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RANDOM PERTURBATIONS OF NONLINEAR OSCILLATORS

BY MARK FREIDLIN! AND MATTHIAS WEBER?

University of Maryland and Technische Universitat Dresden

Degenerate white noise perturbations of Hamiltonian systems in R?
are studied. In particular, perturbations of a nonlinear oscillator with 1
degree of freedom are considered. If the oscillator has more than one stable
equilibrium, the long time behavior of the system is defined by a diffusion
process on a graph. Inside the edges the process is defined by a standard
averaging procedure, but to define the process for all ¢ > 0, one should
add gluing conditions at the vertices. Calculation of the gluing conditions
is based on delicate Hormander-type estimates.

1. Introduction. Consider an oscillator with 1 degree of freedom:
(1.2) X, +f(X,)=0, X,=x¢€RY, Xo=yeR.

Let f(x) be a smooth enough generic function such that

limsup f(x) <0, liminf f(x) > 0; F(x) =/ f(y)dy.
x——00 X—>00 0
One can introduce the Hamiltonian H(x, y) = %yz + F(x) of system (1.1) and
rewrite (1.1) in the Hamiltonian form
. . JH

X = Y = -, Y = —f X = ——,
(12) t t 07y t ( t) Ix

Xo =X, YO =Y.

The phase picture of this system is given in Figure 1c. As is known, the Hamil-
tonian function H(x, y) is a first integral of the system H(X,, Y,) = H(x, y) =
const. The flow in R? defined by system (1.2) preserves the area. The measure
on each periodic trajectory with density const./|VH(x, y)| (with respect to the
length element dI on the trajectory) is invariant.

Consider now random perturbations of system (1.1) by the white noise

(1.3) Xi+ f(X5) =VeW,, X& = x, X5 =y,

where W, is the Wiener process in R! and ¢ is a small positive parameter.
One can rewrite (1.3) as a system:

14) X:=Y, 7t = (X)) +VeW,,  Xg=x, Yi=y.
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FiG. 1.

The trajectory (X?, Y?) will be close to the trajectory of system (1.2) with the
same initial conditions on any finite time interval if ¢ is small. More precisely,

lim Px,y{on;%(pzf X, |4|VE-Y,)) > 5} =0

for any 8, T > 0. Moreover, one can write down, under certain conditions, an
asymptotic expansion X? = Xt+\/EX§l)-|-sX§2)+~ -~ in the powers of ./ valid
on a finite time interval, but, as a rule, long time behavior of the perturbed
system is of interest. A typical example of such a problem is the exit problem.

Let G denote the set of points (x, y) which are inside 4G, and outside ¢G,,
where JG; and dG, are the trajectories of the nonperturbed system (compo-
nents of the level sets of H) shown in Figure 1. Suppose the system described
by (1.3) is working if (X?, Y?) € G and is out of service for

t > 7 =min{t: (X:,Y?) ¢ G}

The expected lifetime of the system E, ,7° is of interest [the subscript (x, y)
in the expectation sign means the initial point]. Of course, one can write down

a boundary problem for the function @*(x, y) = E, ,7°

£ J°u’® I I’
PP - = _19 ) G:
s 2y TV T (x,9) €

(% ¥, yeac, = & Dy, yyeoq, = 0
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but it is not simple to solve this degenerate equation even numerically. One
can see that #°(x, y) - oo as ¢ | 0 for («x, y) € G. It follows from the results of
this paper that a nontrivial lim, o ei®(x, y) = u(x, y) exists, and we calculate
u(x, y) explicitly.

To deal with finite time intervals, let us change the time in the process
(X7, Y?): put X7 = X;, and Y{ = Y. The process (X{, Y;) satisfies the
equations

; 1 . 1 .
We) X;=-Yi  Yi=-ZfXD+W, Xg=x, Yi=y.

Here W, is a Wiener process which is different from W, in (1.3) or (1.4). The
displacement of (X?, Y?) in a small but independent of e time interval consists
of the fast motion along the deterministic trajectories with “speed” of order ¢!
and the slow motion in the direction orthogonal to the deterministic trajectory
with speed of order 1 as ¢ | 0. The fast component can be characterized by
the invariant density const./|VH(x, y)| on the corresponding nonperturbed
trajectory. The slow component, at least locally, is described by the change
of H(X?,Y?). Let, first, the function f(x) have just one zero (see Figure 2).
This means that F(x) has one minimum, say, at x = 0, F(0) = 0, as well
as the function H(x, y) = %yz + F(x). Then the value of H(x, y) defines the
deterministic trajectory in a unique way. Denote by C(z), z > 0, the level set
of H(x,y): C(z) = {(x,y) € R?>: H(x,y) = z}. Applying the 1t formula to
H(X?,Y{) and taking into account that the gradient VH(x, y) is orthogonal
to VH(x,y) = (dH/dy, —dH /ix) = (y, —f(x)), we have

toH 1 t*H
@7) HX] Y] - Hxy) = [ XY AW,+ 5 [ 25 (X0, YD) ds,

Using the averaging procedure (with respect to the fast motion), it is easy to
check that the second term in the right-hand side of (1.7) is equivalent to

tp Hy(x, y)dl </ di >—1
2Jcz) |[VH(x, y) C(z) [VH(x, y)|

forO0< etk 1, H(x,y) =z Heredl is the length element on C(2).

Using the self-similarity of the Wiener process, the first integral in (1.7)
can be written as

Wfé |H,(X2,Y?)2ds

with a proper Wiener process W,. Using the same averaging procedure, one
can see that

‘ H2(x, y)dl dl -
|H (X5, Y%)|?ds ~ ¢t y—( —> ’
/0 | H (X5, YO c(z) |VH(x, y)| v/C(Z) |[VH(x, y)|
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0 < ¢ € t <« 1. This implies that the processes Z{ = H(X{, Y{) converge
weakly on any finite time interval to the process Z, governed by the operator

1 d? d

L Hixy)dl
AG=ACT | WHGE )
L Hy(xy)dl
B@ =27 | S HG, )
dl
D= [ FHEGT

The process Z, changes in R = {z € R': z > 0}; the point z = 0 is inac-
cessible.
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Since C(z) is the level set of H(x, y),

H? dl
a(z)= [ M:/ (0,1, YHd
¢ |VH(x,y) e 77 |VH|

and the last integral is the flux of the vector field (0, H,(x, y)) through the
contour C(z). Then, according to the Gauss theorem,

a(z) = /G(Z)div(o, H(x, y))dxdy = /G o Ho( ) ddy,

where G(z) is the domain bounded by C(z). Using this, one can easily derive
that

d d H3(x, y)dl H,(x,y)dl
—a(z) = —/ AN A / oy I
dz dzJce) |VH(x,y)|  Jew |VH(x,y)

Thus the operator L corresponding to the limiting process Z, can be written
in the form

(1.8) Lo(z) = %(z)%(a(z)dz(;)>, z>0.

We will see in Section 3 that explicit expressions for A(z) and for a(z) through
the function f(x) can be given.

If, as before, ¥ = min{¢: H(XZ,Y?) & (My, M,)}, with suitable 0 < M, <
M, we can conclude from the weak convergence of H(X?,Y7) to Z, that

Igi[l(;l ek, ,7° = v(H(x, y)),

where v(z) is the solution of the problem
Lv(z) = -1, M, <z<M,,

(1.9)
o(My) = v(Mp) = 0

and is equal to zero for z ¢ (M, M,). Problem (1.9), of course, can be solved
explicitly.

Consider now the case of function f(x) with more than one zero. This means
that F(x) and H(x, y) have several critical points (see Figure 1). In this case,
the set of trajectories can be divided into several families. Inside each family,
H(x, y) has different values on different periodic trajectories, but the values of
H(x, y) can be the same for trajectories from different families. For example,
there are five families shown in Figure 1: trajectories inside vy;, trajectories
inside v,, trajectories inside vy,, trajectories inside vy, but outside y; U y,,
trajectories around y; U y,. The families are separated by the separatrices
Y1, Y2, Y3, Ya. E@ch periodic trajectory is a connected component of C(z) for
some z € R. The trajectory of the nonperturbed system, in the case of H(x, y)
with several critical points, is no longer defined by the value of H(x, y) in
a unique way. Thus the averaging procedure (along the fast motion) depends
not only on the value of H(x, y), but also on the index of the family. In other
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words, system (1.2) has an additional first integral k(x, y) equal to the index
of the family containing the trajectory starting at (x, y). This new discrete
first integral k(x, y) is independent of H(x, y). This results in the fact that
H(X7,Y7) does not converge to a Markov process. To have, in the limit, a
Markov process, one should extend the phase space by inclusion of the value
of k(x, ).

To realize this idea, consider the set of all connected components of the level
sets of the Hamiltonian H(x, y) provided with the natural topology. This set
is homeomorphic to a graph I' (see Figure 1). Each periodic trajectory corre-
sponds to an interior point of one of the edges. The equilibrium points, where
H(x, y) has maximum or minimum, correspond to the vertices connected just
with one edge. Such vertices are called exterior. Each saddle point O of system
(1.2), together with two [we assume that f(x) is a generic function] trajecto-
ries for which O is an attractor as ¢ — o0, corresponds to a vertex connected
with three edges (interior vertex). For example, the vertices O, and O, in Fig-
ure 1b are interior vertices. The equilibrium point O, (O,) together with the
trajectories y; and vy, (y; and vy,) corresponds to the vertex O, € I' (O, € I).

To introduce a coordinate system on I', let us index each edge of the graph
I with a number 1,2, ..., n. Then the value of H(x, y) on the level set com-
ponent corresponding to a point P € I' together with the index i = i(P) of
the edge containing P forms a coordinate system on I'. We write O ~ I, if
the vertex O is an end of the edge I,. If O~ 1, , 0 ~ 1, , 0 ~ 1, and H,
is the value of H(x, y) at the equilibrium point corresponding to O, then the
coordinates (Hy, k1), (Hy, ky) and (H, k3) correspond to the same point O.
If a point (z, k) is not a vertex of I', it corresponds to a periodic trajectory
C.(2). Each level set C(z) = {(x, y): H(x, y) = z} is a union of a finite num-
ber of connected components C,(z). One can define the discrete first integral
k(x, y) as the index of the edge I, c I' containing the point corresponding to
the periodic trajectory starting at (x, y).

Introduce a mapping Y: R? — I such that Y (x, y) = (H(x, v), k(x, y)) € T.
Consider processes Y (X?,Y?) = (H(X?,Y?), R(X:, YY) onT, e > 0. We
prove that these processes converge weakly in the space Cyp(I") of continuous
functions ¢: [0, T'] — T to a diffusion process Y, on T

A diffusion process on a graph I with edges 14, ..., I, and vertices O, ...,
0,, is defined by a family of second order elliptic, maybe degenerate, opera-
tors L,,..., L, and by gluing conditions at the vertices [6]. The operator L,
describes the process on I, until it hits an end O; of I,. Then the gluing con-
dition at O; defines the process. We calculate the operators L, ..., L, and the
gluing conditions at the vertices for the limiting process Y, on the graph cor-
responding to the Hamiltonian H(x, y). The operator L, on I,, k=1,...,n,
is defined by formula (1.8), as in the case of one critical point, but one should
replace the integration over C(z) in the definition of A(z) and a(z) by the
integration over C,(2).

