The Annals of Probability
2001, Vol. 29, No. 3, 1329-1372

CONTINUUM LIMIT FOR SOME GROWTH MODELS II!

BY FRAYDOUN REZAKHANLOU

University of California, Berkeley

We continue our investigations on a class of growth models introduced
in a previous paper. Given a nonnegative function v: Z¢ — Z with v(0) =0,
we define the space of configurations I' to consist of functions h: Z¢ — Z
such that a(i)—h(j) < v(i—j) for all i, j € Z¢. We then take two sequences
of independent Poisson clocks (p*(i, ): i € Z%) of rates A*. We start with
a possibly random configuration 2 € I'. The function A increases (respec-
tively, decreases) by one unit at site i, when the clock p* (i, -) [respectively,
p~(i,-)] rings and the resulting configuration is still in I'. Otherwise the
change in 4 is suppressed. In this way we have a process A(i, t) that after a
rescaling u®(x, t) = sh([£], L) is expected to converge to a function u(x, t)
that solves a Hamilton—Jacobi equation of the form u; + H(u,) = 0. We
established this when A~ or A™ = 0 in the previous paper, employing a
strong monotonicity property of the process A(i, t). Such property is no
longer available when both A*, A~ are nonzero. In this paper we initiate
a new approach to treat the problem when the dimension is 1 and the set
I" can be described by local constraints on the configuration 4. In higher
dimensions, we can only show that any limit point of the processes u® is a
process u that satisfies a Hamilton—Jacobi equation for a suitable (possibly
random) Hamiltonian H.

1. Introduction. Perhaps the simplest example of a stochastic growth
model is the Eden—Richardson model that was studied in a biological context.
In this model each lattice site i € Z¢ represents the center of a cubical cell
and the set A(¢) denotes the union of the infected cells, where a healthy
cube outside A(t) becomes infected with a rate proportional to the number of
adjacent infected cells. Richardson shows that the set A(¢) grows linearly in
t, and as & goes to zero,

m(é) ~ {x € R" | N(x) < £}

for a suitable norm N(-) associated with the model. The proof of Richardson’s
theorem and related shape theorems can be found in [4].

In the previous paper [14] we investigated a class of growth models that
allows more complicated growth rules but growths can only occur in one direc-
tion, say, parallel to the last coordinate axis. More precisely, the set of infected
cells is always of the form

(1.1) A={(i, k)| h(i) > k} € 2" = 797},
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1330 F. REZAKHANLOU

where h: Z? — 7 is regarded as a random height function. Our method of
proof requires a simultaneous construction for our growth model for all initial
configurations. Such a construction is possible for a family of models that
was called v-exclusion processes in [14]. To define a v-exclusion process for a
nonnegative function v: Z¢ — Z with v(0) = 0, we set

12 T=T,={h:7%—Z|hi)—h(j) <v(i-j) foralli,jez}.

Let o = (p*(i,t), p~(i,t): i € Z%) denote a sequence of independent Poisson
processes with rates At and A~. Initially we start with a possibly random
height function A € TI'. The function 2 attempts to increase (respectively,
decrease) at a site i by one unit when the Poisson clock p*(i,¢) [respec-
tively, p~(i, t)] rings. The increase (respectively, decrease) takes place if A’ € I’
(respectively, h; € I') where
h(ii)+1, ifi=j,

(13) Ri(j) = {h( 9 hi)-1, ifi=j

otherwise, hi(7) = { h(j), otherwise.

The increase (respectively, decrease) is suppressed if A’ ¢ I' (respectively,
h; ¢ T). In this way, we construct a stochastic process (k(i, t): i € Z%, ¢ > 0),
and as in (1.1), we would like to derive a macroscopic equation for the limit
u =lim, o u® where u®(x, t) = eh([£], £). This is done in this article provided
that I' can be expressed by some local constraints on the height function A.
Given d pairs of integers (a,, B,) with @, <0 < 8,, define

d
(1.4) v(ib s ld) = Z pr(ir)5

r=1

where p,(k) = B,kT — a,k~. [We also regard v as a function from R? to R by
simply allowing i € R? in the formula (1.4).] For such a function v, one can
readily show

(1.6) T, ={h|a, <h(i+e,)—h(i) <P, for every icZ¢ and re{1,...,d}},

where e, is the rth unit vector. The main result of this paper asserts that
when d = 1, the limit u(x, ¢t) = lim,_, , u?(x, ) exists and satisfies a Hamilton—
Jacobi equation

1.7) u;+H(u,)=0

with a deterministic Hamiltonian H(p) = H(p;v, AT, A7).

When A~ = 0, the derivation of (1.7) was carried out in [16] for d = 1
and in [14] for general d. In this case H is always convex and its convex
conjugate L coincides with lim,  ,u?(0, 1) provided that the initial configu-
ration A(i, 0) = v(i). In [14] we may also allow a rate that is slowly varying
with space. This requires multiplying H(u,) with a continuous function A(x)
in (1.7). Both [16] and [14] use the following important strong monotonicity
property of the process Ai(i, ¢): if h, k, [ are three v-exclusion processes with
h(i, 0) = min(k(Z, 0), (i, 0)) for all i, then the same is true at later times.
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The strong monotonicity is no longer true when A, A* are both nonzero. How-
ever, we still have the following weaker monotonicity: if A(i, t) and k(i, t) are
two v-exclusion processes with A(i, 0) < k(i, 0) for all i, then the same is true
at later times.

We have already mentioned that when A~ = 0, then the convex conjugate of
H can be defined using the process A(i, t) with the initial condition A(i, 0) =
v(i). The key observation is that there is another way of determining the
Hamiltonian H that does not require any convexity. Evidently w(x, ¢, p) =
x-p—tH(p) is always a solution of (1.7) with the initial condition w(x, 0, p) =
x - p. This suggests looking at the process % ,(i, t) with the initial condition
h,(i,0) = [i - p]. Here and below, [x] denotes the integer part of x. We will
show in Section 4 that when d =1,

. . . T x7 ¢
(1.8) lim u*(x, t; p) = lim ehp<[z], ;>
exists and is of the form x- p—¢H( p) for a suitable nonrandom function H( p).
For the existence of the limit in (1.8), we mostly follow [5]. Since this paper is
unpublished, we provide a detailed proof of some results from [5].

In Section 3, we show that the process u® can be regarded as a semigroup as
we vary the time and the initial configuration. This will be used to show that
all the limit points of u® possess some of the basic properties of a semigroup
associated with a Hamilton—Jacobi equation of the form (1.7). We then appeal
to a result of [10] to deduce that the limit points of the law of the processes
(u®: & > 0) are concentrated on the space of Hamilton—Jacobi semigroups. The
results of Section 4 allow us to show that when d = 1, the limit points are
all concentrated on a single semigroup, namely the one associated with the
solutions of (1.7). In higher dimensions, we also show that the convex hull of
the limiting Hamiltonian is always deterministic and uniquely defined.

There is only one example for which H is known explicitly,. When d = 1
and v(i) = i, then the v-exclusion process is the celebrated simple exclusion
process and

H(p)= (A" = A")p(1 - p).

The case of simple exclusion was treated in [13] using a different method and
H(p) was calculated by taking the average of

L(h,h' €T) = L(h(i — 1) = h(i) < h(i + 1))

with respect to the probability measure v? on I' that is uniquely defined by
requiring (A(i): i € Z) to be independent and that the event A(i+1)—A(i) =1
occur with probability p. Such probability measures are invariant for the
height difference process n(i,t) = h(i + 1,¢) — h(i, t). Apparently the sim-
ple exclusion process is the only nontrivial v-exclusion process for which the
invariant (equilibrium) measures are known and have a simple form.

