv(x+ s(y — x) + VtXy(s)) ds
0
xflaiv(x+s(y—x) + Vt X,(s)) ds

+tflsai2v(x +s(y —x) + \/fxo(s))ds)}} dy
0
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= [ ,p(t.x = y)f(y) dy

X E,

exp(—t/olv(x +5(y — X) + VtX,(s)) ds)

X

_<flVV(x+s(y—x)+\/fxo(s))ds,x—y>
+t2< 1sVV(x+s(y—x)+\/fX0(s;))ds,
0
fOVV(x+s(y—x)+\/fX0(s))ds>
1
_t/O sAV(x+s(y—x)+\/fXO(s))ds)}

Hence, by this and (4.4), we have
[exp(—tH), V] f(x)

= [ P(t.x = y)f(y) dy

X E,

exp(—t/olv(x +5(y — X) + VtX,(s)) ds)

x(%folAV(x +5(y = X) + VtXy(s)) ds

2 2

2

folvv(x+s(y—x) + 1Vt Xy(s)) ds

_<flVV(x+s(y—x) +\/fxo(s))ds,x—y>
0

+t2<

[I9V(x+s(y = %) + VEXo(5)) ds,

flsVV(x +5(y = X) + VtXq(s)) ds>

0

_t/lsAV(x+ s(y —x) + \/fxo(s))ds)l,

0

from which, together with (4.2), the desired equality follows at once.
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(ii) We first suppose V is a C2-function. Then, by (i),

‘(V(y) —V(x)) Eo[exp(—t/olv(x +5(y = X) + VtXq(s)) ds)”

1
< EEO

exp(—t[lv(x +s(y —x) + \/fXO(s))ds)
0
x{tfl|AV(x +s(y — x) + VtX,(s))|ds
0
+t2(/l|VV(x +s(y—x)+ \/fxo(s))|ds)2

+2/1|vv(x+s(y—x) + ﬁxo(s))|ds|x—y|}}.
0

Since, by (A),(i),
IVV(x)| < CV(x)'°
and, by (A),(ii),

[AV(X)| < CVd V()" 7275 (1+ 8,0) + 8,0}

< C/d (2v(x) 72 + 1),
it is easily seen that

JHVV(x +s(y = %) + VEXq(5)) | ds
0
< Cl(flv(x +5(y = X) + VtXq(s)) ds)la,
0
fol|AV(x +s(y—x)+ \/fXO(s))|ds

< CZ\/E{Z(flv(x +5(y = X) + VtX,(s)) ds)uzah + 1},

where the Jensen inequality has been used. Hence, combining these with
(3.8), we have

(V(y) = V(X)) Eolexp| —t["V(x + s(y = x) + VEX,(5)) ds
0

1-25 (1-28),
E=2 ) et

e

1
< E{C:zz\/atl/\ZB(

2(1 - 8)\2*? 1-58\*°
+Cft25( . ) +C12|x—y|t‘1+5(T) }

which is just the inequality in (ii).
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Next we consider a general case. To this end, take a € C;(R? — [0, ))
such that [Ray(x) dx = 1 and set

Vo(x) = [ (X =Y)V(y) dy

where ,(z) = (1/&)%(z/&) (¢ > 0). Then V, is smooth and satisfies (A),
with the same constants as V has. Moreover V, — V uniformly on compact
sets, as £ — 0. Thus, from what was seen in the above, and then by letting
e — 0, the desired inequality for a general V is obtained, and the proof is
complete. O

LEMMA 4.2, Suppose V satisfies condition (A),. Lett > 0 and s > 0. Then
we have the following:

(i) [exp(—tH), exp(—sV)](x,y)

- —p(t, x — y)fosexr)(—uV(X))(V(Y) — V(%))

X E,

exp(—tfolv(x +60(y —x)

+\/fx0(0))d0”

xexp(—(s—u)V(y)) du.

(i) re™™ emV1(x y)l
_ (1-28),
Sp(t,X—y);{CZZH(@) tin2o

2(1 — 8)\2*?
+C,/dt + C? (—)) t2°

+C,2|x — yI(T) t1+5}.

For the proof, (i) is trivial; (ii) follows immediately from (i) and Lemma 4.1.
CLAIM 4.4,
I, <p(t,x—y)
C, 1
X COnSt{?(t1+lA25 + t2) + H(CltéS(lx _ y| + t1/2) + Clztl+25)}.
Here const depends only on 6 and d.

