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ON THE CAUCHY PROBLEM FOR
PARABOLIC SPDEs

IN HÖLDER CLASSES

By R. Mikulevicius

Institute of Mathematics and Informatics, Vilnius

We study Cauchy’s problem for certain second-order linear parabolic
stochastic differential equation (SPDE) driven by a cylindrical Brownian
motion. Considering its solution as a function with values in a probability
space and using the methods of deterministic partial differential equations,
we establish the existence and uniqueness of a strong solution in Hölder
classes.

1. Introduction. We consider the second-order linear parabolic SPDE of
the type

{
∂tu = 1/2aij∂iju+ bi∂iu+ cu+ f+ �hu+ g�Ẇ� in Rd

T,
u�0� x� = 0� in Rd,

(1)

where Rd
T = �0�T� × Rd, W is a cylindrical Wiener process in some Hilbert

space Y� The coefficients aij, bi, c and f are real-valued functions, aij is de-
terministic, while h, g are Y-valued. The matrix A = �aij� is assumed to be
symmetric and nonnegative. An important example of (1) is the Zakai equa-
tion [see Zakai (1969), Rozovskii (1990)]. It arises in the nonlinear filtering
problem. Assume that the signal process Xt is a diffusion process defined by
the Ito equation,

Xt =X0 +
∫ t

0
b�Xs�ds+

∫ t

0
σ�Xs�dws�

where w is a one-dimensional Wiener process and X0 has a density function
p�x�� The observation process is given by

Zt =
∫ t

0
h�Xs�ds+ w̄t�

where w̄ is a Wiener process independent of w� Then for every function ψ such
that E
ψ�Xt�
2 <∞� the optional mean square estimate for ψ�Xt�, t ∈ �0�1�,
given the past of the observations � Z

t = σ�Zs� s ≤ t�� is of the form

ψ̂t =
EP̃�ψ�Xt�ζt
� Z

t �
EP̃�ζt
� Z

t �
�
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where ζt = exp�∫ t0 h�Xs�dZs − 1/2
∫ t

0 
h�Xs�
ds� and dP̃ = ζ�1�−1dP� Under
some assumptions, one can show that

EP̃�ψ�Xt�ζt
� Z
t � =

∫
v�t� x�ψ�x�dx�

where v�t� x�, referred to as unnormalized filtering density function, is a so-
lution of the Zakai equation

dv = �1/2�σ2v�xx − �bv�x�dt+ hvdZt� t > 0� v�0� x� = p�x��
So, for u�t� x� = v�t� x� − p�x� we have

du=�1/2�σ2u�xx − �bu�x + 1/2�σ2p�xx − �bp�x�dt
+ �hu+ hp�dZt� t > 0� u�0� x� = 0�

(2)

Since Z is a Wiener process with respect to P̃� (2) is obviously a particular
case of (1).

The general Cauchy problem (correlated noise case in the nonlinear filtering
problem),

{
∂tu = 1/2aij ∂iju+ bi∂iu+ cu+ f+ �σiuxi + hu+ g�Ẇ� in Rd

T,
u�0� x� = 0� in Rd,

(3)

has been studied by many authors. When the matrix �aij−2σiσj� is uniformly
nondegenerate there exists a complete theory in Sobolev spaces Wn�2�Rd� [see
Pardoux (1975), Krylov and Rozovskii (1977), Rozovskii (1990), Da Prato and
Zabczyk (1992) and references therein] and in the spaces of Bessel potentials
H

p
s �Rd� [see Krylov (1996)].
Equation (1) in Hölder classes was considered first in Rozovskii (1975) re-

garding the unknown function as a deterministic one but taking values in a
probability space. The results in Rozovskii (1975) were not sharp. In this ar-
ticle we adopt the same point of view and use the methods of deterministic
PDEs [see Gilbarg and Trudinger (1983), Friedman (1964), Ladyzhenskaja,
Solonnikov and Uralteseva (1968)]. Using the fundamental solution of the
heat equation we represent a solution of (1) in a convenient form and derive
the Hölder estimates for the equation with coefficients independent of space
variables. Our main results are contained in Section 4 (see Theorems 19, 18,
17). By standard methods, we obtain a priori interior Schauder estimates for
the general SPDE. The existence and uniqueness result then follows by conti-
nuity arguments. We show (see Theorem 19 below) that for �aij�� bi� c� f ∈ Cβ

and h�g ∈ C1+β there exists a unique strong solution u ∈ C2+β of (1). So we
generalize the corresponding results for the deterministic parabolic Cauchy
problem [see Friedman (1964), Mikulevicius and Pragarauskas (1992)]. In
Mikulevicius and Rozovskii (1998) the uniqueness and existence of a weak
(soft) C2+β-solution of (3) was proved when aij� bi� c� σi� h�g are deterministic
Cβ-functions.
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We finish this section by introducing several notations to be used through-
out the paper.

Let Lp�%�Y�P� = Lp�%�Y�� �P�, p ∈ �1�∞� be the space of Hilbert space
Y-valued random variables X on a complete probability space �%�� �P� with
finite norm �X�p = �X�p�Y = �E
X
pY�1/p, �X�∞�Y = ess supω
X�ω�
Y. If
Y = R we write simply Lp�%�P�, 
X
p.

For an open subset D ⊆ Rd� denote DT = �0�T� ×D� D̄T = �0�T� × D̄�
Let Bp

loc�DT�Y� be the space of locally bounded Lp�%�Y�� �P�-valued F-
adapted functions g on DT, that is, for each compact subset K ⊂ D �g�0� p�KT

= supKT
�E
g�t� x�
pY�1/p < ∞, and for each t and xg�t� x� ∈ Lp�%��t�Y�P��

where F = ��t� is an increasing right continuous filtration of σ-subalgebras
of � � Let Bp�DT�Y� = �g ∈ B

p
loc�DT�Y�� �g�0� p = �g�0� p�T = �g�0� p�DT

=
supDT

�E
g�t� x�
pY�1/p <∞�.
For Lp�%�Y�� �P�-valued function u on DT� we denote its partial deriva-

tives in Lp�%�Y�� �P�-sense ∂iu = ∂xiu = ∂u/∂xi, ∂
2
iju = ∂2

xixj
u = ∂2u/

∂xi∂ xj, etc.; ∂u = ∂xu = �∂1u� � � � � ∂du� = gradient of u with respect to x.
Let Cm�p�DT�Y� = �g ∈ Bp

loc�DT�Y�� g is m times continuously differen-
tiable in x as Lp�%�Y�� �P�-valued function and its derivatives in
Lp �%�Y�� �P�-sense ∂kg = ∂kxg ∈ Bp

loc�DT�Y� for each k ≤m�.
Cm�p�D̄T�Y�: the set of functions g in Cm�p�DT�Y� all of whose derivatives

in Lp�%�Y�� �P�-sense of order less than or equal to m have continuous
extensions to D̄T and finite norm �g�m�p =

∑
k≤m �∂kg�0� p.

For β ∈ �0�1�� Cm+β�p�D̄T�Y� is the set of all g ∈ Cm�p�D̄T�Y� with finite
norm,

�g�m+β�p = �g�m+β�p�T = �g�m+β�p�DT
= �g�m�p + �g�m+β�p�

where �g�m+β�p = supt� x �=y�E
∂mg�t� x� − ∂mg�t� y�
pY�1/p/
x− y
β�
If Y = R we omit Y in the definition of these spaces and write simply 
 · 


instead of � · ��
C = C�·� � � � � ·�� c = c�·� � � � � ·� denotes constants depending only on quanti-

ties appearing in parentheses. In a given context the same letter will (gen-
erally) be used to denote different constants depending on the same set of
arguments.

2. Auxiliary results. Let �%�� �P� be a complete probability space with
right continuous filtration of σ-algebras F = ��t�t≥0. Let W be a cylindrical
Wiener process in a separable Hilbert space Y. This means that we have a
family of continuous martingales Wt�v�� v ∈ Y, such that

�W�v��W�v′��t = t �v� v′�Y ∀v� v′ ∈ Y�
For an F-adapted Y-valued function f such that

∫ t
0 
fs
2Y ds <∞ P-a.s. for all

t� we can define Itô’s stochastic integral denoted
∫ t

0
fs dWs =

∫ t

0
fsẆs ds�
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It is a real-valued local martingale such that �∫ .0 fs dWs�t =
∫ t

0 
fs
2Y ds�

2.1. Estimates of stochastic integrals.

Lemma 1. Let �µs� be a measurable family of σ-finite measures on a mea-
surable space �A�� �. Let f�g be Y-valued �t ⊗ � -adapted functions on

�0�T� × % × A such that
∫ T

0 
 ∫A g�s� a�µs�da�
2Y ds < ∞ and
∫ T

0

∫
A 
f�s� a�
Y
µs
 �da�ds <∞ P-a.s. Then for each p ≥ 2 there exist C independent of T

such that∣∣∣∣
∫ T

0

∫
A
g�s� a�µs�da� Ẇs ds

∣∣∣∣
p

≤C sup
s� a

�g�s� a��p
( ∫ T

0

µs
�A�2 ds

)1/2

,

∥∥∥∥
∫ T

0

∫
A
f�s� a�µs�da�ds

∥∥∥∥
p

≤ sup
s� a

�f�s� a��p
∫ T

0

µs
�A�ds�

(4)

Proof. If p ≥ 2 we have by Minkowsky inequality 
 ∫A g�s� a�µs�da�
2Y ≤�∫A 
g�s� a�
Y
µs
�da��2 and the second inequality in (4). Using Doob’s and
again Minkowsky’s inequalities, we obtain∣∣∣∣