It seems plausible that our method in this article can be applied to general
attractive growth models. For example, we may consider a growth model with
the same configuration space I' that has the following growth rates: the height
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function h becomes h' (respectively, &;) with rate A/ (h) [respectively, A; (h)].
We assume that the rate functions A7 (%) satisfy the following conditions:

1. A¥(h) are local functions of the height differences (h(i) — h(j): j € Z9).

2. We have A = 7; A7 for every i, where 7; denotes the shift operator.

3. Af(h) = 0 [respectively, A; (k) = 0] if A’ ¢ T (respectively, h; ¢ I).

4. Azr(h) [respectively, A7 (h)]is a nonincreasing (respectively, nondecreasing)
function of the height differences ((i) — h(j): j € Z%).

To apply our method to this model, the main challenge is the construction
of the microscopic semigroup S*(s,¢; g) as in Section 3. As we mentioned
earlier, the v-exclusion process A can be constructed simultaneously for all
initial configurations. One should be able to use the idea behind the proof of
Lemma 3.7 below to make sense of such simultaneous construction for general
attractive growth models. We do not pursue the issue further in this paper and
leave it for a future investigation.

Another possible generalization is a Ginzburg—Landau type process ¢: Z¢ x
[0, 00) — R that satisfies a system of stochastic differential equations of the
form

do(i,t)=A,(p)dt+ dB;,

where the functions A; enjoy the same properties as the growth rates A:”
of the previous paragraph, and (B;: i € 7Z%) is a sequence of independent
identically distributed Brownian motions. For this model, the construction of
the microscopic semigroup is straightforward and can be carried out as in
Section 3. In the case of v-exclusion processes, we have the equicontinuity
of the macroscopic height function in space variable for free because of our
choice of configuration space I'. This is no longer the case for the ¢ process.
However, we expect to have some type of equicontinuity of the macroscopic
height function associated with ¢ process if we assume that the function A, is
Lipschitz continuous. One should be able to prove this by standard arguments.

The organization of the paper is as follows. In the next section the main
results are stated. In Section 3, the microscopic semigroups associated with
the process u? are studied. In Section 4, the convergence of u* is shown when
the initial configuration is [i - p] and d = 1. The continuum limit for the
v-exclusion is carried out in Section 5.

2. Main results. Given a function v of the form (1.4) and two nonnegative
numbers AT, A7, we define a Markov process h(i,¢) with the infinitesimal
generator £ = /T + /~ where

ZLTF(k)= ) ATL(E e T)(F(E) — F(k)),
iezd
LTF(k)= Y A 1(k; e I)(F(k;) — F(k)),
iezd
where k', k; are defined as in (1.3), I' was defined by (1.2), and F: ' — R
is any cylindrical function [F(%) depends on finitely many coordinates k(j)].

(2.1
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We also define
T={g:RY—> R| g(x)— g(y) <v(x—y) for all x, y e R?}
22) ={gR'>R|ab=<g(x+0e)— g(x)<p,0 for all x € R,
0>0andre{l,...,d}}.
Set u®(x,t) = eh([£], £) and assume that for some g € T,

(2.3) lim E sup |u°(x,0) — g(x)| =0

e—0 x€B,

for every bounded B, C R?, where E denotes the expectation.

THEOREM 2.1. Suppose d = 1. There exists a continuous function H: [aq,
B1] = R such that for every bounded set B C R x [0, c0),

(2.4) limE sup |u®(x,t)—u(x,t)| =0,
e>0  (x,t)eB

where u is the unique viscosity solution of
(2.5) u + H(u,) =0, u(x,0)=g(x)
with u(-,t) €T for every t.

As we mentioned in the Introduction, we can only prove a weaker version
of the above theorem in higher dimensions. To this end, let us display the
dependence of the height profile on its initial data and write S°(0, ¢; g)(x) for
u®(x, t) when the initial height A(i, 0) is given by [¢"1g(&i)]. The law of the
random process S¢ is a probability measure on the space of functions of the
form S(0, t; g)(x), and such a law is denoted by £¢. (See Sections 3 and 5 for
more details.) Let us write Y for the set [[%_;[e,, B8,]. In Theorem 2.2 below,
the dimension d is arbitrary.

THEOREM 2.2. Every limit point of &% is concentrated on the space of paths
S(0, t; g) such that each path is a solution of (2.5) for some continuous function
HY - R

Note that Theorem 2.2 does not rule out the possibility of a random
Hamiltonian H. However, we will show that the convex hull of H is non-
random and uniquely determined. For this see Theorem 5.1 of Section 5.

The question of the regularity of H is a challenging problem. We only estab-
lish some rather straightforward algebraic properties of H.

THEOREM 2.3. Assume AT > A~. With probability 1, the following state-
ments are true for the function H of Theorem 2.2:

(i) For every p € Y, we have H(p) = H(p — p), where p = (a; + By, ag +

Bz, ---»aq + Ba).
(i1) H = 0 on the boundary of Y.
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(ii1) The function H is Lipschitz.
(iv) H(p) <0 forevery peY.
(v) If a, = B, for some r, then H is identically zero.

We end this section with a construction of our v-exclusion process in terms
of the independent Poisson processes (p*(i, t), p~(i, t): i € Z%). Let D denote
the set of step functions [*: [0, c0) — Z* such that for an increasing sequence
of numbers oy(I*) = 0, 0¢(I*), ..., we have [£(¢) = k for ¢ € [0},(IF), 041 (IF)).
We set O = DZ’ x D and let @ denote the law of independent Poisson
processes with rates A* and A~. Given w = ((I/ (): i € Z%), (7 (-): i € Z?)), we
set p*(i, t) = [¥(¢) and

(2.6) T;W = (l;r—]()> lz_—]() 1€ Zd)’ Ys@ = (')Isl;r(')’ ysli_('): 1€ Zd)a

where (y,)(t) = I(¢ + s) — I(s). Since Poisson processes with constant rates
have stationary and independent increments, the law @ is stationary and
ergodic with respect to both 7; and y. More precisely, for a measurable set A,
Q(7;A) = Q(v;A) = Q(A). Moreover, if 7;A = A for all j or y;A = A for all
s> 0, then Q(A)=0or 1.

To construct our process, we first take a sequence of finite sets Z,, C Z¢
such that
2.7 Z CZpits =74,

m

T Ce
N

1
We then define ./, ,,, = £ + 7, where
Zm F(k) =" 37 L(k" e T)(F(k') - F(k)),
1€Z

S F() =" Y L(k; e D)(F(k;) - F(k).

1€Zpy

(2.8)

Let Q, be the set of w for which all ¢,(I7) are distinct. It is not hard to show
Q(Qy) =1.Given k € I' and w € (), we define A "2(i, ¢; k, w) to be a Markov
process with the generator ./, ,, and the initial data ™ "™(i, 0; k, ®) = k().
It is not hard to show that 2™ ™2 is nondecreasing in m; and nonincreasing
in m,. This is a straightforward consequence of the fact that

kYL E2 €T, k(i) = B2(i), R < k%, (R) e T = (k%) eT,

kL B2 e T, k1(i) = R%(i), kL < k%, (R?); e T = (kY); eT.