Proor. By Lemma 4.2 and Proposition 4.1, this estimate is obtained in
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the following way:

t
= —(t/2nmV 4= (n=1)/ntH — —
o= [ e e ](X.Z)lp(n,z y) dz

n—-1 t q
tl - _1 -
= de( n X z)p(n ‘ y) ‘

t 1-28), \* 2 p—1 12 n—1
x—{czzm(g) ( t) + C,/d t
4n e n

n

Sl

t
n

l _ 8 1-6 n— 1 -1+
+C,2|x — zl( ) ( t) }
e n

t (1_26)+ (1_23)+ n_l 1A26
N I (S

+C?

n-—1
+C2\/aTtp(t,x—y)
2(1-8)\"*"?/n-1
=

28
+C? t) p(t,x —y)
1_ 8 1-6 n_l -1+
+c12( ) ( t)
e n

n—1

t
X p( t,x—z)p(—,z—y)lx—zldz}
R n

=%p(t,x—y){022‘/a(@)(l25)*(

n—1 \r2s
t)
n

n—1 2(1—8)\ " n—1 %
+C,Vd t+ C2 ¥) ( t)

n e n

1_6 1-8 I’l—l —1+46
+012(—) ( t)

e n

1 1n—1t n—1 q
X = + -
[P o)y o=tz e =S (x - y)| e

C
<p(t,x— y)const{f(t“lua +t2)

1
+E(Clt3(|x —yl+ %) + Cft“”)},

where const depends only on § and d. O
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4.6. Proof for n > 2. Recall (4.1). By Claims 4.2, 4.3 and 4.4,
t n
G| — _ pa—tH ,
[ela) =)o)
<p(t,x—vy)

1/2+1/2A8
) t2(Ix — yl + t2/2)

X const{Cl(H

oouleo] o)

2
2 + Z [tj(l/\26)(|x_y|2J+tj+|x_y|J(2+,u)

+tj(1+,L/2)) + tj(|x _ y|j(2+v) + tj(1+y/2))])}_

Here const depends only on &, u, v and d.

5. Proof of Theorem 1.3. Condition (V), implies condition (A), with
8=1A1/p, C, = Clc_(l_l’\l/”), C, = sz(p—3)+(%c—(l—2(l/\1/9))+\/ 1), u=0
and v=(p—2),. Hence from Theorems 1.1 and 1.2, the latter half of
Theorem 1.3 follows.

In the following, we assume condition (V),. That is, V: RY - [0,) is a
C*-function such that (i) V(z) > ¢{z)” and (ii) |[VV(2)| < ¢,(z)"*" "+ for some
O0<p<xo0<c<wand0 <c, <o

Let us adopt an idea from [2]. Take a ¢ € C5(R? — [0, )) such that

supp ¢ € {x € RY; |x| < 1},
f P(x)dx = 1.
Rd

For 0 < & < 1, set

1 \¢ X —y
(5.1) Ve(%) ’=(m) fu%dl/f(m)V(Y) dy.
Here
0, 0<p<1,
n=(p-1)VO)Al={p—1 1<p<2,
1, p=2.

Clearly, V, is a smooth function, and it satisfies the following.
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A

he
(5

Lemma 5.1. (i) V,(x) > T(x)”, whereT = c/4°*.

(i) [V,(x) = V(x)] < Ce{x)*~D+*7 where C = c,(5)»~ V-,

(i) [VV,()] < T <{x)* ™1+, where T, = ¢,(3)7 VL.

(iv) [VV,(X) = V(Y] < (1/&)G{(x) P72V 4 [x — y|""?Y)[x — y|, where
=2(1+mn) and T, = ¢,(3)»~:2(r=3:(5d /16 + 2).

ProoFr. In [2], this lemma is presented without proof. To be complete we
re give the proof. First of all, we note that for 0 < ¢ < % and |z| < 1,

2) 2{x) < {x— e(x)"z2) < 2{x).

Indeed, the first half of (5.2) is seen in the following way:

(x = &{x)"2) = (1 +|x — e{x)"z|)
> 2(1 + Ix] — &{x>"z])
> 3(1+Ixl = (0™
> {1+ x| — 2(1 + x|}
=3{5 +IxI = x|}
> 3{% +IxI = (1 = n + nlx))}

(LN

=3{z + 3+ (1 - Dixl}

> 21+ [x]} = 2{(x)

where we have used the inequality t” < 1 — n + nt (t > 0). The second half

of

(5

(5.2) is as follows:
(x = &{x)"2) < {(x) + &{(x)"z|
< (x) + 2007
< {xX) 4+ 2{x) < 2{x).
We also note that

3) V.(X) = fl P(Z)V(Xx — e{x)"2) dz.

