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Let B, = (1/N)Tn'* X, X% Ty/?, where X, is n x N with i.i.d. complex
standardized entries having finite fourth moment and T,%/Z is a Hermitian
square root of the nonnegative definite Hermitian matrix 7),. It is known
that, as n — oo, if n/N converges to a positive number and the empir-
ical distribution of the eigenvalues of T, converges to a proper probabil-
ity distribution, then the empirical distribution of the eigenvalues of B,
converges a.s. to a nonrandom limit. In this paper we prove that, under
certain conditions on the eigenvalues of T;,, for any closed interval outside
the support of the limit, with probability 1 there will be no eigenvalues in
this interval for all n sufficiently large.

1. Introduction. Forn=1,2,...let X = X, =(X;;), T =T, and T
denote, respectively, an n x N matrix consisting of i.i.d. standardized complex
entries (EX,; =0, E|X;|?> = 1), an n x n nonnegative definite matrix and any
square root of 7. For any square matrix A having real eigenvalues, let F4
denote the empirical distribution function (e.d.f.) of its eigenvalues. The matrix
B, = (1/N)T,%/2XX*T,}/2 can be viewed as the sample covariance matrix of a
broad class of random vectors, T,%/ZX.1 (X, ; denoting the jth column of X).
Previous work on understanding the behavior of the eigenvalues of B, when
n and N are large but have the same order of magnitude has been on F5-
and on the extreme eigenvalues when T = I, the identity matrix. Assuming
N = N(n) withn/N - c¢>0asn — oo and FT -, H, a proper p.d.f, it is
known that almost surely FB: converges weakly to a nonrandom p.d.f. F [see
Silverstein (1995)]. Proving this result, along with describing F' (which can be
explicitly expressed in only a few cases), is best achieved with the aid of the
Stieltjes transform, defined for any p.d.f. G by

mG(z)E/)\L_ZdG()\), zeCt={zeC:Imz > 0}.
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Because of the inversion formula
1. b .
G([a, b]) = = nm/ IMmg(&+in)dé
T n—>0Jq

(a, b continuity points of G), weak convergence of p.d.f.’s can be proven by
showing convergence of Stieltjes transforms.
For each z € C*, m = mp(z) is a solution to the equation
1

m_/t(l—c—czm)—z
which is unique in the set {m € C: — (1 —c¢)/z+cm € C'}. Let B, =
(1/N)X*TX. Since the spectra of B, and B,, differ by |n — N| zero eigen-
values, it follows that

dH(2),

B, _ n " 5B,
Fﬁ _<1_N)I[O’Oo)+NF 5

from which we get
1-n/N n
AN @, ec

and, with F denoting the limit of F3:, we have
E = (1 — C)I[O,oo) +CF

mps,(2) =

and

+cmp(2), zeCh.

mp(z) = e ; )

It follows that
1
-1
= - ———dH(t
mE=TE /1+tmE )

for each z € C*, m = mp(2) is the unique solution in C* to the equation

tdH(t)\ "
1.1 =—(z— hitnink S04
(1.1) m <Z ‘J1vim )
and mg(z) has an inverse, explicitly given by
1 tdH(t)
1.2 = —— .
(1.2) z(m) n ¢ Trm

Much of the analytic behavior of F' can be inferred from these equations
[see Silverstein and Choi (1995)]. Indeed, continuous dependence of F on ¢
and H is readily apparent from (1.2) and the inversion formula, and it can
be shown that F —, H as ¢ — 0. Moreover, it is shown in Silverstein and
Choi (1995) that, away from zero, F' has a continuous density. As an example
Figure 1a is the graph of the density when ¢ = 0.1 and H places mass 0.2, 0.4
and 0.4 at, respectively, 1, 3 and 10.

The focus of this paper is on intervals of R* lying outside the support of
F. The inverse (1.2) can be used to identify these intervals, mainly because,
on any such interval, mp exists and is increasing. Consequently, its inverse
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Fic. 1. (a) Graph of the limiting density when ¢ = 0.1 and H places mass 0.2, 0.4 and 0.4 at,
respectively, 1, 3 and 10. (b) Graph of x = —m™! + ¢ [ #(1 + tm)~1 dH(¢) corresponding to (a).
The bold lines on the vertical axis indicate the support of the density, the set in R™ remaining
after removing intervals where the graph is increasing. Using the fact that the density at x € RY
is equal to (cm)~! times the imaginary part of mp(x) [see Silverstein and Choi (1995)], the graph
in (a) was created by applying Newton’s method to (1.2) for values of z = x in the support.

will also exist and will be increasing on the range of this interval. Silverstein
and Choi (1995) confirm each m in this range is such that —1/m lies outside
the support of H. Therefore, plotting (1.2) on R and observing the range of
values where it is increasing will yield the complement of the support of F
and, together with ¢ (to determine whether there is any mass at zero), the
complement of the support of F. Figure 1b provides an illustration. It is the
graph of (1.2) corresponding to the density in Figure la.

For large n one would intuitively expect no eigenvalues to appear on a
closed interval outside the support of F. This, of course, cannot be inferred
from the limiting result on F2:. The two important cases when T = I have
been settled. Here the support of F lies on [(1 — /¢)?, (1 4+ /c)?], with the
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addition of 0 when ¢ > 1. When the entries of X come from the upper-left
portion of a doubly infinite array of independent random variables having
finite fourth moment, Yin, Bai and Krishnaiah (1988) and Bai and Yin (1993)
show, respectively, the largest eigenvalue of B, converges a.s. to (1 + \/c)?,
and the min(n, N)th largest (which is the smallest eigenvalue when ¢ < 1)
converges a.s. to (1 — /c)? [we remark here that in Bai, Silverstein and Yin
(1988), it is proven that E|X,,|* < oo is necessary for the former to hold].

Extensive computer simulations, performed in order to show the impor-
tance of the spectral limiting results to the detection problem in array signal
processing [Silverstein and Combettes (1992)], resulted in no eigenvalues ap-
pearing where there is no mass in the limit. Under reasonably mild conditions,
this paper will provide a proof of this phenomenon, again in the form of a limit
theorem as n — oo.

It will be necessary to impose stronger conditions on the eigenvalues of T,
than simply weak convergence of F7» to H. For this, if we let FH denote F
and ¢, = n/N, then F¢ fx is the “limiting” nonrandom d.f. associated with
the “limiting” ratio ¢, and d.f. H,. As will be seen, the conditions on H,, are
reflected in Féw Hn,

THEOREM 1.1. Assume:

(@ X, 1,J =1,2,..., are i.i.d. random variables in C with EX,; = 0,
E| X, ?=1and E|X;|* < oc.

(b) N=N(n)with¢,=n/N — c¢>0asn— oo.

(c) For each n, T = T, is n x n Hermitian nonnegative definite satisfying
H,=F" -, H, apd.f.