We then set

(2.9)

(2.10) h(i,t; k, w) = i’Ir}f sup A" ™2 (i, t; k, w)

2 my

for w € ;. One can readily verify that such A(i, t) is a Markov process with
the generator _Z.
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Observe that if k(i) = k(i) + ¢, for some integer ¢, then
(2.11) h(i,t; k, 0) = h(i, t; k, ) + £

for every w € Q. Finally, we define ;4 by 7;(i) = k(i — j) for all i € Z¢. From
our construction, it is not hard to see

(2.12) h(i — j, t;k, ©) = h(i, t; 7k, 7j0),
(2.13) h(i, t; k, ©) = h(i, t — $; (-, 53 k, ©), Y,0),

for every w € )y and every s and ¢ with 0 < s < ¢.

REMARK 2.4. Observe that if k(i) = k(i) — Y%, a,i, and 5(i) = Y%, (B, —
a,)it, then k e T, if and only if 2 € I';. From this, it is not hard to deduce
that if / is a i-exclusion and 4 is a v-exclusion process with A(i, 0) = h(i, 0) —
¢ . a,i, initially, then &(i, t) = h(i, t)— Y%, a,i, at later times. As a result,
we may assume «,’s are zero for »r =1, ..., d in our theorems, with no loss of
generality.

3. The microscopic semigroup. In this section we show that any limit
point of the sequence u® constitutes a semigroup as we vary the time and the
initial data. Let g € I and define

(3.1) k(i) = [¢7 " g(ei)].
By (2.2),
(3.2) e lg(ei) +a, < e lg(si + ce,) < e g(ei) + B,.

Recall that «,, B, are two integers. From this we deduce % € I'.
Set

eZ% .= {x | x = ea for some a € 7%}.
Given w € Oy, g €T, x € eZ¢ and s, t € [0, o0) with s < ¢, we define
X t—s
Si(s, t; =ceh(—, ——; k° .
O(Sa 5 8 w)(x) & (8’ £ > Vg '}/s/sw)
We then define S° as an appropriate extension of S;. For x € R¢ and s < ¢,
(3.3) S°(s, g, 0)(x) = inf (S5(s, 58 @)(») + v(x — ).
yee

When ¢ < s, we set

S(s, t; 8, w) = g.
From A(-, t; k, ) € T, one can readily show that if x € £Z?, then

Se(s, t; 8, w)(x) = S§(s, t; g, w)(x).
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Moreover, since v € T’ and T is closed with respect to translation and infimum,
we have S(s, ¢; g, w) € I'. Note that the property (2.13) implies

S5(s1, £ 8, w)(x) = S§(sg, 1 8°(s1, 823 &, w), w)(x)
whenever x € eZ%, s; < s, < t. This in turn implies
(3.4) Sa(sl, t; g, CU) = SE(Sz, t; SE(S]_, S$9; 8, (D), w))

The main result of this section asserts that all the limit points of the pro-
cesses (S¢: ¢ > 0) are concentrated on the space of semigroups which possess
some of the basic properties of a semigroup associated with a Hamilton—Jacobi
equation of the form (1.7). For our purposes, it is more convenient to regard S*
as a random function of (s, ¢) with values in the space of functions F: T — T.
To this end, let us equip I" with the uniform topology on compact subsets,

(3.5) [lg1— &l = |Sl\llz |g1(x) — ga(x)l, d(g1, 82) =) 27 g1 — &alls-
x|< =1

Here |x| = [(xy, ..., x4)| = (X, x%)"/%. One can readily show that there exists

a constant ¢, such that for every g;, g5 € I', we have

(3.6) g1 — &2lle = 181(0) — 82(0)[ + o

Moreover, d(g,, &) — 0 if and only if || g,, — g||, — O for every £. It is not hard
to show that the space " with the metric d is a Polish (separable and complete
metric) space.

Define

T, ={g T |g(0) < ¢}
Let & denote the space of functions F: I' — T with the following properties:

1. F(g+m)= F(g)+ m for every constant m.

2. F(g,) < F(gy) whenever g; < gs.

3. [|Fllo := supgcr [F(£)(0) — g(0)] < oo.
We also define &, to be set of F ¢ & such that

4. If g,(x) = go(x) for all |x| < R and R > q, then F(g;)(x) = F(g,)(x) for
all x with |x| < R —q.

Set &, = U2, &,. Evidently, if F € & and g € T, then by (3.6),
B.7  NF@)Il, = [F(g)O0)]+col < [|Fllo + [8(0)] + ol < || Fllo + cot-
Given F, F, € &, set
ot I F1—Fsl,
D(F,,F,) =Y 2t -1 "2
v F) = 2 2R T

where

| Fy — Foll, == sup [ F1(8) — Fa(&)lle = sup | F1(8) — F2(8)l-
gel gely
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The second equality follows from F(g) = F(g — g(0)) + g(0). From (3.7) we
deduce that | F; — Fy]|, < oo for every £. Moreover, it is not hard to see that

D defines a metric on &. The topological closure of &, in & will be denoted
by &.

LEMMA 3.1. Suppose F € &, and g, g5 € T. Then
[F(g1) — F(&2)lle = 1181 — 8alletq-

PROOF. Put m = | g; — &2+, and let g3 denote the maximum of the
functions g; and g, + m. We certainly have g3(x) = go(x) + m for every x
with |x| < £+q. Hence, by the condition (4), F(g3)(x) = F(g9+m)(x) for every
x with |x| < £. On the other hand, the condition (2) implies F(g;) < F(g3).
Thus,

F(g1)(x) < F(g3)(x) = F(gs + m)(x) = F(gz)(x) + m

for every x with |x| < £. In the same way, one can show

F(g1)(x) = F(g2)(x) —m,

for every x with |x| < £. This and the previous inequality complete the proof. O

Define
&) ={F e &,| |Flo <r}.

LEMMA 3.2. The space & is a Polish space. The space &, is closed in &. The
space & is compact in &.

PROOF. We first show that the space & is complete. Let F',, be a Cauchy
sequence in &. Then the sequence F,(g)(x) is Cauchy for every g € I' and
every x. Define F(g)(x) to be the limit of F,(g)(x) as n goes to infinity. It is
straightforward to check that F € & and that D(F,, F) converges to zero, as
n — oo. It is also straightforward to check that if {F,|n € N} is a subset of
&, (respectively, &), then its limit points belong to &, (respectively, ). To
complete the proof, it suffices to show that each & is compact. Note that the
compactness of & implies that the space & is separable because &, = U7Z, &7

We establish the compactness by showing that each &7 is totally bounded.
Observe that if the functions in the set I, are restricted to a compact subset
of R?, then we obtain an equicontinuous family of functions. Hence, for every
positive ¢, there exists a finite subset A, of Iy such that for every g e T,
there exists a € A, with | g —a|, < 1/¢. Let X} denote the set of all functions
o = (0!, 0?) with

ol Ay — Ay, o Appg—{seZ||s| =re}.
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Given o, € 3, we define %/, to be the set of F' € & such that

d?(a) o%(a)+1
) )

for every a € A, ,. When the set .o/, is nonempty, pick some F, from .o7,.