z|<1

By this, condition (V),(i) and (5.2),

Vg(x)z/‘ P(z)e{x — e{x)"2)"dz > %(x}”,

zl<1

which shows (i). By (5.3) and the C!-smoothness of V,

(5

Vo) =V = [ a(2)(V(x - e(072) = V(X)) dz
4) }

—s(x)”/ #(2) dz/1<VV(x— 0(x)"z), 2) d@,
lzl<1 0
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W, (x) = [

lz|<1

Y(z) dz{VV(x — &(x)"2)
(5.5)

—en(xX)"Zx(VV(x — e(x)"2), 2)}.
Hence, by (V),(ii) and (5.2),

VLX) = V()| < 007

lz]<1

¥(z)dz f101<X — 0(x)"2)* Y+ dg
0
= 200, (500) " = 6 (3) GO,

V(0| = [

lz|<1

Y(2)(1+ 200" | VV(x - e(x)"2)| dz

< f P(z)5c,{x — & {x)"2)"" P dz

lz|<1
< Cl%(%<x>)(p*1)+ _ Cl(%)ﬂV1<X>(p—1)+’
which shows (i) and (ii), respectively.

It remains to show (iv). First note that (p — 2A),=(p—2),=(p— 1), — .
Equation (5.5) is rewritten as

W00 - (o )

e(x)"

<[ 2 {7ven = entorix(vvin 2o oy

(x>

Differentiating with respect to x;, we see

i A\YAV}
X (%)

= (—nd)<x>’2xifRd¢f(z){VV(x — &(x)"2)
—en(x)"2x(VV(x — e(x)"2), 2)} dz
+ [ AVp(2), 8(e00™) T = 00 x2)
Rd
X{VV(x — &{x)"z) — en(xX)" *x{(VV(x — e(x)"z2), 2)} dz
—e n—2 : _ -2 .
nf HD{COT (8% (1= 20 7xx)
X{(VV(x — &{x)"2), 2) + (x)" *x{(VV(x — &{x)"2),
§;(e(x)") ! — n<x>_2xiz>} dz,
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where 8, = (0,..., 1., 0) € RY, and hence, for ¢ € R¢,

Ny
. Ix, (%) &

”MQ_

= (—nd){(x) %X, & >fRd¢f(z){VV(x — e(x)"2)

—en(x)" 2x(VV(x — £(x)"2), 2)} dz

+. ( x>"<V‘”( ) &) = m >2<Vw(z),z><x,§>)
X(VV(X - a(xylz) — ‘977<X>7'72X<VV(X _ a(X)"Z), Z>) dz

_877[ IP(Z){ XO)T2(E— 2(x) (X, € XK VV(x — e(x)"2), 2)

+{(x)""? !
X)X

x)"z), f)} dz.
By (V),(ii) and (5.2),

d

B

< d(x)’l(l + %<x>”*l)|§|fRd¢(z)cl<x _e(x)"2) PV gz

1 1
+(1+%<X>nl)( o0n X >)"f'

Xf [V (2) e, x — e{x)"2)"*~ P+ dz
Rd

+6<X>"‘1(3% o(x) )|§|f P(z)c{x — e(x)"2) P~V dz
sd351<x>"|§|c1(5<x>)(p "
44 ¢ 4
5\21 5 (p—1),
+(Z) ;<X>_n|§|fRd|V1ﬁ(z)|dzcl(z<x>)
171 5 (o=
+ZZZ<X> "Iflcl(Z<X>)
1 (5\ Y5
=;¢1(Z) (E+2 [ £ D,
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Therefore,
|VV,(x) = VV,(y)]

1
<
0

11 (5\ " Y+/5d =
/—cl(—) (—+2)|x—y|<0x+(1—0)y>(‘" '+ de

i 3 VV,(0x + (L — 0)y)(x; —v;)|d6

i=1

IA

0 & 4 16
1 (5\» Y/5d (o2,
S;CI(Z) (E+2)((x>+|x—yl) [x —yl
1 (5\» Y/5d
< _Cl(_) (_ + z)z«p—zm—l»
& 4 16

X(<X>(p*21\)++ |X _ yl(p*ZA)+)|X _ y|

and we have (iv). O

As a consequence of Lemma 5.1, it is easily seen that V, satisfies condition
(A),. That is,

(e, [VV.00] = GV, 0t
1 ~ _ —
[VV.00 = W) = ZE(V00 Y x =y -y

where C; = T,c @14 %/» and C, = T,(c- 12011/ 1),
Now let

A
& __+V£
2

K, (t) = e~ (1/2Vep(t/23g=(t/2V,
Ga(t) = g Veg(t/2)A

and let us denote the integral kernels of e ", K _(t/n)" and G,(t/n)" by
e tMe(x, y), K (t/nM"(x,y) and G,(t/n)"(x, y), respectively. Then, by Theo-
rems 1.1 and 1.2, we have the following.