The gluing conditions for the limiting process are defined by the description
of the space of functions on I" belonging to the domain of definition of the
generator of the process. At an interior vertex Oy, O, ~ I, , O, ~ I; and O;, ~
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I;,, a smooth function u(z, i) on I' belongs to the domain of the generator iff

Op; (Z 11)| + ay; (Z l2)|
" d I(z =0, d |z, 1,)=0,

= Sa 2,1 ' ,
kl3d ( 3)|(2,i3):0k
if H(Y 1(z,1)) increases when z approaches O, for i = i; and i = i, and
decreases when i = i5. To define the constants «;,; , a;;, and ay,,, one should
consider the set Y~1(0,). This set consists of two loops y and v/, yny' =
{0,;}. For example, in Figure 1, loops vy, and vy, connected with O,; y; and
v, connected with O,. Let y and y’ be the loops which are the limits of the
periodic trajectories corresponding to I; and I, , respectively. Then

_/H(xy) Q. ap = Hi(x, y)
IVH(x, y)| M =y [VH(x, y)

No special conditions besides the boundness should be imposed at the exterior
vertices. This corresponds to the fact that the process (X7, Y7) with probability
1 never hits the point corresponding to the exterior vertex. The operators L,
and the gluing conditions define the limiting process in a unique way. The
weak convergence of Y(X7, Y?) to the process Y, allows us, in particular, to
calculate lim, o ¢E, ,7° explicitly (see Section 3).

Actually, here we study a slightly more general problem. Consider a Hamil-
tonian system with 1 degree of freedom:

L Qpj, = Qg + Ay

; JH ; JH
Xi=—(X.,Y)), Y, =——(X,Y)), Xo=x € R,
(1.10) dy 0%

YOZyERl.

The Hamiltonian H(x, y) is assumed to have continuous derivatives of any
order, lim, |, H(x, y) = co. Moreover, assume that H(x, y) is a generic
function. This means that H(x, y) has a finite number of critical points and
all of them are nondegenerate. In addition, let any critical value be accepted
just at one critical point. Suppose the second of equation (1.10) is perturbed
by a small white noise:

e OH o 5 3 0H o, o ,
dy dx
After the time change X7 = X'f/s and Y7 = Yf/g, we have the following equa-
tions for X7 and Y7§:
; 1/H . 1 oH )
Xi=g5y &6 Y, Yi=—o (XL YD+ W,
(1.12) & &
X3 =x, Yi=1y.
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Again, if H(x, y) has just one critical point (minimum), H(X7, Y7) converges
as ¢ | 0 to a diffusion process which can be calculated using the averaging
procedure. If H(x, y) has several critical points, an additional first integral
appears, and H(X?, Y?) no longer converges to a Markov process. One can
consider the graph I' homeomorphic to the set of connected components of
the level sets of the Hamiltonian and introduce the mapping Y: R> — I in
the same way as above. We show that the processes Y (X?, Y7) on I" converge
weakly to a diffusion process on I' and calculate the characteristics of the
limiting process. The result is:

THEOREM 1. Let the Hamiltonian H(x), x = (x, y) € R?, be such that:

(i) H(x) e C*(R?).

(i) H(x) > Allx|, |[VH(x)| > A?|x| and AH(x) > A3 for sufficiently large
|x|, where A, A% and A3 are positive constants.

(iii) H(x) has a finite number of critical points x,,..., X, at which the
Hessian is nondegenerate.

(iv) Hx;) # H(x;), i, j=1,..., N, i1 # J.

(v) Hy(x) =0= H,,(x) #0.

(Vi) 0 < liMyeo(a(x,)), x—x, |Hx/H | < oo for any saddle point x,, of H(X).

Let (X7, Y?; Pg) be the diffusion process on R? corresponding to the differen-
tial operator L°f(x) = (1/2)f,,(x) + (1/&)VH(X) - Vf(¥), where VH(x, y) =
(0H/dy, —9H /dx). Then the distributions of the processes Y (X7, Y?) in the
space of continuous functions with values in Y (R?) with respect to P2 con-
verge weakly as ¢ | 0 to the probability measure Py ), where (y(¢), Py)_is the
process on the graph defined by operators L;:

(1.13) Lifi(H)= % A,(H)f}{(H)+ B;(H)f;(H),
fc.(H>H§(X)|VH(X)|_ldl
. A(H) = 2%
(1.14) i(H) Jeoom WHE L
3 e H H(x)|tdl
(1.15) Bi(H):ZfCi(H> w(®IVH(X)|

Je.can VH®)[ 2 dl

on each edge I;, and gluing condition

L16) Y #BufiHE) =0,  Bu=[ HYIVH|dl
ir I;~0,, ki

at each interior vertex O, = Y (x,). The plus sign (+) should be taken in the
ith term of (1.16) if the coordinate H on I; is greater than H(x;), and the
minus sign (—) otherwise. The function (H, i) — f;(H) should be a continuous
function on I' as well as the function L,f;(H). Further, f:(H) denotes the
derivative with respect to H, and f;(H (X)) = limy_ gx,), #,ijer, £i(H).
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The oscillator (1.1) is a special case of this result when H(x, y) = %yz +
F(x). The characteristics of the limiting process in this case can be calculated
more explicitly and they have a simple geometric sense.

Random perturbations of a special equation of type (1.1) describing a phase
synchronization model were briefly considered in [3]. Although there is no
mathematical description of the limiting process there, the authors mentioned
that the limiting process should be considered on a graph. The equation con-
sidered in [3] is not generic and the perturbations are a bit different from ours,
so the small noise asymptotics for the phase synchronization model does not
follow from the results of this paper. Actually, however, it can be calculated in
a similar way. We will consider that model elsewhere.

Random perturbations of Hamiltonian systems with 1 degree of freedom in
the case of several critical points were studied in [7]. Random perturbations
of the vector field (¢H/dy, —dH /dx) by a nondegenerate white noise were
considered there. One can generalize the results of this paper to the case of
more general but nondegenerate perturbations.

The specificity of this paper is that just one component of the vector field is
perturbed. Such kinds of perturbations are natural in many applied problems.
The general approach in this paper is similar to the approach used in [7],
although the limiting process is different, since the perturbations are different.
The most important difference is that the perturbations now are degenerate.
This leads to new serious difficulties in the proof of the Markov property for
the limiting process. We overcome these difficulties using the Hormander-type
estimates for degenerate equations. The auxiliary a priori bounds are proved
in the next subsection. Then we prove the weak convergence and calculate the
characteristics of the limiting process for system (1.12). In the last section, we
consider random perturbations of the oscillator (1.1).

We start with a lemma that explains the condition (v) of Theorem 1. Denote
X =(x,y). Let H, and H,, H, < H,, belong to the set of values of H(x, y) on
D, ={(x,y) € R Y(x,y) e I,} and denote D,(H,, H,) = {(x,y) € D;: H, <
H(x,y) < Hy).

LEmMMA 1.1. Let D = D)(H,, H,), —00o < H; < H, < oo. Then the set
{x € D; H,(x) = 0} consists of a finite number of mutually disjoint smooth
curves dq, ..., d, , each of which transversely intersects C;(H) at exactly one
point for every H, < H < H,.

PrOOF. Let C,(0) = {x € R? H,(x) = 0}. By assumption (v) of Theo-
rem 1 the set C,(0) N D contains no critical point of the function H,. Thus,
C,(0) N D consists of mutually disjoint smooth curves d,, cows Oy, FOr X € 9;,
i € {1,...,n;}, the vector VH (x) is not zero, and it is a tangent vector to the
curve ¢; at x. The vector VH(x) is orthogonal to the curve formed by the level
set C(H(x)) at x. Now the statement of the lemma follows from

VH,(9) VH(X) = H,,()H,(x) #0

as x € C,(0), and D contains no critical point of H. O
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2. Proofs.

2.1. An a priori estimate. Let H,, H, and H,, H, < Hy, < H,, belong
to D,. Similarly to [7], we introduce new orthogonal coordinates (%, 6) in
D,(H,,H,)={(x,y)e D;: Hy < H(x,y) < H,}. The coordinate 4 is given by

h(x,y) = H(x, y) - H.

The second coordinate 6 for (x,y) € C;(H,) is defined after fixing a point
(%0, ¥0) € Ci(Hy):

2 [(2) |VH(x, y)| dL

(20, ¥0)

sz(Ho) |VH(x, y)l dl

The integration is taken along C;(H,) with respect to the length d/, 0 < 0 <
2. To define 6(«, y) for any pointin D;(H,, H,), consider the family of curves
orthogonal to C;(H), H, < H < H,, and put 6(x, y) = 6(x', y'), where (x/, ')
is the point on C;(H,) where the curve of the orthogonal family containing
(x, y) crosses C;(Hy).

We observe that the equation

G(x’ y) =

(2.1.1) L°u =0
can be written in the new coordinates as
Y - dN? 1 . 9
(2.1.2) ((al(h, 0)5 + ay(h, 6)%> + p as(h, 6)%>u =0,
where
~ 1
ai(h(x, y), 0(x, =—H (x,y),
1(A(x, ¥), 0(x, ¥)) 7 y(x, )
~ 1
a,(h(x, y), 0(x, =—0,(x,y),
2(h(x, ¥), 0(x, ¥)) 7 y(x, )

aB(E(x’ y)’ 0(36, y)) = (Hyex - ery)(x’ y)

Now we change the coordinate 7 to (1/@)71 as follows. Define the operators
L7 and Lg,

& & (9 & (9
(2.1.3) L3 =ai(h, 0)% + /e as(h, 0)%,
d
2.1.4 L§ =aj5(h, 0)—
( ) o = a5( ’0)&(9’
where the coefficients are given by
(2.1.5) ai(h, 0) =a;(Ve h,0), i=1,2,3.

With these notations (2.1.2) becomes, after multiplication by ¢,
(2.1.6) ((L%)? + L§)u® =0,
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where u?(h, ) = u(/¢ h, 6). Note that there exists a b > 0 such that |a5| > b
in D;(H,, H).

In the following, we make use of the fact that the operator in (2.1.6) is
hypoelliptic. Following the steps in Section 22.2 of [8], we derive an estimate
as in Lemma 22.2.4 of [8]. This estimate is used to get an a priori estimate
for |uy(0, 0)| for solutions u of (2.1.2). We have to ensure that the estimates of
[8] can be obtained independently of ¢ for small ¢.

First, we state some facts about pseudodifferential operators. Let P be a
pseudodifferential operator with symbol p(#, 6; ¢), € = (&, &). That is,

(Pu)(h 0) = = [ exp(i(hés + 0£,)) p(h. 6: ) (€) dE,

(2m)?
where @ denotes the Fourier transform of u. The operator P is of order < n if
for any multi-indices « = (a;, a;), B = (B1, B2) there exists a constant A,
(depending on « and B) such that

(2.1.7) (DEDE p)(h, 6;€)] < A, p(1+ g1

is satisfied for all %,0,¢&,,¢é, € R. The smallest n in (2.1.7) is called
order of P. Here D% denotes (—i(d/dh))P+(—i(d/96))f> and D¢ denotes
(—=i(3/3&1))(—i(d/d€5))*2. Note that for s € R the norm | - ||, is defined by

Il = e [+ 167 (6 de:

We frequently use the following lemma which can be found in Theo-
rems 2.2.1-2.2.3 of [9].