Let # = %(¢;) denote the set of all such F,, as we vary o € 3] and

¢ e {1,2,...,¢,}. Evidently the set # is finite. We now claim that &% is a

d-net in & for

IF(@) - F(a)©0) - o' @), < 1/t.  F(a)(0) e [

2 3

= +— 427
bh+aqg 4

More precisely, for every F € &, there exists F € % such that D(F, F) < 6.
Observe that for every positive integer ¢; and every function F € &, there

8

exists some o = o (F) € 2] such that F' € o/;. Moreover, for every g € Ty,
there exists a € A, ,, with | g—al, ., < (¢;+¢)". This and Lemma 3.1 imply
that [|F(g) — F(a)l,, < (¢ + q)~L. For the same reason, |F;(g) — Fi(a)l,, <
(¢4 + q)~1. Also,

IF(a) = Fs(a)lly, < [F(a) = F(a)(0) - 5 (a)l,
+HFs(a) = Fz(a)(0) = ' (@), +1F(a)(0) — F(a)(0)|
3

= —
4
for every a € A, .. As a result,
2 3
sup [F(g) — F5(8)lle = sup |[F(g) = Fa(&lle, = ;—— +
geT, g<T, 1+4q 1

for every ¢ < ¢;. This in turn implies

J 2 3 >
D(F,FU)SZZ“Z( +—>+ > 27t <.
=1 bt+qg 4 =t+1

Since § — 0 as ¢; — oo, we have the total boundedness of £. This implies
that each & is compact. O
Set
Ir = 9([0, T1 x [0, T]; &) := 2([0, T]; 2([0, T]; &)

for the Skorohod space of functions S : [0, T'] x [0, T'] — &. The space 27 is a
Polish space, because & is a Polish space (see, e.g., Theorem 5.6 in Chapter 3
of [6] for a proof).

Because of the discretization, the function S¢ does not belong to 2. How-
ever, a simple modification of S¢ would belong to 2. To this end, let us define

Se(s, t; g) = S°(s, t; g — g(0)) + g(0).



CONTINUUM LIMIT FOR GROWTH MODELS II 1339

In this way, we always have

(3.8) S*(s,t; g+ m) = 8°(s, ;) + m,

for every constant m. On the other hand, by (2.11),
Sé(s,t;8)+m—e<8%s,t;g+m) <S°(s, t;8)+m+e,

for every constant m. From this we deduce,

(3.9) —e<S%s,t;9) — S°(s, t;8) < e.
LEMMA 3.3. We have §€(w) = §6(~, 5, @) € p, for almost all w.

To prepare for the proof of Lemma 3.3, let us define a Markov process

G(t) € 7% with the infinitesimal generator
ZF(G) = (A +17) ¥ di(G)(F(GY) - F(G)),
iezd
where G' is the set G U {i} and
di(G)=1(i+e,eGori—e.ecGforsomer=1,...,d).

The process G(¢) = G(t; ) can be constructed with the aid of the Poisson
clocks w = (p*(i,t), p~(i,t): i € Z%); when the clock p* or p~ rings at site
i, the site i is added to the growing set G provided that at least one of the
adjacent sites is already in G. The process G(¢; w) can be compared to the

Eden—Richardson model that was introduced in Section 1. It is not hard to see
that if k£, = ky on the set Z¢ — G(0), then

(3.10) h(i,t; ky, w) = h(i, t; ky, ®)
for every i ¢ G(¢; w).
PROOF. To show S° ¢ 9y, it suffices to check §€(s, t;-) € &. The condi-

tion (1) is simply (3.8). The condition (2) follows from Lemma 3.4 below. The
condition (3) follows from

—&ep~ (0, é) < 8°(s, t;8 — 8(0))(0) < ep” <0, é)

It remains to verify the condition (4). Without loss of generality, we may
assume that s = 0. Fix ¢ and ¢. Recall the process G(¢, w) that was defined
right after the statement of Lemma 3.3. Let us define the initial condition to
be the set G(0) = B,, :={i | |ei| > n}. This set grows to the set G5(0; w) at a
later time 6. Define A(n, ¢) to be the set of w for which

Gi(s't;w)N B, # Q,
where B, = {i | |ei| < ¢}. We first claim that

(3.11) Tim Q(A(n, £)) =0,
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for every ¢. The proof of this is standard and we only sketch it. For each
i, j € 7%, define 7(i, j) = 7(i, j; ®) to be the smallest 0 for which if G(0) = {i};
then j € G(6; ). It is well known that for some positive constants c;, ¢, and c3,
(3.12) Q(7(i, J) < e1li — j|) = caexp(—cs|i — jI),

for all i and j. (See for example Chapter 1 of [4].) If w € A(n, £), then 7(i, j) <
&1t for some (i, j) with i on the boundary of B, and j on the boundary of B.
From this and (3.12), one can readily derive (3.11) by standard arguments.

Let us write F(g; w) for S*(0, t; g, w). Define v,: T — T by
Yn(8)(x) = lir‘ifn(g(y) +v(x — ).

Evidently v,,(g)(x) = g(x) for every x with |x| < n. Set

Fo(g;0) = F(y,(8); ).

We have F, € &,. This is because if R > n and g;(x) = gs(x) for every x with
|x| < R, then vy,(g1) = v,(&2), which in turn implies that F,(g;) = F,(&2)-
From (3.10) we learn that if w ¢ A(n,¢) and g,(x) = gs(x) for all x with
|x| < n, then F(g;0w)(x) = F(g9; w)(x) for all x with |x| < £. As a result, if
o ¢ A(n, ), then |F,(; w) — F(-; w)||, = 0 because g(x) = v, (g)(x) for every
g €T and every x with |x| < n. This in turn implies

D(Fn(a w)a F(7 w)) < Z 27@1 = 2*‘5.
G=t+1

Given o, if there exists a sequence (n;, ¢;) such that n;,£; — oo as j — oo,

and w ¢ A(nj,¢;) for every j, then we have F(;w) € &. This is because

D(Fnj(~; ), F(-;w)) — 0 as j — oo. Using (3.10), it is not hard to show that
such a sequence exists for almost all w. This completes the verification of the
condition (4). O

The proof of Lemma 3.4 when A~ = 0 can be found in [14]. The case A~ # 0
can be treated likewise.

LEMMA 3.4. If kl’ kz eIl and kl < kz, then
h(i,t;w, k) < h(i, t; o, ky)

for every i € 7%, t > 0 and w € (.
Define the probability measures & on 9; by
/Fd@s - /F(§6(w))Q(dw).

Let us also define Z1(q) € 27 to be the set of functions S(s, ¢; g)(x) with the
following properties:

1. S(s,t; g) = g whenever ¢ < s.
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2. g(x) = A7t —s| < S(s, t; 8)(x) < g(x) + AT[t — s].

3. The function S(s, ¢; g)(x) is Lipschitz continuous in (s, t) with a Lipschitz
constant that is uniformly bounded in x.

4. If g(x) = go(x) for all x with |x — x| < R and R > ¢(t — s), then
S(s, t;81)(x) = S(s,¢t; g9)(x) for all (x,s,t) with |x — xo| < R — q(t — s)
and ¢t € [s, T.

5. S(s1,83;8) = S(sg,83;5(51,82;8)) if 0 <5y <sy <s3<T.

We are now ready to state the main result of this section.

THEOREM 3.5. The sequence {#°} is precompact. Moreover, there exists a
constant q, such that any limit point of ° is concentrated on the set Ir(q,).

We state and prove several lemmas that will prepare us for the proof of
Theorem 3.5. Recall that the expectation with respect to the probability mea-
sure @ is denoted by E.

LEMMA 3.6. There exists a constant C,(T) such thatife,6>0and e+ 6 <1,
then

sup E sup sup sup [u’(x, {15k, vy0) — u'(x, tos k, Ve 0)
kel |x|<T s<T 2\!1242[\55‘]
1, t2¢€ls,

< C(T)(8Y2 + £4+1579),

When A~ = 0 and the s-supremum is outside the expectation, Lemma 3.6 is
established in [14] as Lemma 3.1. The proof of Lemma 3.6 is omitted because it
is just a matter of modifying the proof of Lemma 3.1 in [14] in an obvious way.