∫ T

0

∫
A
g�s� a�µs�da� Ẇs ds

∣∣∣∣
p

≤C
∣∣∣∣
∫ T

0

∣∣∣∣
∫
A
g�s� a�µs�da�

∣∣∣∣
2

Y

ds�1/2
∣∣∣∣
p

≤C
∣∣∣∣
∫ T

0

(∫
A

g�s� a�
Y 
µs
�da�

)2

ds
)1/2

∣∣∣∣
p

≤C
(∫ T

0


∫
A

g�s� a�
Y
µs
�da�
2pds

)1/2

≤C
(∫ T

0

(∫
A
�g�s� a��p 
µs
�da�

)2
ds

)1/2

� ✷

Corollary 2. Let the assumptions of Lemma 1 be satisfied. Assume that
there is a nonnegative σ-finite measure da on �A�� � such that µs�da� =
ρ�s� a�da� Then∣∣∣∣

∫ T

0

∫
A
g�s� a�µs�da� Ẇs ds

∣∣∣∣
p

≤ C

(∫ T

0

( ∫
A
�g�s� a��pρ�s� a�da

)2
ds

)1/2

≤ C sup
s� a

�g�s� a��p
∫
A

( ∫ T

0
ρ�s� a�2 ds

)1/2

da�

We will need some estimates for singular stochastic integrals. Assume we
are given two deterministic functions H�m�

t� s �x��m = 1�2� s < t� x ∈ Rd� For
β ∈ �0�1� we will need the following assumptions A�m�(m = 1� 2�):

(a) For all t, ∫ t

0

(∫ ∣∣∣H�m�
t� s �y�

∣∣∣�
y
β ∧ 1�dy
)m

ds <∞�
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(b) There is a constant C1 such that for all t� x,

(∫ t

0

∣∣∣H�m�
t� s �x�

∣∣∣m ds
)1/m

≤ C1
x
−d�

(c) There is a constant C2 such that for all t� x,

(∫ t

0

∂xHt� s�x�
m ds

)1/m

≤ C2
x
−d−1�

(d) For each γ ∈ �0�1� there is a constant C3 such that for all t� δ > 0� 
x

≤ γδ,

∫ t

0

∣∣∣∣
∫

x+y
≥δ

H
�m�
t� s �y�dy

∣∣∣∣
m

ds ≤ C3�

If A (1) is satisfied, we can define the operator on Cβ�p�Rd
T�,

� 1f�t� x� =
∫ t

0

∫
H

�1�
t� s�x− y��f�s� y� − f�s� x��dyds�(5)

If A (2) is satisfied, we can define an operator on Cβ�p�Rd
T� Y�,

� 2f�t� x� =
∫ t

0

∫
H

�2�
t� s�x− y��f�s� y� − f�s� x��dyẆs ds�(6)

Lemma 3. Let A�m�, m = 1�2 be satisfied. Then � if ∈ Cβ�p�Rd
T��m =

1�2� and there is a constant C independent of T such that

[
� if

]
β�p�T ≤ C�C1 +C2 +C3��f�β�p�T�

Proof. (i) Estimate of �� 1f�β�p. Fix any x� x̄� t� Writing δ = 
x− x̄
� ξ =
1/2�x+ x̄�, we consequently obtain by subtraction

� 1f�t� x� −� 1f�t� x̄� = I1 + I2 + I3 + I4�

where the integrals Ii� i = 1�2�3�4� are given by

I1 =
∫ t

0

∫
Bδ�ξ�

H
�1�
t� s �x− y��f�s� y� − f�s� x� �dyds�

I2 = −
∫ t

0

∫
Bδ�ξ�

H
�1�
t� s �x̄− y��f�s� y� − f�s� x̄��dyds�

I3 =
∫ t

0

∫
Bδ�ξ�c

H
�1�
t� s �x̄− y��f�s� x̄� − f�s� x��dyds�

I4 =
∫ t

0

∫
Bδ�ξ�c

�H�1�
t� s �x− y� −H

�1�
t� s �x̄− y���f�s� y� − f�s� x��dyds�
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By Lemma 1,


I1
p + 
I2
p ≤ C�f�β�p
∫ t

0

∫
B3δ/2�x�

∣∣∣H�1�
t� s �x− y�

∣∣∣
x− y
β dyds

≤ CC1

∫
B3δ/2�x�


x− y
−d+β dy ≤ CC1δ
β�f�β�p�

Applying Lemmas 1 and 4 again,


I3
p ≤ C�f�β�pδβ
∫ t

0

∣∣∣∣
∫
Bδ�ξ�c

H
�1�
t� s�x̄− y�dy

∣∣∣∣ds ≤ CC3δ
β�f�β�p�

If x̂ is an arbitrary point on the segment joining x and x̄ and 
ξ − y
 ≥ δ,
then 3

2 
ξ − y
 ≥ 
x̂− y
 ≥ 1
2 
ξ − y
� Therefore by Lemma 4,


I4
p ≤ Cδ �f�β�p
∫ 1

0

∫ t

0

∫

ξ−y
≥δ

∣∣∣∂xH�1�
t� s �rx̄+ �1− r�x− y�

∣∣∣ 
x− y
βdydsdr

≤ CC2δ �f�β�p
∫

ξ−y
≥δ


ξ − y
−d−1+β dy ≤ CC2δ
β�f�β�p�

(ii) Estimate of �H2f�β�p. Denoting δ = 
x− x̄
� ξ = 1
2�x+ x̄� we obtain by

subtraction H2f�t� x� −H2f�t� x̄� = I1 + I2 + I3 + I4, where

I1 =
∫ t

0

∫
Bδ�ξ�

H
�2�
t� sf �x− y��f�s� y� − f�s� x� �dyẆds�

I2 = −
∫ t

0

∫
Bδ�ξ�

H
�2�
t� s �x̄− y��f�s� y� − f�s� x̄�dyẆds�

I3 =
∫ t

0

∫
Bδ�ξ�c

H
�2�
t� s �x̄− y��f�s� x̄� − f�s� x��dyẆds�

I4 =
∫ t

0

∫
Bδ�ξ�c

�H�2�
t� s �x− y� −H

�2�
t� s �x̄− y���f�s� y� − f�s� x��dyẆds�

By Lemmas 1 and 4,


I1
p + 
I2
p ≤ C�f�β�p
( ∫ t

0

( ∫
B3δ/2�x�

∣∣∣H�2t�
t� s �x− y�

∣∣∣ 
x− y
β dy
)2

ds

)1/2

≤ C�f�β�p
∫
B3δ/2�x�

( ∫ t

0
H

�2�
t� s�x− y�2ds

)1/2


x− y
β dy

≤ C�f�β�pC1

∫
B3δ/2�x�


x− y
−d+β dy ≤ CC1�f�β�p δβ�

Again by Lemmas 1 and 4,


I3
p ≤ Cδβ�f�β�p
( ∫ t

0

( ∫
∂Bδ�ξ�

H
�2�
t� s �x̄− y�dy

)2

ds

)1/2

≤ CC3δ
β�f�β�p�
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If x̂ is an arbitrary point on the segment joining x and x̄ and 
ξ − y
 ≥ δ,
then 3

2 
ξ − y
 ≥ 
x̂ − y
 ≥ 1
2 
ξ − y
� So by Lemmas 1 and 4 we achieve the

estimate


I4
p ≤ Cδ �f�β�p
∫ 1

0

( ∫ t

0

( ∫

ξ−y
≥δ


∂xH�2�
t� s�rx̄+ �1− r�x− y� 



x− y
βdy
)2

ds

)1/2

dr

≤ Cδ�f�β�p
∫ 1

0

∫

ξ−y
≥δ

( ∫ t

0

∂xH�2�

t� s�rx̄+ �1− r�x− y� 
2 ds
)1/2


x− y
β dy

≤ Cδ �f�β�p
∫

ξ−y
≥δ


ξ − y
−d−1+β dy ≤ CC2δ
β�f�β�p� ✷

2.2. Inequalities for the fundamental solution of heat equation. Consider
a heat equation in �0�T� ×Rd,

∂tu = 1
2 a

ij
t ∂

2
iju− λu�(7)

where a = �aijt �� t ∈ �0�T� is a measurable nonnegative symmetric matrix and
λ ≥ 0. The summation convention that repeated indices indicate summation
from 0 to d is followed here as it will throughout. It will be assumed that
there exist λ0�K > 0 such that


a
 ≤K�a
ij
t ξiξj ≥ λ0
ξ
2 ∀ξ = �ξ1� � � � � ξd� ∈ Rd�(8)

Let At� s = �∫ ts aijr dr�1≤i�j≤d. The function

Gλ
t� s �x� =

1
�2π�d/2�det At� s�1/2

exp�−1/2 �A−1
t� sx� x� − λ �t− s��� s < t�

satisfies (7) for each x� t > s dt-a.e. Obviously, Gλ
t� s �x� = exp−λ �t−s�G0

t� s�x��
Define

Bh
t� s�x�=G0

t+h� s�x� −G0
t� s�x�

=
∫ t+h

t

1
2
aijr ∂

2
ijG

0
r� s�x�dr�

(9)

Remark 1. Let (8) be satisfied. Then:

(a) For k ≥ 0 there exists a constant C = C�λ0�K�k�m�d� such that for
each t > s� x,


∂kGλ
t� s �x�
 ≤ C�t− s�−�d+k�/2 exp�−c
x
2/�t− s���(10)

(b) For k = 0�1 there exists a constant C = C�λ0�K�k�m�d� such that for
each s < t� h > 0,
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∂kBh
t� s�x�
 ≤C