LEMMA 2.1.1. Let P, and P, be of order less than or equal to nq, n, with
symbols p; and p,, respectively. Assume that the symbols are infinitely dif-
ferentiable with respect to the variables A, 0, &, &,, that they have the form
pi(h” 0; g) = p?(g) + p}(ha 0; g)’ 1=1,2, (= (517 52)’ and that for a compact
set K,

(2.1.8) pi(h, 6;¢) =0, éeR? (h,0)e R2\K', i=1,2.
Then the following hold for s € R:

() [Piully < Ay gllulloin, i =1,2.

(i) The operator P, P, is of order less than or equal to n, + n,, has the
property (2.1.8) and

1,2
||P1P2u”s = As,K’I

u ||s+n1+n2'

(iii) P,P, = P, + T, n € N, where P, has symbol

e
3 (” pah, e;a)szz(h, 0:¢)

ol gee
al<n_1\ ! &
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and

(n)
” T(n)u ”s = As, K’ ” u ||s+n1+n2—n'

(iv) The commutator [P,, P,] = P, P, — P, P, satisfies

(1,2]
H[P1P2]uHs = As, K’ I|u||s+n1+n27l‘

Here the constants A’ ., Ai’;{,, Ai”}{ and AE,l

estimates (2.1.7) for the operators P, and P,.

2/] depend only on s, K’ and the

REMARK 2.1.2. If we apply a classical differential operator P to functions
u € C3(K), where K has positive distance to the boundary of a compact
set K’ O K, then we may assume that condition (2.1.8) is satisfied for P as
Pu = gPu for a function g € C3°(K’) with g =1 on K. Thus, we can consider
the operator gP instead of P.

From now on, any reference to Lemma 2.1.1 is understood in the manner
that the operators under consideration satisfy the assumptions of Lemma 2.1.1
and admit estimates of the form (2.1.7) independent of & for small &.

Now let K’ ¢ R? be a compact set containing [—1, 1] x [—27, 27] and let
K c[-1,1] x [—m, 7] be a compact set, such that K has a positive distance
to the boundary of K’. From now on, let all ¢ be small enough to ensure that

H,+ehe(H,, H,) forall(h,6)cK'.

As (9/0h)at(h, 0) = Je(d/dh)a;(V/eh, 6), we have for small & and any multi-
index g with constants A; ; depending only on 3,
(2.1.9) |DEat(h, 0)] < eP/2A, 4, i=1,23, (h,0)e K.

12

Let E, be the operator with symbol (1 + |£]?)¥2 and g € CF(K') such that
g = 1on K. We identify g with the operator of multiplication by g (having
order 0). E, and g satisfy the conditions of Lemma 2.1.1. By | - || and (-, -) we
denote the norm and the scalar product in L,(R?). Define

P* = —(L§)? - L

and L§(h, 6; &) = a§(h, 0)&, and Li(h, 0; &) = aj(h, 6)¢; + ea5(h, 0)&,. Then
the principal symbol of P? is p5(h, 6; &) = Li(h, 6;€)?, and P® = L§* L + T°
holds, where L{* = —L; — w?®, T®* = —L§{ + wL{ and w* is the operator of
multiplication by the function

& (9 & (? &
w' = - af + Ve -5 9
Note that by (2.1.9), w? is uniformly bounded for small . In what follows,

all constants are independent of ¢ for small ¢ if not otherwise stated. Let
D, =—i(d/0h) and D, = —i(d/30).
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LEMMA 2.1.3. We have
(2.1.10) IL{u)? < (P°u,u) + A |lu|?, u € C3°(K),

2

2

_]:

2
( pz)(h 9; D)u + > |(D;p5)(h, 6 DYu|’,
IE; 0 j=1

< A (Pou,u) + A lul’,  ueCR(K),
with constants Ak, A, and A’ depending only on K'.

(2.1.11)

PrOOF. The identity
(Pu,u) = (L{"Liu, u) + (((T° + T°")/2)u, u)
= || Lsu|® + (((T* + T°*)/2)u, u)

gives (2.1.10) since the operator T'¢ + T'** is equal to the operator of multipli-
cation by the function

"E & & & & €&
W = %(as—\/g(w a3)) — %(w a$

which is an operator of order 0 satisfying the conditions of Lemma 2.1.1.
The symbol (d/9&,) p5 is given by 2afL}. We have

(2.1.12)

|2a5Liu|g = | g2aiLiu; < Ay |Liul;

by Lemma 2.1.1. So the estimate for (9/d&,) p; follows from (2.1.10). A similar
estimate holds for (9/9¢,) p5 = 24/ca5L5. Finally, we get for j =1, 2,

(12

12
ll—1

[(Djp2)(R, 6 Dyu|”, = [[2((D ;LD LE)(R, 6; D)u
< |2((D;L$)(h, 6; D)LY) uH 1
+2||((D;L%)(h, 6; D)L; — ((D;L{)L5)(h, 6 D))ul?,.
The first term is equal to
2| g((D,L5)(h, 6; D)LS )uH T, S Aol LT ul|3

by Lemma 2.1.1(i). Lemma 2.1.1(iii) implies that the operator in the second
term is of order 1 and that it admits a corresponding estimate. This completes
the proof of (2.1.11). O

Now define the operators (of order 1)
1 * & & &
Qi=L{, Q=3P -P7). Q=[a7 sl
. 0 .
Pi= (EaDp)(hoiD) P = (SLpg)hoiD). =12
J

Note that @5 = (T° — T*") = T® — 1u°.
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LEMMA 2.1.4. For 6 <2* k=1,2 3, we get
|Q5u|s , < Ax x(IIP7ull + llul), u € Cy'(K),

with a constant Ak, g depending on K’ and K.

PROOF. For k =1, the statement follows from Lemma 2.1.3. For £ = 2, we
have to estimate

[Q5ul’), = | B2 2@5ul = (Q5u. B2, Q5u)

= (P? - 3(P* + P™)u, B2, ,Q5u).

Using Lemma 2.1.1(i) we get

(P°u, B2, ,Q5u)| < As| Peull | Q5ull 1 = As| Peull |l g Q5ull 4

< AgllPeull |lul,

as Eil/z is of order —1. It remains to consider

3((P°+ P)u, B2, Q5u) = (L{"L§ + w°/2)u, E%, ,Q5u)
= (P°u, E?,,Q5u) — As(u, B2, ,Q5u)

by (2.1.12), where P = L:*L¢ +@?/2 + Asg with a constant Ag large enough
to ensure that P¢ is a positive operator. We get

(Asu, B2, ,Q5u)| < Ag|ul?
by Lemma 2.1.1, and
[(Peu, B2, ,Q5u)| = |(P°u, g, E%, ,Q5u)|
< (Pu, u)l/z(pgglEz_l/ngu’ glEél/Zqu’)l/Z
< %((Pe% u)+ (gZPEglEal/Zqu’ glEz—l/Zqu))
+ Agllul® + A5(§1E2_1/2Q§u, glEEl/Zqu)

& 2 & & &
< A;(|Poul + [lul)” + (g2P glEz_]_/zQzua glEal/zQZu)‘

Here the functions are g, € C37(K”) and g, = 1 on K, g, € Cy(K’) and
g, =1on K" and g, = gg,8, with aset K”, K ¢ K” c K’ such that the
boundary of K” has positive distance to the boundaries of K and K’. Define
Q° = glEEWQg. By Lemma 2.1.1(iii), the operator [ g, P¢, @¢] has symbol

2
S (D,¢°)(h. 6:€) go(h, 6)—— p5(h. 6: €)
j=1 IE;

2
d
— Z Eq‘?(h, 0, f)(ngng)(h, 6; &) + re,
J=17%J
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where g° denotes the symbol of @ and r{ is the symbol of an operator of order
0 which can be estimated by Lemma 2.1.1(iii). By Lemma 2.1.1, the operator
[g,P?, Q¢] differs from the operator

2 .
> (D;q°)(h, 6; D)g,(h, 0)P*/(h, 6; D)
j=1
2 9
- Z qu(h’ 0; D)(D ;g,p3)(h, 6; D)
J=1 J

only by an operator of order 0 satisfying the conditions of Lemma 2.1.1. Denote
G*’ = (D;q°)(h, 0; D)g,(h, 0) and G = (9/3¢ ;)q°(h, 6; D), which are of order
0 and —1, respectively. We get

(2.1.13) (£,P°Q°u, Q°u) =(Q°g,P°u, Q°u) + ([&.P°, Q°Ju, Q°u).
From Lemma 2.1.1 it follows that
(Q°g,P°u, Q°u) = (8, E*,,Q58,Pu, g1 E ,Q5u) < Ag|| Pul| |u

and
(lg2P7, glEil/ZQS]u’ glEz—l/Zqu)
= Z{(stgzpsju, glEz—l/Zqu)
j=1
— (G°D(g2p5)(h, 6; D)u, glEz—l/Zqu)}
+ (R3u, glEz—l/ngu)

2
- Ag(z 1Pl + ||u||2)

Jj=1

2
— > (G%D;(g,p5)(h, 6; D)u, glEz—l/Zqu),
j=1

where R3 is of order 0 and is bounded by Lemma 2.1.1. As g, = 1 on supp u,
D(g2p5)(, s D)u = g(D;p3)(-, -; D)u holds. This yields

H G%D ;j(g,p3)(h, O;D)uH = HngzElE_lepE(h, 0, D)”H
= |G582E1 Plu| < Ao Piu|
as G has order —1 and g,E; has order 1 and both satisfy the conditions of

Lemma 2.1.1. This together with Lemma 2.1.3 completes the proof for & = 2.
For £ = 3 we have to estimate

12

H[Qi’ Qi]ull_3/4 = ([Qia QS]U, qu)a
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where Q° = E?; ,[Q5, Q3] has order 3. Observe that Q;* = —Q5 — w*® and
5" = —@Q35. Hence

([QF, Q5]u, Q°u) = (Q5Q5u, gQ°w) - (Q5Q5u, gQ°u)
= —(Q5u, gQ52Q u) — (Qsu, guw' Q°u)+(Q5u, 2Q58Q°w).
Using Lemma 2.1.1 and the cases k£ =1 and 2, we can estimate
(Q5u, Q52Q°u)| < ||Qiuﬂ—m|ngé’G~?‘eu||1/2
< A (I1P°ul + |ul) (| Qg Q5ull, , + [£QF. £Q°1u], )
< Ap(IPull + ull)”,
as gQ°g and [gQ3, gQ¢] are of order —1,
(Qsu. gw Q)| < |Qsul g0 @ ul,, = Ass(IP7l + ).
as gw’Q® is of order —3, and
(Q5u. gQ58@°u)| < Q5ullol eR58@°ullo < Ara(IP°u] + [ul)?,

as ||gQ~§gQ8u||o = IInggQiullo +[8Q5, g@°Nullo < Ass(IQ5ull_1/2 + llul),
and gQ°g and [gQ$, gQ¢] have order —3. O

LEMMA 2.1.5. We have
(2.1.14) lullie < Ag (I P7ull + [u]), u € C3°(K),

with a constant AK, depending on K'.