For our purposes, we would like to move the k-supremum inside the
expectation.

LEMMA 3.7. There exist constants Cyo(T) and Cs5(T) such that for every
6,m>0,

lim sup E sup sup sup sup |S‘9(s, t1; 8, w)(x) — S°(s, ty; g, w)(x)}
e—0 gely |x|<T s<T t\tltftz[\sgl
1. tg¢€ls,

<+ Co(T)5"? exp(C5(T)n ™).

Before proving Lemma 3.7, let us state three more lemmas. The first two
lemmas concern the speed of propagation of the process h. A variant of
Lemma 3.9 below appeared in [14] as Lemma 6.4.

Fix x, € R? and let us write I'*(R) for the set of pairs (kq, ky) € I such that

k1 (i) = k(i)

for all i with |ei — x| < R. We also write #°(T, R, C, 8) for the set of w €
such that

u(x,t —s;ky, v5,0) # u(x,t — 85 kg, vg,0)
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for some (x, s, ¢, kq, ky) With |x — x4 < R—6—-CT,s€[0,T], t € [s, T] and
(k1 kg) € T*(R).

LEMMA 3.8. Suppose w ¢ #°(T, R, C, 6), k1, ky € I', and e|k(i)—ky(i)| <!
for all i with |ei — x| < R. Then
[uf(x, t — 85k, ¥spe @) — uS(x, t — 85 kg, ¥/ 0)| <1,
for all x with |x — x¢| < R — 8 — CT and every (s,t) with 0 <s <t <T.
PrOOF. The following claim is a straightforward consequence of

Lemma 3.3 and the definition of #°. If v ¢ %#*(T, R, C, 8), kq, ks € I', and
k1(i) < kg(i) for all i with |ei — x4| < R, then

(3.13) u®(x,t— s ky, v5,0) <u’(x, t — s; kg, ¥5/.0)

for all x with |x — x¢| < R — 86— CT and every (s,¢) with 0 <s <t <T. To see
this, observe that (&5, max(kq, k3)) € I'*(R), and if w ¢ £°(T, R, C, ), then

(3.14) u®(x,t —s; kg, v5,0) = u’(x, t — s;max(ky, ks), 5/, @)
for every x with |x — xy| < R — 8 — CT. On the other hand, by Lemma 3.3,
u®(x,t —s; by, ys/ew) < u®(x,t— s;max(kq, k3), ys/gw).

From this and (3.14) we deduce (3.13).
We next apply (3.13) with k; and k3 = ky + [le71] and use (2.11) to deduce

ut(x,t —s;ky, v5,0) <u(x, t — 85 kg, vg,0) + 1.
The proof of
u(x,t—s;ky, v, 0) > u(x,t — 85 kg, vy, 0) — 1

is similar. O

LEMMA 3.9. There exists a constant C, such that for every T, R, 8 > 0,
lir% Q(#°(T,R,Cy,5)) =0.

PROOF. Recall the Markov process G(t) € Z? that was defined right after
the statement of Lemma 3.3. Using the shape theorem (1.1), it is not hard to
show that if

G(0) = G*(0) = {i | #i € G(0)}

for some open set G(0), then
lim Q(sG(f; w) C G(T) + B(0, 8) for all ¢ € [0, T]) =1,
e— &

for every positive 8, where
B(z,8) ={x | [x — 2| = 6},
G(T) ={x | N(x — y) < T for some y € G(0)},
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where N is a suitable nondegenerate norm. Hence, for some constant C,,
t _
(3.15) 1irr(1) Q(sG(—; w) C G(0) + B(0,C4T + 6) for all ¢ € [0, T]) =1.
E—> &

We now choose G(0) = R — B(x,, R). It is not hard to see that if k; = k,

on the set Z¢ — G*(0), then
u’(x,t ke, 0) = u’(x, t; ky, w)
for x ¢ £G(%; w). We now argue that in fact
(3.16) u(x, t — 83 ky, ¥ge0) = u(x, t — S5 kg, ¥, @)
if x ¢ sG(%; w), s €[0,T], t € [s, T]. This is because the set
{i ] k1 (2) # ke(i)}

is contained in the set G(£; w), and this set grows to at most G¢(%; ) after
T-s geconds. Evidently (3.15) and (3.16) complete the proof. O

&

The next lemma gives us an upper bound on |u®|. Let A%(i, t) denote the
processes with the infinitesimal generators

LHYF(k) =AY Y (F(F) — F(R)),
ieZ7d

L TF(R) =" 3 (F(k;) = F(k))

iezd

and the initial conditions A*(-, 0) = 0, respectively.

LEMMA 3.10. Forevery kel,i e 7% and t > 0,
h=(i,t) + k(i) < h(i, t; k) < K7 (i, t) + k(i).

Moreover,
2

lim E =0.
e—0

(2} )

The proof of Lemma 3.10 is straightforward and omitted. We are now ready
to prove Lemma 3.7.

PROOF OF LEMMA 3.7.

Step 1. Let I', denote the set of £ € I' such that |k(0)] < ¢. We first
construct a set G(T) C I'p,1 such that for every & € I'p,-1, there exists a

K € G5(T) with
A(2)-(E)

1
(3.17) sup = 5”’1-

|x|<T
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To construct G;(7T'), we divide R?*1 into disjoint cubes of the form

¢ 7 7
A = Jl;[l[aj,aj+ %) X I:ad+1,ad+1+ Z)

where @ = Y, (B, —«,). If two cubes A, A’ share the same base set 1_[6;:1[&]', a;
—i—%), we say that they belong to the same column. From such a partition, we
can build a partition for the lattice Z¢*! by taking sets of the form

A={aec7|eac A}

Let Z(e) denote the set of such A. We also write o/ (&) for the set of finite

subsets of Z(&). The columns of A are defined as before. Note that the graph
of £ € I" intersects at most two elements of each column in Z(¢). Set

Fi(k)={A € Z(¢) | (i, k(i)) € A for some i with |&i| < T}.
Clearly F'7 is a transformation from I into ©7(e). Observe

(3.18) 2(k) = F5(k) = sup |ek(i) — ek'(i)| < in.

let|]<T

Because of this, we choose G;(T') to be a subset of 'y, that has exactly one

element in every level set of F%.. More precisely, let o/(g) = F&5(I'p, 1) C o/ (¢&)
and choose G7(T') so that

G:(T) N (F5) {F}

consists of one element for every F € .2/(¢). Because of (3.18), the set G¢(T)
does satisfy the property associated with (3.17) that was described in the
beginning of the proof.

Step 2. We next show that there exists a constant &, = ky(7T) that is
independent of (e, n), and the cardinality of G;(T) is at most exp(kon~?).
Since the set G;(7') has the same cardinality as o/ (&), it suffices to show that
/(&) has at most exp(kyn~?) elements for some constant k. This follows from
two properties of the elements in .o/(¢). First, each column in Z(&) can have at
most two elements intersecting the graph of %. Second, there exists a universal
constant £, such that if the intersection of F7(%) with a column is known and
if we take an adjacent column, then there are at most ¢, many choices for the
intersection of F7 (k) with the adjacent column. We now start with the column
above the origin. Since k£ € I'p,-1, the number of choices for the intersection of
the graph of k£ and the column above the origin is O(Tn~!). Then by going to
an adjacent column we encounter ¢, choices. In this way we can readily find
an exponential bound of the form exp(k,n~?) on the cardinality of .o7(¢).
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Final step. Let C, be as in Lemma 3.9 and set G = G;((l +C)T +1).
From Lemma 3.6 and the previous steps we deduce
Esup sup sup sup |u8(x’ tla k’ 73/3w) - ué‘(x’ tZa ka 78/80))'

keG |x|<T s<T la-tal<s
(3.19) t1,t9€[s,T)

< CI(T)(SW + gd+éa—d> exp [ko((l + C4)T)n‘d].