(d) ||T,]|l, the spectral norm of T, is bounded in n.

(e) B, = (1/N)T,1/2XnX;;T,f/2, T»'> any Hermitian square root of T, B, =
1/N)X;T,X,, where X =X, =(X;;),i=1,2,...,n,j=1,2,...,N.

(f) The interval [a, b] with @ > O lies outside the support of F¢ 7 and Fé» f»
for all large n.

Then P(no eigenvalue of B, appears in [a, b] for all large n ) = 1.

Using the results on the extreme eigenvalues of (1/N)XX*, we see that the
interval can also be unbounded. In particular, we have

COROLLARY. If ||T,,|| converges to the largest number in the support of H,
then || B, || converges a.s. to the largest number in the support of F. If the
smallest eigenvalue of T, converges to the smallest number in the support of
H, then ¢ < 1 (¢ > 1) implies the smallest eigenvalue of B,, (B,,) converges to
the smallest number in the support of F' (F).

Theorem 1.1 is proven by showing the convergence of Stieltjes transforms
at an appropriate rate, uniform with respect to the real part of z over certain
intervals, while the imaginary part of z converges to 0. Besides relying on stan-
dard results on matrices, the proof requires well-known bounds on moments
of martingale difference sequences, as well as an extension of Rosenthal’s in-
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equality to random quadratic forms. The proof of the latter will be given in
the Appendix. Statements of most of the mathematical tools needed will be
given in the next section. Section 3 establishes a rate of convergence of FB:,
needed in proving the convergence of the Stieltjes transforms. The latter will
be broken down into two parts (Sections 4 and 5), while Section 6 completes
the proof.

It is mentioned here that Theorem 1.1 is actually only part of the important
phenomena observed in simulations. It can be shown that on any interval Jg
with endpoints outside the support of H, there corresponds, for ¢ sufficiently
small, an interval J . with endpoints being boundary points of the support of
F satisfying F(Jy ) = H(Jg). This should be viewed in the finite but large
dimensional case as the eigenvalues of B, being a “smoothed” deformation
of the eigenvalues of T,,, continuous in the ratio of dimension to sample size.
Simulations reveal that the number of eigenvalues of B, appearing in Jz . is
exactly the same as the number of eigenvalues of T, in Jy . The formulation
of the conjecture naturally arising from this is simply

n(Fn(JF,c) - Fcn’Hn(JF,c)) — 0 as.
Its truth is currently being investigated.

2. Mathematical tools. We list in this section results needed to prove
Theorem 1.1. Throughout the rest of the paper constants appearing in in-
equalities are represented by K and occasionally subscripted with the vari-
ables they depend on. They are nonrandom and may take on different values
from one appearance to the next.

The referenced results below concerning moments of sums of complex ran-
dom variables were originally proven for real variables. Extension to the com-
plex case is straightforward.

LEMMA 2.1 [Burkholder (1973)]. Let {X,} be a complex martingale differ-
ence sequence with respect to the increasing o-field {Z,}. Then, for p > 2,

D p/2
EY X = K,(E(SEIXiPI%i) " +EXIXI7).
LEMMA 2.2 [Burkholder (1973)]. With {X,} as above, we have, for p > 1,
p p/2
E‘ZXk’ SKPE(Z|Xk|2) .

LEMMA 2.3 [Rosenthal (1970)]. If {X,} are independent nonnegative, then,
for p > 1,

B(xx,) < k,(ZEx,) + X EXY).

LEMMA 2.4 [Dilworth (1993)]. With {.7,} as above, {X,},-, a sequence of
integrable random variables and 1 < ¢ < p < oo, we have

(S = (2) s £

E=1 q
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The following lemma is found in most probability textbooks.

LEMMA 2.5 (Kolmogorov's inequality for submartingales). If X,,..., X, is
a submartingale, then, for any « > 0,

P(max X, > a) < B(X,|).

The next one has a straightforward proof.

LEmMMA 2.6. If, for all ¢ > 0, P(|X| > t)t?P < K for some positive p, then,
for any positive q < p,

E|X|q§K‘I/p< p )
pb—q

LEMMA 2.7. For X = (X4,..., X,,)T i.i.d. standardized (complex) entries,
C n x n matrix (complex), we have, for any p > 2,

E|X*CX —trC|? < K ,((E|X,|*tr CC*)P? + E| X {|?P tr(CC*)P/?).
The proof is given in the Appendix.
LEMMA 2.8 [Corollary 7.3.8 of Horn and Johnson (1985)]. For r x s matri-

ces A and B with respective singular values oy > 0, > --- > 0,, Ty 2 T, > - >
74, Where g = min(r, s), we have

loy — 74| < |[B—A| forallk=1,2,...,q.

LEMMA 2.9 [(3.3.41) of Horn and Johnson (1991)]. For n x n Hermitian

A = (a; ;) with eigenvalues A4, ..., A,, and convex f, we have
2 flaii) = 3 F(A).
i=1 =1

LEMMA 2.10 [Lemma 2.6 of Silverstein and Bai (1995)]. Let z € C* with
v=1Imz, A and B n x n with B Hermitian and r € C". Then
r*(B—zI)"A(B —zI)'r| - A

1+r(B-zI)lr | ‘

ltr(B—zI)* —(B+rr*—zI) ')Al = i 5
I

LEMMA 2.11 [Lemma 2.3 of Silverstein (1995)]. For z = x +iv € C' let
mq(2), m,(z) be Stieltjes transforms of any two p.d.f.’s, A and B n x n with A
Hermitian nonnegative definite and r € C". Then:

(a) [(m1(2)A + )| < max(4]All/v, 2),

[tr B((m1(2)A + 1) — (my(2)A+ 1))

(b)
< [ma(2) = my(2)|n| B]| | Al(max(4]| All/v, 2))?,
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|r*B(my(2)A +I)7'r — r*B(my(2)A + I)7'r|

(c)
< Imy(2) — my(2)| 7|17 Bl | Al (max(4] All/v, 2))?

(II7] denoting the Euclidean norm on r).

LEMMA 2.12 [Lemma 2.4 of Silverstein and Bai (1995)]. For n x n Hermi-
tian A and B,

1
|F# — FB| < =rank(A — B),
n
| - || here denoting the sup norm on functions.

Basic properties on matrices will be used throughout the paper, the two
most common being: tr AB < ||A| tr B for Hermitian nonnegative definite A
and B, and for A nxn and r € C", for which both A and A +rr* are invertible,

r(A+rr) = ;r*A’l
(14 r*A-1r)

At one point in Section 3 the two-dimensional Stieltjes transform is needed.
Its definition and relevant properties are given here. For a p.d.f. F(x, y) de-
fined on R?, it is defined as

1
(x —21)(y — 22)

m(21’22): dF(x’ y)

for all z; = x1 +1ivq, 2, = x5, +ivy, V1 # 0, v, # 0. Due to the inversion formula

1. -
F(la,blx[e.d) =~ tim [ m(e1,20) = m(zy,22)

—m(2q, 25) + m(2y, 2,) dxy dxy,

v, = v, = v, whenever F(d([a, b] x [c, d])) = 0, weak convergence of p.d.f’s
on R? is assured once convergence of their Stieltjes transforms is verified on
a countable collection of points (z;, z,) dense in some open set in C?.