∫ t+h

t
�r− s�−�d+k+2�/2 exp�−c
x
2/�r− s��dr

≤C
x
−�d+k��F�
x
/√t− s� −F�
x
/
√
t+ h− s���

(11)

where F�s� = ∫ s
0 r

d+k−1 exp�−cr2�dr�

Remark 2. Let (8) hold. Then:

(a) For k ≥ 0�m ≥ 1� m�d + k� > 2 there exist a constant C = C�λ0�K�k�
m�d� such that for all t ≥ 0,

∫ t

0

∂kGλ

t� r �x�
m dr≤C
x
−m�d+k�+2F�
x
/√t�
≤C
x
−m�d+k�+2�

(12)

where F�s� = ∫∞
s rm�d+k�−3 exp�−cr2�dr�

(b) For k = 0�1 there exists a constant C = C�λ0�K�k�m�d� such that for
each s < t� h > 0,

∫ t

0

∂kBh

t� s�x�
m ds ≤ Cmin�
x
−�d+k�m+1h1/2� 
x
−m�d+k�h��(13)

Proof. Indeed, we have by (10),

∫ t

0

∂kGλ

t� r �x�
mdr ≤ C
∫ t

0
�t− s�−m�d+k�/2 exp�−c
x
2/�t− s��ds

≤ C
x
−m�d+k�+2F
(
x
/√t)

and (12) follows.
Now for k = 0�1�2,

∫ t

0

∂kBh

t� s�x�
m ds

≤ C
x
−m�d+k�
∫ t

0

(
F
(
x
/√t− s

)−F
(
x
/√t+ h− s

))m
ds

≤ Cmin
{

x
−�d+k�m+1

∫ t

0

(
1√
t− s

− 1√
t+ h− s

)
ds� 
x
−m�d+k�h

}

and (13) follows. ✷

Lemma 4. Let (8) hold. Then:

(a) For m ≥ 0� k ≥ �2/m+1−d�∨1, γ ∈ �0�1� there exist C = C�λ0�K�k� γ�
m�d� such that for each s < t� a > 0� 
x
 ≤ γa,
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∫ t

s

∣∣∣∣
∫

x+y
≥a

∂kGλ
t� r �y�dy

∣∣∣∣
m

dr

=
∫ t

s

∣∣∣∣
∫

x+y
≤a

∂kGλ
t�r �x− y�dy

∣∣∣∣
m

dr ≤ Ca2−mk�
(14)

(b) For m = 1�2� k = 0�1� γ ∈ �0�1� there exist C = C�λ0�K�k� γ�m�d�
such that for each s < t� a > 0� 
x
 ≤ γa,

∫ t

s

∣∣∣∣
∫

x+y
≥a

∂kBh
t�r�y�dy

∣∣∣∣
m

dr

=
∫ t

s

∣∣∣∣
∫

x+y
≤a

∂kBh
t�r�y�dy

∣∣∣∣
m

dr

≤ Cmin�a1−kmh1/2� a−kmh��

(15)

Proof. (a) If k ≥ 1�
∫
∂kGλ

t�r �y�dy = 0. So,

∣∣∣∣
∫

x+y
≤a

∂kGλ
t� r �y�dy

∣∣∣∣ =
∣∣∣∣
∫

x+y
≥a

∂kGλ
t� r �y�dy

∣∣∣∣�(16)

Denoting B�r� the right side of (16) we have by (12) (Remark 2),

B�r�≤
( ∫


y
≤a�1+γ�

∂kGλ

t� r �y�
dy
)m

≤CF��1+ γ�a/√t− r�m�t− r�−mk/2�
(17)

where F�s� = ∫ s
0 ρ

d−1 exp�−cρ2�dρ� On the other hand, it follows from (16)
and (12) (Remark 2),

B�r�≤
( ∫


y
≥�1−γ�a

∂kGλ

t� r �y�
dy
)m

≤CF̃��1− γ�a/√t− r�m�t− r�−mk/2�
(18)

where F̃�b� = F�∞� − F�b�� Let F̄�b� = min�F̃��1 − γ�b�� F��1 + γ�b��. So
by (17), (18)

B�r� ≤ CF̄�a/√t− r�m�t− r�−mk/2�
Thus, ∫ t

0
B�r�dr ≤ C

∫ t

s
F̄�a/√t− r�m�t− r�−mk/2 dr�

Introducing a new variable of integration r̄ = a/
√
t− r we have∫ t

s
B�r�dr ≤ Ca2−mk

∫ ∞
0
F̄�r̄�mr̄mk−3 dr̄�

Since F̄�b� ≤ Cbd, if b ≤ 1� and F̄�b� ≤ Ce−cb
2

for large b� the inequality
follows.
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(b) Since
∫ 1

2a
ij
r ∂k∂

2
ijG

0
r� s�y�dy = 0� the first equality in (15) follows. Denote

D�r�=
∣∣∣∣
∫

x+y
≤a

1
2a

ij
r ∂

k∂2
ijG

0
r� s�y�dy

∣∣∣∣
=
∣∣∣∣
∫

x+y
≥a

1
2a

ij
r ∂

k∂2
ijG

0
r� s�y�dy

∣∣∣∣�
(19)

By Remark 1 and using the first equality, we have

D�r� ≤ C
∫

y
≤�1+γ�a

�r− s�−�d+k+2�/2 exp�−c
y
2/�r− s��dy

≤ CF̄�a/√r− s��r− s�−�k+2�/2�

where F̄�s� = ∫ �1+γ�s
0 ρd−1 exp�−cρ2�dρ�

On the other hand, by Remark 1 and the second equality in (19),

D�r� ≤ C
∫

y
≥�1−γ�a

�r− s�−�d+k+2�/2 exp�−c
y
2/�r− s��dy

= CF̃�a/√r− s��r− s�−�k+2�/2�

where F̃�s� = ∫∞
�1−γ�s ρ

d−1 exp�−cρ2�dρ� Let F�s� = min�F̄�s�� F̃�s��� Then∣∣∣∣
∫

x+y
≥a

∂kBh
t� r�y�dy

∣∣∣∣ =
∣∣∣∣
∫

x+y
≤a

∂kBh
t� r�y�dy

∣∣∣∣
×C

∫ t+h

t
F�a/√r− s��r− s�−�k+2�/2 dr

≤ Ca−k�G�a/√t− s� −G�a/
√
t+ h− s���

where G�s� = ∫ s
0 F�u�uk−1 du is a bounded and boundedly continuously dif-

ferentiable function. Then for m = 1�2,∫ t

0
�G�a/√t− s� −G�a/

√
t+ h− s��m ds

≤ Cmin�ah1/2� h��
Thus,

∫ t

s

∣∣∣∣
∫

x+y
≥a

∂kBh
t� r�y�dy

∣∣∣∣
m

dr =
∫ t

s

∣∣∣∣
∫

x+y
≤a

∂kBh
t� r�y�dy

∣∣∣∣
m

dr

≤ Cmin�a1−kmh1/2� a−kmh�� ✷

3. Linear equation with constant coefficients. Let �%�� �P� be a
complete probability space with right continuous filtration of σ-algebras F =
��t�0≤t. Let W be a cylindrical Wiener process in a separable Hilbert space Y.
This means that we have a family of continuous martingales Wt�v�� v ∈ Y,
such that

�W�v��W�v′��t = t �v� v′�Y ∀v� v′ ∈ Y�
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For an F-adapted Y-valued function f such that
∫ t

0 
fs
2Y ds <∞ P-a.s. for all
t, we can define Itô’s stochastic integral, denoted

∫ t

0
fs dWs =

∫ t

0
fs Ẇsds�

It is a real-valued local martingale such that �∫ .0 fs dWs�t =
∫ t

0 
fs
2Y ds�
We start with the equation

{
∂tu = 1/2aijt ∂iju− λu+ f+ gẆ� in DT,
u�0� ·� = 0� in D,

(20)

where aijt are measurable deterministic functions on �0�T�� λ ≥ 0 and aij = aji

for all i� j. The summation convention that repeated indices indicate summa-
tion from 0 to d is followed here as it will be throughout. It will be assumed
in this section that the following condition holds.
A1. There exist λ0�K > 0 such that


a
 ≤K�a
ij
t ξiξj ≥ λ0
ξ
2 for each ξ = �ξ1� � � � � ξd� ∈ Rd and t ∈ �0�T��

Definition 5. Let f ∈ B
p
loc�DT�� g ∈ B

p
loc�DT�Y�. We say that (20) holds

for u ∈ C2� p�DT� or u ∈ C2� p�DT� is a solution of (20) if for each �t� x� ∈ DT

P-a.s.,

u�t� x� =
∫ t

0
� 1

2a
ij
s ∂

2
iju�s� x� − λu�s� x� + f�s� x��ds+

∫ t

0
g�s� x� Ẇs ds�(21)

where
∫ t

0 g�s� x� Ẇsds =
∫ t

0 g�s� x�dWs�

3.1. Representation formula. As a part of the preparation for the regular-
ity and existence considerations, we will derive some representation formulas.

