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INTEGRATION BY PARTS FORMULA AND LOGARITHMIC
SOBOLEV INEQUALITY ON THE PATH SPACE
OVER LOOP GROUPS

By SHIzZAN FANG

Université de Bourgogne

The geometric stochastic analysis on the Riemannian path space de-
veloped recently gives rise to the concept of tangent processes. Roughly
speaking, it is the infinitesimal version of the Girsanov theorem. Using
this concept, we shall establish a formula of integration by parts on the
path space over a loop group. Following the martingale method developed
in Capitaine, Hsu and Ledoux, we shall prove that the logarithmic Sobolev
inequality holds on the full paths. As a particular case of our result, we
obtain the Driver—Lohrenz’s heat kernel logarithmic Sobolev inequalities
over loop groups. The stochastic parallel transport introduced by Driver
will play a crucial role.

Introduction. Let G be a connected compact Lie group. We shall be con-
cerned with the following based loop group:

Z,(G) ={l:[0,1] — G continuous; [(0) = (1) = e},

where e is the unit element of G. Let 4 be the Lie algebra of G. Take an
Ad-invariant metric (, ), on &, which defines a biinvariant Laplacian oper-
ator on G. The associated Brownian motion g,(¢) on G induces a probability
measure  on the path space over G. The conditioning of @ by g,(1) = e gives
rise to the Wiener measure v on .4 (G), which has been extensively studied
(see [23], [24], [1], [16], [17], [18], [29], [13]). The study by means of Brownian
motion on loop groups was proposed by Malliavin in [26]. The law of Brownian
motion at a fixed time gives rise to a heat kernel measure. In this spirit, a
log.sob inequality, without an additional potential term comparing to the case
in [17], with respect to heat kernel measures on .Z,(G), has been obtained by
Driver and Lohrentz [9]. Their method was based on the concept of I'y of Bakry,
Emery and Ledoux. On the other hand, Brownian motion on .7, (G) defines the
Wiener measure p on the path space over Z,(G). Using the induction argu-
ment, an integration by parts formula with respect to u for constant vector
fields has been established recently by Driver in [7]. Our work, which bene-
fits very much from [7], will develop the concept of tangent processes in our
infinite-dimensional setting. We shall prove that Driver’s integration by parts
formula holds for all adapted vector fields. This is a necessary step in order
to obtain the Clark—Ocone martingale representation formula. Now following
the approach of [3], we shall obtain the Logarithmic Sobolev inequality on the
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PATH SPACE OVER LOOP GROUPS 665

path space over 7, (G). As a particular case, by taking one-point cylindrical
functions, we obtain Driver and Lohrentz’s heat kernel logarithmic Sobolev
inequalities over £, (G).

1. Concept of tangent processes. The recent development of stochastic
analysis on Riemannian path space gives rise to the concept of tangent pro-
cesses, which allow transfering the differential calculus on the path space to
that on the flat Wiener space (see [4], [5], [10], [11], [14], [19], [23]). In this
section, we shall develop this concept in our infinite-dimensional setting.

Let PY(R?) be the Wiener space of a d-dimensional Brownian bridge,

PO(R?) = {w : [0, 1] - R? continuous; w(0) = w(1) = 0}.

Let us recall briefly the construction of Brownian motion on PJ(R?). Consider
the Cameron—Martin subspace,

1.
Hy(RY) = {h e BYRY); |hl%, =/0 \A(0)2do < +oo}.

Denote by PJ(R?) the dual space of PS(R?). An element I € PS(R?) will be
identified with [ € Hy(R?) by relation (I, h) = (I, k), for all h € Ho(R?). Let
c,(0) =2 ((sinmno)/nm) for n > 1 and {e1, ..., &;} be the canonical basis of
RY. Define h, i(0) =c,(0)&;. Then {h, ;} is an orthonormal basis of Hy(R?).
Let (Q, 7, 7, P) be a filtered probability space satisfying the usual hy-
pothesis. Consider a sequence of independent real Brownian motion x,, ;(w, t)
defined on (Q, %, 7, P). It is well known that the following random series:

(1.1) (£, 0) = 3%, i(0, 1) hy ;(6)

converges uniformly in (¢, 6) € [0, 1] x [0, 1] almost surely. A Brownian motion
x, on PY(R?) with the covariance operator () H, 1S a continuous adapted

process on PS(R?) such that
E((l1, x(8)) (lg, x(8))) = s At Iy, lo) m,
for all 1,1, € ]P’g(Rd)/. This is equivalent to saying that

(=)
2

(1.2) E(expi(l, x(t) — x(s)) | %) = exp{— |l|%{0} for all I e P§(R?).
The process x,,(t) defined in (1.1) is a PJ(R?)-valued Brownian motion with
covariance operator (, )y, .