3. Arate on FB». We begin by simplifying our assumptions.

Because of assumption (d) in Theorem 1.1, we can assume ||T,| = 1.

For C > 0 let Y;; = X;;Ijx,<c) — EX;jI|x,<c;) ¥ = (¥;;) and B, =
(1/N)T,}/2YnY;;Ti/2. Denote the eigenvalues of Bn and B, by A, and A, (in
decreasing order). Since these are the squares of the kth largest singular
values of (1/vN)Ty*X, and (1/vN)TY?Y, (respectively), we find, using
Lemma 2.8,

max|A;/% — X% < (UVN)| X, - Y,|.

k<n
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tj
(1988) we have, with probability 1,

. 12 ~1/2 2
lim sup n1233(|’\k/ — X £ A+ VOEY2 X | I x, o0

n—oo

Since X;; —Y;; = X;;Ix, -c) — EX;jIx,|-c) from Yin, Bai and Krishnaiah

Because of assumption (a) we can make the above bound arbitrarily small by
choosing C sufficiently large. Thus, in proving Theorem 1.1 it is enough to
consider the case where the underlying variables are uniformly bounded.

In this case it is proven in Yin, Bai and Krishnaiah (1988) that there exists
a sequence {k,} satisfying k,/logn — oo such that, for any n > (1 + /c)?,

E|(/N)X, X"
for all n sufficiently large. It follows then that A, the largest eigenvalue of
B, satisfies
(3.1) P()‘max z K) =o(N~")
for any K > (1 + 4/c)? and any positive ¢.

Also, since tr(CC*)?P/? < (tr CC*)?/2, we get from Lemma 2.7 when X, is
bounded

(3.2) E\X:,CX,,—trC|P < Kp(trCC*)P/z,
where K , also depends on the distribution of X_,. From (3.2) we easily get
(3.3) E\X:,CX,,]P < Kp((trCC*)P/2+|trC|P).

Throughout the paper, the variable z = x + iv will be the argument of any
Stieltjes transform. Let m, = mgs, and m, = mgs,. For j =1,2,..., N, let
q; = (1/yn)X,; (X, denoting the jth column of X), r; = (1/VN)T.’ X, ;

In Silverstein (1995) the formula

1 Y 1

m,(z) = N JZ:l 2(1+r5(B,) — 2zI)1r))

< nh»

is derived. It is easy to verify
Imri((1/2)B;) — I)’lrj > 0.
Therefore, for each j,

(3.4) 1 - 1
' |2(L+r3(By —2D)7trj)| ~ v
It is also shown in Silverstein (1995) that

1

- tr(—zm,(2)T, — zI)" — m,(2)

(3.5) = w,(2)
1 N -1

- = d.
N ng Z(1+ rj(B(J)— ZI)ilrj) J
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where
d; =qTy*(Bgj) — 2I) H(m, ()T, + 1) T,/%q;
1
- tr(mn(Z)Tn + I)_lTn(Bn - ZI)_l'
n

The next task is to prove for v = v, > N~ and for any subsets S, C
[0, 00) containing at most n elements the almost sure convergence of

i [2n(2)

xeS, U?L
to 0. Let

(1—cn)

m;(z) = — . 2 cpmpe (2).
From Lemma 2.10 we have
1

3.6 max — : < —.
(3.6) max|m, (2) - m;)(2)| = 3

Moreover, it is easy to verify that m; (z) is the Stieltjes transform of a p.d.f,
so that |m;,(2)] < vt
Write for each j < N, d; = d* + d’ + d3 + d*%, where
d} = q;T,%(B(j) — 21) " H(m, ()T, + 1) T; %,

- QjTi/Z(B(j) - ZI)il(m(j)(Z)Tn + I)flT,%/ZCIj,

1 _ —
= —tr(m ()T, + )" To(Bjy — 2) 7,
1 _ —
dj = —w(m ()T, +1) "T.(B(j — 2D

1 -1 -1
and

1 _ _
d4 = 2 tr(m ()T, + DT, (B, — 2D

1
- tr(mn(Z)Tn + I)_lTn(Bn - ZI)_l'
n
In view of (3.4), it is sufficient to show the a.s. convergence of

||

(3.7) max o6

J<N,x€eS,

toOfori=1,2,3,4.
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Using ||(A —zI)71|| < 1/v for any Hermitian matrix A, we get from Lemma
2.11(c) and (3.6)

1 X017 1
|d;| < 16—W'
Using (3.2), it follows that, for any ¢ > 0, p > 2 and all n sufficiently large,
|d; X002 ] 18 =
Pl max —L < nP(max|—21— —1] -
<j<N,x€S c >8>_n (jsNI n |Nv10>2
nN

T ompp—p/2
SKP(Nvlo)ps n ’

so0 (3.7) — 0 a.s. when i = 1 and for any v, € (N~%/1°,1].
Using Lemma 2.10 and Lemma 2.11(a), we find

1

76|d3|< 08’

so that (3.7) — 0 a.s. for i = 3 and for any v,, = N~° with § € [0, 1/8).
We get from Lemma 2.11(b) and (3.6)
1

Nv10’

so that (3.7) — 0 a.s. for i = 4, and for any é € [0, 1/10).
Using (3.2), we find, for any p > 2,

v|d%| < 16

_ 1 _ _
Edi|)’ < K5 (tr T,2(Byjy — 2I)(m;y(2)T, + D7

_ o p/
x T,(m(;(2)T, + 1) (B, — 2I) 1T,§/2)

b5 p(tr(m(J)(z)T + 1), (m ) (2)T, + 1)

o 1\ P/2
x (Byjy — 2I) T, (By;, — 2I) 1)

[using Lemma 2.11(a)]

1 1 1\p/2
= B p eppp p2ri2 75 (r(Bjy — 2) T, (B, — 2I)" Y)

1 -~ Y7,
= K ( 7)p (trT (B(]) ZI) l(B(J) — ZI) 1)17

1 p/2
<K,— (2

(nv?)P \ v2
1

P(nl/2p8)p”
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We then have, for any ¢ > 0 and p > 2,

1 nN
P( max |v %d?| > s) <K ————— .
J<N, xeSn| il —  Per (nl/2p8)p

Thus, max, g [w,(z)[v"> — 0 a.s. for any nonnegative & < 1/17 since we
have shown for any positive ¢, we have, for all p sufficiently large and for all
e > 0,