H

CLAaim 5.1.

‘Ks(%)n(x, y) —e (X, y)

1 )2(1/\)\/p)

<p(t,x— y)const{ﬁft1+2<lA )\/p)(H

62 ( 1 )1/\2()\/[))

52 1120/ 2
S
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X

2
j=

[tj<1A2(A/p>>(|X — v+ ) + t(Ix -y e+ ti(2vp)/2)]
1

Gg(%)n(x. y) - e tH(x, y)

1 )l/\z()t/p)

< p(t, x —y)const{(ﬁ

max{ﬁl,ff}
2
x Y ti(lM/p)(|X -yl + tJ/Z)
j=1

52 1\ 1200/ 2
S

2
x|t2+ ¥ [tj(lf\2()\/p))(|x — A+ th)
j=1

6’2 1\1A2(/p)
+ max —( )

e \n

+O(Ix -y + t“”m/z)])}.

Here const depends only on p and d (and hence it is independent of &).
CrLaim 5.2.
le ™M(x,y) — e ™(x,y)| < p(t, x — y)const gt?/(rr2VD-1

e[ e

t n
<[]
n
Here const depends only on T, C and p, that is, ¢, ¢, and p, so that it is
independent of £ > 0.

< p(t, x — y)const gt?/(PAr2DVDH-1

< p(t, x — y)const gt?/(Pr2DVD-1,

oy - o 5] oy

ProoF. By Proposition 2.1,
exp(—tH)(x,y) — exp(—tH,)(X,y)

=p(t, x —y) Eo[exp(—tfolv(x +5(y = X) + VtX,(s)) ds)

—exp(—tfolvg(x +5(y = X) + VtX,(s)) ds)}.
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n

v (5] oy

t
K(ﬁ)
= p(t,x ) Eo[exp(—gfol(v(x + 57 (y = %)+ VEXo(57))

+V(x+sp(y = %) +VtXo(s))) ds)

t

—exp(—Efol(Vg(X +s,(y—Xx)+ ‘/fxo(sr?))

+V,(x +si(y —x) + \/fxo(s:))) ds”,

o) v -ar] xow
=p(t, x — y)EO[exp(—tfolv(x +s,(y —x)+ \/fXO(s;))ds)

—exp(—tflvs(x +s,(y—Xx) + \/fxo(sg)) ds”.
0
Here we use a simple formula:
e —e b= fl(b —a)e fag=1-0bdg.
0
Then
lexp(—tH)(x,y) — exp(—tH,)(x, y)|

<p(t, x —y)EO[/Oldetfolds|V€(x +s(y—x) + \/fXO(s))
—V(x +s(y = x) + VI X(5))]
xexp(—taflv(x +5(y = X) + VtX,(s)) ds)
0
><exp(— t(1 —e)flvs(x +s(y —x) + \/fXO(s)) ds)},
0

t)" t\"
‘K(F) (X, y) _Ks(ﬁ) (X,y)‘
sp(t,x—y)Eo[foldf)%folds“VS(qus;(y—x)+\/fX0(s;))
—V(x+s;(y—x)+\/fxo(s;))|
Vs(X+SrT(y_X)+‘/on(S:))
—V(x+s,f(y—x)+\/fXO(s:))|)

+
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X exp —%E)fol(v(ers;(y—x) +VtXo(57))
+V(x+s§(y—x)+\/fxo(s§)))ds)
X exp ——(1 0)[ (X +sn (Y —Xx) +VtXo(sy))

+Vg(x+s§(y—x)+ﬁxo(s:)))ds)},
‘G(%)n(x,y)—eg(%)nu,y)‘
sp(t,x—y)Eo[fOldOtfoldng(x+sn(y—x)+\/fX0(sn))
—V(x+ 5, (y = X) + VEXo(50))]
xexp(—t@flv(x+sn(y—x)+\/fX0(sn))ds)
Xexp( t(l—@)] (x +s7(y = x) + VtXy(s;)) ds )}
By Lemma 5.1(i) and 5.1ii), these are dominated as follows:

lexp(—tH)(x, y) — exp(—tH,)(X, y)|

<p(t,x—y) EO[/OldO t/0168< X +s(y—x)+ ‘/fxo(s)>(pfl)++n ds

X exp

_tE'f1< X +s(y — x) + VEXq(s))" ds)]