Let

Gλ
t� s �x� =

1
�2π�d/2�det At� s�1/2

exp�−1/2�A−1
t� sx� x� − λ �t− s��� s < t�

where At� s = �∫ ts aijr dr�1≤i� j≤d. The verification of the following relations for
s < t is straightforward:

∂tG
λ
t� s �x�= 1

2a
ij
t ∂

2
ij G

λ
t� s �x� − λGλ

t� s �x�� dt-a.e., t > s�

∂sG
λ
t� s �x�=− 1

2 a
ij
s ∂

2
ijG

λ
t� s �x� + λGλ

t� s �x�� ds-a.e., s < t�
(22)

The following statement follows easily by the Itô formula, (22) and (21).
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Lemma 6. Assume (20) holds for u ∈ C2� p�DT�, f ∈ B
p
loc�DT�, g ∈

B
p
loc�DT�Y�. Then for r < t� x� y ∈ D� t > 0, ϕ ∈ C2�D� we have P-a.s.,

Gλ
t� r �x�y�u�r� y�ϕ�y�

=
∫ r

0

[
Gλ
t� s �x�y�f�s� y�ϕ�y� + Gλ

t� s �x�y�g�s� y�ϕ�y�Ẇs

+ 1/2aijs �∂yj�∂iu�s� y�Gλ
t� s �x�y�ϕ�y��

− ∂yi�u�s� y�∂yjGλ
t� s �x�y�ϕ�y�� − ∂yi�u�s� y�Gλ

t� s �x�y�∂jϕ�y��

+ 2u�s� y�∂yjGλ
t� s �x�y�∂iϕ�y� + u�s� y�Gλ

t� s �x�y�∂2
ijϕ�y��

]
ds�

(23)

Here we derive a representation of a solution to (20) in D.

Lemma 7. Assume (20) holds for u ∈ C2� p�DT�� f ∈ Bp
loc�DT�, g ∈ Bp

loc�DT�
Y�. Then for ϕ ∈ C∞

0 �D� such that ϕ�x� = 1 and t ≥ 0 P-a.s.,

u�t� x� =
∫ t

0

∫
Gλ
t� s �x− y��f�s� y�ϕ�y�dyds

+
∫ t

0

∫
Gλ
t� s �x− y�g�s� y�ϕ�y�dyẆs ds

+ 1/2
∫ t

0

∫
aijs u�s� y��Gλ

t� s �x− y�∂2
ijϕ�y�

− 2∂jG
λ
t� s �x− y�∂iϕ�y��dyds�

Proof. Applying Lemma 6 to u�f�g�ϕ and integrating with respect to y,
we get

∫
Gλ
t� r �x− y�u�r� y�ϕ�y�dy=

∫ ∫ r

0
�Gλ

t� s �x− y�f�s� y�ϕ�y�

+Gλ
t� s �x− y�g�s� y�ϕ�y�Ẇs

+ 1/2aijs u�s� y��Gλ
t� s �x− y�∂2

ijϕ�y�
− 2∂jG

λ
t� s �x− y�∂iϕ�y���dsdy

(24)

for each r < t. We see immediately that

∫ r

0

∫
Gλ
t� s �x− y�g�s� y�ϕ�y�dyẆs ds

=
∫ ∫ r

0
Gλ
t� s �x− y�g�s� y�ϕ�y� Ẇs dsdy�

(25)
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Indeed, since ϕ ∈ C∞
0 �D� and g ∈ Bp

loc�DT�Y� we have

sup
s≤T�y


g�s� y�ϕ�y�
22�Y + sup
s≤T

∫

g�s� y�ϕ�y�
22�Y dy

≤ sup
s≤T�y


g�s� y�ϕ�y�
2p�Y + sup
s≤T

∫

g�s� y�ϕ�y�
2p�Y dy <∞�

(26)

LetMr�y� =
∫ r

0 G
λ
t� s �x−y�g�s� y�ϕ�y� Ẇs ds, andNr =

∫ r
0

∫
Gλ
t� s �x−y�g�s� y�

ϕ�y�dyẆsds. Inequality (26) guarantees that for each yNr�Mr�y�, N̄r =∫
Mr�y�dy are well defined. We have

EMr�y�2 = E
∫ r

0

Gλ

t� s �x− y�g�s� y�ϕ�y�
2Y ds

=
∫ r

0
Gλ
t� s �x− y�2E
g�s� y�
2Yϕ�y�2 ds�

EN2
r = E

∫ r

0

∫ ∣∣∣
∫
Gλ
t� s �x− y�g�s� y�ϕ�y�dy

∣∣∣2
Y
ds

=
∫ r

0

∫ ∫
Gλ
t� s �x− y�Gλ

t� s �x− ȳ�E(g�s� ȳ�� g�s� y�)
Y

× ϕ�ȳ�ϕ�y�dydȳds�
Since Mr�y� has a compact support in y and Gλ

t� s �x−y� is uniformly bounded
for s ∈ �0� r�N̄r is well defined. Also,

EMr�y�Mr�ȳ� =
∫ r

0
Gλ
t� s �x− y�Gλ

t� s �x− ȳ�E(g�s� ȳ�� g�s� y�)
Y

× ϕ�ȳ�ϕ�y�ds�

EN̄2
r = E

( ∫
Mr�y�dy

)2

=
∫ ∫ ∫ r

0
Gλ
t� s �x− y�Gλ

t� s �x− ȳ�E(g�s� ȳ�� g�s� y�)
Y

× ϕ�ȳ�ϕ�y�dsdydȳ�

E
(∫

Mr�y�dyNr

)
=

∫ ∫ r

0

∫
Gλ
t� s �x− y�Gλ

t� s �x− ȳ�E(g�s� ȳ�� g�s� y�)
Y

× ϕ�ȳ�ϕ�y�dȳdsdy�
So, E�Nr− N̄r�2 = 0 and (25) holds. It means we can interchange integrals

in (24). Passing to the limit as r→ t, we obtain the representation of u�t� x�.
✷

From this statement follows easily the uniqueness result for the Cauchy
problem, {

∂tu = 1/2aijt ∂iju− λu+ f+ gẆ� in Rd
T,

u�0� x� = 0� in Rd.
(27)
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Theorem 8. Assume (27) holds for u ∈ C2� p�Rd
T� ∩ Bp�Rd

T�, f ∈ Bp�Rd
T�,

g ∈ Bp�Rd
T�Y�, p ≥ 2. Then for each �t� x� ∈ Rd

T we have P-a.s.,

u�t� x� =
∫ t

0

∫
Gλ
t�s �x− y�f�s� y�dyds

+
∫ t

0

∫
Gλ
t� s �x− y�g�s� y�dyẆs ds�

Proof. Let φ ∈ C∞
0 �Rd� be such that 0 ≤ φ ≤ 1, φ�x� = 1, if 
x
 ≤ 1,

φ�x� = 0, if 
x
 ≥ 2. Define ϕε�x� = φ�xε�, ε > 0 and apply Lemma 7. For

x
 ≤ ε−1 we have, P-a.s.,

u�t� x� =
∫ t

0

∫
Gλ
t� s �x− y�f�s� y�ϕε�y�dyds

+
∫ t

0

∫
Gλ
t� s �x− y�g�s� y�ϕε�y�dyẆs ds

+ 1/2
∫ t

0

∫
aijs u�s� y��Gλ

t� s �x− y�∂2
ijϕε�y�

− 2∂jG
λ
t� s �x− y�∂iϕε�y��dyds�

Using the boundedness of f�g�u we obtain the representation by passing to
the limit, as ε→ 0� ✷

3.2. Interior Hölder estimates. Introduce the operators Rλ� Bp�Rd
T� →

Bp�Rd
T�, R̃λ� Bp�Rd

T�Y� → Bp�Rd
T� defined by stochastic integrals,

Rλf = Rλf�t� x� =
∫ t

0

∫
Gλ
t� s �x− y�f�s� y�dyds� �t� x� ∈ Rd

T�

f ∈ Bp�Rd
T�� p ≥ 2�

R̃λg = R̃λg�t� x� =
∫ t

0

∫
Gλ
t� s �x− y�g�s� y�dyẆsds� �t� x� ∈ Rd

T�

g ∈ Bp�Rd
T�Y�� p ≥ 2�

Indeed, for each �t� x� ∈ Rd
T applying Lemma 1 with µs�da� = Gλ

t� s �x−y�dy�
we have


R̃λg�t� x�
p ≤ C sup
s� y

�g�s� y��p
( ∫ T

0
µs�Rd�2 ds

)
�


Rλf�t� x�
p ≤ C sup
s� y


f�s� y�
p
∫ T

0
µs�Rd�ds�

and obviously µs�Rd� = ∫
Gλ
t� s �y�dy ≤ C

∫
exp�−c
y
2�dy <∞�

Now we show that Hölder continuity in the Lp�%�� �P�-sense of f, g im-
plies differentiability and Hölder continuity in the Lp�%�� �P�-sense of Rλf

and R̃λg�
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Lemma 9. Let f ∈ Cβ.p�Rd
T�, g ∈ C1+β�p�Rd