In what follows, for simplicity we shall write x(¢) = Y, x,,(w, ¢) h,,. Let K be
a separable Hilbert space. Consider an H, O(Rd) ® K-valued adapted process
[, (t) satisfying IEI(fol |f(¢)[fs dt) < +oo where | - |gg denotes the Hilbert—
Schmidt norm. It is known that the stochastic integral fOT( [ dx, (%)) is well
defined. We have the following properties.
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ProposITION 1.1. (1) T — My = fOT(ft, dx(t)) is a K-valued martingale.
(D) E| 5 (fr. dx ()% =E [ |fo(0)fig dt.
(iii) The quadratic variation dMpdMyp of My is given by dMpdMp =
T 2
Jo 1fu(®)lgs dt.

For the proof, see [22].
Now take K = R, for any H,(R%)-valued adapted process f,(¢) such that

B( [ 1 )y, de) < o

the stochastic integral M, = f(f (fs, dx(s)) is a real valued continuous martin-
gale.

Let #(H,) be the Banach space of bounded linear operators on H,(R?)
with the endomorphism norm.

DEFINITION 1.2. A %(H,)-valued process q,(w) is said to be ;-adapted if
for all h € Hy(R?), g,(w) h is an Hy(R?)-valued adapted process.

Now denote by #(H,) the group of unitary operator on Hy(R?). Let U(¢)
be an adapted process in #(H ). Denote by U*(¢) the adjoint operator of U(t).

We are going to define the stochastic integral y(T') = fOT U(t)dx(t). Let h, €
Pg(Rd)’ be an orthonormal basis of Hy(R?) and consider the series

(13) ([} W @hed(e) ).

n

THEOREM 1.3. The series (1.3) converges uniformly with respect to T € [0, 1]
in PY(R?) almost surely and defines a Brownian motion y(T) on PY(R?) with
covariance operator {, ) g, .

ProOF. Denote y,(T) = fOT(U*(t)hn,dx(t)). It is sufficient to see that
{y,(T); n > 1} are mutually independent real Brownian motions. By Propo-
sition 1.1(iii), the quadratic variations between y, and y,, are given by

dy (D) (1) = [ Uy, U0k,

T
=/0 (s P ) g1, A2 = T 81

Now by the Lévy characterization theorem, y, are independent Brownian
motions. O

Consider now a #(H,)-valued adapted process g, such that for all A, & €
HO(Rd)’

1
(@b Ryn, = (b, By, and 5( [, dr) < 4.
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It is clear that for all n > 1, q} are #(H)-valued adapted processes. Define

qn
exp(q;) =3 -

n>0
Then e% is an adapted process in #(H). Now, according to [4] and to [6], we
shall introduce the concept of tangent process.
DEFINITION 1.4. A %(H,) x Hy(R%)-valued process (g;(w), z,,(¢)) is called

a tangent process if:

(i) t — (q(w), z,(t)) is adapted,;
(i) for h, k € Ho(RY), (qi(@)h. k) g, = —(h, q (@) k) r,;

(i) [y |2,(t)%, dt < C < +o0 as.
Now for q,(w) as above, we denote: y,(¢) = fot e dx(s).

THEOREM 1.5 (Girsanov). Let (¢,(w), 2,(¢)) be a tangent process, denote
! 1 e
K,.= exp{—/0 (exp(—gq;) 25, dx(s)) — 5/0 |zS|H0 ds},

then under the probability law dQ = K , dP, the process y,(t) + f(f z,dsisa
Brownian motion, with (, )y, as the covariance operator.

PrROOF. Denote by Eq, the expectation with respect to the probability mea-

sure @ and y(t) = y,(¢)+ fot z, ds. By characterization (1.2), it is sufficient to
prove

Eq(exp{i(l, 5(¢) — 5(s))} | 7;) = exp{—(t — s)|I|};,/2} for all I € PH(R?)".

The verification is the same as that in the finite-dimensional case (see [28]). O

In what follows, we shall denote by
X = {x: [0, 1] » PJ(R?) continuous; x(0) = 0}.

Endow X with the probability law P induced by the Brownian motion on
PS(R?). Denote 7, = a{(l, x(s)); s < t, I € PY(R?)}. According to the above
theorem, we shall define the derivative along a tangent process.

DEFINITION 1.6. Letting (q,(w), z,(%)) be a tangent process and F: X — R
be a measurable function, we say that F is differentiable along (g, 2) if

F(yeq + & [y 2;ds) — F(x)

(Dy, . F)(x) = lir% exists in L%(X).

THEOREM 1.7. We have

E(D, ,F) :E(F /Ol(zs,dx(s))).
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PROOF. Denote

K, =exp{—s/01

g 1
(exp(-eq.)z dx(s)) - 5 [ 2P ds).