P( Te%?f lw,(2)|v;,> > s) < Kpa’pn’e.
Moreover, for the sequence {u, } with u, = N¥/%8 we have, for v, = N~? with
any 6 <1/17,
-5 —p,,—¢
(3.8) P(Mn max|uw, (2)|0;," > a) <K,ePn "

We now rewrite w, totally in terms of m,. With H, = FT and using the
identity

1-—
mn(z)z_( ZC)+Cmn(Z)’
we have
Y eqdH,®) _ (1-0)
"\ z) 1l+tm, T z
_ D _L/M_Z_M
ez \ m,/) 1+tm, m,
m( 1 thn(t)>
=—|-z——+4c| ———2=).
cz m, 1+itm,
Let
1 tdH, (t)
w=—-z—— —

C .
m, ") l+tm,

Then v = w,zc,/m,.
Returning now to Fé» f» and F H | let m® = m pe,.n, and m® = my.n. Then
mP solves (1.1), its inverse is given by (1.2),

1
3.9 0 —
(3.9) e o (LA D
"J 14+ tmd

and the inverse of m?, denoted 29, is given by

1 tdH, (t)
3.10 (m)=-= e
(3.10) (m) ===+, [ 0

From (3.10) and the inversion formula for Stieltjes transforms, it is obvious
that Fefn —  FoH as n — oco. Therefore, from assumption (f), an € >
0 exists for which [a — 2¢, b + 2¢] also satisfies (f). This interval will stay
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uniformly bounded away from the boundary of the support of F¢H. for all
large n, so that for these n both sup,.i, s 5;24(d/dx)m3(x) is bounded and
—1/m0(x) for x € [a — 2¢, b + 2¢] stays uniformly away from the support of
H, . Therefore, for all n sufficiently large,

t?dH, (t)
3.11 su ' n’ <K
(3.11) xqa2;1ﬂ4<dx"(?0 (Lt tmO ()2

Leta’ = a —¢€, b = b+ €. On either (—oo, a’] or [¥', 00), each collection of
functions in A, {(A —x)71: x € [a, b]}, {(A — x)"2: x € [a, b]}, form a uniformly
bounded, equicontinuous family. It is straightforward then to show
(3.12) lim sup |m%(x) - m®x) =0

=90 y¢la, b]
and

(3.13) lim sup dd mO(x) — %mo(x)

=0 xela,b]

[see, e.g., Billingsley (1968), Problem 8, page 17]. Since, for all x € [a, b],
A € [, b']¢ and positive v,
1 1
A—(x+iv) A—x

<—2,

we have, for any sequence of positive v, converging to O,

(3.14) lim sup |m%(x +iv,) — mi(x)| = 0.

n—00 [a, b]
Similarly,

Immj(x +iv,) d

(3.15) lim sup Tx —mO(x)| =

=0 xela, b]
Expressions (3.11), (3.12), (3.14) and (3.15) will be needed in the latter part
of Section 5.
Let m9 = Imm9. We then have from (3.9)

Un

t?dH ()
0 n
(3 16) mO _ On 2Cn |1 + tm9z|2
' o s e [LHO) '
"J 14+ tmd

For any real x, by Lemma 2.11(a),

mSc /tde 2 (1) e |m< thn(t))
m2Cn | | n 0

1+tmf|? 1+ tmf

4
< e |IT(T+ Tmd) || < =2
U

n
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It follows that

o, [PdH,() \°
(3.17) Lt <1- Kv?
0 t? dH ,(t) "
U, +myc, / —|1 T+ imOP

for some positive constant K.
Let m,, = m,;+im,, where m,; = Rem,, m, = Imm,,. We have m,, satisfying

5

(3.18)

th (t)
zte / 1+tm,
and
t>dH ,(t)
v, +m,c — =4+ IMmMw
n 2%n |1+tm |2
(319) mZ = I >
Cate / tdH (t)
l1+itm,
From (3.9) and (3.18), we get
(m, —m%)c, t>dH ,(t)
0_ o (L+tm,)(1+tmf) 0
(3200 m,—m +m,m,w.

- n tdH,(t) tdH,(t)
( et /1+tm )( Z+c”/1+tm°
From Cauchy-Schwarz, (3.16), (3.17) and (3.19), we get, when |Imw/v, | <1,

t?dH, ()
1+ tm,)(1+tmd)

" tdH, () tdH, ()
<_z+c"/1+tmn _w>(_z+c"/1+tm2

C

2 dH ,(t) 1/ / 2 dH ,(t) 1/
e 11+ tm,|? |1+ tm0?
- tdH,(t) 2 tdH,(t)|?
TEe /1+tm mEte /1+tm°
[ PdH,() 12 / 2dH,(t) \'/*
321 = Y P addrea T
' - t2dH,(t) o t2dH,(t)
Un+n—7’20n m—'— Imw vn+m20n W
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2dH,(t) \'*
—2 n/|

- 1+ ¢ml?
B t>dH ,(t)
0 n
—_—n
<1-— L{vi.

We claim that on the set {\.« < K;}, where K; > (1 + /c)?, for all n
sufficiently large, |m,| > $u;v, whenever |x| < u,v,. Indeed, when x < —v,
or x > Apax + Uys

K+ p,v," 1
> >

(Ky+ ppvpt)? + 03~ 2,0,
for n large. When —v,, < x < Amax + Un»

lm,| > |Rem,| >

Un < ;1,1
(Ki+v,)?+102

for n large. Thus, the claim is proven
Therefore, when |x| < u,v;%, on the set {|w,| < v#} N {Ana < K1} we have
for n large |z| < 2u,v nl and

lm,| > [Imm,| >

IM(w)| < e 2w, /my,| < Kphv,?|w,| < v,
Therefore, by (3.20) and (3.21), we have

0
n

_ -1,,-2 0
_L{ Un |anmn

Im, —md| < K v, |m,mdol
w,| < K'v,*w,|w,|.

It is easy to verify that for n large, when either |x| > w,v,!, |w,| > v? or
Amax > K1,

|mn - m9z| = 3”’;11)11 + 2vr:l(l[\w,l|>v‘,‘l] + I[)\max>K1])'
Therefore, for n large, we have

max v, |m,(2) — md)|
X

n

< K'w, max|w, |v,® + 3u,t + 20,2 max (I, -vt) + I - k,1)-
xesS, xeS,

Therefore, from (3.1) and (3.8) we find, for any positive ¢ and ¢,
-1 _ 0 —p,,
(3.22) P(vn 22%1( lm,(2) — m,| > e) <K,e"n

for all p sufficiently large, whenever 6 < 1/17.