Choose x, = 0 in the definition of #° and set Q¢ = Q*(T) = Q, — %*(T,
(1+CyT+1,C4,1). From Lemma 3.9 we know that

(3.20) lir% QRO =1
Moreover, (3.19) and Lemma 3.8 imply
Esup supsup sup |u®(x,t13k5, vy, 0)—u’(%,ta; k5%, 50 0)| 1(0 €Q°)

gelp|x|<T s<T lt1-tgl<b

(321) ty,tg€ls,T]
< n+cl(T)(al/2+gd—%a—d) exp[ko((1+C4)T)n_d].

This is because replacing u®(-; k) with u®(-; ') for some k' € G results in an
error that, by Lemma 3.8, is bounded in absolute value by 7. On the other
hand, if we replace (¢ in (3.21) with its complement (Q2°)¢, then we can apply
Lemma 3.10 and (3.20) to deduce that the left-hand side of (3.21) goes to zero
as ¢ — 0: For some constant ¢,

Esup supsup sup |u®(x,t1;k5, vs.0)—u®(x, 135, v5.0)| L(0 ¢ Q°)

el |x|<T s<T lt1-ta]<8
gelr x| t1,toels, T]

<2Esup{|u®(x,t;k5, v,/,0)| 1(0 ¢ Q%) g€Ty, s,|x|<T, te[s, T}
52Esup{[|us(0,t;kg,ys/gw)|+clT]]l(w¢Qa) | gel'y, s<T, te[s, T}
<2E[sh*(0,67'T)—eh (0,6 ' T)+ ek +c; T|1(w ¢ Q) — 0.

In this and (3.21), it is not hard to replace u® with S¢, completing the proof of
lemma. O

We are now ready to establish Theorem 3.5.
PROOF OF THEOREM 3.5.

Step 1. We choose

1
d

(3.22) n = (4C4(T))7 <log %)

in Lemma 3.7. As a result
limsup E sup sup sup sup [ S%(s, t1; g, 0)(x) — S°(s, t; &, 0)(¥)|

&—0 T, s<T |x|<T It1-t2l=é
g€l KE t1,to€ls, T

(3.23)

< (4Cy(T))* (1og %) "oyt
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Let us write
T=(1+C)T+1,

where C, appeared in Lemma 3.9. Let Q5(T") denote the set of w € €}, such
that

u(x,t—s;ky, vg.0) = u’(x,t — s; kg, ys/gw)

for all (kq, ky) € F*’"(T\) and all (x, s, t) with |x| < T,s€[0,T], t € [s, T]. From
Lemma 3.9 we know that

(3.24) lim Q(Q3(7)) = 1.

Evidently, if ¢|i| < T, then

eIk, (1) — k5, (D)] < g1 — a7+ cre,

for some constant c¢;. From this and Lemma 3.8 we deduce that for every
w € Q(T),

(3.25) 1S°(s, &5 81, @) — S°(s, t; 82, @)|r < |81 — 827 + c16.

Moreover, for every w € Q,

(3.26) Se(s, t: g, ©)(0) < g(0) + ep* (0, f) tep (0, f),
& &

(3.27) S%(s, t; g, w)(x) — S%(s, t; g, w)(0) < v(x).

From (3.24)—(3.27) we can readily deduce,
(3.28) limsup E sup sup ||S®(s, t; 81, w) — S°(s, t; 89, )| 7 < 6,
e—>0 0=<s=<t<T | g1—g2ll5=<6
(3.29) lim E sup sup ||S?(s, t; g, o)|p < oco.
e—0 5,0<T geTy
Moreover, (3.23) implies

1 71/d
(3.30) limsupEsup sup sup ||Ss(s,t1;g)—S€(s,t2;g)||T§c2(log5> ,

e—0 gel7s€[0,T] t\lflt;zl\siﬁj

for some constant ¢, = ¢y (7).
Step 2. In the previous step, we discussed the equicontinuity in the
t-variable (3.30) and in the g-variable (3.28)-(3.29). We now turn to the

equicontinuity in the s-variable. Let Qj(7T) be as in the previous step. If
weQf(T)and 0 < s; < sy <t <T, then by (3.25),

152 (52, t; S%(81, 895 8, @), w) — S*(89, 5 8, @) 1
< ||S%(s1, 89; 8, ®) — gll7 + c18.

(3.31)
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This and the semigroup property (3.4) imply that for o € Q(T),
”S (31’ t;g7 (1)) - SS(327 t;g7 (‘))”T
< [5°(s1, 895 8, @) — gll7 + c1e
We then apply Lemma 3.7 with 5 as in (3.22) to conclude

(3.32)

limsup Esup sup sup [S°(sy, 4 8) — S%(sg, £ 8)lr L(w € QY(T))

0 . §1—89<8
e— gEFT . 13262[0 ) te[sy, T

1\ @
< 03<log 5)

for some constant c;. As in the previous step, we can use (3.26)—(3.27) to drop
I(w € Q5(T)) in (3.33).

(3.33)

Step 3. Let us write 2" for 2(]|0, T']; ¢). With this abbreviation, we may
write

9r =2([0, T]; Z).
From (3.28)—(3.30), (3.33) and (3.9) we would like to deduce that the family
(#7°: ¢ > 0) is precompact in Zp. So far we have an approximate equiconti-

nuity of the sequence S®. For the precompactness, we need to verify that for

each s, the probability that the process §*’(s, -;-) does not belong to a small
neighborhood of a compact subset of 2" is small. Since we have an approximate

equicontinuity of S° in the (t, g) variable, we need to show that for each (s, ),

the probability that the process S°(s, ¢;-) does not belong to a small neighbor-
hood of a compact subset of & is small. Given q and R with R > q, let us define
o to be the set of F' € & such that IF(e)lo < r, and if g;(x) = gy(x) for

every x with |x| < R, then F(g;)(x) = F(g)(x) for every x with |x| < R —q.
Lemma 3.9 and the fact that

= T T
5o, t:)0) ~ 2O = ep7 (0. ) +en (0. ).
imply that
(3.34) lim @(S*(s, 1) ¢ ) =0

for every R € (g, o0), provided that ¢ > C, and r is sufficiently large. We now
argue that the set &% , is contained in a small neighborhood of the set &% if
R is large. (Recall that by Lemma 3.2, the set &% is compact.) As in the proof
of Lemma 3.2, define Fp(g) = F(yg(g)) where

Yr(8)(x) = inf (8(y) +v(x = ¥)).

As in the proof of Lemma 3.3, we can readily show that if F € &% @ then
Fp e & and D(Fg, F) < 27%+4+ As a result, the set &% , is contained in
the ng-neighborhood of the compact set &4 for np = 27E+4*+1 Hence (3.34)
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implies that
lim Q(S°(s. ;) ¢ (6%)%) = 0,
where 7 = 278+C4+2 and we are using the notation
A"=|F e & | D(F,G) < n for some G € A}.