Then

(] = [ taton mron,

Now by the Girsanov Theorem 1.5, E(F(y,, + ¢ [; 2;ds)K,) = E(F). Taking
the derivative with respect to ¢, at £ = 0, we obtain

1
E(D, ,F - F f (2., dx(s)) = 0,
0
which gives the result. O

2. Stochastic parallel transport. Let G be a compact Lie group and &
its Lie algebra. Take on ¢ an Adg-invariant metric {, ) ,. Consider

Hy(5) = {h: [0,1] — £; h(0) = A(1) =0 and /01 1A(0)|2 do < —i—oo}.

For h, k € Hy(¥), define the Lie bracket between % and % by [A, k](8) =
[~(6), k(0)]. Then Hy(¥) is a Lie algebra. To h € H,(¢), we shall associate a
left-invariant vector field 2 on .2 (G) defined by

= d
hF)(l)={——F(le™
for all cylindrical functions F: Z,(G) — R written in the form

F(l)=f(l(71),..., (7)) where f € €°(G").

Denote by 7 C>(£(@Q)) the class of cylindrical functions on .Z(G). Then we

have the relation [l{,v k] = [h, k] on ZC*(£(G)). Therefore, the computation
on the Lie group can be reduced to its Lie algebra. The Levi—Civita connection
on Hy(¥) defined by

(th7 2>H0 = %{([h’ k]7 2>H0 - ([h’ Z]? k)HO - ([k’ Z]a h)HO}

has the explicit expression (see [15] or [9]),

PN . 1 .
(2.1) Vik(0) = [h(0), k(0)] — /0 [R(0), k(6)]d6.

It follows that for £ € Hy(¢) given, the operator 2 — V,k is Hilbert—Schmidt.
Following [15], the curvature tensor is not of trace class but its two steps trace
exists. More precisely, let ey, ..., e; be an orthonormal basis of ¢ and ¢, be
an orthonormal basis of Hy(R). Let A, ; = c, e;. Then (see [15] and [9]),

(22) Rich = Z Z([Vh’ th,i] — V[h, hn,i])hnai converges in Ho(j)

13
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Moreover, the Ricci is given by
1 _ _
(2.3) (Rich, h) g, :/ Z#(h(0), h(0))d0,
0

where % (a, b) = trace (ad(a) o ad(b)) is the killing form on . and h(8) =
h(6) — [} h(7)dr.

The following result, giving another approach to the Ricci tensor, will be
used in the next section.

THEOREM 2.1. Let # be an orthonormal basis of Hy(¥£). Then for h €
HO(‘£)7

(2.4) > (Vih, B) g, (Vih, k), = —(Rich, h)p,.

k, ke

For the proof, see [13], page 395.

In order to introduce the stochastic parallel transport, we shall need the
following basic estimates. In the sequel, we shall fix an orthonormal basis
{h,; n>1} of Hy(¥).

PROPOSITION 2.2. Let C = § sup|,_; |-#(a, a)|"/?, then:

@ [IVallg,en, = Clzln,, 2 € Ho(£);

(i) Az =3, V), V) z converges in Hy(¥);
(i) [A%2]g, < C2 2|y,

PROOF. See [9], pages 403 and 424. For (i), see also [13], page 395. In what
follows, we shall give another proof of (ii) and (iii) using (i). Letting & € Hy(¥),
for p, g > 1, we have

q
|<Z thvhnz, k>
p

Z(thza thk>

) I

H, p
q ) 1/2 , q i 1/2
s(Z|vhnz|) (thnm)
p p
q 1/2
s(thnzF) Vel o
P

According to (i), we obtain, as p, ¢ — +oo0,

q 1/2
< C<Z|thz|2> - 0.
p

q
Z th thZ
p

Letting p =1, ¢ — +00, we have

1 2
|A%2|g, = CIV2luen, < C7|2H,- O
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Now let PJ(«) be the Wiener space of the Brownian bridges over .4, start-
ing from the origin. Let x(¢, 0) = x,(t)h,(0) be a Brownian motion on
PJ(#). We shall introduce the stochastic parallel transport in Hy(#) along
the Brownian motion x, following [7].

THEOREM 2.3 (Driver). There exists a unique continuous Hy(£)-valued
process z, satisfying the following family of s.d.e. on Hy(¥£):

(2.5) d;2(t,0) = = (Y}, 2,)(0) odx,(t) 2z, is given,

where d, denotes the stochastic differential with respect to t. Moreover,
(24> 20)m, = (20> 20)m, forallte[0,1].

According to Proposition 2.2, the Picard iterated method does work. See [7],
Section 4.
Letting h € Hy(#), define

(2.6) U)h =3 (h, hy) g, zi(Ry),

where z,(h,) is the solution of s.d.e. (2.5) such that z, = h,. It is obvious
that the series (2.6) converges uniformly in ¢. Therefore almost surely, for all
h € Hy(¥), t — U(¢)h is continuous and for all ¢, U(¢) is isometric. The
following result was claimed in [7], but not proved. We give a proof here.
Another proof may be found in [8].

THEOREM 2.4. Almost surely, for all t, U(t) is unitary.