We now assume the n elements of S, to be equally spaced between —/n
and /n. Since, for |x; — x,| < 2n71/?,
|mn(x1 + lvn) - mn(x2 + Lvn)| = 2n—1/2U,—LZ’

|mp (21 + iv,) — my (x5 + iv,)| < 2720, 2,
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and when |x| > /n, for n large,
Im,(x +iv,)| <2n7 Y% + vr_LlI[)\max>K1]>
Imp (x +iv,)| < 20712,

we conclude from (3.22) and (3.1), that, for any positive ¢ and ¢,

(3.23) P(v,’l1 sup |m,,(x + iv,) — m%(x + iv,)| > s) < er’pn’z
xeR
for all sufficiently large p, whenever 6 < 1/17.

Let E,(-) denote expectation and E,(-) denote conditional expectation
with respect to the o-field generated by rq,...,r;,. Let £, ¢ > 0 be arbitrary.
Choose ¢ > ¢, let p be suitably large so that (3.23) holds with ¢ replaced by
¢ and set r = £p/(Ll). Since E,(v," sup,cg |m,(x +iv,) — mO(x + iv,)|"),
k=0,..., N, forms amartingale, it follows from Jensen’s inequality, Lemmas
2.5 and 2.6 and (3.23) that, for any positive ¢,

P( max E, (v;" sup|m,(x + iv,) — m3(x + ivn)|£’) > e)
k<N xeR

< e”E(v,j"’ sup|m, (x + iv,) — m%(x + ivn)r”)
xeR

< 8—rKe/£Ln—é’
p £ -y

whenever § < 1/17. In particular, we have, for § < 1/17,

lim max Ek(supxeR |mn(x + lvn) B mO(x + lvn)|2) —

0
(3.24) n—00 k<N va

with probability 1.

Let A; < Ay, <--- < Ay be the eigenvalues of B, and write

_ out in -
where
1 v
out .
my(x+iv) =5 X i
N/\J-e[a’,b’] (x—A;)2+v
1 X —A;
out . J
mi"(x +iv) = — Z —
N/\je[a’,b’] (x—A;)2+v

Define the sequence {G,,}>°_, of functions on R? by

G;;;}(N(j)+1)+k(x1, xp) = EkFB"(xl)FB"(xZ)
for k = 0,1,..., N(n). Clearly each G,, is a probability distribution func-
tion on R?, and when m = Z?;%(N(j) + 1) + £, the two-dimensional Stieltjes
transform, ms,?)(xl +ivq, xp +ivy) Of G, IS E m, (%1 + ivy)m,, (x5 + iv,). Obvi-
ously, when & = 0, (3.22) implies that, with probability 1, sup, . .r Imgf)(ler
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ivy, X, + iv,) — mO(xy + ivy)mO(x, + iv,)| — 0 as m — oo for countably many
(vq, vy) forming a dense subset of an open set in the first quadrant (bounded
uniformly away from the two axes). We conclude that, with probability 1,
G,,(x,, x,) converges weakly to F&H(x;)FeH(x,).

Since the integrands of

/ dEkFB”(x1)FB”(x2)
(@, b)exa, o) ((x — x1)% + 02)((x — x2)? + v?)

and
[ dEF)
(@, 6] (x — x1)2 + v2

on their respective domains are uniformly bounded and equicontinuous for
x € [a, b], it follows as in (3.13) that

(3.25) max sup E
k xela, b]

—m%x)] -0 as.

miM(x+iv,) d 2
k v dx

for any v =v, — 0.
Therefore, from (3.24) and (3.25) we have
(3.26) pomax ;2 By (m3™(x + iv))° > 0 as,
From (3.26) we can infer a bound on the number of eigenvalues in [a, b].

Notice NF2-(A) is the number of eigenvalues of B,, in the set A. Let e, denote
the left-hand side of (3.26). For any x € [a, b],

> L maxE ( > ! )2
e, > — k —_—
"= N2 p<N Ajela, bIn L@ =2)2+ 0l

[x—v,, x+v,

NZEk(FBn{[aa b] N [x —Up, X+ vn]})z
= 4viN? ’

and since the number of intervals of length 2v,, needed to cover [a, b] is [(b —
a)/2v,], we find E,(F2{[a, b]})? < (b — a)?v2e,. Therefore,

max By (FP{[a, b1})° = 045 (v}) = 00 (N17),
which implies
max B (F#{[a, b]}) = 05 (v,) = 05 (N1,
The above arguments apply to [a’, '] as well, so we also have
(3.27) Tge}\)r( Ek(FBn{[a/’ b/]})Z _ Oa.s.(vi) _ Oa.s.(N_2/17)

and
(3.28) max B, (F™{[a’, b]}) = 0as.(v) = 0as. (N 1),
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4. Convergence of m, —Em,. We now restrict § = 1/68, that is, v =
v :N71/68
n .

Our goal is to show that

(4.1) sup Nv,|m, — Em,|—- 0 as.asn — oc.
x€la, b]
Writt D =B, —zI, D; =D —rjriyand D;; = D — (r;r’;+r;r’), j # J.

Then m, = (1/n)tr(D™1). Let us also denote

a;=riD;%*r;— N'tr(D;?T,), a;= N"tr(D;*T,),
o, !

1+r5Dtr; " 14+ N-lEtr(T,D7i')’

yj=riDi'r; — N'E@r(D;'T,)),  §;=riD;'r;— N tr(D;'T,).

B =

We first derive bounds on moments of y; and ;. Using (3.2), we find, for
all p > 2,

(4.2) E|§/j|p < KPN*PE(tr T,}/ZD;lTnDlej/z)p/z < KpN*p/zv;p.
Using Lemmas 2.2 and 2.10, we have, for p > 2,

Ely; =7,I" = Elva = %l?

| P

z| -
M=

~
Il
[N

p

E;trT,(D;*—D;;)— E; 1trT,(D;* — D7}

I
=
z[+

M=

~.
||
)

r D‘lT D}

- FE 1JJ
l+rD

ZI

N
Z(E _EJ 1)
j=2 17

N

< K, X

j=2

rDlTD

E,~E 17
( ]1)1~|—7‘D

)P/2

1] rj
< KpN_p/zv,_Lp.

Therefore,

(4.3) E|yj|p < KpN‘p/zv,‘lp.