PrROOF. The statement follows from Lemma 2.1.4 if we show that there
exists a constant A, depending only on K’ such that

3
||u||1/4 = ||E1u||_3/4 = AK(Z ||Q3u||—3/4 + ||u||>.
j=1
As
2 2

>

—3/4

e
—Uu
96

d
leld/s = lul?s. + ”—u
7 I

we have to show that

3
||Diu||73/4 = Am(Z ||Q‘;-u||,3/4 + ||u||>, i=12
J=1
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Using (2.1.9) we can write

€ & J & J
(2115) Ql = al% + \/Eaza—e,

& & (9 &€ & i _ l i & _ &
@116) Q)= Vbl — (a5 + Vet - 5 ( 75a5) - vbs

& & a & & a & 0” £
(2.1.17) Q: = <a3<%al) + \/Ecl>% + ﬁcz% + Vech
with functions b7, ¢, i = 1, 2, 3, uniformly bounded on K’ for small . Further,
& J & dJ 7
CLS%al (ha 9) = a3%al (h(x’ y)’ e(xa y))
_ 1
V2
1

— E<Hnyy - HxHyy)(x, ).

Note that by our assumptions the right-hand side of (2.1.18) is not equal to
0 in a neighborhood of the zeros of H,. So we can divide the set K’ into two

disjoint sets K, and K, such that there exist positive numbers §;, i = 1, 2,
and a set K, D K, such that

(2.1.18) ((Hy(?x - Hxﬂy)aioHy)(x, y)

(2.1.19) laf| > 28, on K,

& J &
a3%a1

Let ¢ € CT(K'\ K) be a function with ¢ = 1 on K\ K. On the set K\ K/,
we can regard the identities (2.1.15) and (2.1.16) applied to v € C3(K) as a
linear system for u; and u, with the (unique) solution

(2.1.20) lag| = > 25, on Kj.

1
1

(2.1.21) i
+ \/Ea§<§<%a§> + ﬁb§>u),
1 1/90

(2.1.22) up = —VebiQ5u +alQ5u +af| = —as ) +Vebs |u |,
De 2\ 56

where D] = —afaf — e(aib; + easb?).
Recall that there exists a constant b > 0 such that

(2.1.23) las(h, 0)| > b, (h,0) e K'.
This implies

(2.1.24) ID:(h, 0)| > b8, (R, 0) e K'\ Ky,
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for ¢ small enough. Thus, the coefficients of Q7u, i = 1,2, and u in (2.1.21)
and (2.1.22) can be understood as operators of order 0 satisfying (after multi-
plication by ¢ and g) the conditions of Lemma 2.1.1 in K’ \ K,. This gives

||¢’Dju||—3/4 = ”g‘PDju”—B/A
(2.1.25) 2 ,
sAn(Zlleu||_3/4+||u||), j=12
j=1

We can make the analogous considerations on the set K’ using the relations
(2.1.16) and (2.1.17) instead of (2.1.15) and (2.1.16). The resulting formulas
are similar to (2.1.21) and (2.1.22), but the determinant of the system is

D5 = agas + Ve(v/ebics + ci(a§ — v/eb5) — aghs).
By (2.1.20) and (2.1.23) we get
(2.1.26) |D5(h, 0)] > b5,,  (h,0) € Kb,
for £ small enough, so that

J(1- ¢)Dju||_3/4 =1 - ¢)Dju||—3/4

(2.1.27) 2
=< A18<Z “ Qj'u||_3/4 + ||u||)9

Jj=1
J = 1,2. Combining the relations (2.1.25) and (2.1.27), we get the desired
result. O

LEMMA 2.1.6. For s € R we have
2 2 )
lellsi1ja + D 1P5ullsrass + D 1P ullsia8 < As ko, k (1 P7ulls + llells),
j=1 j=1

u € Cy(K), with constants A, . g depending on s, K’ and K.

Proor. By (2.1.11) we get
e e 1/2 1/2
| Pou| < Aso(I Poull ™ gllully)s + lul)

and the corresponding estimate for 2228 Jj = 1,2. Thus we have for every
B >0,

2
(2.1.28) X (IP5ull + 1P/ ull) < Ago(BlIPoull -1/ + B *|lullys + ull)-
j=1

Observe that by Lemma 2.1.1,

||u”s+1/4 = ”Esu”l/4 = ||g1ESu||1/4 + [ Es, gl]u||1/4

(2.1.29)
< g1Esullrja + Aplulls



RANDOM PERTURBATIONS OF OSCILLATORS 943
” Pj'u”su/s < | g1E_1(D; p3)(h, O;D)uHerl/8
+[[E_1. g1181(D;p5) (R, 6; D)u|

=< H Es+1/8glpj'u”0 + Apllullsiiys

(2.1.30)
=< ” glEs+1/8g1Pj'uH0 + H[Eerl/B’ 81181 P5ullo + Axlltllsr1/8
= ” glpj‘glEerl/Buno + (81 E 51185 gle']uHO + Agsllullsrays
= || Pj'glEerl/SuHo + Apalltelss1/8>
H nguHsH/g = ||g1Es+1/8g1P6ju||0 + ||[Es+1/8’ gl]glp‘”u“o
(2.1.31) < | g:P g1 Esp1 ity + [[81Eci1/6: 82P1u,

+ Agsllullsia/s
<| PSngEsH./Bu“O + Aggllullsi1/s Jj=12.

Let the functions g, and g, be as in the proof of Lemma 2.1.4. The rela-
tions (2.1.14) and (2.1.28) hold for any K c K’ having positive distance to
the boundary of K’ (with constants depending on K). So we may replace the
function u in these relations by g, E u, s € R. We need that for ¢ > 0,

2
@132)  [PeiBaal, = |Pul,+ An( S| P5ul, + ul, ).
j=1

This can be shown as follows: First note that

H P€g1E5+tuH_t = HE_tgngglES+tu 0’

E_,g,P°gE; ., =E_,E ;. ,8,P°g1+ E_[8,P°g1, E; 4],

and E_,E, ,g,P°g,u = E ,P°u. Let p® denote the symbol of the operator
8, P?g,. By Lemma 2.1.1(iii), the operator [g,P°g,, E, ;] has symbol

&

55 (LHIER) (D, p*)(h, 0:) 4 1
j=19%j

2
—i(s+8) Y &L+ €D V24 1€2) V26D, pf)(h, 6; ) + 1%,
j=1

where r{ is the symbol of an operator of order s + ¢. Thus, the operator
E_,[g,P°g,, E,,,] differs from the operator

2
i(s+¢t)) g.DE, 18,P
j=1

only by an operator of order s having an uniform estimate for small & and by
an operator which maps the functions u € C3°(K) to 0. This proves (2.1.32).
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Using formula (2.1.14) for the function g, E u and formula (2.1.32) for t =0,
we get from formula (2.1.29) that

||u||s+1/4 = ||g1Esu||1/4 + Aggllulls
< Ax(|1PP g1 Eull + llg1 Esull) + Aggllulls

2
(2.1.33) < AngIPSUIlerAso(Z I1P5ulls + IIUIIS)

j=1
2

< Asl(nPsuns Y|Pl + ||u||s+1/8).
j=1

Using formula (2.1.28) for g, E,,, su and formula (2.1.32) for ¢ = %, we get
from (2.1.30) and (2.1.31),

2 2
> [ Piullssa/e + D IPYulsays
j=1 j=1

2 2
= Z Hpj'glEs-kl/BuHo + Z “PEngEs-kl/BuHo + A32||u||s+1/8
j=1 j=1

1
(2.1.34) < Ay(B||P°g1E 15| _ys T E“ g1E3+1/8u“1/s + | glEs+1/8uH)

+ Agllullsiiys

2
1
< AB(IPul, + Asa( X 1Pl + lull) ) + Ass gl

j=1
+ Aggllulls11/8-
Combining (2.1.33) and (2.1.34), we get for sufficiently large B,

2 2
lullsiaa+ D [ Phullssass + Yo IPYullsys
j=1 j=1

2 2
< A37(||P6u||s 3 1Pl + Y I1Po ], + ||u||s+1/8).

j=1 j=1

From this inequality, the statement of the lemma can be obtained by the same
arguments as in the proof of the corresponding Lemma 22.2.4 of [8]. O

Next we derive from Lemma 2.1.6 an a priori estimate for solutions
of (2.1.6).

LEMMA 2.1.7. Let the set K” C K’ be such that af # 0 in K” for small &
(e =0included) and let K ¢ K" have positive distance to the boundary of K”.
Let ¢, ¢ € C3°(K"”) with ¢ =1 0on K and ¢ =1 on supp ¢. Then for any ¢t € R
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there exists a constant A(K", K, t, ¢) depending on K", K, ¢ and ¢ such that
for any solution u® € C* of

(2.1.35) P?u® =0,
we have
(2.1.36) leu®ll, < A(K", K, t, ¢)||¢u®||.

ProoF. It is sufficient to show the statement for ¢ € N. Let n = 8(¢+1)+1.
We introduce a sequence of compact sets

K:KOCK1CCKn=5Upp€D,

such that K; has positive distance to the boundary of K; ;, i =1,...,n -1,
and a sequence of functions ¢, € C3°(K;), with ¢; = ¢ and ¢; =1 on K, ,,
i=1,...,n. Then Lemma 2.1.6 implies

(2.1.37) ll@;itllopas + [P (@it®) ] 1p s < As ko k(1P (0305 + llpsu’lls)-
It follows from (2.1.35) that

Pe(p;u®) = (PPo;)u’ + 2(Lig;)(Liu®)

(2.1.38)
= (P?¢;)¢;au® + 2(Lip; )(Lig; 1 u®).

Note that P! = 2afL3. By (2.1.5), the assumption a3 # 0 on K” implies that
lai| > 6 > 0 on K" for some & independent of &. We get from (2.1.37) and
(2.1.38) that

Lies
leu’lle < Ar-yjs K//,K<||<P8qo1>sozu€|lt1/8 + "Z%ai LS (¢zu°)
1

(2.1.39) -8

I I
+ ||(p1¢2u8|t—1/8>'

The factors P°¢,, Li¢,/a] and ¢, can be regarded as operators of order
0 satisfying the conditions of Lemma 2.1.1. Thus there exists a constant
A (K", K, t, ¢1) such that

leru®l, < AL (K", K, t, @1)(”4’2”8”571/8 + HZ aiLi“DZua)”t—l/S)

(2.1.40) . . | pel el
=A;(K", K,t, 901)(”%02” le—1/8 + || P° (@ou )||t_1/8)-
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Applying (2.1.37) again, we get, using (2.1.38) and the same arguments as
above,
[eu®ll, < A1 (K", K, ¢, 91)As s, K”,K(||Ps(€02u8)||t72/8 + ”QDZuS”th/S)
= Ay(K", K, t,¢1)
x (||PS(€02us)||t72/8 + ||§02u8||t72/8)

A ’ & & ( LS(P eT € & I
(2.1.41) <Ay)K", K,t, @1)(“(13 ®2)ep3u Ht_z/g‘*‘HZ—;ezalLl(%u )ii
1 t—2/8

+ ||¢2€03u8||t2/8)
= Ap(K", K.t g1, 00) (| osu” |, o5+ [ P (03], ).
Continuing in this way, we finally obtain
leusll, = A a(K", Kot 01, 02,y 901) (l0atll s + 18P (0,0%)] 1)
<A(K", K, t, ¢)|oullo

by Lemma 2.1.1, as the operator ¢ P! has order 1. O

LEMMA 2.1.8. Let @2¢ be a solution of the differential equation (2.1.2) for
0 <e<eggandlet S C[0,27] be a compact interval such that a,(0, 6) # 0 for
0 € S. Let K be an arbitrary neighborhood of the set {(0, 6), € S} such that
Hy+ h e (Hy, H,) for all (h, ) ¢ K and assume that there exists a constant
A,(K) such that |i°(h, 0)| < A;(K) for all (k, 0) € K and ¢ < &,. Then there
exist an ¢; > 0 and a constant A,(K) independent of ¢ such that

ld _, I _
550 0) = Aa(R)
forall0 <e<eg and 6 e S.
PROOF. Let ¢; be such that for 0 < & < &, we have |A| < e 2 if (h, 0) € K,
and the functions u® defined by u?(h, 0) = @°(&/?h, ) satisfy the conditions

of Lemma 2.1.7. There exist compact sets K, K", {0} x S ¢ K c K", such
that:

(i) each of these sets has positive distance to the boundary of the larger
one.
(ii) a; #0o0n K".
(iii) (Jh, 0) € K if (h,0) € K",
By Lemma 2.1.7 we get, for ¢t = 3,
leuflls < A(K", K, 3, ¢)|ou’||

< As(K)SIl{JIO |u’| < Ag(K)sup [a®] < Ag(K)Ay(K)
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with suitable functions ¢ and ¢ and a constant A;(K) depending only on K
(and on the sets K and K” and the function ¢ chosen for K).