T�Y�, p ≥ 2. Then Rλf, R̃λg ∈
C2�p�Rd

T�, and for each �t� x� P-a.s.,

∂2
ijR

λf�t� x� =
∫ t

0

∫
∂2
ijG

λ
t� s �x− y��f�s� y� − f�s� x��dyds�

∂2
ijR̃

λg�t� x� =
∫ t

0

∫
∂j G

λ
t� s �x− y��∂i g�s� y� − ∂ig�s� x��dyẆs ds�

∂iR
λf�t� x� =

∫ t

0

∫
∂iG

λ
t� s �x− y��f�s� y� − f�s� x��dyds

=
∫ t

0

∫
∂iG

λ
t� s �x− y�f�s� y�dyds�

∂iR̃
λg�t� x� =

∫ t

0

∫
Gλ
t� s �x− y��∂i g�s� y� − ∂ig�s� x��dyẆs ds

+
∫ t

0
∂ig�s� x� Ẇs ds =

∫ t

0

∫
Gλ
t�s �x− y�∂i g�s� y�dyẆs ds�

Proof. For r < t we define

A�t� r� x� =
∫ r

0

∫
Gλ
t� s �x− y�f�s� y�dyds�

B�t� r� x� =
∫ r

0

∫
Gλ
t� s �x− y�g�s� y�dyẆs ds�

By virtue of the estimates (10) for each k ≥ 0,

∂kA�t� r� x� =
∫ r

0

∫
∂kGλ

t� s �x− y�f�s� y�dyds�

∂kB�t� r� x� =
∫ r

0

∫
∂k Gλ

t� s �x− y�g�s� y�dyẆs ds�

Since for k ≥ 1,
∫
∂kGλ

t� s �x − y�dy = 0 we see immediately that for each
i� j,

∂kA�t� r� x� =
∫ r

0

∫
∂kGλ

t� s �x− y��f�s� y� − f�s� x��dyds�

∂2
ijB�t� r� x� =

∫ r

0

∫
∂j G

λ
t� s �x− y��∂i g�s� y�

− ∂ig�s� x��dyẆs ds�

Also, obviously,

∂iB�t� r� x� =
∫ r

0

∫
∂i G

λ
t� s �x− y�g�s� y�dyẆs ds

=
∫ r

0

∫
Gλ
t� s �x− y��∂i g�s� y� − ∂ig�s� x��dyẆs ds

+
∫ r

0
∂ig�s� x� Ẇs ds�
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Consider

Ã�t� v� x� =
∫ t

v

∫
∂2
ijG

λ
t� s �x− y��f�s� y� − f�s� x� �dyds�

B̃�t� v� x� =
∫ t

v

∫
∂j G

λ
t� s �x− y��∂i g�s� y� − ∂ig�s� x��dyẆs ds�

By Lemmas 1 and 4 these functions are well defined and 
Ã�t� v� x�
p ≤ C�t−
v�β/2� 
B̃�t� v� x�
p ≤ C�t− v�β/2�

Thus the first two equalities follow by uniform convergence:

sup
x

A�t� r� x� −Rλf�t� x�
p + 
B�t� r� x� − R̃λg�t� x�
p → 0 as r→ t�


∂2
ijA�t� r� x� − Ã�t�0� x�
p ≤ 
Ã�t� r� x�
p ≤ C�t− r�β/2 → 0 as r→ t�


∂2
ijB�t� r� x� − B̃�t�0� x�
p ≤ 
B̃�t� r� x�
p ≤ C�t− r�β/2 → 0 as r→ t�

Similarly we prove that ∂A�t� r� x�, ∂B�r� t� x� converge uniformly to the right-
hand sides of the last two equalities of this lemma. So the statement follows.

✷

Now we can prove that the formula for u given in Theorem 8 defines a
solution of the Cauchy problem (27).

Theorem 10. Let f ∈ Cβ.p�Rd
T�, g ∈ C1+β�p�Rd

T�Y�, p ≥ 2. Then u =
Rλf+ R̃λg is a solution of the Cauchy problem (27).

Proof. Denote for s < t,

J�t� s� x� =
∫
Gλ
t� s �x− y�f�s� y�dy�

J̃�t� s� x� =
∫
Gλ
t� s �x− y�g�s� y�dy�

Then for s < t, k ≥ 0 we have P-a.s.,

∂kJ�t� s� x� =
∫
∂kGλ

t� s �x− y�f�s� y�dy�

∂kJ̃�t� s� x� =
∫
∂kGλ

t� s �x− y�g�s� y�dy�

By the estimates (12), Remark 1,

∂2
ijJ�t� s� x�=

∫
∂2
ijG

λ
t� s �x− y��f�s� y� − f�s� x��dyds�

∂2
ijJ̃�t� s� x�=

∫
∂j G

λ
t� s �x− y��∂i g�s� y� − ∂ig�s� x��dy�

(28)
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By Lemma 1, and 4 and (28),
∫ t

s

∂2J�r� s� x�
p dr≤C
f 
β�p�t− s�β/2�

∫ t

s
�∂2

ijJ̃�r� s� x��2
p dr≤C�∂g�2β�p�t− s�β�

(29)

Then for each s < t,

J�t� s� x� = f�s� x� +
∫ t

s
�1/2aijr ∂2

ijJ�r� s� x� − λJ�r� s� x��dr�

J̃�t� s� x� = g�s� x� +
∫ t

s
�1/2aijr ∂2

ijJ̃�r� s� x� − λJ̃�r� s� x��dr�

Since u�t� x� = ∫ t
0 J�t� s� x�ds+

∫ t
0 J̃�t� s� x� Ẇds, we have for each t P-a.s.,

u�t� x� =
∫ t

0
f�s� x�ds+

∫ t

0
g�s� x�Ẇs ds

+
∫ t

0

∫ t

s
1/2aijr ∂

2
ijJ�r� s� x�drds+

∫ t

0

∫ t

s
1/2aijr ∂

2
ijJ̃�r� s� x�drẆds

−λ
∫ t

0

∫ t

s
J�r� s� x�drds− λ

∫ t

0

∫ t

s
J̃�r� s� x�drẆs ds�

By (29) and stochastic Fubini’s theorem,

u�t� x� =
∫ t

0
f�s� x�ds+

∫ t

0
g�s� x� Ẇs ds

+
∫ t

0
1/2aijr

∫ r

0
∂2
ijJ�r� s� x�dsdr+

∫ t

0
1/2aijr

∫ r

0
∂2
ijJ̃�r� s� x� Ẇdsdr

−λ
∫ t

0

∫ r

0
J�r� s� x�dsdr− λ

∫ t

0

∫ r

0
J̃�r� s� x� Ẇdsdr�

Now the statement follows immediately by (28) and Lemma 9. ✷

The following two lemmas are crucial for the Cauchy problem and interior
Hölder estimates.

Lemma 11. Let f ∈ Cβ�p�Rd
T�, g ∈ C1+β�p�Rd

T�Y�, p ≥ 2. Then Rλf, R̃λg ∈
C2+β�p�Rd

T� and

�Rλf�2+β�p ≤ C �f �β�p�
�R̃λg�2+β�p ≤ C�∂g�β�p�

Rλf 
0� p ≤ �1/λ ∧T� 
f 
0� p�

R̃λg
0� p ≤ C�1/

√
λ ∧

√
T��g�0� p�
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Proof. (i) Estimate of 
R̃λg
0� p, 
Rλf
0� p. By Lemma 1,


R̃λg�t� x� 
p ≤ C

( ∫ t

0
�
∫
Gλ
t� s �x− y�
g�s� y� 
p dy�2 ds

)1/2

≤ C
g
0� p
( ∫ t

0
exp�−2λ �t− s��ds

)1/2

�


Rλf�t� x�
p ≤
∫ t

0

∫
Gλ
t� s �x− y�
f�s� y
p dyds

≤ 
f 
0� p
∫ t

0
exp�−λ �t− s��ds�

(ii) Estimates of �Rλf�2+β�p, �R̃λg�β�p. Denoting w = ∂2
ijR

λf, w̃ = ∂2
ijR̃

λg,
we have by Lemma 9 for any x� t,

w�t� x� =
∫ t

0

∫
∂2
ijG

λ
t� s �x− y��f�s� y� − f�s� x��dyds�

w̃�t� x� =
∫ t

0

∫
∂j G

λ
t� s �x− y��∂i g�s� y� − ∂ig�s� x��dyẆs ds�

Now the statement follows by Lemma 3, Remark 2 and Lemma 4. ✷

Lemma 12. Let B′ = BR�x0�, B = B2R�x0� be two concentric balls, f ∈
Cβ�p�Rd

T�, g ∈ C1+β�p�Rd
T�Y�, p ≥ 2, be such that f�t� x� = 0� g�t� x� = 0 if

x /∈ B�0 ≤ t ≤ T. Then


∂2Rλf
0� p�B′
T
≤ C�Rβ�f�β�p�BT

+ 
f 
0� p�B′
T
��


∂2R̃λg
0� p�B′
T
≤ C�Rβ�∂g�β�p�BT

+ 
∂g
0� p�B′
T
��

Proof. By Lemma 9 for �t� x� ∈ B′
T we have ∂2Rλf�t� x� = I1 + I2, where

I1 =
∫ t

0

∫
B
∂2
ijG

λ
t� s �x− y��f�s� y� − f�s� x��dyds�

I2 = −
∫ t

0

∫
Bc
∂2
ijG

λ
t� s �x− y�f�s� x�dyds�

By Lemmas 1 and 4,


I1
p ≤ CRβ�f�β�p�BT
�


I2
p ≤ C
f 
0� p�B′

∫ t

0

∣∣ ∫
Bc
∂2
ijG

λ
t� s �x− y�dy∣∣ds ≤ C
f 
0� p�B′ �

By Lemmas 9 for �t� x� ∈ B′
T we have ∂2R̃λg�t� x� = I1 + I2, where

I1 =
∫ t

0

∫
B
∂jG

λ
t� s �x− y��∂ig�s� y� − ∂ig�s� x��dyẆs ds�

I2 = −
∫ t

0

∫
Bc
∂jG

λ
t� s �x− y�∂ig�s� x�dyẆs ds�
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By Lemmas 1 and 4,


I1
p ≤ C�∂g�β�p�BT

( ∫ t

0

( ∫

x−y
≤3R

∣∣∂jGλ
t� s �x− y�∣∣ 
x− y
βdy

)2

ds

)1/2

≤ CRβ�∂g�β�p�BT
�


I2
p ≤ C�∂g�0� p�B′
T

( ∫ t

0

( ∫
Bc
∂jG

λ
t�s �x− y�dy

)2

ds

)1/2

≤ C�∂g�0� p�B′
T
� ✷

Using the interior representation formula and the last two lemmas, we
prove now the basic result needed for the interior Hölder estimates.