From this, (3.28)—(3.30), (3.33) and (3.9), one can readily deduce the precom-
pactness of the family (£¢ : ¢ > 0) by standard arguments.

Step 4. In this step, we are going to use some well-known facts about the
Skorohod topology that can be found in Chapter 3 of [6]. Recall that we write
2 for 2(]0, T; &).

Define 7 to be the set of S € Zp for which the condition (5) of the definition
97(q) is satisfied. If we show that the set &; is closed in Zp, then we can use
Z2¢(F) = 1 to deduce

(3.35) P(A) = 1.

Suppose that the sequence S, € 7 converges to S with respect to the Skorohod
topology of 2([0, T']; 2"). We would like to show that S € .7;. For this, we need
to establish

(3.36) S(sy,83;8) = 8(32,33§S(31,32;g)),

for every (sq, sy, 83) with s; < s, < s3 and every g € I. As we vary s in
S(s, t; g), we have a Skorohod function S(-) € 2([0, T']; 2°) that, by definition,
is continuous at all but countably many points s. Moreover, for a fixed point
s, we have a Skorohod function S(s, ) € 2" that is also continuous at all but
countably many points ¢. From these considerations, we deduce that it suffices
to establish (3.36) for (sq, s9, s3) € A where A is defined to be the set of points
(s1, 89, s3) such that s; < sy < s3, S € 2([0, T];Z") is continuous at s = s;
and s = sg, S(sq, ) € 2 is continuous at ¢ = sy and ¢ = s5 and S(s,, ) € 2" is
continuous at ¢ = s;. By assumption,

(3.37) S, (51,83, 8) = Sn(szrsS;Sn(sl’SZ;g))’

for every n. Since the convergence in Skorohod topology implies the pointwise
convergence at every continuity point of the limit S, we can readily show that
the left-hand side of (3.37) converges to the left-hand side of (3.36). For the
same reason, lim,,_, ., g, = S(s;, S9; &), where g, = S, (s1, S9; g). Again, since
(81,89, 83) € A, we have F, = S,(s9, 83) € & converges to F' = S(sg, s3) € &.
As a result,

r}l—>n<;lo F.(g,) = F(S(sl’ S25 g))’
because

IF.(&n) — F(g)ll; < sup | F,(g)— F(&)ll,=IF,—Fl,— 0,
gel

as n — oo. This completes the proof of (3.35).
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Define %; to be the set of S € 2 for which the condition (1) of the definition
9r(q) is satisfied. As in the previous paragraph, we can show that the set %
is closed. This can be used to deduce

(3.38) P(F) = 1.

Fix a set of points (s, 1, x1), (83, t2, X2), - - -» (S, ¢, x,.) and a positive num-
ber 7. Let 7; denote the set of S € 1 such that for every g € I' and i,

g(x;) — (A~ +)lt; —s;] < S(s;+, £+ 8)(x;) < g(x;) + (AT + )|t; — sl

Here by S(s;=*, -;-) we mean the right and left limits of S(-) € 2([0, T];2")
at the point s;, and by S(s;=, ¢;%;-) we mean the right and left limits of
S(s; £, ) € 2" at the point ¢;. It is not hard to show that the set 5 is closed,
and by Lemma 3.10,

; (g ) —
This implies that for any limit point &,
(3.39) P(F3) =1

Fix x, € R?, R, 8 > 0 and (s, ¢y) € [0, T] with s, < ¢,. Let .7 (s, ¢y, %o,
R, 8, q) be the set of S € 2 such that if g;(x) = go(x) for every x with
|x — x9] < R, then S(s, t; g1)(x) = S(s,¢; 85)(x) for every x with |x — x| <
R —6—q(ty — sp) and (s, t) with sy < s <t < ¢,. It is not hard to show that
the set 7 (s, tg, x¢, B, 8, q) is closed. Lemma 3.9 implies

111?% 99(97(80’ Lo, X9, R’ 5, C4)) =1

This in turn implies that for any limit point 22,
!@(e(j/?(so, to, xo, R, 6, C4)) == ].

We then send 6 — 0 and vary (s, ty, X9, R) in a countable dense set. From
this, (3.35), (3.38) and (3.39) we deduce that any limit point & is concentrated
on the set of S for which the conditions (1)—(2) and (4)—(5) of the definition
97(C,) are satisfied.

Final step. It remains to show that every limit point of £¢ is concentrated
on the set of (s, ¢)-Lipschitz functions with a Lipschitz constant that is uni-

formly bounded in x.
Define

Re(s, i o)) = A1 (1 g 0 ) eT)
1

e (h( t=s, ,%mw) er>,

M?(s, t; 8, w)(x) = S°(s, t; g, w)(x) — g(x) — f: R?(s, 6; g, w)(x)d6,
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for (s, t) with s < ¢ and i = [x/¢]. It is well known that for any local function
f, the processes

M,, = Fh(t)) ~ (1)~ [ F((0))do,
N, = M3 [(LF2—2f ) h(0)) 0

are martingales for ¢, > ¢;. By choosing f (k) = eh(i), (t1, ty) = (s/e, t/¢e), and
using

EM2 = E/tz(sz —2f /F)(h(8))dO
= E/j/ (AT L(h(0)" e T)+ A~ 1(h(0); € I))do,

we see that for every x € £7¢,
E[M?(s, t; g, w)(x)?] < 1|t — s|e,
with ¢; = AT + A~. We then apply Doob’s inequality to deduce
E sup [M®(s,t; g, 0)(x)?] < 4c Ts,

0<s<t<T
for every x € £Z%. From this we deduce that for some constant c,,

(3.40) supsupE  sup |M%(s,t; g, )(x)| < cgv/e.
X gelT 0<s<t<T

Set R®(s,t; g, w) = 0 whenever s > t. For each ¢, g and w, the function
Re(s, t; g, w)(x) is a bounded function of (s, ¢, x) with values in the interval
[-A7, AT]. Let 3 denote the set of measurable functions of (s, ¢, x) € [0, T'] x
[0, T] x R? with values in [-A~, AT]. We equip this set with the weak topology
(the set 3 is a compact subset of the space of signed measures equipped with
the weak topology). A sequence R, € 3 converges to R € 3 if and only if

nli_)rgo/Rd/OT/OT¢Rndxdsdt=/Rd/oT/OT¢>Rdxdsdt

for every continuous function ¢ of compact support. We fix g and the map
w > (S%(s, t; 8), R°(s, £ 8))

induces a probability measure 92? on the space
2([0, T]; 2([0, T];T)) x =.

Since the space 2 is compact, we may study the limit points of 92?. Let .ﬁg
be a limit point and fix a continuous function ¢: R¢ — R of compact support.
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Define

|
O(S,R) = sup |[S(s,:g)(®)d(x)dx — [ g(x)d(x) dx

0<s<t<T|
- / t / R(s, 6; g)(x)d)(x)dxde'.
From (3.40) we deduce
E/@(S, R)F¢(dS, dR) = 0.
This implies
/ ®(S, R)Z,(dS, dR) = 0.