We next prove that b, is bounded for all n. We have b,, and B, both bounded
in absolute value by |z|/v, [see (3.4)]. From the equation relating m, to the
B,'s [above (3.4)], we have EB; = —zEm,. Using (3.24), we get

sup |E(mn(2))— ma(2)] = o(v,).

x€la,

Since m? is bounded for all n, x € [a, b] and v, we have SUP.cfa, 5] 1 EB1| < K.
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Since b, = By + B1b,v1, we get
sup |b,| = sup |EB,+ EBib,y:| < K + K3/*v;?N 2 < K.

x€la, b] x€la, b]
Since |m,(x; + iv,) — m,(x, + iv,)| < |x; — x,|v,,?, we see that (4.1) will
follow from

max Nv,|m, — Em,| - 0 a.s.,

xeS,

where S, now contains n? elements, equally spaced in [a, b].
We write

mn—Emnz Ejtl’D_l—Ej_ltrD_l

S|P
™M=

<
Il
AN

* T)—2
erj Tj )

E, - Ejll( il
1+erj1rj

Il
S|
™M=

1

<
Il

* T)—2
erj Ty

1+ N-1Etr T,LD;l

I
S|
.Mz

Il
AN

(E;—E; 1)

J
1N rD>?r (N*EtrT,D;* — rD>'r;
+_Z(E1_E171) J " J J( J — J T J J)
ni4 (1+N’1Etl"TnDj )2

1 X r*D7?r (N *EtrT,D;* — rD73'r )?
+_Z(E1_E171) JJ J( J J T J J)
n -
Jj=1

(1+ N-'EtrT,D;")?(1+r*D3'r;)
b N b2 N
- 7'1 ZEjaj— - ZEjajyj
Jj=1 Jj=1
bz N
- jzl(Ej —E; 1)y, —riD3?r;B;v5)
=W, - W,— W,.

Let F,; be the spectral distribution of the matrix 3 ;. ; r,ry. From Lemma
2.12 and (3.27), we get

(4.4) max E ;(F,([a,b']))* = o(N"?*) = 0(v}) a.s.
J

Define
B =g, F (1@, b=t 0B, (F,y (0, b2 <08 )

Then % = 11k, 7,0, yD=viInE,(F,y (0 b])2=vf) @S- and we have

P( 6[% = 0] i.o.) =0.
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Therefore, we have, for any ¢ > 0,

P(max|anW1| > & i.o.)

xeS,
< P(([TE%X vnjéEj(aj) > e] Jé[,@j = 1]> U <ng[%j = O]) i.o.>
< P(T%X v, % E(a;))%;| > ¢ i.o.>,
I B

where ¢ = inf, ne/(Nb,) > 0 since b,, is bounded. Note that, for each x € R,

{E j(a;)#;} forms a martingale difference sequence.
By Lemma 2.1 and (3.2), we have, for each x € [a, b] and p > 2,

E

N p
Un D Ej(a,-)%“jl
| j=1 |

N ) p/2 N

j=1 j=1

IA

N - p/2
K, (E( Y E;, ;v2N?%; tr(T,}/ZD;ZTnD;ZT;/Z)) + NugE|al|P>
j=1
N _ p/2
< Kp(vngE< Y BE;, tr(Dszj2)>
j=1
_ /2
+ Nop N7 E(tr(TY?D1?T, D217 ) )

<K (vapE’( % % E . tr(D2D2)>p/2 + UPNlp/2>
— TR\ n J -1 J J n .
j=1

Let A;; denote the kth smallest eigenvalue of 3~ . ; r,r;. We have

N N

— 1
Z@E '_1trD_‘2D‘_2: Z@E '_1[ Z
vt JEJ J i vt JHi N (()‘kj —x)2 +v2)?

ey
+
/\kjglb,] (()\kj - x)z + v%)z

N
<Y (ne*+%2,v,"E; 1nF,;([a,b])) < KN
j=1

Therefore,

N
P(r;cnax U Y Ej(aj),@j! > 8) < nzKp,gN‘p/GS,

€S, | j=1
which is summable when p > 204. Therefore, max,.g |Wi| = o(1/Nv,) as.
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Proving

(4.5) max |[W5| =0(1/Nv,) as.

n

is handled the same way. We get, using Lemma 2.10, (3.2) and the fact that
la;| < (n/N)v,?,

p

N
Elv, ). Ej(ajf’j)@j|

|
j=1 I

N p/2 N
< KP<E< > Ej—1|vnEj(aj')A’j)'@j|2> + > E|UnEj(aj§’j)v@j|p>

=1 Jj=1

N _ p/2
< KP<U5N—PE< > #,E . (ja, P tr D;1D;1)>
j=1

N p/2
<K, <U5NPE( 3 ,@jEj_l(|aj|2 tr D' 1)) + anPN1P/2>.

=1

1-p, — —17/-1)\P?
+N pvnp<trDj Dj> >
Dj

This time

y 2 1n-1
JZZI,@J»E“(W tr D;*D;Y)

N
1 1
<> #B,E, N2
= L AN G TR 2R 2 (g — 2R T
N
<Y #;N*nE; ;(ne*+v,*nF,([a,b]))
Jj=1

x (ne 2+ v;2nF,([a,b])) < KN?,

so that (4.5) also holds.
Using Lemmas 2.2 and 2.10 and (3.2) and (4.3), we get

N p
vy Y (E;— E ;1) ayy; —r;D?rB;v5)
j=1

< K, i NP*(Elayy [P + v, PE|%[*P)

E

_ 1/2
< K,viN?2(N~*(E(tr ;2D ;2)p) NP2y P 4 v, NP)
< K P NPP?(N PNPP2y 2PN PPy P 4 v 3PN"P) = 2K ,N P2y, %P

Thus, we get max, g |[W3| = o(1/Nv,) a.s. and, consequently, (4.1).
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5. Convergence of expected value. Our next goal is to show that, for
v = N71/68,

(5.1) s[upb]IEmn —ml| = O(1/N).
x€la,

We begin by deriving an identity similar to (3.5). Write B, — zI —

(—zEm,(2)T, — zI) = Z?’zl rir; — (—zEm,(2))T,. Taking first inverses

and then expected value, we get

(—zEm, T, — zI) " — E(B, — zI)™*

= (-zEm,T, — zI)_lE[ % rir’ —(~2Em,(2))T,(B, — zI)‘1:|
j=1

N
=—z1ty E,Bj[(Emn(z)Tn +I)7trr(By — 2

Jj=1

— %(Emn(z)Tn +I)'T,E(B, — 21)1}
- —z‘lNEﬁl[(Emn(z)Tn + ) 'ryriD7t
1 -1 -1
-y (Ema ()T, + 7T, ED ™ |.

Taking the trace on both sides and dividing by —N/z, we get

dH ,(t)

E
[ Ty fpm 7o EOm()

(5.2)
1
—EB, [r*l‘Dll(EmnTn +1)7try - S Et(Em, T, + I)lTnDl].

We first show

sup N‘l’Etr(EmnTn + DT, Dt
(53) x€la, b]
_ Etr(Em,T, + I)‘lTnDl‘li — O(NY.