Lemma 13. Let (20) hold for u ∈ C2� p�DT�, f ∈ Cβ.p�DT�, g ∈ Cβ�p�DT�Y�
and p ≥ 2. Let B1 = BR�x0�, B2 = B2R�x0� be concentric balls in D, B̄2 ⊂ D.
Then


∂2u
0� p�B1
T
≤ C

(
R−2
u
0� p�B2

T
+Rβ�f�β�p�B2

T
+ 
f 
0� p�B2

T

+Rβ�∂g�β�p�B2
T
+ �∂g�0� p�B2

T
+R−1+β�g�β�p�B2

T

+R−1�g�0� p�B2
T

)
�

�∂2u�β�p�B1
T
≤ C

(
R−2−β
u
0� p�B2

T
+ �f�β�p�B2

T
+R−β
f 
0� p�B2

T

+ �∂g�β�p�B2
T
+R−β�∂g�0� p�B2

T
+R−1�g�β�p�B2

T

+R−1−β�g�0� p�B2
T

)
�

Proof. Fix φ ∈ C∞
0 �Rd� such that 0 ≤ φ ≤ 1, φ�x� = 1, if 
x
 ≤ 3/2,

φ�x� = 0, if 
x
 ≥ 2. Define ϕ�x� = φ��x− x0�/R� for some x0 ∈ D. Obviously
for each k ≥ 0,


∂kϕ�x�
 ≤ C�k�R−k�(30)

By Lemma 7 for each �t� x� ∈ B1
T P-a.s.,

u�t� x� =
∫ t

0

∫
Gλ
t� s �x− y�f�s� y�ϕ�y�dyds

+
∫ t

0

∫
Gλ
t� s �x− y�g�s� y�ϕ�y�dyẆs ds

+ 1/2
∫ t

0

∫
aijs u�s� y��Gλ

t� s �x− y�∂2
ijϕ�y�

− 2∂jG
λ
t� s �x− y�∂iϕ�y��dyds�

Denote the last integral E�t� x�. We have by estimates on B1 for each k ≥ 0,

∂kE�t� x� = 1/2
∫ t

0

∫
aijs u�s� y�

{
∂kGλ

t�s �x− y�∂2
ijϕ�y�

− 2∂k∂jG
λ
t�s �x− y�∂iϕ�y�

}
dyds�



CAUCHY PROBLEM FOR PARABOLIC SPDEs 93

So by Lemma 1, (30) and Lemma 4 for each x ∈ B1, k ≥ 2,


∂kE�t� x�
p ≤ C 
u
0� p�B2
T

∫ t

0

∫
R/2≤
x−y
≤3R

(
∂kGλ
t� s �x− y�
R−2

+ 
∂k∂jGλ
t� s �x− y�
R−1)

× dyds ≤ CR−k
u
0� p�B2
T
�

We have obviously

�∂2E�β�p ≤ CR−2−β
u
0� p�B2
T
�

Now the inequalities follow by Lemmas 11 and 12. Indeed, denoting w =
∂2Rλ�fϕ�, w̃ = ∂2R̃λ�gϕ� we have

�w�β�p�B1
T
≤ C�fϕ�β�p�B2

T
≤ C��f�β�p�B2

T
+R−β
f 
0� p�B2

T
��


w
0� p�B1
T
≤ C�Rβ�fϕ�β�p�B2

T
+ 
fϕ
0� p�B2

T
�

≤ C�Rβ�f�β�p�B2
T
+ 
f 
0� p�B2

T
��

�w̃�β�p�B1
T
≤ C�∂�gϕ��β�p�B2

T

≤ C��∂g�β�p�B2
T
+R−β�∂g�0� p�B2

T
+R−1�g�β�p�B2

T
+R−1−β�g�0� p�B2

T
��


w̃
0� p�B1
T
≤ C�Rβ�∂�gϕ��β�p�B2

T
+ 
∂�gϕ�
0� p�B2

T
�

≤ CRβ�∂g�β�p�B2
T
+ �∂g�0� p�B2

T
+R−1+β�g�β�p�B2

T
+R−1�g�0� p�B2

T
�

Now the statement follows. ✷

For x� y ∈ D let us write dx = dist �x� ∂D� ∧ 1� dx�y = dx ∧ dy. We de-
fine for u ∈ Cm�p�DT�Y�, Cm+β�p�DT�Y� the following quantities which are
analogous of the global Hölder seminorms and norms:

�u�∗m�p = �u�∗m�p�DT
= �u�0� p�DT

+ �u�∗m�p�DT

= �u�0� p�DT
+ sup

DT

dmx 
∂mu�t� x�
p�

�u�∗m+β�p = �u�∗m+β�p�DT
= �u�∗m�p + �u�∗m+β�p�

where

�u�∗m+β�p = �∂mu�∗β�p

= sup
t� x �=y

�∂mu�t� x� − ∂mu�t� y��pdm+βx�y


x− y
β �

If Y = R, we write simply 
 · 
∗ instead of � · �∗. We note that �u�∗m�p�DT
,

�u�∗m+β�p�DT
are norms on the subspaces of Cm�p�DT�, Cm+β�p�DT�, respec-

tively, for which they are finite. It is convenient here to also introduce the
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quantities

�g��k�m�p�DT
=

m∑
j=0

sup
DT

dj+kx �∂jg�t� x��p�

�g��k�m+β�p�DT
= �g��k�m�p�DT

+ sup
t�x �=y

dm+k+βx�y �∂mg�t� x� − ∂mg�t� y��p/
x− y
β

= �g��k�m�p�DT
+ �g��k�m�p�DT

�

If Y = R, we use 
 · 
�k� instead of � · ��k� again.
We notice also that if D = Rd, then dx = 1 for each x ∈ D and �u�∗m+β�p =

�u�m+β�p �u�∗m�p = �u�m�p,�u�∗m+β�p = �u�m+β�p, �g��k�m�p = �g�m�p, �g��k�m+β�p
= �g�m+β�p�

Theorem 14. Let (20) hold for u ∈ C2� p�DT�, f ∈ Cβ�p�DT�, g ∈ C1+β�p

�DT�Y�, p ≥ 2. Then


u
∗2+β�p�DT
≤ C�
u
0�p�DT

+ 
f 
�2�β�p�DT
+ �g��1�1+β�p�DT

��
where C = C�λ0�K� and λ0�K are constants in Assumption A1.

Proof. For x ∈ D, R = 1
3dx, B

1 = BR�x�, B2 = B2R�x�, we have by
Lemma 13,

d2
x
∂2u�t� x�
p ≤ �3R�2
∂2u
0� p�B1

T

≤ C
(
u
0� p�B2

T
+R2
f
0� p�B2

T
+R2+β�f�β�p�B2

T

+R2+ββ�∂g�β�p�B2
T
+R2�∂g�0� p�B2

T
+R1+β�g�β�p�B2

T

+R�g�0� p�B2
T

)

≤ C�
u
0� p�B2
T
+ 
f
�2�

β�p�B2
T
+ �g��1�1+β�p�DT

��
Hence we obtain


u
∗2� p�DT
≤ C�
u
0� p�DT

+ 
f 
�2�β�p�DT
+ �g��1�1+β�p�DT

��
To estimate �u�∗2+β�p�DT

we let x� y ∈ D with dx ≤ dy. Then by Lemma 13,

d2+β
x�y 
∂2u�t� x� − ∂2u�t� y�
p/
x− y
β

≤ �3R�2+β�∂2u�β�p�B1
T

+ 3β�3R�2�
∂2u�t� x�
p + 
∂2u�t� y�
p�
≤ C

(
u
0� p�B2
T
+R2+β�f�β�p�B2

T
+R2
f 
0� p�B2

T

+R2+β�∂g�β�p�B2
T
+R2�∂g�0� p�B2

T
+R1+β�g�β�p�B2

T
+R�g�0� p�B2

T

)

+ 6�u�∗2� p�DT
≤ C�
u
0� p�DT

+ 
f 
�2�β�p�DT
+ �g��1�1+β�p�DT

��
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The estimate now follows. ✷

We finish this section with a result concerning a regularity of Rλf, R̃λg in
time variable.