By Sobolev's lemma (see, e.g., [1]), this implies that there exists a constant
A,(K) such that

J

ou‘e(h, G)i < A,(K), (h,0) e K.
I

B

As (9/90)u®(0, 0) = (d/90)u*(0, 0), we get the statement of the lemma. O

2.2. The Markov property. Let G be a domain in R? bounded by compo-
nents of the level sets of H(x, y) and let 7 = 7° be the exit time of the process
(X?,Y7) from this domain. Using the a priori estimate obtained in the last
subsection, we show in this subsection that the probability that (X2, Y?) be-
longs to a certain connected component of the boundary of G depends for ¢ | O
only on the value H(xy, o) at the initial point (xq, ¥o). We will use this result
to prove the form of the gluing conditions for the limiting process on the graph
in the next subsection. Therefore, we need this result especially for domains
G containing a saddle point of H(x, y). Actually, the result of this subsection
implies the Markov property of the limiting process.

Let x = (x, y) and let X7 = (X%, Y%) and X; = (X%, Y%) be the solutions of
the systems (1.12) and (1.11), respectively. Further, let X,(x) = (X,(x), Y (X))
be the solution of the deterministic system (1.10) with the initial point x =
(x, y). Itd's formula applied to f(H(X,’)), with a smooth function f, gives

FIHOKE) = FCHO) + [ FEHXEH, X)W,
(2.2.1)

[ MOV + F OV, (x0) ds,

022 BECHED) = [HE)+ By 57 HEDHK)
+FHXE)H,, (X)) ds,

for the time 7 to exit any bounded region.

LEMMA 2.2.1. For k € N there exists an A(k) > 0 such that for 7' > 0,

k
e ~ & &
Py sup %] - X,(9)| = n} = AR)(T ~ 1" 5,
0<t<T n
where L is the Lipschitz constant of the function VH and 7 is an arbitrary
positive number.

This lemma is the analogue of Lemma 4.2 in [7] and can be proved by the
same arguments.
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For £ > 0 we consider the (fast) dynamical system

(2.2.3) X0 = TOH(X00), X600 =x

COROLLARY 2.2.2. With the notations of Lemma 2.2.1, we have

& & £ 2LT k Sk
Px{ofing ~X7(9)] = 0} = AGR) (T - 1) =

Let u denote the Lebesgue measure.

LEMMA 2.2.3. Let D = D/(H,,H,), H; > —o0, H, < 00, G C D and
T = supy.p Min{t > 0: X,(x) = x}. Assume that for n > 0 the set

G, = {z € D such that there exist x € G and s € (—n, n) with z = X,(x)}
has the property
p{t e (0,T): X,(x) €G,} <T/B
for some B > 4 and for all x € D. Then for any T, > 0,
Py{u{t € (0, Ty): X/ € G} = 2Ty/B} - 0 ife |0,

uniformly for all x € D.

ProoF. By Corollary 2.2.2 there exists an Asg > 0 such that

~ 82
(22.4) Pyl sup Xt —X{()| 2 ] < Aw

O<t<eT

for all x e D, 7 > 0. Define

TO & e To &
N.=|-2|  Te=n{te 0 To):X G} = fo xo(X5)dt,
where [¢], ¢ € R, denotes the largest integer less than ¢ and x is the indicator
function of the set GG. Observe that

No  (n+1)eT .
c=X [ xe(X)dr
n=0""¢
By the Markov property and (2.2.4), we get, for small &£ and a suitable constant
A > 0 depending on G and on the speed VH(xX) of X,(x),

Ne (nt+1)sT 2T,
Z/ - XG()—(t)dtf?}

n=0 ne

2T
P;{Tg < ?0} > P;{

2T,

(n+1)eT .
EPE{fM XG(Xt)dtim, n

~0....N.}
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R . eT . ST
= (QQI;PZ{/O xc(X/,)dt < §}>

. N +1
> (l—supP;{ sup |X;7 —X/(2)| = An})

zeG 0<t<eT
To/eT
o (1-As £\ H.
A4t
Obviously, the right-hand side of this estimate tends to 1 if ¢ tends to 0. O

N, +1

LEMMA 2.2.4. Let D = Dy(H,, H,), |Hj| < oo, j = 1,2, and 7° =
inf{¢: X7 ¢ D}. Then for x € D (and small &) there exists an Ay such that
E)ETE < A39.

PrOOF. Let H;, < H, and H, > H, such that D ¢ D = D,(H,, H,).
Choose functions ¢y, ¢, € C*(R?) such that ¢;(x) = H,(x) and ¢,(x) = H ,,(x)
if x € D, and such that for an open set G c D there exist positive numbers &,
and &, such that

(2.2.5) c3(X) > 84, x € R?\ G,
(2.2.6) 3(x) <8, xeG,
(2.2.7) leo(X)] < 85, xe D,

and such that the conditions of Lemma 2.2.3 are satisfied for D and G with
suitable numbers 7 and B (see also Lemma 1.1). For x € D, consider the
process Z; defined by

t t
(2.2.8) 7 = H(x) + / ey (X5)dW, + 1 / (X2 ds.
0 0
One can find a Wiener process W, such that (see, e.g., [5], page 51)

t -
(2.2.9) [ e dW, =Wz g
Note that the processes Z{ and H(X;’) coincide until ¢ by formula (2.2.1), and

Pi{r* <1} > P;{ sup Z¢ > HZ}, xcD.

O<t<1

Let Ayg=H,— H;+6,. By (2.2.8), (2.2.9) and Lemma 2.2.3, we get for x € D
and small ¢,

t t
Py{r® <1} > Pi{ sup {H(x) +/ c1(XS)dW, + %/ cz(xj)ds} > Hz}
N - 0 0

0<t<1

t
> Py{sup [ ex(X))dW, = As)

“lo<t<1/0
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& T £ 2 & & 2
= P)'({ossl;lgl Wféci()‘(:)ds 2 Aw|T6 < E}P)'({TG = E}

1 - I 2
=3P sup sy < 2]
2 “lozt=s,(1-2/B) | B
1 1 2
= 5P Wo,a-2/8) = Aw} = EPi{Té > g} > a

for some a > 0 independent of & for small ¢. By the strong Markov property
we get

P;{78<n+1|782n}20‘a neN,xeD.

Thus P{7° > n} < (1/a)P¢{7® € (n, n + 1]} implies E¢7° < 1/a. O

As we are concerned only with the behavior of the processes until they
leave a bounded domain in D;, we can change the function H outside a large
enough subset of D; so that H becomes bounded, especially so that H is
constant there. The distribution of X?. is the same as the distribution of X:.,
where 7¢ = inf{t: X, ¢ D}. So we consider the (slow) process X;.

As in the beginning of Section 2.1, we introduce coordinates (%, ) with
the only difference that now A(x) = H(x) — H, or h(x) = H(x) — H; so
that the points with coordinates (0, ) correspond to the boundary C;(H,)
or C;(H,), respectively. For brevity we restrict the considerations to the case
of the boundary C,(H,), this means h(x) = H(x)— H,. It is easy to check that
Lemmas 2.2.8 and 2.2.9 below hold also if H, is replaced by H;.

With the coordinates (4, 0) the generator of the process ):(f can be written
(2.2.10) L°u = a5%uy;, + aSu, + sas’uyy + ebiu, + e2aiasuy, + ebiuy,

where

bj(%h(xa y)7 G(x’ y)) = %ny(x’ y)a

b5z ). 002 )) = 5 Hy (5,9

are functions bounded on corrleact sg'gs.
Thus the process H; = (h(X,), 0(X,)) solves the equation

(2.2.11) dH® = b*(H?) dt + o*(H®) dW,
with
b?(h, 6) = b°(6) + Veb®*(h, 6)

o) )
= ~|— Fo 5
b,(6) b3(h, 0) + /ebi(h, 6)
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a®(h, 0) = a°(0) + Vea®*(h, 0)

:<bo(0) 0>+ﬁﬁ<b§(h,0) o>,
0 o as(h,0) 0

where by Taylor’'s expansion
1

aj(h, 0) = —

bo(6) + v/5 b5(h, 0),  a5(h, 6) = by(0) + /5 b3(h, 0),

951

bo(0) = ~/2a3(0,6), by(6) = a5(0, 6) and b, b5 are uniformly bounded on

compact sets for small . Define the process H? = (H?, ?) by
(2.2.12) dH? = b°(H?) dt + ¢°(H®) dw,

with the same Wiener process W, as in (2.2.11).

LEMMA 2.2.5. There exists a bounded function A(¢) such that for any 7' >

0,m>0,e>0,xeD,

e &
(2.2.13) Pf({osupT IHe — HO| > n} < AT
<t<

The proof is standard (compare, e.g., Lemma 2.1.2 in [5]).
Define for hq, A, € [—00, 0], hy < Ay,

To(hl, h2) = |nf{t H? ¢ (hl, hz)}
LEMMA 2.2.6. We have for 2 > 0 and B c [0, 27],

Phs0{®2°(0,oo) € B} = /B fro(n)dn

with a bounded function £, ,.

PrROOF. Let Ay > 0. The process I:I§J corresponds to the operator
1 32 J
Zp: 4 p
2 %0 Gz T 025
For any 6 > O there exists h; > hy such that
0
Pho,e{HTO(o,hz) = hz} <o
for all A, > h,. Thus
(2.2.14) 1Py, 610%0. o) € B} = Phg.o{H3(0,1,) € {0} x B}| < 5.