From (4.4) we get

_ 2
(5.4) sup E(tr D;ngl) < E(ne? +v2nF . ([d, b]))? < KN?
x€la, b]
and
5.5 sup EtrD;2D;%2 < E(ne *+v;*nF,,([a’,b'])) < KN.
1 1 n

x€la, b]
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Also, because of (3.24) and the fact that —1/m9(z) stays uniformly away from
the eigenvalues of T, for all x € [a, b], we must have

(5.6) sup [(Em,(2)T, +1)7'|| < K.
x€la, b]

Therefore, from (3.3), (4.3), (5.4)—(5.6) and the fact that sup,.y b,/ is
bounded, we get

Left-hand side of (5.3)
— N sup |EB,riDiY(Em,T, + 1) 'T,Di'ry)|

x€la, b)

< N7t sup (|b,|- |Er;DyYEm, T, + 1) T, D;'ry|

x€la, b)
+ E‘Blbnylr?Dfl(EmnTn + I)_lTanl’“lD
<KN' sup (N Y|Etr TY?D;Y(Em, T, + I) ' T,D;*TY?|

x€la, b]
+ 0, (Bl (B|r; Dy (Em, T, + 1) T, Dy ry|*)"?)
< KN sup (N*lEtr D;*D;t
x€la, b]
_ _\2\1/2
+ v;lN—l/Zv,;lN—l(E tr D;2D;2 + E(tr D;lDl—l) ) )
< KN,

Thus, (5.3) holds.
From (3.2), (5.4) and (5.6), we get
sup E|r;D;Y(Em,T,+1) 'r,— N *tr D;Y(Em,T, +1)"'T,|°
x€la, b)

(5.7) < KN~2 sup ED{'D;?
x€la, b]

< KN71.
Next we show

sup N*lEltr(EmnTn +1)7'T, Dyt

x€la, b]
(5.8) ©
-1 _1]? -1
— Etr(Em,T, +1)"'T,D; l < KN°L.
Let
B 1 B 1
b= T epis) " 14 NEt(T, D}
JT10 I n+12
and

vy =1;Dijr; = NTE(tr(Dy;T,)).
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As in the previous section, both g, ; and b,, are bounded in absolute value by

|z|/v, and y,; satisfies the same bound as in (4.3). Moreover, if we let Xy,
denote X without its first column, then one can easily derive

1 1 N -

1 \ -
1
Z(N Zﬁljy

and conclude that supxe[a,b]|Eﬁlj| and, consequently, sup,y b1, are
bounded.

It is also clear that the bounds in (4.4), (5.4) and (5.5) hold when two
columns of X are removed. Moreover, with F,,, denoting the e.d.f. of
> j#1,2T ;T We get

_\4
sup E(tr DI§D1‘21> < E(ne® 4+ v,°nF ,,([a’, b']))*
x€la, b]

< KN*(e ® + v, E(F ,1,([a', ']))*) < KN*
and

_ N\2
sup E(tr DIZsz) < E(ne*+v,'nF, ([d,b]))* < KN
x€la, b)

With these facts and (3.3) and (5.6), we have
Left-hand side of (5.8)

N
= sup N2Y E|(E,; - E,; ,)tr(Em,T, +1)"'T,D;*|’
x€la, b] j=2

N
2N sup 3 E|ByriDi} (Bm, T, + 1) T, Dy
x€la, b] j=2

_ . -1 12
<2N* S[Upb] Ei(bln + Blzblnhz)’"lezl(EmnTn + I) TnD121r2|
x€la,

< KN*l( sup E|r;Di3(Em,T, + 1) "T,Dijr,|’
x€la, b]

+ v, %(Elye|*E|rs D} (Em, T, + 1) T, D3r,|") ")

SKN_sx:[lin]( (trD D12)+E(trD Dy )

+0,2N 40, %(E tr(DIZZDfZZ)Z +E(tr DI§Dﬁ1)4)1/2>
< KN-3(N?+ Nv,*) < KN,
Thus, we get (5.8).
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Notice we get the same result if (Em, T, + I)~! is removed from all the
expressions; that is, we have just shown

sup Ely; —11)° < KN ..

x€la, b]
Moreover, from (4.2) and (5.4), when p = 2,
sup E|9,]>< sup KN 2EtrD;*D;* < KN~

x€la, b] x€la, b]
Therefore,
(5.9) sup E|y,|> < KN71.

x€la, b)

From (4.3), (5.2), (5.3) and (5.7)—(5.9), we get

dH,(t)
_n}\77 E
p o, [ S+ 2, <mn<z>>|
<KN '+ sup E,81|:r’{DI1(EmnTn+I)_1r1
x€la, b]

- %Etr(EmnTn + I)_lTanl}

= KN+ sup [b,]*|E(y, — BIY%)I:r;DIl(EmnTn + I)_l’“l

x€la, b]

- %E tr(Em,T, + I)_lTanl}

< K(N7+ sup (Elyl +v,2Ey ) °N22)

x€la, b]
< K(N'+ (N +v,°N 20, Y2 N~/?)
< KN

As in Section 3 we let
1 dH, (1)

Wy, = > l—l—tE—mn(z) — E(m,(2))
and
o — o 1 . tdH,(t) ‘
" Em, "J 1+4tEm,
Then

sup |w,| < KN,

x€la, b)

w, =w,zc,/Em, and (3.20), together with the steps leading to (3.21), holds
with m,, replaced with its expected value. From (3.10) it is clear that m% must
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be uniformly bounded away from 0 for all x € [a, b] and all n. From (3.24) we
see that Em, must also satisfy this same property. Therefore,

sup |w,| < KN

x€la, b]

Using (3.11), (3.12), (3.14) and (3.15), it follows that supxe[a’bllmgl is
bounded in n and

t?dH ,(t)
0 n
M2 | 1 tmO2
sup
xe[ab C ftde (t)
+m; |1+ tm0)2

is bounded away from 1 for all n. Therefore, we get, for all n sufficiently large,

sup |Em, —m®| < Kc,zm%w, < KN~ 1,
x€la, b]

which is (5.1).

6. Completing the proof. From the last two sections, we get

(6.1) Sup |mn(z) — 0(2)\ =o0(1/Nv,) a.s.,

x€la, b
when v, = N~Y8 It is clear from the arguments used in Sections 3-5 that
(6.1) is true when the imaginary part of z is replaced by a constant multiple
of v,. In fact, we have

max__ sup |m,(x +ivkv,) — md(x +ivVkv,)| = o(1/Nv,) = o(v¥) as.
ke{l,2,...,34} xela, b]

We take the imaginary part and get

/ d(FB:(A) — ForHr(d))

— (1,56
RN YT =o(v,’) as.

max
ke{l,2,...,34} xela, b

Upon taking differences, we find
/ vi d(FB:(x) — Ferfn(2))
((x —

max Ssu
Ik xcla b AP+ kyo2)((x — V)2
=0(v%®) as,
22 B, _ FenHy
max sun I (v3)? d(FPr(2) = For o (1))
kiko ks xela, )Y (X = A)2 4+ R1vf)((x — A)? + kov3)((x — A)? + k3vF)
distinct

=0(v%®) as,
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su | (v2)®2 d(F(A) = Frthn(2))
xefa b)) (6 = A2+ v5)((x — A)% +207) - ((x — A)* + 34v7)
=0(v%®) as.
Thus,
d(FEv(A) — Fér Hu(X
B R ey = rame ey LGRS
We split up the integral and get
sup / Iy yye d(FBr(X) — For-Ha (1))
xefa b)) ((x = A2+ 05)((x — A)? + 207) - ((x — A)? + 34v7)
(6.2) + Y vy
i (G =P+ o) =250 +208) - ((x = 1) +3402)
=o0(1) as.