Lemma 15. Let f ∈ Cβ�p�Rd
T�, g ∈ C1+β�p�Rd

T�Y�, p ≥ 2� k ≤ 1� Then

there exists a constant C = C�λ0� λ�K�k�β�T� such that for each �t� x� ∈ Rd
T,

h > 0� t+ v ≤ T,


Rλf�· + v� ·� −Rλf�·� ·�
1+β�p�T−v + 
R̃λg�· + v� ·� − R̃λg�·� ·�
1+β�p�T−v
≤ Cv1/2�
f
β�p�T + �g�1+β�p�T��

Proof. Since Rλf = e−λtR0f, R̃λg = e−λtR̃0g, it is enough to consider
the case λ = 0� If k = 0, the inequality follows immediately by Theorem 10
and Lemma 11. If k = 1, we use the representations of ∂R0f, ∂R̃0g given by
Lemma 9. According to it,

w�t� x� = ∂R0f�t+ v� x� − ∂R0f�t� x�

=
∫ t

0

∫
�∂G0

t+v� s�x− y� − ∂G0
t� s�x− y���f�s� y� − f�s� x��dyds

+
∫ t+v

t

∫
∂G0

t+v� s�x− y� �f�s� y� − f�s� x��dydsA1�t� x�

+A2�t� x��

Also by Lemmas 9 and 1,

w̃�t� x� = ∂R̃0g�t+ v� x� − ∂R̃0g�t� x�

=
∫ t

0

( ∫
�G0

t+v� s�x− y� −G0
t� s�x− y�� �∂g�s� y� − ∂g�s� x�

)
dyds

+
∫ t+v

t

∫
G0
t+v� s�x− y� �∂g�s� y� − ∂g�s� x��dyds

+
∫ t+v

t
∂g�s� x� Ẇds

= B1�t� x� +B2�t� x� +B3�t� x��

Applying Lemmas 3 and 4 and Remark 2, we obtain

�A1�β�p ≤ Cv1/2�f�β�p�T�[
B1

]
β�p

≤ Cv1/2�∂g�β�p�T�
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For k = 0�1�2, m = 1�2, we have for all t� v (see Remark 1),

∫ t+v

t

∂kGλ

t+v� s �x�
m ds

≤ C
x
−m�d+k�+m−2
∫ t+v

t
�t+ v− s�−�2−m�/2 ds

≤ C
x
−m�d+k�+m−2vm/2�

(31)

Also, for k = 0�1, m = 1�2� 
x
 ≤ γa we have

∫ t+v

t

∣∣∣∣
∫

x+y
≥a

∂kGλ
t+v� s�y�dy

∣∣∣∣
m

ds

≤ C
∫ t+v

t

∣∣∣∣
∫

y
≥�1−γ�a

�t+ v− s�−�d+k�/2 exp�−c
x2
/�t+ v− s��dy
∣∣∣∣
m

ds

≤ C
∫ t+v

t
�t+ v− s�−mk/2 ds ≤ Cvm/2�

(32)

By Lemma 3 and inequalities (31), (32),

�A2�β�p ≤ Cv1/2�f�β�p�T�[
B2

]
β�p

≤ Cv1/2�∂g�β�p�T�

Estimating directly,

�B3�β�p ≤ Cv1/2�∂g�β�p�T� ✷

4. Linear equation with variable coefficients. Throughout this sec-
tion we consider the equation

{
∂tu = 1/2aij ∂iju+ bi∂iu+ cu− λu+ f+ �hu+ g�Ẇ� in DT,
u�0� x� = 0� in D,

(33)

where λ ≥ 0 and a = �aij� is symmetric. It will be assumed in this section
that aij are deterministic measurable locally bounded functions on DT, and
bi� c are L∞�%�P�-valued, F-adapted locally bounded functions on DT�h is
L∞�%�Y�P�-valued F-adapted locally bounded function on DT�

Definition 16. Let f ∈ Bp
loc�DT�, g ∈ Bp

loc�DT�Y�. We say that (33) holds
for u ∈ C2� p�DT� or u is a solution of (33) if for each �t� x� ∈ DT we have
P-a.s.,

u�t� x� =
∫ t

0

[
1/2aij�s� x� ∂iju�s� x� + bi�s� x�∂iu�s� x� + c�s� x�u�s� x�

− λu�s� x� + f�s� x� + �h�s� x�u�s� x� + g�s� x��Ẇs

]
ds�
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Our first objective now is the derivation of the Schauder interior estimates
for the solutions of (33).We introduce the following additional interior semi-
norms and norms in the spaces Cm�p�Y�DT�, Cm+β�p�Y�DT�. For τ a real
number and m a nonnegative integer we define

�V��τ�m�p�DT
= sup

DT

dm+τx �∂mV�t� x��p�

�V��τ�m+β�p�DT
= sup

t� x �=y
dτ+m+βx�y

�∂mV�t� x� − ∂mV�t� y��p

x− y
β � 0 < β ≤ 1�

�V��τ�m�p�DT
= �V��τ�0� p�DT

+ �V��τ�m�p�DT
�

�V��τ�m+β�p�DT
= �V��τ�m�p�DT

+ �V��τ�m+β�p�DT
�

In particular, we notice

�V��1�1+β�p�DT
= �∂V��2�β�p�DT

+ �V��1�0� p�DT
�(34)

Indeed,

�V��1�1+β�p�DT
= �V��1�0� p�DT

+ �∂V��2�0� p�DT
+ �∂V��2�β�p�DT

�

If Y = R we write 
 · 
 instead of � · �. Here again we notice that if D =
Rd �dx = 1 in this case) we have simply the usual global Hölder norms.

Remark 3. Let F ∈ Cβ�∞�DT�, G ∈ Cβ�p�Y�DT�. It is easy to verify that

�FG��τ+τ′�β�p�DT
≤ �F��τ�β�∞�DT

�G��τ′�0� p�DT
+ �F��τ�0�∞�DT

�G��τ′�β�p�DT
�

�FG��τ+τ′�0� p�DT
≤ �F��τ�0�∞�DT

�G��τ′�0� p�DT
�

�FG��τ+τ′�β�p�DT
≤ 
F
�τ�β�∞�DT

�G��τ′�β�p�DT
�

(35)

Let ε ∈ �0�1/2�� Fix φ ∈ C∞
0 �Rd� such that 0 ≤ φ ≤ 1, φ�x� = 1, if 
x
 ≤ 1

and φ�x� = 0, if 
x
 ≥ 2. For z ∈ D define ηz = ηz� ε�x� = φ��x − z�/εdz�. So
ηz�x� = 0, if x /∈ Bz = B2εdz�z�.

Remark 4. (a) One can notice easily that for each integer m there exists
C = C�m�d� such that for τ ≥ 0, ε > 0,

sup
x �=y∈D

dτx�y

∂mηz�x� − ∂mηz�y�



x− y
β ≤ C�1+ 2ε�τdτ−m−βz ε−m−β�(36)

In particular,

�∂mηz��m�β�∞�DT
≤ Cε−m−β�(37)

(b) Let U ∈ C2+β�p�Y�DT�. Then there exists a constant C = C�ε�β�d� such
that


U
∗2+β�p�DT
≤ 2 sup

z∈D

ηzU
∗2+β�p�DT

+C
U
0� p�DT
�(38)
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Indeed, let x�y ∈ D and dx = dx�y� If 
x− y
 ≥ 1
4εdx, then

d2+β
x�y


∂2U�t� x� −U�t� y�
p

x− y
β ≤ 4β/εβ 
U
∗2� p�DT

�

If 
x− y
 < 1
4εdx� we take z = x. So

d2+β
x�y


∂2U�t� x� − ∂2U�t� y�
p

x− y
β = d2+β

x�y


∂2�ηzU�t� x� − ηzU�t� y��
p

x− y
β �

and the statement follows using interpolation inequalities.

4.1. Schauder estimates. We now establish the basic Schauder interior
estimates.

Theorem 17. Let D be an open subset of Rn� Assume that f ∈ B
p
loc�DT�,

g ∈ B
p
loc�DT�Y�, p ≥ 2, and the coefficients satisfy the following conditions.

There are positive constants λ0�K such that

aijξiξj ≥ λ0
ξ
2 ∀�t� x� ∈ DT� ξ ∈ Rn

and


a
�0�β � 
bi
�1�β�∞�DT
� 
c
�2�β�∞�DT

� �h��1�1+β�∞�DT
≤K� 
f
�2�β�p�DT

+ �g��1�1+β�p�DT
<∞�

Then if (33) holds for u and 
u
∗2+β�p�DT
<∞� we have the estimate


u
∗2+β�p�DT
≤ C�
u
0� p�DT

+ 
f 
�2�β�p�DT
+ �g��1�1+β�mp�DT

��
where C = C�d�λ0�K�β��

Proof. Let uz = ηzu� Then we have{
∂tu

z = 1/2aij�t� z�∂2
iju

z − λuz + fz + gzẆ� in DT,
uz�0� x� = 0� in D,

(39)

where

fz�t� x� = 1/2�aij�t� x� − aij�t� z��∂2
iju�t� x�ηz�x� + bi�t� x�∂iu�t� x�ηz�x�

+ c�t� x�u�t� x�ηz�x� + f�t� x�ηz�x� − u�t� x�∂2
ijη

z�x�aij�t� x�

− aij�t� x�∂iu�t� x�∂jηz�x� =
6∑
l=1

Al�t� x�

and

gz�t� x� = h�t� x�u�t� x�ηz�x� + g�t� x�ηz�x� = Ã1�t� x� + Ã2�t� x��
Thus, we have by Theorem 14 applied to (39),


uz
∗2+β�p�DT
≤ C�
u
0� p�DT

+ 
fz 
�2�β�p�DT
+ �gz��1�1+β�p�DT

��(40)
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We notice here, that from (35) and (37) follows


A2�t� x�
�2�β�p�DT
≤ 
∂iu
�1�β�p�DT


ηzbi
�1�β�∞�DT

≤ 
∂iu
�1�β�p�DT

bi
�1�β�∞�DT


ηz
�0�β�∞�DT
≤ Cε−β
∂iu
�1�β�p�DT

�
(41)

By the same arguments and (36),


A3
�2�β�p�DT
≤ 
c
�2�β�∞�DT


ηz
�0�β�∞�DT

u
�0�β�p�DT

≤ Cε−β
u
�0�β�p�DT
�


A4
�2�β�p�DT
≤ 
f
�2�β�p�DT


ηz
�0�β�∞�DT
�


A5
�2�β�p�DT
≤ 
u
�0�β�p�DT


aij
�0�β�∞�DT

∂2
ijη

z
�2�β�∞�DT
≤ Cε−2−β
u
�0�β�p�DT

�


A6
�2�β�p�DT
≤ 
∂iu
�1�β�p�DT


aij
�0�β�∞�DT

∂jηz
�1�β�∞�DT

≤ Cε−1−β
∂u
�1�β�p�DT
�

(42)