Let 6¢ be the bounded solution (modulo 27) of the initial value problem

%bg(et)ét = bz(Ot), by =10
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(where 6Y is unbounded at the zeros of b,). The solution of this problem satis-
fies the equation

% b3(£)

dg’

with a suitable constant A,;.
Let I:I% = (H%, 6Y) with a Wiener process H:. Note that

Pho,0{®20(o,oo) € B} = Pho,e{efl(o, 00) € B} = Eho,HXB(Bfl(o, oo))
as each of them solves the boundary value problem
305(0) (R, 0) + by(O)uy(h, ) =0, (0, 6) = xp(6).
We consider now this boundary value problem with boundary conditions
u(0, 6) = ¢(0), u(hq, 0) =0, u(h, 0) =u(h, 6+ 2m),

with a periodic function ¢, ¢(6) = ¢(0+27). Evidently the solution u™ of this
problem,

u(h, 0) = Ej, 46(H> 200, hy))s
[with a function ¢ such that ¢(0, 6) = ¢(6), &(h4, 6) = 0], can be represented

w's(h, 0) = [ e(O)f (ha, by 1) dt,
0
where
f(hy, h,dt) = P{r(=h, hy — h) e dt, W, _pn = —h}

and 7(a, b) = inf{t > 0: W, £ (a, b)}. The explicit formulas are known for this
probability (see, e.g., [2]). Let Ty = inf{t > 0: 8! = 6} be the period of /. As
f(hy, h,t) tends to f(h,t),

f(h,t) = P{r(—o0, h) € dt},
if h; — oo, we get for u(h, 0) = Eh’ego(efo(opo)) by (2.2.14) (using the substi-
tution n = 6?),

uth,0) = [~ ¢(0)f (h t)dt = > [ T; o(8))f (. t + kTo) dt
k=0"1=

0(”’1)
2b5(m )

)
2by(m)

27+
(22.16) =3 [T e (g ) + RT)

k=0""=
= [ z F(h. &"(n) + KT)

where

" b3(£)
0 sz(f)

g’(n) = dé.
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Thus the function in the integral at the right-hand side of (2.2.16) is the
density f, 4

(2.2.17) Fro(m) =3 £(h, g"(n) + kTo)20
' k=0 ’ 262(”’1)

LEMMA 2.2.7. For any & > 0 there exists hy > O such that for any interval
S = (71> 72) C [0’ 277]7

sup ‘ Pho,Ol{HEO(O, 00) S {0} X S}
(2.2.18) 0y, 0,€[0, 2]

— Py o, {H%0. o) € {0} x s}! <s.

PROOF. By (2.2.16) we have
Py, BI{HEO(O, o) € {0} x S} = Py, 92{':'20(0, o €10} x S
= [ s — s (O £, 1y .
This can be written
[ (8~ gte =) fih. 0y,

with a function g, 0 < g < 1, and a suitable constant vy, 0 < y < Ty, where
T, = inf{¢t > 0: 8¢ = 0} is the period of 6. The function £,

1 h h?
0= 7= ()
(see, e.g., [5]), for fixed A is a unimodular function with maximum at ¢ = ~?/3
and

3)

Thus the function in the above integral tends to zero uniformly on intervals
of finite length as & — oo. So it is sufficient to show that the expressions

f(h, h2> 3v3 1 52

h?/3
(2.2.19) /7 (F(h, t) — f(h, t —y))dt,
(2.2.20) fhz/sﬂ(f(h, t)— f(h,t — ) dt

tend to O if 4~ — oo. Note that

f: f(h,t)dt=1— erf(L> where erf(z) =

exp(—s?)ds.
Ner p(—s")ds

2 ,z
7h
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So we get for the expression (2.2.19),

erf<% —\/—3};_ 9'y) — erf<\/g> +1- erf<%),

which tends to 0 if A — oco. The same holds for the expression (2.2.20), as it

is equal to
3 h 3
erf(— :) —erf \/— . O
V2 \/3h2 + 9y ( 2)

LEMMA 2.2.8. Let D = D)(H,, H,) and H, < Hy < H,. For any interval
S = (y1, ¥2) C [0, 27] and any & > 0, there exists an &5 > 0 such that

sup l P)_(l{H()_(fg(D)) = H,, 0(X;.(p)) € S}
(2.221)  Xn%sCio)

- P)—(z{H()—(f"(D)) = H», 0()_(:;(1))) € S}’ <0
for all & < &.

PrOOF. We may assume without loss of generality that 6 < 1. Let 6, =
8/25. As will be shown in the next subsection, the processes Z; = H(X,) and
X; =x € Dy(H,, H,), stopped at the moment when they first leave (H,, H,),
converge weakly on any time interval [0, T;] as ¢ — 0 to a nondegenerate
diffusion process, the same for all x € D,;(H,, H,). Using this we can find
&, > 0 and d; > 0 such that

(2222) PX3{H(>—(1i(D)) = Hz} < 80 fOI’ a“ )_(3 S Dl(Hl’ Hl +d0), E < 81,
and
|\ Py \H(X . (p(#,1d, ,-ay) = Hj £ d]
— Py {H(X}.(pyi, 44, 7,-ay) = H; £ d}| < &,

for all x;, X, € C;(Hy), e <e;and d < dy, j=1,2, where + is taken if j =1
and — is taken if j = 2.

(2.2.23)

(i) Let Ay be large enough such that by Lemma 2.2.7,

sup |Ph0,91{I:|80(0,oo) € {0} x B} - Pho,ez{HSO(o,oo) € {0} x B}| < &,
0., 0,€[0, 27]

for all intervals B C [0, 27].
(ii) Let n < (v, — v1)/4 be small enough such that by Lemma 2.2.6,

Sup Pho,O{HEO(O, OO) S {0} X BL} < 80,
0€[0, 27]

where B; = [y; — 7, v; + 1]
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(iii) Let T' > 0 be large enough such that
P{ sup W, < ho—i-l} < 8.

0<t<T

Fix d < dy and let g, < &, be small enough such that A, < d g,~%/? and
(iv) by Lemma 2.2.5,

sup Pho,o{ sup |HY — HY| > n] <8y, for0<s<g

0[O0, 27] 0<t<T
and
0
(V) ges[é.l[z) ]Pho {HTD(—l,(HZ—Hl)/ﬁ) #* —1} < 8y, 0<eée<egg

Define D¢ = (0, (H, — H,)/+/¢). For all B C [0, 27] we have
Pho’g{HSO(Ds) S {0} X B} = Pho,(){HSO(O,oo) € {O} X B, H?O(DE) = 0}
So we get by (v),
(2.2.24) Py o{H% ey € {0} x B} = P, 4{H%o, o) € {0} x B} < 8.
Let Dy = D;(H, +d, H, — d) and H(X;) = (H(X/), 6(X;)). Using the strong
Markov property we get, by (2.2.22) and (2.2.23),
| Py, {HOX () € {Ho} x S} = Py {H(X ) € {Ho} x S}
= | Py [H(X ) € {Ho} x S|H TF(Dd)) H,-d)
x (Py {H(X[p,) = Hy — d} = P {H(X[p,)) = H, — d})
( {H(XTE(D))E{Hz}X S|H(X (Dd))_‘HZ d}
{H(X (D)) € {H,} x S|H(X =(Dy )) =H, - d})
{H(XT (Dd)) =H, - d}
(2.2.25) {H(x,F(D)) € {H,} x S|H(X% p,)) = Hy +d)
Py {H(X;.p,) = H, +d}
- PXZ{H(XTS(D)) € {H,} x S|H(X: p,)) = Hy +d)
P {H(X[p,) = H1+ d}l
<80+ IPXI{ H(XZ.p)) € {Ha} x S|H(Xp,)) = Hy — d)
{H(XT (0)) € {Hz} x S|H(X (D) = Ha — d}‘

+ sup Py {H(X; p)) € {H,} x S}
XeCy(H+d)

<25+  sup ‘P)_(S{H(ng(D))e{Hz}xS}
X5 X,€C,(H,—d)

Py [H(X ) € {Ho} x s}‘.



956 M. FREIDLIN AND M. WEBER

Using the strong Markov property and the fact that the distributions of X?

and X, are the same if  is the time of first exit from a bounded domain,
we can bound from above the supremum in the right-hand side of the above
estimate by

sup ’Pho,ﬁl{His(DS) € {O} X S} — Pho,Hz{Hi‘“‘(Ds) € {O} X S}l
01, 0,€[0, 27]
as hy < d e /2. We get by (2.2.24) and (i),

| £ & |
IPho,Oi{HTE(DE) € {0} X S} - Pho,ez{HTE(DE) € {0} X S}i

< 20 S[éJFZJ | Py, olH7:(p-) € {0} x S} - Pho,e{HSO(Ds) e {0} x S, }
€[0, 27
+sup | Py o (H%pe € {0} x Sy} = Py g, (H%p) € {0} x s,,}\
01, 0,€[0, 27]
< 20 S[(l),lg) ] PhD,H{HfE(D‘) S {0} X S} — Pho’e{HSO(DS) S {0} X Sn}l +380,
[0, 27

where S, = [y1 + 71,7, — nl- Let S, = [y1 — m, 72+ n]. Now
IPho,e{HiS(DS) € {0} x S} - Pho,g{HSO(DS) e {0} x Sn}’

< Py of{Hr(p) € {0} x S, HEO(DS) ¢ {0} x S, }
+ Py of{Hr(pe) € {0} x S, HSO(DE) e {0} x S,}

< Py of{H(p) € {0} x S, HEO(DS) ¢ {0} x S, }
+ Py, o{Hpe) € {0} x (5,\ S,)}
+ Pho,G{HSO(fl, e 12(Hy—H,)) 7 —1}
" Pho’el0§t§§‘:;?1, oo)|Hf - Hto} ~ n’HEO(_l’ e V2(H,—Hy)) ~ _1]'

By (ii) this is not greater than

28, +2Ph0,9{ sup  |Hf —HY| > WIHSO(—l,afl/Z(HrHl)) =-1)

0<t<79(—-1, 00)
+ 2Py o{ Hoo sy, osqa, ) # ~1h
and by (iii), (iv) and (v) this can be estimated by

48, +3Ph0,0{ sup  |HE —HO| > 7, (1, 00) < T}

0<t=<79(—1, 00)
+3 Py, o{7°(~1,00) > T} < 108,.

Combining these estimates, we get the statement of the lemma. O
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LEMMA 2.2.9. Let D = D;(H,,H,) and H;, < Hy < H,. For any 6, €
[0, 27] and & > O there exists an open interval S containing 6, such that

for all x € C;(Hy) and small e.

As the exit distribution of the process I:I? has a bounded density by
Lemma 2.2.7, the statement can be proved by similar arguments as used in
the proof of Lemma 2.2.8.

As mentioned above, it is easy to check that the statements of Lemmas 2.2.8
and 2.2.9 are also valid if H, is replaced by H;.

Now we are able to prove a lemma which corresponds to the first part of
the proof of Lemma 3.5 in [7]. Actually it gives the Markov property of the
limiting process on the graph. Consider a vertex O,. Without loss of generality
we suppose that the segments meeting at O, are I, I, and I3, the region D4
being the one adjoining the whole curve C,. Suppose for definiteness that
H(x) > H(x;) in Dj. Let y > 0 be a small number, D,(£v) be the connected
component of {x: H(O,) — vy < H(x) < H(O,) + v} and 7;(£y) = inf{t > O:
X7 & Dy(£)} and Cj(y) = {x € D2 H(x) = H(O,) £ v}

LEMMA 2.2.10. For any 6 > 0 and 0 < y' < v there exists g5 > 0 such that
fori, j=1,2,3,0< ¢ < &,

| pe [ye e [ve |
sup 1Py {XZ,) € Cy(M} = P {Xfiey) € Cim}| < 8.

X1, %2€Ci (")

PrOOF. Let C, = C,;(v'/2)UC;((v+7v')/2). By the strong Markov prop-
erty, we get, for x;, x, € C;(v'),

‘Pi(l{)_(f}i(i'y) < ij(?’)} - P)_E(Z{Xf;(:ty) € ij(V)}'

(2.2.26)
= )f g°(&)(p°(Xy, dé) — p°(%,, d§))

b

where g°(§) = Pyi®{X[: (1, € Cy(v)} and p°(%, B) = Py{X}.p, ) € B}. Here
B c C}; and Dy, is the set containing the points between the two curves
forming the set C7,.