PrROOF. Let N > 0 and consider the finite-dimensional vector space V =
span{h,..., hy}. Define AN: Hy — H,by AY = PyV, Py where Py is the
orthogonal projection onto V y. It is clear that AY are skew-symmetric on H,.

Consider the following s.d.e.:

N
dz) =-Y ANzN odux,(2), 2 = 2.
n=1

Define Ut <20 = 2N, We see that Ut 20 = 2o if f2p € Vy and Vy is stable
under Ut, Denote by U t.x: VN = Vy. Then U ;. x 1S a unitary operator on
V y. It follows that UY t.x 1s a unitary operator on H,.
Let T > 0, consider £1(¢) = x,(T — t) — x,(T) and 27(¢) = 3, 2L (¢)h,.
Then £7(¢) is a Brownian motion with respect to the filtration
Tl =o{(l,x(T —s)—x(T))); s<t, LlePyL)}
Consider the following s.d.e.:

N
dk) = -3 ANEN o diT(t), k) =k,.

n=1
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Denote Uﬁ]ﬂ ko = kY. Then we have (see [21], page 250 or [25])

N N N
UT—t,aET = Ut’x o UT,:ET on Vy.

It follows that (UJTV’ D= U]T\” +r on H,. Now by straightforword calculation,
lim E UN h-U, .n|*) =0.
Jim E( sup U - UL hl)

In the same way, limy_, ., E(supg,<r ||U§V£Th — U, 4rh|?) = 0. Therefore, for
all h € H, up to a subsequence, a.s.,

Up b= lim Uy h and Upgh= lim Uy .h.

N—+o0 N—+o0

As H, is separable, it follows that almost surely,
(2.7) Up v =Up,-

In order to obtain our result from (2.7), we need the continuity of 7' —
Ur, zr. To this end, it is more convenient to use the It6 backward stochastic
integrals.

Let A € Hy(¥), denote Hy(t) = Up_y grh for t < T. As U, grh is F7-

measurable, then the It6 backward stochastic integral ftT V; )H r(7) can be

(
defined as follows:

J

Therefore H(t) satisfies the following backward s.d.e.:

T T <« T—t T
Ve He() =% /t Vy, Hy(r)dx, (1)=—Y) /0 Vi Ho(T — 7)d21 (7).

T 1 T 1
h=Hy()+ [ Vg Hy(r)+} [ AMHp(r)dr =0,
Let Ty < T5 in ]0, 1[. We have, for all ¢t < T';,

Hp,(t) — Hr,(t)

T Ty
- /t VEx(f)I—ITl(T) N -/t VEx(f)‘H’TZ(/T)
AN T2y
2.8) + g[/t A'Hyp (1) dT—/t A HTZ(T)dT]
T, Ty Ty
- /t Ve (1) = /t Ve (1) = /T Vi Hn ()

+ %[/tTl AY(Hp,(v) — Hy (7)) d7 + /TT A1HT2(T)dT]
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g *t1 o 2 1
Wehave 7' C Fp '’y ,and &, —%,' = 2p) ¢ ., —&q._p - It follows that
T T .
%;'is a S * p ., Brownian motion. Therefore,
2 1

Tl Tt To—t

/t dx(r) Hyp,(7)= /0 VagrinHr, (T1 —7)=— /Tz—T1 Vazrs(nyHy, (To — 7).

It follows that
T

I

T,
Vgoc(T)I_ITl(T) B ‘/; Vgx(T)HTZ(T)

Ty—t
= - [Vasre(ry(Hrp (Tg — 7) — Hy (Ty — 7))
Ty-T,
By the Burkhoélder inequality, for p > 1, we have

2p

Ty—t
B[, [Vazrsio (o, (Ty =) = Hr,(T5 = )]

< cpE( [ () = Hr (Dl )

Now according to Proposition 2.2, using (2.8) and by the Gronwall inequality,
we obtain for ¢ < T'y,

E(|Hp, () — HTz(t)|2p) <C,|T, - Tyl".

In particular, E(|Hp, (0) — HT2(0)|2”) < C,|T, — Ts|?. By the Kolmogoroff
modification theorem, almost surely, ' — H 7(0) is continuous. In other words,
t — U, ;his continuous. Using the expression U, ;h =3, (h, h,)U, sh,, we
see that almost surely, for all h € Hy(¥£), t — U, xzh is continuous. Now using
(2.7), almost surely, for all rational ¢ € [0, 1] and forall h, k€ H o(#), we have

(U, o, k) = (h, Uy 51k).
By continuity, we obtain that U; , = U, s for all ¢ € [0,1]. O
3. Malliavin calculus on the Brownian motion over 7 (G). Let x(t)
be the Brownian motion on P)(%). Let {e;,...,e;} be an orthonormal basis

of <. Denote x(¢,0) = (x(t, 0) e;) ;. For 6 € [0, 1], consider the following
Stratanovich s.d.e. with parameter 0:

d
(31) dt gx(t7 0) = Z gx(t7 O)ei © dt xi(t7 0)’ gx(O’ 0) =e.
i=1

THEOREM 3.1 (Malliavin). There exists a unique £,(G)-valued continuous

adapted process g,.(t) such that for all 6 € [0, 1], g,.(t, 0) = g,(t)(0) satisfies
the s.d.e. (3.1). Moreover, (t, 0) — g.(t, 0) is continuous.