Now if, for each term in a subsequence satisfying (6.2), there is at least
one eigenvalue contained in [a, b], then the sum in (6.2), with x evaluated
at these eigenvalues, will be uniformly bounded away from 0. Thus, at these
same x values, the integral in (6.2) must also stay uniformly bounded away
from 0. But the integral converges to 0 a.s. since the integrand is bounded
and, with probability 1, both FB: and F¢ H: converge weakly to the same
limit having no mass on {a’, b'}. Thus, with probability one, no eigenvalues of
B, will appear in [a, b] for all n sufficiently large. This completes the proof of
Theorem 1.1. O

APPENDIX
We give here a proof of Lemma 2.7. We first prove the following.

LEMMA A.1. For X = (X4,..., X,,)T i.i.d. standardized (complex) entries,
B n x n Hermitian nonnegative definite matrix, we have, for any p > 1,

(A.1) E|X*BX|? < K ,((tr B)” + E|X,|?" tr BP).

PrOOF. Notice the result is trivially true for p = 1. For p > 1 we have

n p n p
E|X*BX|P5KP<EZ|Xi|ZBii +E>X;> X,B;;
i=1 i=2 j<i
n | P
(A.2) +E|) X; ) X;B; | )
j=2 i<j I
n P n p
_ KP(E S IX,PBi;| +2E|Y X, Y. X,B;, )
i=1 i=2 Jj<i
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Using Lemmas 2.3 and 2.9,

Z|Xi|zBii

i=1

E

ok, (arey + ¥ Bx.Pr (B0

i=1
< K ,((tr B)? + E| X |? tr BP).

2)p/2
2>p/2

p/2
= Kp(Z |Bij|2> < K, (tr B?)P/? < K ,(tr B).

j<i

For 1 < p < 2 we have, using Lemma 2.2,

b n

ngE<Z

=2

j<i

Jj<i

< KP<ZEIXiZXjBij

i=2 j<i

Therefore, (A.1) is true for p € [1, 2]. We proceed by induction on %, where p €
[2%, 2%+1]. Assume (A.1) is true for p € [2%71, 2%] and suppose p e [2%, 2#+1].
Since the first term in (A.2) is bounded by the right-hand side of (A.1), we

need only consider the second term. Let .%;, = o(X4,..., X;). We have, by
Lemma 2.1,
n p
E> X;) X;B;,
i=2 Jj<i
n 2\ p/2 n p
= Kp<E(Z > X;B;; > +E|IX,|PY E|Y X,B;; )
i=2lj<i i=2 lj<i

Using Lemma 2.4 (with g = 2), we have

n 2\ p/2 n n 2\ p/2
E(Z > X;B;; ) =E(Z E(ZXjBij 9?4) )
i=2lj<i i=2 j=1
ni|n 2\ p/2
< k,5( 3 X8, )
i=2l =1

< KPE(X*BZX)p/z
< K, ((tr B?)P2 L E| X, 2P/ tr BZ(p/Z))

(by the inductive hypothesis)
< K,((tr B) + E| X, "’ tr B”)

(using 1 < E|X,|° < (E|X,]**)Y? < E| X | for s > 2).
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Using Lemma 2.1, we have

n P
E\X4|PY E|\Y X;B;;
i—2  lj<i
n ) p/2
<KEXPY((TIBE) +EXP T 1B )
i=2 \\ j<i j<i

n p/2
<K, E|X,|P(1+ EIXllp)Z<Z |Bij|2)

i=2 \ j<i

< K, E|X41|P(1+ E|X,|P) 3 ((B?);)P?

i=1
< K,E|X,|’(1+ E|X,|?)tr BP (by Lemma 2.9)
< K, E|X,|*"tr B

Therefore, (A.1) is true for p e [2%, 2¥+1] and the proof of the lemma is com-
plete.
We can now prove Lemma 2.7. We have

E|X*CX —trC|?

p

Y (X = 1Cy;

< Kp (E
i=1

n | P | n . | P
+EZXiZXjCiji +EiZXjZXiCiji )
j=2

=2 Jj<i i<j
Using Lemma 2.1,

E|3 (X2 -1)C;;
=1

n p/2 n
= Kp((Z E(|X;P - 1)2|Cu|2) + Y E|X,)* - 1|p|Cii|p>
i=1 i=1
< K, ((BIX, [ reCy 2+ BIXPP 1P
i=1
(using (E|| X2 — 1|P)VP < (E|X,|?P)YP + 1 < 2(E|X,|??)YP). From Lemma
2.9 we have
Y ICiIP = Y (CCHE? < 3 A (CCP.
i=1 i=1 i=1
Therefore,

n p
E Z(|X,~|2 -1)C;;| < KP((E|X1|4 tr CC*)‘D/2 + E|X,|?P tr(CC*)p/Z).
i=1
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Using Lemma 2.1,

n P
i=2  j<i
n 2\ p/2 n p
§Kp<E(Z Y X, > L E|IX, P Y E|Y X,y )
i—2lj<i i—2  lj<i

Using Lemma 2.4 (with g = 2),
n 2\ p/2
sz xed)

i=2
E( > X,;Ci; 9?-1)
j=1

> X,Cy;

Jj<i

2)17/2
n|n 12\ p/2
< KE( YIY X0 ) < K,E(X"C°CX)""
i=2lj=1 |
< K ,((tr C*C)?? + E|X,[?Ptr(C*C)?’?)  (by Lemma A.1)
= K ,((tr CC*)P/2 + E| X | tr(CC*)*/?).

Using Lemma 2.1, we have

n 4
E|Xy|PY E\Y X,Cy;
i—2  lj<i
n 5 p/2
<KEXPY((TI6E) + BXP T (C))
i=2 \\ j<i j<i

n p/2
< K,E|X,|P(1+ E|X4|7) Z(Z ICijlz)

i=2 \ j<i

< K,E|X4|P(1+ E|X,|P) 3 ((CCY); )P

=1
< K, E|X,|’(1+ E|X,|?)tr(CC*)?/*  (by Lemma 2.9)
< K, E|X,|*P tr(CC*)?/2.

Therefore, E| Y7, X > i X ;C; ;|7 is bounded by the right-hand side of the
inequality in Lemma 2.7. Similarly, E|>7%_, X ; 3, ; X;C; ;|? is also bounded
by the right-hand side of the inequality, and the proof of the lemma is com-
plete. O
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