Let >_<2,...,>_<21 denote all zeros of the function H, in the set Cj; (see
Lemma 1.1). By Lemma 2.2.9 there exist open subsets S3, ..., 59 of C, such
that x? € S? and

ng ~
(2.2.27) > Pi{Xfpy, € S} < 8/6
=1 '

for all x € C,;(v') and small ¢.
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Further, the function g solves the equation L¢g® = 0. Thus by Lemma 2.1.8
there exists an A,, > 0 such that

|g°(é1) — 8°(&2) < Appléy — &| forall &, &, € CY; \ U S?'
=1

This implies the existence of a partition S;, ..., S, of the set C,\U;%; S?
such that with points z; € Sl for small &,

(2.2.28) |8°(z)) — &°(&)| < 8/6, (€8,
As 0 < g¢ < 1, the right-hand side of (2.2.26) is not greater than

ny ny | |
Y [ (p 0 )+ p* e, d0)) + 1| [ (° (50, ) — P70, d8))
=1 ! =1

1

Sl - @l e+ [ g0 - 50 0|
=1 ! .

We can find ¢, > 0 such that for 0 < ¢ < gg, the first term of this sum is less
than 6/3 by (2.2.27), the third term is less than /3 by (2.2.28) and the second
term is less than 6/3 by Lemma 2.2.8. O

From the considerations of the last two subsections, especially from the
proof of Lemma 2.2.10, we can deduce a result for a boundary value problem
with the operator (1/£)VH -V 4 (6%/dy?):

COROLLARY 2.2.11. Let H(x) satisfy the conditions of Theorem 1 and let G
be a bounded domain in R? containing a trajectory C;(H,) of the dynamical
system (1.10) for some [ and a noncritical value H,. Then, for any A,; and
8 > 0, there exists an g; > 0, such that for any measurable function f with
esssup|f| < Ayz and any 0 < ¢ < g, the solution u? of the boundary value
problem,

1_
_VHvu8+u§y:O7 u8|r7G:f7
&

has the property

sup  |uf(xy) — uf(%y)| < 8.
X1, X,€C(Hy)

2.3. Proof of Theorem 1. Theorem 2.2 in [7] that deals with the case of
nondegenerate perturbation is proved using some results numbered Lemmas
3.1-3.5. The proofs of Lemmas 3.1-3.4 in [7] use a further series of results
denoted Lemmas 4.1-4.10. All those can be used for the situation here after
suitable changes and alterations in the proofs are made. Lemma 3.5 in [7] also
holds here, but the first part of the proof changes essentially due to the fact
that the perturbation of the Hamiltonian system is degenerate. This affects
especially the proof of the Markov property of the limiting process on the
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graph. Here the results of the previous subsections replace Lemmas 5.1-5.5
in [7]. With modifications of Lemmas 3.1-3.5 and 4.1-4.10 in [7] that are
discussed in this subsection, the proof of Theorem 1 is analogous to the proof
of Theorem 2.2 in [7].

We start with the lemmas of Section 4 in [7]. Lemma 4.1 can be replaced
by Lemma 2.2.4 of the present paper and Lemma 4.2 can be replaced by
Lemma 2.2.1. Lemmas 4.3 and 4.4 and the resulting discussion of Particular
Cases 1, 2, and 3 hold also in the case considered here and the proofs are the
same. The statements of Lemmas 4.5-4.8 in [7] are also true for the processes
considered in the present paper. The probability that a one-dimensional dif-
fusion with positive (negative) drift leaves an interval at the left (right) end
increases if the diffusion coefficient increases. By using this fact, the proof of
Lemma 4.5 for the degenerate case is analogous to the proof in [7]. To extend
the proof of Lemma 4.6 in [7] for the situation here we additionally have to
make use of assumption (vi) of Theorem 1 to make sure that the coefficient
denoted by a'! in [7] does not disappear. The rest of the proof is analogous.

The proof of Lemma 4.7 for the situation here is very similar to that in [7].
We replace AH by H,, and VH by (0, H,)*. The only difficulty is that we
cannot estimate Hi from below by a positive constant as |VH|? is estimated
in [7]. This estimate has been used in [7] to get an estimate

T |
Pfc{/ ' |[VH(X?)|?ds > Asye/2 0F 0y, < 7° < T XS, s < O'k} >1—a(e)
o |
with A,, > 0 sufficiently small and a(¢) — 0 for ¢ — 0;7,, 7° and o}, are
Markov times. To get a corresponding estimate for |[VH(X?)|? replaced by
H?3(X,;) we divide the set of all trajectories into those for which sup,, ..., |X; —
Xs (X, )| < m [cf. (2.2.3)] and into the complement of this set where 7 is suffi-
ciently small. On the first set we get an estimate as above because the relative
amount of time which the process X/ spends near the zeros of H,, is “small.”
The arguments are the same as in the proof of Lemma 2.2.4 (see also Lem-
mas 1.1 and 2.2.3). The probability of the second set tends to O for ¢ — 0.

The statement of Lemma 4.7 in [7] holds for the situation here with AH(x;,)
replaced by H,,(x,). Note that assumption (v) of Theorem 1 guarantees that
H, (x;) # 0. The statement of Lemma 4.8 in [7] holds in the degenerate
case with the same proof. The statement of Lemma 4.9 in [7] holds also in
the situation here with the operators L; from (1.13), (1.14) and (1.15). The
proof is the same as in [7] after replacing AH by H,, and VH by (0, H,)".
Lemma 4.10 in [7] contains some misprints, so we will give it here again for
our situation.

LEMMA 2.3.1. Let us consider the first time 7% = {(H,, H,) of leaving the

region D;(H,, H,). Let g be a continuous function on [H,, H,] and let ¢ be a
function defined only at the points H,, H,. Then

lim 5| o(HOC) + [ 2(HO0) de| = £(HE)
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uniformly in x € D;(H,, H,), where

u;(Hy) —u;(H)

H
f(H)= u;(Hy) —u;(H,) [QD(Hl) + fH (u;(h) — ui(Hl))g(h)dvi(h)]
. . i,
+ Zz((i)) _L;:i((};;l)) |:go(H2) + /H (w;(Hy) —u;(h))g(h) dvi(h)},

Here u; and dv; are the scale function and the speed measure of the dif-
fusion process governed by the operator L;. In general, there are no explicit
formulas for u; and v; in this setting, but they are not needed in the proof,
which can be copied from [7].

Now we are able to discuss Lemmas 3.1-3.5 in [7]. Lemma 3.1 can be used
in the same form. In the proof of Lemma 3.2 the same changes have to be
made as indicated above for the proof of Lemma 4.9. Lemma 3.3 holds also
in the situation here and is a consequence of the corresponding Lemma 4.9
in this situation, too. Also the corresponding statement of Lemma 3.4 is true
here and can be proved as in [7].

Thus we have the form of the operators governing the limiting diffusion
in the interior of the edges of the graph and we can discuss the question of
accessibility of the boundaries of the edges for these diffusions. Let O, ~ I, be
an interior vertex of the graph corresponding to a saddle point x, of H(x). The
coefficients A;(H) and B;(H) in (1.13) [see (1.14) and (1.15)] have finite limits
if H tends to H;, = H(x;). We have 0 < Ays < [¢ ) H5|VH| " dl < Ayg < 0
for H close to H), = H(x;), but A,(H) = [, ) |VH|™*dl tends to infinity as
H — H,. If S;(H) denotes the area of the domain in R? bounded by C;(H),
then S (H) = A;(H). Thus, the integral flik A;(H)dH isfinite for (Hy, 1) € I;.
This implies that

w,(Hp) = fj exp{—/; 2Bi(u)Ai(u)du} dz

0

and
i) = [ Ao e [ 2B, dul s

are finite. Thus, the vertex O,, is accessible for all points of I; ~ O,, [4], and a
gluing condition should be imposed for each interior vertex of the graph.

If Oy, corresponds to an extremal point x, of the Hamiltonian H(x), and I; ~
0;,, then near O,, the drift coefficient B;(H) is bounded, always has the sign to
drive the diffusion away from the vertex and |B;(H)| > A,; > 0. The diffusion
coefficient A;(H) can be estimated A;(H) < Ay lH — H(X;)|, Asg > 0. The
inaccessibility of the exterior vertex follows now from the respective property
of the diffusion governed by the operator L;f(H) = Ag|H — H(x,)|f"(H) £+
A, f'(H) with the sign so that the drift drives the diffusion away from the
vertex.
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Now we show that the statement of Lemma 3.5 in [7] holds also in the
degenerate case. The proof starts as the corresponding proof in [7]. Formula
(5.19) in [7] is already proved for the situation here by Lemma 2.2.10. Then,
as in [7], we use the fact that the invariant measure u for the processes X;
(the Lebesgue measure) can be written as an integral with respect to the
invariant measure of the embedded Markov chain. As in [7], let H,, , H;, be
the limits between which the coordinate H on the edge I ; of the graph changes
[if H(I;) = [H},, o0), introduce a new vertex with coordinates (H,,, j), where
H,, is an arbitrary number greater than H,, ]. For small § > 0, I; ~ O, the
set C;(8) = {x € D;: H(x) = H,, + 8} if H(O}) = H,, and C;(8) = {x €
D;: H(x) = Hy, — 8} if H(O,) = Hy,. Let C(8) = Uy, j Cp;(8). By the same
arguments as in [7] we get formula (5.23) in [7]:

/R2 &(H(x))xp,(x) n(dx)

= vi(dX)Eg [ g(HOX))xp, (X)) dt

(2.3.1) T
Uk 1;~05, C1i(9) 0

for continuous functions g being different from zero only in (H,, +86, H;, — )
and a Markov time 7; and measures v® with the respective properties as in
[7]. Let do; denote the speed measure of the limiting diffusion on the graph
obtained in [7] (denoted there by dv ;) and let dv ; and u ; be the speed measure
and the scale function, respectively, of the limiting diffusion here. It follows
from the well-known formulas for u; and v; that u’J and v/j exist and are
positive and continuous, and that

2 VH(x)|™tdl
(2.3.2) u/j(H)u/j(H)zi Je,y IVH )]

4, Toom H3IVH) 1 dl

Using Lemma 2.3.1 and the fact that ¢ ;(H) can be taken to be equal to the
area enclosed by C ;(H) (see [7]), the identity (2.3.1) can be written as

H),—5
[ a(hydsh)
H

Bt
s (k)
- h)—L
0 S0 )
. uj(Hy +08)—u;(Hy +9)
= (0, (0| B LA
uj(Hy, — &) —u;(Hy, +9)

H,,—8

x /Hw& (u;(Hy, —8) — u;(h)) g(h)dv,(h) + 0(1)}

dv ;(h)

u;(Hy, —98)—u;(Hy, —9)
uj(Hy, =) —u;(Hy +9)

kaa(uj(h) —u,(Hy, +8))g(h)dv (k) + 0(1)}.