For the proof, see [26], pages 19-22 and [7].
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Convention of notations. In what follows, we shall use the prime to denote
the derivative with respect to ¢, the parameter for paths and the dot, the
derivative with respect to 0, the parameter for loops.

Now consider an H,(¢)-valued adapted process z(¢). We suppose that there
exists a process z'(¢) satisfying

(3.2) sup [2'(¢)|g, < C < +oo almost surely
tel0, 1]

such that z(¢) = gz/(s) ds. Let ¢ > 0 and consider
8, (1, 0) = g.(¢, 0) exp(e(U,2(£))(0)).
Denote k&, = U,z(t). By the It6 formula, we have
dy 8, (1, 0) = d; 8.(2, 0) o exp(ek,(0))
+ 8.(t, 0) o (eexp'(ek,(0)) o d,k,(0))

d
= Z(gx(t’ 0)6i exp(‘gkt(e))) © dt xi(t7 0)
i=1

+ £(8x(t, 0) exp/(ek,(0))) o d; k()
= g, +(t, 0) o [Ad(exp(—ek,(0)))e; o d, x'(t, 0)
+ eexp(—e k() exp'(ek,(0)) d, &, (0)].

Let M (t,0) = {(d/de)g, .(t,0)},—0- Then M (%, ) satisfies the following
family of s.d.e.:

d; M (t,0)=M,(¢t, 0)od, x(t, 6)
+ g.(¢, 0) o [—ad(k,(0)) o d, x(¢, 0) + d; k()]
with the initial conditions M (0, ) = 0. By Theorem 4.4 in [6], we have
d; ky(0) = = 3 (Vi k)(0) dux, (£) + (U,2'(£))(0) dt

n>1

+13°(9, V), k)(0)dt.

n>1

(3.3)

(3.4)

LEMMA 3.2. We have
—ad(k,(0)) o d, x(t, 0) = — > [k, b, 1(0) dx, (2)

n>1

+ 3 3 [(Va ko), by (0) de.

n>1

(3.5)

PROOF. Let [ € }Pg(f)’. Let f, be a real adapted process such that
fol |f:|?dt < +o0. It is easy to see that

T T
(3.6) [ fedtx) = [ (filda).
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Now for § € [0,1] and i = 1,..., d, we define I}, € P}(£) by (1}, x) = x'(9) for
x € Pg(j). By (3.4), (3.6) and Proposition 1.1(iii), for all ¢ € &, we have

(3.7) d; [k(0), £1d, (2, 0) = = 3 ([(V3, & )(0), €], 2, (0)) dt.

n

On the other hand,
(€, —ad(k,(0))d, x(¢, 0))

Il
—~

[%:(0)), €], d; x(¢, 0))
[k:(0), €], (I, dx,))

TR
M= =

(([£:(0), €], €:) 51y, dx(2))
(3.8) i=1

d
3 (([EA0), &1, €;) oL, hy) dix,(2)
=1

n o

= ([k(0), €], 2, (0)) » dx, (2).
Then (3.5) follows from (3.7) and (3.8). O

DEFINITION 3.3. Letting z be a process satisfying condition (3.2), we define
the operators q,(t): Hy(¥) — Hy(¥) by

(3.9 q.,(t)h=—[k,, h] — ViR, h e Hy(H).

As the torsion is free, we have V,k, — V;, h = [h, k,]. It follows that q, h =
—V;,h. Now by the antisymmetry of V,, , we obtain

(3.10) (9:(Dh1, ho) g, = — (1, (Do) -

LEMMA 3.4. We have, for all T € [0, 1],

T T
(3.11) [ @itodz) = X [ (U 5 1(0) + (T, k)(0)) dx,(2)

PrROOF. Remark first that E fol 1q; Lyl ., dt < +oo. The stochastic integral
fOT(qt lg, dx,) is well defined. Now it is sufficient to verify that

(qi g, hy) = [R4(0), b, (0)] + (V) k,)(0),
which follows from Definitions (3.9) and (3.10). O

LEMMA 3.5. We have

(3.12) Y V3. Vi ko + Y[V, ky, hy] = Rick,.
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PROOF. By torsion free, we have
thvhn k, + [th ke, hy] = Vthkthn = Z thhn (Vh,,kb hm)Ho'

Therefore, for all 2 € Hy(¥),
<h’ Z(th vhn kt + [vhn kt’ hn])>
n H,
= (Vi b, hym, (Vi Res ),