If 
x− z
 ≤ 2εdz, then dx ≥ �1− 2ε�dz and


a�t� x� − a�t� z�
 ≤ 2ε
�1− 2ε� 
a


�0�
β�∞�DT

�

Thus by (35) and (36) there exists C = C�ε� such that


A1
�2�β�p�DT
≤ 2ε
�1− 2ε� �∂

2u��2�β�p�DT
+Cε−β
∂2u
�2�0� p�DT

�(43)

According to (34),

�Ãl��1�1+β�p�DT
= �Ãl��1�0� p�DT

+ �∂Ãl��2�β�p�DT
� l = 1�2�

Obviously
∑

l �Ãl��1�0� p�DT
≤ �h��1�0�∞�DT


u
0� p�DT
+ �g��1�0� p�DT

. By (35) and (36),

�∂Ã1��2�β�p�DT
≤ 
u
�0�β�p�DT

�∂h��2�β�∞�DT

ηz
�0�β�∞�DT

+ 
∂u
�1�β�p�DT
�h��1�β�∞�DT


ηz
�0�β�∞�DT

+ 
u
�0�β�p�DT
�h��1�β�∞�DT


∂ηz
�1�β�∞�DT

≤C�ε−1−β
u
�0�β�p�DT
+ ε−β
∂u
�1�β�p�DT

��
�∂Ã2��2�β�p�DT

≤�∂g��2�β�p�DT

ηz
�0�β�∞�DT

+ �g��1�β.p�DT

∂ηz
�1�β�∞�DT

≤Cε−1−β�g��1�1+β�p�DT
�

(44)

Now choosing ε such that 4ε/�1 − 2ε� < 1/2 we have the desired estimate
by (38), (40), (43), (41), (42), (44). ✷

If D = Rd we have in (33) the usual Cauchy problem and Theorem 17 gives
an a priori estimate of its solution. Now we will solve this problem in Hölder
spaces.
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4.2. Cauchy problem. Consider (33) for D = Rd, that is, we have{
∂tu = 1/2aij ∂iju+ bi∂iu+ cu− λu+ f+ �hu+ g�Ẇ� in Rd

T,
u�0� x� = 0� in Rd�

(45)

where λ ≥ 0, a = �aij� is symmetric and positive. We assume that a is a de-
terministic locally bounded function on DT and bi� c are L∞�%�P�-valued,
F-adapted locally bounded functions on DT�h is a L∞�%�Y�P�-valued F-
adapted locally bounded function on DT�

Theorem 18. Assume that f ∈ Bp
loc�DT�, g ∈ Bp

loc�DT�Y�, p ≥ 2 and the
coefficients of (45) satisfy the following conditions. There are positive constants
λ0�K such that

aijξiξj ≥ λ0
ξ
2 ∀�t� x� ∈ DT� ξ ∈ Rn

and


a
β�∞�T� 
bi
β�∞�T� 
c
β�∞�DT
� �h�1+β�∞�T ≤K� 
f
β�p�T + �g�1+β�p�T <∞�

Then if (45) holds for u and 
u
2+β�p�T <∞� we have the estimate


u
2+β�p�T ≤ C�
f 
β�p�T + �g�1+β�p�T ��
where C = C�λ0�K�d�β�T�p�. Moreover, there is a constant C = C�λ0�K�k�
d�β�T�p� λ� such that for each t� v > 0� t+ v ≤ T� x ∈ Rd,


u�· + v� ·� − u�·� ·�
1+β�p�T ≤ Cv1/2�
f 
β�p�T + �g�1+β�p�T ��

Proof. By Theorem 17 in Section 4.1,


u
2+β�p�T ≤ C�
u
0� p�T + 
f
β�p�T + �g�1+β�p�T��(46)

where C = C�λ0�K�β�d�T�p�. Fix an arbitrary z ∈ Rd. Then{
∂tu = 1/2aij�t� z�∂2

iju− λu+ fz + gzẆ� in Rd
T,

uz�0� x� = 0� in Rd,
(47)

where

fz�t� x� = 1/2�aij�t� x� − aij�t� z��∂2
iju�t� x� + bi�t� x�∂iu�t� x�

+ c�t� x�u�t� x� + f�t� x�
and

gz�t� x� = h�t� x�u�t� x� + g�t� x��
Now by Theorem 10, Lemma 11 and (46),


u
0� p�T ≤ C�λ−1 ∨ λ−1/2��
u
0� p�T + 
f 
β�p�T + �g�1+β�p�T ��
Thus, if C�λ−1 ∨ λ−1/2� ≤ 1/2� that is, for λ > M =M�λ0�K�β�d�p�T�,


u
0� p�T ≤ C�
f 
β�p�T + �g�1+β�p�T��
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and the estimate of 
u
2+β�p�T follows for λ > M by (46). If λ ≤M, it is enough
to notice that ũ = e−γtu is a solution of (45) for λ + γ� Since u satisfies (47)
the last inequality of our statement follows by Lemma 15. ✷

Using standard continuity arguments [see Theorem 5.2 in Gilbarg and
Trudinger (1983)], Theorems 10 and 18, we derive the existence and unique-
ness result for the Cauchy problem (45).

Theorem 19. Assume that f ∈ Bp
loc�DT�, g ∈ Bp

loc�DT�Y�, p ≥ 2� and the
coefficients of (45) satisfy the following conditions. There is a positive constant
λ0 such that

aijξiξj ≥ λ0
ξ
2 ∀�t� x� ∈ DT� ξ ∈ Rn

and


a
β�∞�T� 
bi
β�∞�T� 
c
β�∞�DT
� �h�1+β�∞�T� 
f
β�p�T� �g�1+β�p�T <∞�

Then there exists a unique solution u ∈ C2+β�p�Rd
T� of (45). Moreover,


u
2+β�p�T ≤ C�
f 
β�p�T + �g�1+β�p�T�
and


u�· + s� ·� − u�·� ·�
1+β�p�T−s ≤ Cs1/2�
f 
β�p�T + �g�1+β�p�T�� k ≤ 1�

where the constants C depend on λ0� β�p�d�T ,λ and the constant K bounding
the norms 
a
β�∞�T, 
bi
β�∞�T, 
c
β�∞�DT

, �h�1+β�∞�T.

Proof. Let Lu = 1/2aij ∂iju+ bi∂iu+ cu− λu� Mu = hu� τ ∈ �0�1��
Lτu = τLu+ �1− τ�Gu� Mτu = τMu�

where G is Laplacian in x� We introduce the space C̃2+β�p�Rd
T� of functions

u ∈ C2+β�p�Rd
T� such that for each �t� x� P-a.s.,

u�t� x� =
∫ t

0
F�s� x�ds+

∫ t

0
G�s� x� Ẇs ds�

where F ∈ Cβ�p�Rd
T�� G ∈ C1+β�p�Rd

T� Y�. It is a Banach space with respect
to the norm


u
˜2+β�p�T = 
u
2+β�p�T + 
F
β�p�T + �G�1+β�p�T�

Let � β�p be a Banach space of all pairs l = �f�g�, f ∈ Cβ�p�Rd
T� g ∈

C1+β�p�Rd
T�Y� with the norm


l
β�p = 
f
β�p�T + �g�1+β�p�T�

Consider the mappings Tτ� C̃2+β�p�Rd
T� → � β�p defined by

u�t� x� =
∫ t

0
F�s� x�ds+

∫ t

0
G�s� x� Ẇs ds &−→ �F−Lτu�G−Mτu��
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Obviously, for some constant C independent of τ,


Tτu
β�p ≤ C
u
˜2+β�p�
On the other hand, there is a constant C independent of τ such that for all
u ∈ C̃2+β�p�Rd

T�,

u
˜2+β�p ≤ C
Tτu
β�p�(48)

Indeed,

u�t� x� =
∫ t

0
F�s� x�ds+

∫ t

0
G�s� x� Ẇs ds

=
∫ t

0
�Lτu+ �F−Lτu��ds+

∫ t

0
�Mτu+ �G−Mτu�� Ẇs ds�

By Theorem 18 there is a constant C independent of τ such that


u
2+β�p ≤C
Tτu
β�p
=C�
F−Lτu
β�p + �G−Mτu�1+β�p��

(49)

Thus


u
˜2+β�p = 
u
2+β�p + 
F
β�p + �G�1+β�p ≤ 
u
2+β�p
+ 
F−Lτu
β�p + �G−Mτu�1+β�p + 
Lτu
β�p + �Mτu�1+β�p

≤ C�
u
2+β�p + 
F−Lτu
β�p + �G−Mτu�1+β�p�
≤ C�
F−Lτu
β�p + �G−Mτu�1+β�p� = C
Tτu
β�p

and (48) follows. According to Theorem 8 and Lemma 11, T0 is an onto map.
Now by Theorem 5.2 in Gilbarg and Trudinger (1983) all the Tτ are onto maps
and the statement follows. ✷
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differential operators in Sobolev and Hölder spaces. Lithuanian Math. J. 32 238–264.

Mikulevicius, R. and Rozovskii, B. L. (1998). Linear parabolic stochastic PDEs and Wiener chaos.
SIAM J. Math. Anal. 29 452–480.

Pardoux, E. (1975). Equations aux derivées partielles stochastiques non linéaires monotones.
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