(p—1),+n

=p(t,x—y)Gtan[fl<x+s(y—x) + 1Vt Xo(s)) ds
0

><exp(—t€f01< X +5(y = x) + VEXo(s))" ds)},

(t) (x, y)—K( (X y)‘
<p(t,x-y)

foldOE/O (Ce X+ 57(y = X) + VEXo(s7)) 7T

X E,

+Ce(x + 51 (y = x) + VEXo(s1) ) ds
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X exp —iﬁ'fl(<x+s‘(y—x) +VEXo(s7))”
2 0 n o\ *n
+H{x+si(y—x)+ \/fXO(srf)>p) ds)}
< p(t, x —y)Cte
1 1 _ “\\(p=Di+7
XEEofo<x+sn(y—x)+\/fX0(sn)> ds
t
xexp(— E'c“fl< X+ 57 (y —X) +VEXo(s)) ds)
0
+ (x4 850y = %)+ Ex(s) T ds
0

X exp

t_ 1 )
_cho<x+s,f(y—x) +VEXo(s)) ds”,
t\" t\"
— _cl= ,
‘G(n) (X,y) (n) (x y)‘
= p(tx- y)&gEO[f1< X +57(y = x) + VEXo(s7)) " " " ds
0
xexp| (x4 55 (v = 30 4 vExy(57))" as |
0
Therefore, noting that for a measurable function f: [0, 1] — [0, ),

folf(s)(”_l)”’7 dseXp(—tEfolf(s)” ds)

Cp=D+m)/p
-(p=D+n)/ .
< () " i p> 0,

b if p=0,

(M

we have

|e*tH(X, y) — e*tHH(X, y)|
p(t, x — y)egtz/((PA 2)v1)-1

(p=Dtm)
(p—l)++7] P /e )
= e e~ , if p>0,
p€eC

p(t,X—y)C~t8, if p=0,
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n

‘ (t)n(x y)—K(t) (x,y)

)\ A2Vl
p(t, x — y)Ca(E)

((P_1)++77
X2| ———=——
pet

Cp=D+m)/p
, if p>0,

IA

p(t,x—y)fta, ifp=0

o[ en a5 o
p—1)+m

~ (
t, x — Cet?/Cpr2)vD-1 —
p(t, x —y)Ce et

Cp=D+m)/p
, if p>0,

p(t,x—y)('fte, if p=0,
which completes the proof. O

ProorF oF THEOREM 1.3. Let
o= (l/n)l/Z/\)\/p _ (1/n)l/2/\l/p _ (1/n)1/(2vP)
where n > 222V?), Then (1/&e)1/n)*"2*/ 7 = (1/n)*/@Vr By Claims 5.1
and 5.2,

n

<) (o = e xy)

1 1/(2Vp)
<p(t,x - y)const(ﬁ)

2
> {t1+2(1M/p> Z [ 2/ 0)(|x — y?T + th)

+tj(|x _ y|j(2VP) + tj(zv,;)/z)]

t n
6] () - ey
1 1/(2Vp)
<p(t,x— y)const(ﬁ)

2
X {tz + Xt (|x — y) + 1i/2)
j=1

+ 22: [ 2/@V o (|x — y[Ph 4+ t1) + ti(]x -y + tj(zvm/Z)]
j=1
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1/(2Vp)
t2/Cp A2V 1)_1,

t
it
ol

where const depends only on ¢, ¢,, p and d. Consequently we have

n

l 1/(2vp)
sp(t,x—y)const(—) tZCpr2vh-1,
n

oy 5] o)

() =65 ) (x)

1 1/(2Vp)
<p(t,x— y)COI’ISt(H) t2/Cpr2)v -1

‘K(%)n(x, y) —e "H(x, y)‘

af o[

+le7t™M(x, y) —e tH(x, y)|

<

(%)n(x,y) —e‘“ﬂ(x,y)‘

1 1/(2Vp)
<p(t,x— y)const(ﬁ)

% {tZ/((p/\Z)\/ D=1 4 t1+2AAL/p)

+ i [t12/<2vm( — v+ 1)+ ti(x =y 4 tj<2Vp>/2)]
j=1

t n
‘G(;) (x,y) —e ™M(x,y)
1 1/(2Vp)
<p(t,x— y)const(ﬁ)

2
> {tZ/«pAz)vl)l 174+ YU O(x -yl 4 t72)
i=1

+ 22: [tjz/(Z\/p)(|X —ylPT ) + t(Ix -y + tj<2vp)/2)]
j=1

and the proof is complete. O
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