== (Vi b by, (Vi ke hy) i, = (Rick,, h) g,
the convergence of the above series being guaranted by the fact that z — V,h
is a Hilbert—Schmdit operator and the last equality follows from (2.4). O
THEOREM 3.6. Here M .(t, 0) satisfies the following family of s.d.e.:
d; M (t,0)
(3.13) =M,(t,0)od, x(t, 0)
+ g.(t, 0)0 [_<Qt lg,dx;) + ((Utzé)(ﬂ) + %(Ric U, Zt)(g)) dt]

PROOF. According to (3.4), (3.5), (3.11) and (3.12), the s.d.e. (3.3) can be
written in the form (3.13). O

Now consider the operator exp(eq,(¢)): Hy(¥) - Hy(#). By (4.10), q,(t) is
antisymmetric, so that exp(eq,(¢)) is an unitary operator on H;(#). Denote

t
ye(t) = / % dx(s).
0
Consider g, .(¢, 0) the solution of the following s.d.e.:
dt gx, s(t7 0) = gx, a(t’ 0) ° dt ys(t7 0) +e gx, a(t’ 0) é(t! 6) dt7 gx, 8(0’ 0) =e,

where 2(¢) = U, z, + %Ric U,z,. For any 0 € [0, 1], almost surely g, (¢, 0) =
g.(¢,0) for all ¢ € [0,1]. We have d, y°(t, ) = (exp(—eq,)l,y, dx,). As in [2],
Chapter II-c, or in [14],

- d
M. (t, 0)= {ﬁg}’g(t, 0)} exists in L2,
=0

and M (t, ) satisfies the s.d.e.,
d, M (t,0) = M(t,0)od, x(t, 0)+ g.(t,0) o [—(q, 1y dx,) + 2(t, 0) dt].

This means that for all 6 € [0, 1], M, (t, 6) satisfies the s.d.e. (3.13). By unicity,
for any 6 € [0, 1],

(3.14) M (t, ) = M (t,6) forallt e [0,1] almost surely.
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Now we are going to establish the formula of integration by parts on the
path space over Z(G). Let e be the constant identity loop on Z(G): e(¢) = e.
Denote

Po(£(G)) = {y: [0, 1] = £(G) continuous; y(0) = e}.

The Brownian motion g,(¢) over Z,(G) induces a probability measure u on
P.(£(G)). A function F: P,(-£(G)) — R is said to be cylindrical if it is in the
form

(3.15) F(y) = f(¥(r1,00) - ¥(Ts 00)), [ € €=(G).
Given an Hy(#)-valued adapted process z(¢) satisfying the condition (3.2),
we shall define the derivative of a cylindrical function along z according to [7].

DEFINITION 3.7. Letting F be a cylindrical function on P, (Z£(G)), we
define

(D.F)e) = { S Faet)| inrn

For a cylindrical function in the form (3.15), we have

k
(3.16) (D.F)(8:) = Y 40,F> 827> 0) (U, 2. X0, .,
Jj=1

where J; denotes the partial gradient with respect to the j-component.
Now, using Definitions 1.6 and 3.7, by (3.14) we obtain the following result.

THEOREM 3.8. Let F: P, (£ (G)) — R be a cylindrical function and denote
F(x)= F(g,). Then we have

(DZF)(gx) = (qu,éﬁ‘)(x)
for all adapted process z verifying the condition (3.2).

In what follows, we shall compute the gradient of F. By (3.16), denoting
8:,(0) = 8(7;, 0), we have

(D.F)(g.) = %:<g7_j1(61)(&jf)’ [UTJ. /ij z/(t)dt}(ej)L
1
=2, <g”1(9f)(‘9ff) Lieryy (UTjZ’(t))(ej)> dt
! g
- Zfol<g7,-1(0j)((9jf) Lior s /01 %(Uﬁz’(t)) G(0;, ) d0)>£ dt

1 1 d
=y [ a /0<g:}(0j)(&jf)G(ej,9)1(t<7j), d—o(Usz’(t))>d0,
J
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where G(0;, 0) = 6; A 6 — 60 is the Green function such that
1 .
/0 G(6;,0)h(0)d0 = h(6;) forall he Hy(Z).

For (g1,..., 8.1, 841, ---> &) € G"! given, define

fj,gl,“.,gj,l,gjﬂ ..... gk(g) = f(gh e gj—17 8, gj+1’ AR gk)
For l € Z(G), let

Fj, 815815 8jt1rees gk(l) = fj, 815815 81> gk(l(oj))’

which is a cylindrical function on £ (G). Now for a cylindrical function ¢ on
Z,(G), written in the form ¢(I) = ¢(I(01),...,1(0,,)), where ¢ is a smooth
function on G™, we define the gradient operator V(%) on /(G) by

(VAOBDO) = 316,70, G0, 0).

=1
We have

(VJQ(G)FJ, 81558 j-1> 8j+15+» gk)(l)(e)

where VC denotes the gradient operator on the Lie group G.