<[

n v*?(ckzj(a))[

& O
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Thus
o(h) wi(Hy, +8) —u;(Hy, +98)
v(h) =7 (Cklf(s))uj(sz — &) —u;(Hy, +9)
(233 x (uj(sz — &) —u;(h))

u;(Hy, —0')—u;(H;, —9)
uj(Hk2 — 8,) — uj(Hkl + 8’)
x (w;(h) —u;(Hy, +8))+o(1)

+1°(Cy, (5))

for dv;-almostall h € (H,+6, Hj,,—8) and, as v'; is strictly positive and all the
functions are continuous, the formula (2.3.3) holds for all 2 € [H ), +8, H},,—§].
If we take h = H, +d6 and h = H; — & we get a linear system for »*(C}, (5))
and v*(C,,(38)) from which we can easily deduce that

0 (Hp,) 1 K

5(C (8)) — 1=1,2
V(€1 (2)) O (Hy ) (Hy) 68|  6-0" e

for some k > 0. As (0;/v; ;) = %fH§ |VH|~1dl, we get the desired result
by the same arguments as used at the end of the proof of Lemma 3.5 in [7].

3. The case of Hamiltonian H(x,y) = %yz + F(x). Equation (1.1) de-
scribes a nonlinear oscillator with 1 degree of freedom. Assume that the func-
tion f(x) is in C*(RY), liminf,_ . f(x)sgn(x) > 0, and let f(x) have just
a finite number of simple zeros, so that f(x) and f’(x) are not equal to zero
simultaneously. Moreover, assume, for brevity, that all the local maxima of
F(x) = [y f(y)dy are different. Let H(x, y) be the Hamilton function of the
oscillator H(x, y) = %yz + F(x). Denote by I' the graph corresponding to
H(x, y). Let I' consist of n edges I, I, ..., I, and m vertices O, O, ..., O,,.
Denote by C,(z) the component of C(z) = {(x, y): H(x, y) = z} corresponding
to I,. Of course, C,(z) is empty for some z and k. Let S,(z) be the area of
the domain G,(z) ¢ R? bounded by C,(z) if the point (z, k) € T is not an end
of I,,. If (z, k) isan end of I, put S,(2) =lim,_., ; per, Sk(2')- The function
S (z) is a function on the graph I'. It is smooth inside the edges and can have
discontinuities at the vertices.

Let Y: R?2 — T be, as before, the mapping such that Y(x,y) = (z, k),
where z = H(x,y), B = k(x, y) is the index of the edge I, containing the
point corresponding to the level set component containing (x, y) € R2.

The function H(x, y) = 3y* + F(x) satisfies the conditions of Theorem 1.
Thus the processes Y (X7, Y7), where (X7, Y7) is defined by (1.6), converge to
a diffusion process Y, on I' governed by the operators

1 d dv(2)
Lyvi(2) = W(Z)E(ak(Z)W)’ z € (1),
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inside the edges and by the gluing conditions at the vertices. If O, is an interior
vertex and I, ~ O;, I}, ~ O;, I, ~ O;, the gluing condition

i dvy, (2) i, dvg,(2)
(3.1) dz | ko, dz | k-0
_ dvy,(2)
Tz, e,

should be imposed if the value of H(x, y) is less than H(Y %(0;)) for I, , I,,
and greater than H(Y 1(0,)) for I},. The constants «;;, are defined as

H2(x,
@y = / Hy(xy) dl;
7 ey (v10y) [VH(x, y)
Ckf(Yfl(Oi)) is the limit of ij(z’) as (', kj)— O;, j=1,2,3. The function
v,,(2) should be continuous on T'.
In the case under consideration, one can give more explicit formulas for the

coefficients of the operators and of the gluing conditions. Each set C,(z) is con-
nected with two neighboring roots «,(z) and B,(z) of the equation F(x) =z :

Cr(2) = {(x,5) € R* ay(2) < x < By(2), y = i\/Z(z — F(x))}.
Then the coefficients a,(z), A;(2) have the form

H? dl
a,(2) :/ M
Cu(z) |VH(x, y)|

()
_ 2/:(2) J2(z— F(x))dx = 5,(2),

dl Br(2) dx d
M= TG0~ 2o Vo ~

We used here that |[VH(x, y)| = v/ f2(x) +2(z — F(x)), H§ = 2(z — F(x)),

_[VH(x, y)|
H,(x, )]

Actually, the equality A,(2) = S),(2) is true for any Hamiltonian H(x, y). Thus
the operators L, can be written as

dl dx for (x, y) € Cj(2).

1 d dv,(2)
W@(&JZ)T), (2, k) € I},

where S, (2) is the area of the domain bounded by Cj(z).

(3.2) Lyvi(z) =
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The coefficients of the gluing conditions (3.1) can be expressed through the
areas of the corresponding domains as well:

al-kj = Skj(Z), (Z, k]) = Oi’ J = 1, 2, 3.
We have the following result.

THEOREM 2. Assume that f(x) satisfies the conditions formulated in the be-
ginning of this section. Let S,(z) be the area of the domain bounded by C,(z)
[for the critical values z = H(x, y), the area is defined as the corresponding
limit]. Then the processes Y (X7, Y7), where (X7, Y?{) is defined by (1.6), con-
verge weakly in the space of continuous functions ¢: [0, T'] — I, forany T > O,
to the diffusion process on I' governed by the operators (3.2) inside the edges
and by the gluing conditions (3.1) with ag, = Skj(zi) at each interior vertex
0; = (z;, k1) = (2;, k2) = (2, ka).

Using this result, one can calculate the main terms of the asymptotics for
many interesting characteristics of the process (X¢, Y?) as & | 0. Consider, for
example, the asymptotics of the expectation of the exit time from a domain
G C R% u(x, y) =lim, o eE, ,7°, 7 = min{t: (X{,Y}) ¢ G}. If the trajectory
of the nonperturbed system, starting in (x, y) € G, leaves G in a finite time,
then u(x, y) = 0. Therefore just the domains bounded by the nonperturbed
trajectories are of interest. Let G be bounded by the nonsingular trajectories
Cp,(21), ..., Ch(21); (K4, 2;) is the point of I' corresponding to Cy, (z;). In the
example shown in Figure 1, €, (z,) = G, and Cy,(z;) = IG,.

LEMMA 3.1. Let I' be the domain in T' bounded by the points (z;, ;),
ie{l,....0}, 7 =min{t: Y, ¢ T} and v,(2) = E, ;7. (2, k) € I. Then
lim, o eE, ,7 = v)(z), where Y(x, y) = (2, k) e I,

PROOF. Let z; = max{zy,..., 2;} and G* be the domain in R? bounded
by Cy,(z;), 70 = min{¢: (X7, Y7) ¢ G*}. Itis clear that P; {r° < 7°} =1,
(x, y) € G*, where 7° = ¢7° = min{¢: (X{,Y?) € G}. Applylng the 116 formula
to H(X?,Y?), we have

H(X:., ;)—H(x,y)=/0 Hy(X.‘E,YE)dWﬁ%fO H,,ds.

Taking into account that H,, = 1, we conclude that

eE} 7 =E; ;7" <E] 7 <z- m;QG H(x,y) < oco.
Since the last bound holds uniformly for all (x, y) € G*, we derive, using the
Markov property, that all the moments of 7¢ are bounded uniformly in £ > O,
(x,y) € G. In particular, EZ (7°)> < B < cc.
Let x,..p be the |nd|cator functlon of {r* < T}. For any T > 0, we have

& & J—
O0<E{ ;7 —Ef ,7Xpeor = ES ,7Xreur

B

(3.3)
< Bz (ro)2 Pz {r° < T} < =
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Now, one can consider 7°x,..p as a functional on the trajectories of the
process Yi = Y (X7, Y?) on I'. These processes converge weakly in Cyp to the
process Y, on I" as ¢ | 0. The functional 7°y .. is not continuous in Cyr, but
the set where it is discontinuous has probability zero for the limiting process
Y,, since the diffusion coefficient of Y, at the boundary of I" is not zero. Thus
we can conclude from the weak convergence that

|8iIQ ES ymXre<r = Ey(x, ) TXo<T-
This equality together with (3.3) implies the statement of the lemma. O

The function v,(z) = E, 7, as it follows from the theory of Markov pro-
cesses, is the solution of the boundary problem

Lyvu(z) = -1, (2, k) € T; (2, k) is not a vertex,

(3.4)
v, (2;) =0, i=1,...,1.

One should add the gluing conditions at the interior vertices and the continuity
onT.

Problem (3.4) can be solved, in a sense, explicitly. Equations (3.4) are lin-
ear, and the general solution is the sum of a solution of the nonhomogeneous
problem (satisfying the gluing condition, of course) and the general solution
of the equations with zero in the right-hand side. It is clear that the function
v,(z) = —2z satisfies the nonhomogeneous equations. The solutions of the
homogeneous equations (satisfying the gluing conditions) can be constructed
in the following way. Single out one of the boundary points of I', say (25, k).
Consider the edges of I' which contain a boundary point different from (z;, ;)
(these are the edges I, , ..., I}, ) and write a constant c; on each ij. Write

zero on any edge of [" which has an exterior vertex and no boundary points,
besides, maybe, the point (z;, k;). Now, define constants c; for the rest of the

edges of I so that if a vertex O = (H,, v) is the common point of I,,1,,1,

and the coordinate z on I, and I,, is smaller than H, (thus, z is greater than
Hyon1,), thenc, =c, +c,,. This condition allows us to extend the sequence

¢1,..., ¢, to all the edges included in I' in a unique way.

For any point (z, k) € I, there exists a unique path leading from (2, k) to
(21, k;). Let C(¢) = c; and S(¢) = Skj(z) ift=(z,k;)el. Put

(z0. k) C(t) dt

It is easy to see that the function w -~ %-1(z, k) on I satisfies the equations
Lywe v -1(z, k) =0, if (2, k) is not a vertex, and satisfies the gluing con-
ditions at the vertices. Choose the constants cg, ¢4, . .., ¢;_; from the boundary
conditions at the points (z;, &;):

(3.5) wo (g k) =2z, i=1,...,1
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This is a system of linear algebraic equations with respect to cg, ..., ¢;. One
can check that system (3.5) defines the constants cg, ..., ¢; in a unique way.
Then the function

vp(2) = =2z + wo v 1z, k)
is the solution of the problem (3.4) and
w(x, y) =limek, 7 = vy, (3% + F(x));

k(x, y) is the index of the edge containing the point Y (x, y).
Let, for example, the function f(x) and the domain G be as in Figure 1. Then
I" consists of edges I, = (1, 0,), I, = (0,,d,), Is =(0,, 0,), I, = (03, 0,),
Is = (05, 0,); 01 = Y(0Gq), d, = Y(dG,). We prescribe 0 to I,, I5 and
prescribe ¢; to I;. The rule of extension of these constants to the other edges
gives us ¢ =0, ¢; = ¢,. Let H; and H, be the values of H(x, y) on G, and
dG,, respectively, and let H(O,) be the value of H(x, y) at O,. The constants
¢, ¢q satisfy the equations
v1(Hy) =¢o—2H, =0,
(H1,1) dt
vo(H>) 2Hy; +co+cq /(Hz,z) S

Solving this system, we have

(Hi,1) (¢ )—1

cog=2H,, Cl=2(H2—H1)</(H 2 S
25

and thus

(Hy,1) dt >—1/<H1,1) dt
(

2(H, — H ar ar
20, l)</(Hz,2> S(t) H(x, y), k(x, y)) S(t)

(H(x, y), k(x, y)) € [; U I;
u(x, y) =u(02) +2H(0;) —2H(x, y);  Y(x,y) € [5UI4U s
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