DEFINITION 3.9. We define
£(G) (G
(V;" " F)y)=V ( )Fj, yq(el),...,y,k(9k)(77j(9j)),
Where 'yTj(OJ) = '}/(TJ', 0])

Then D,F can be written in the form

1 2
(D.F)g) = 3 [ (VO F)8) L))o U, 2 (0),
J
1
= Z/O (U (V7 DFYN &) Ler 2 (), L.
J

DEFINITION 3.10. Define the gradient operator over P.(.2,(G)) by

* (G
(3.17) DiF(g,) =Y U; (V' VF)(g.) 1w,
J

Using (3.17), we have

(3.18) (D,F)(g,)= fol<(D]fF)(gx), Z(t))y, dt.
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THEOREM 3.11. Let z(¢) = (fz’(s) ds be an adapted H(£)-valued process
such that

1 / 2
E /0 |2/(t)[%, dt < +oc.
Then the following formula of integration by parts holds:

1

(3.19) E(D,F) = IE(F / (U2, + L RicU,z,, dxt>>
0

for all cylindrical function F'.

The proof follows from Proposition 1.7 and Theorem 3.8.

4. Clark-Ocone representation formula. In this section, we shall es-
tablish the Clark—Ocone formula on the path space P.(£(G)) over £(G). For
flat case, see [30].

LEMMA 4.1. Let F € L%*(X, P); then there exists a unique H(%)-valued
predictable process a, such that:

@) E(f, la,|%, dt) < +oo;

(i) F=E(F)+ [y (a,, dx,).

PROOF. Unicity follows easily from the It6 energy identity. For existence,
we shall follow the proof of It6’s classical martingale representation theorem
(see [28]). Consider the space .~ generated by those functions F € L%(X, P)

for which there exists an H((¢)-valued predictable process a, such that (i)
and (ii) hold. Consider the following simple predictable process:

a; = Z l] l]t_/_latj]’ l] € ]P)g(j),
J, finite

Then [, (a,, dx,) = ¥ ;{l,, x(¢,) — x(t;_,). Denote
si@) = exp] [ Mo dr) = § [ ladfy, de).
Then by the It6 formula,
1
A(a) =1+ [ (6la)a, dx,).

Therefore &j(a) € .#. To complete the proof, we have to verify (i) that the
functions &, (a) are dense in L?(X, P) and (ii) that the space .7 is closed in
L%(X, P). The same argument in [28], pages 186 and 187, gives the results. O

THEOREM 4.2. Let F be a cylindrical function on Py (£(G)) and define
F(x) = F(g,). Then the following Clark—Océne formula holds:

. 1
(4.1) F=E(F)+ [ {ay(F)(g,), dx(1)).
where a,(F) will be defined in (4.6).
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PrROOF. Consider the following Hilbert space:

L%(x) = {zt; Hy(#)-valued adapted process such that

2 Yo
o1 = B( [ Iz, dt) < +oo].
Define the operator #: L%(x) — L2(x) by
t
(4.2) (#2),=U,z + LRicU, f z,ds for z e L2().
0
By Lemma 4.1, there exists a € LZ(x) such that
3 1
F(x) :]E(F)+/0 (a,, dx,).

Therefore for any z € L2(x), by Itd’s energy equality, we have

E(F‘ /Olwz,dx)) =E(/Ol(at,dx(t)) /Olwz, dx))

(43) = 5( [ tan (22, dt)

- E(/Ol((%*a)t, 2, dt),

where #* is the dual operator of # in L2(). On the other hand, by Theo-
rem 3.11, we have

(4.4) ]E(F’ /Olwz, dx>> - E(/Ol(D]fF, 2w, dt).

LEMMA 4.3. Let z,(s, t) = E%(D} F), then for t fixed,
EZ(DYF) = lin} z,(s,t) existsin L2(X, Hy(¥)).

Moreover, |E%(DEF)|y, < EZ(|DEF| ).

ProOOF. Let G be an H)(¥#)-valued simple measurable function G =
> j finite 1 fj where h; € Hy(£) and f; are real bounded measurable func-
tions. We can choose h; to be mutually orthogonal. Then E7(G) is well
defined. Moreover,

E([E™(G)[y,) < E(IGI4,)-

By density argument, we see that E”(G) is well defined for any G ¢
L%(X, Hy(#£)). Now by Lemma 4.1, for a simple function G, there exists an
Hy(£)® Hy(£)-valued predictable process a, such that

1
(4.5) G =E(G) + /0 (a,, dx(t)).
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We have IE(|G|%HO) = |IE(G)|§LI0 + IE([O1 la,|%g dt). It follows, by density, that for
any G € L*(X, Hy(#)) there exists an H,(¢) ® H(<)-valued predictable

process a,(G) such that IE(fO1 la,(G)|4s dt) < +oo and the relation (4.5) holds.
Now for ¢ fixed, taking G = D} F, we obtain

E%(D{F) = B(D{F) + “(a,(F), dx()).
Therefore for s, s’ € [0, 1],
E(|E”(D]F) - EZ'(DIfF)f) = IE(/: la,(F)|4s dT) —0 ass,s — ¢t
By the Cauchy criterion, we obtain the result. O

Now by (4.3) and (4.4), we obtain
1 1
IE(/ ((H*a);, 2,) dt) = ]E(/ (D}F, 2 H, dt) for all z € L2(y).
0 0

It follows that (#*a), = E”/(D} F). The operator #* is invertible [we shall
give the explicit expression for (#*)~! below], so we obtain

(4.6) a,(F) = (#*)"L E%“(D'F). 0

5. Logarithmic Sobolev inequalities. In this section, we shall deduce
from (4.1) the logarithmic Sobolev inequality on the path space over £,(G),
following the ideas in [3]. To this end, we shall need the explicit expression
of the operator (#*)~1. In the case of Riemannian paths, it was computed for
the first time in [20]. Remark first,

(%*)—1 — (Jf_l)*_

Now determine the operator #~!. Denote by #(H,(#)) the Banach space
of bounded operators on Hy(#), with the endomorphism norm. Consider the
resolvant equation in A(Hy(¥£)), for t > s,

dQ 1.
(51) dtt’ = _§ Ric, Qt,s7 Qs,s = IdHO(!)ﬂ
where Ric, = U RicU,. Then Y, = fg Q; s U} ks ds solves the following ordi-
nary differential equation:
dyY,

1
W + 5 RiCt Yt = U:kt.

It follows that (dY,/dt) = Uik, — %Rict f(f Q; s Uj ks ds. Therefore, we have

t
(5.2) (#71h), = U h, — L Ric, [ Q. Urh,ds.
0
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Now let z € L2(x); then
1 1
([ 4 B 20, d
0
heo U,z dt) = 26( [ ([ @, U h,ds.R d
= E((hy. t) — IE ,U* hyds, Ri t
((he, Us2) g, dt) — 5 (/0</0 Q, s 1c,f,zt>H0 )

1 1
= E((hy, U, 2;) g, dt) — %E(/ <hs, / U, Q Ric, 2, dt> ds).
0 s ’ H,
Then we have the following proposition.

PROPOSITION 5.1.  We have, for z € L2(y),
1
(5.3) (# V) 2),=U,z - LE% < / U, Q ,Ric, z, ds).
t
LEMMA 5.2. Denote K = |Ric|gna(s,()); then we have

K 1
G4) 1 Dl = [z, + 5 B[ exp(K(s = 0/2) [2.]u, ds ).

PROOF. By the resolvant equation (5.1), we obtain

| Q7 slEnd(r,(s)) < exp(K(t —s)/2) for ¢ >s.
Now using (5.3) and Lemma 4.3, we obtain (5.4). O

Now we shall follow [3] to deduce the logarithmic Sobolev inequality on the
path space over (G). Denote M, = E”(F). By Lemma 4.1, we have

M, =B(F) + [ {a,(F), dx(s)).

It follows that

M,=F, M,=EF), dMdM,=a}, dt
Suppose F > 8§ > 0; applying It6’s formula to the function ¢(¢) = £log &,
1 (Y a,(F)P
E(M,log M,) — E(M,log M) = §E</O tM—t dt>,

or
1 1 )2

(5.5) E(F log F) — E(F)log E(F) = S E( [ la(F)F .\
2 \Vo M,

Denote k,(F)=E%(DFF). Then k,(F2)=2E”(F D} F). Let j, = 2|F|| DY F|y,.
We have |k, (F?)|, < E*(j,).
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Now thanks to (5.4), it follows that

K A
la,(F?)| <E% <jt + 5/t exp(K(s — t)/2) j, ds>.
The same computation as in [3] yields the following result.
THEOREM 5.3. We have
(5.6) E(F2log F?) — E(F?)log E(F?) < 2 X E(/Ol |D;F |3, dt)
for all cylindrical functions F on P (Z£(GQ)).

Now let T' > 0. Denote by vy the law of the Brownian motion g,(¢) on £(G)
at the time T and E; the expectation with respect to vp. Then we have the
following theorem.

THEOREM 5.4 (Driver-Lohrenz). It holds that

(5.7) Er(f?log f?) — Ep(f*)log Ep(f?) < 2T By (VD f[3;)
for all cylindrical function f on £,(G).

ProOF. Consider the space of continuous paths from [0, T'] into #,(G) and
F(y) = f(vyr)- By (5.6), we have

(58 Ex(flog %)~ Ex(/)logEr(f) = 2575 [ 1D} Py, dt ).

Now by (3.17), fOTIDItPFI%qO dt < T [(V9f)(yr)lg,- Therefore, combining
with (5.8), we obtain (5.7). O
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