By picking ¢ from a countable dense subset of C,(R?), we deduce that the
measure &, is concentrated on the set of (S, R) such that

S(s, 6 8)() = 8(x) + [ B, 0, g)(x) b,

for every (s, t) with s < ¢. Since R € X, we deduce the Lipschitzness of S in
¢t with the Lipschitz constant at most max(A~, AT). For the Lipschitzness in
s-variable, observe that if s; < sy < ¢, then we apply (3.36) to assert that for
almost all S in the support of &2,

S(sg, t;8) — S(s1, t; 8) = S(s9, t; 8) — S(sg, t; S(s1, 895 g))-

From this, the condition (5) of the definition 27, and Lemma 3.1 we deduce
that for constant c53 = c3(¢),

1S(s2,t; 8) — S(s1, & 8)le < 118 — S(515 825 &)l e4q,
- ) /ZR(H,t;g)dO

H < c3lsy — 1]
1 t+qo
almost surely with respect to the measure &. This completes the proof. O

For the sake of definiteness, we chose the initial height functions of the
form kg (i) = [e71g(ei)] in the definition of our microscopic semigroup S°. In
Lemma 3.11 below, we show that the initial height function % can be replaced
with any height function that has the same macroscopic profile g. We only
sketch the proof of Lemma 3.11, which is a straightforward consequence of
Lemmas 3.8 and 3.9.

LEMMA 3.11. Assume that for some g €T,

lin&E sup |u®(x,0) — g(x)| =0

xeB,
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for every bounded B, c R%. Then
0

lim E sup |u®(x,t)— S?(0,¢8)|=0
e=0  (x,)eB

for every bounded set B C R x [0, c0).

PROOF. Let us use w, € Q° for the randomness coming from the initial
data and display this randomness in our notations by writing u°(x, 0; w,) for
the initial data. We also write u?(x, ¢; wg; w) for the resulting rescaled height
function at a later time ¢. Given R,n > 0, we can find a positive number
gy = &o(R, n) and a set Q! = Q1(R, 1, &) € Q° such that

(3.41) P(Q° - 0" <
and
(3.42) [uf(x,0; wp) — g(x)| <7,

for every x with |x| < R, every ¢ € (0, &y) and every o, € Q. From this and
Lemma 3.8 we deduce that

(3.43) [u®(x, t; wg; @) — S5(0, ¢ g, w)(x)| <7,

for x with |[x| < R -6 - C,T, wy € O, t € [0,T] and » ¢ %°(T, R, Cy, 5).
The rest of the proof is straightforward and follows from (3.41)—(3.43) and
Lemma 3.9. O

4. Equilibrium measures. Throughout this section we assume d = 1,
a; = 0 and B; > 0. Recall that by Remark 2.4, we may assume «; = 0 without
loss of generality.

Define k(i) = [ip] for p € [0, ;] and i € Z. We now state the main result
of this section.

THEOREM 4.1. There exists a function H: [0, B1] = R such that
(4.1) lim sup EIuS(O, t,w, k,)+ tH(p)| =0.

e—0 0<t<T

In this section, we mostly follow [5]. Our proof of Lemma 4.2 below uses the
same ideas as in [5], but our presentation is somewhat different and is inspired
by [12]. The arguments that are used for Lemmas 4.5 and 4.6 are identical
to those that appeared in [5]. For the rest of the section after Lemma 4.7, we
use a rather different approach to complete the proof of Theorem 4.1.

Recall n(i,¢) = (i + 1,¢) — h(i, t). Note that n is also a Markov process
with the generator

o/ f(n) = A" 3 b(n(@), n( = DY)(F (™) = f(n)
+A” Zb(n(i), n(i + D)(f(n"Fh) = f(n)),
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where

o n(i)—1, ife=i,
() =yn()+1, ift=y,
1), otherwise ,

b(n,m)=1(n>0,m < By).
Evidently b is nondecreasing in n and nonincreasing in m. Moreover, if
n(i,t) = h(i+1,t; k) — h(i, ; ky),
(@, t)=h(E+1,¢t ky) — h(i, t; k),

then both processes 1 and ¢ evolve according to .« and they are coupled in
such a way that when

b(”’l(i’ t)7 ”fl(j, t)) = b(g(l’ t)’ {(_], t)) =1

with j =i+ 1 ori—1, then an n-particle and a {-particle at site i jump to site
J simultaneously. The generator of the coupled process (7, ¢) will be denoted
by o7. Let us define the shift operator r; by

(1m)(J) = (@ = J).

Initially we assume that the process (7(-, 0), {(-, 0)) is distributed according
to a measure [iy(dn, d{) that is translation invariant and ergodic with respect
to the shift operator . The distribution of (7n(-, ¢), {(-, t)) will be denoted by
2(dn,d{). It is well known that the probability measure i is also ergodic

(see, e.g., [8], page 38). We write (ui(dn), u2(d{)) for the marginals of ,, and
p1, po for the average particle density of the marginals,

pr=[nOui(dn),  py= [ LOWHAO).

From the translation invariance of &, and the conservation of the number of
particles, it is not hard to deduce that the numbers p; and p, are independent
of ¢.

LEMMA 4.2. Let i, be as above and p; < py. Then
(4.2) lim [(n(0) - £(0))* fir(dn, d¢) = 0,
The next lemma can be found in [5] or [3] and its proof is omitted.

LEMMA 4.3. For every i # J,

lim [ 1(n(i) - £G) > 0, n()) - £(J) < Ofi(dn, d&) = 0.
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PROOF OF LEMMA 4.2.

Step 1. Let us assume that there exist a positive number 6 and a sequence
t, with lim,_, ¢, = oo such that,

(4.3) [((0) = £0)* i, (dn, d&) = .

From such an assumption, we eventually arrive at a contradiction.

As the first step, we tag particles in such a way that we can differentiate
between three types of particles. Define y(i) = n(i)A{(i) and regard y(i) as the
occupation number of the neutral particles. When 7(i) > {(i), the discrepancy
1(i)— (i) is regarded as the occupation number of positive particles and when
£(i) > m(i), the discrepancy {(i) — n(i) is regarded as the occupation number
of negative particles. We label the positive and negative particles and write
x for the location of the rth positive and negative particle, where r varies in
the set of integers. The labeling is done in such a way that we always have

+ +
r{ <ry = xrlfxrz.

Let us write x* for the collection of the particle locations x*’s with r in a suit-

able subset of Z. It is possible to define a Markov process (x7(¢), x*(¢), v(-, £))
so that we always have

Y L) =1) = (i, 1) = £, )5, (i, 1) = (i, 6 A L b).

We omit the tedious and straightforward definition of the generator of the
process (x*,x™, y) and only make some remarks about it. There are several
cases to consider when we examine the jump rates for the process (x~, x*, y):

Case (1) If b(n(i,t), n(i £1,¢)) = b(L(i,¢t), {(i £ 1,¢t)) = 1, then b(y(i, t),
v(i £ 1,¢)) = 1 and a y-particle jumps from the site i to the site i = 1 with
rate AT.

Case (ii) If b(n(i,t),n(i £1,¢)) =1; b(L(i,¢), {(i £1,¢)) =0 and b(y(i, t),
v(i £1,¢)) = 1, then a y-particle jumps from the site i to the site i £ 1 with
rate AT, and simultaneously a negative particle jumps from i + 1 to i.

Case (ii1) If b(n(i, t), m(i£1,¢)) =1; b(L(i, t), {(i£1,¢)) =0 and b(y(i, t),
v(i £1,¢)) =0, then a positive particle jumps from the site i to the site i 1
with rate AT. Moreover, if there is a negative particle at the site i 1, then the
jumped positive particle and the negative particle are annilated and replaced
with a neutral particle.

Case (iv) In the previous Cases (ii)—(iv), interchange the role of 1 with ¢,
and the role of positive particle with negative particle.

In summary, the x* and vy particles jump with the exclusion rules but the y
particles have priority to x* particles, and when an x* particle jumps to a site
that has a particle of the opposite sign, then both particles are annihilated
and replaced with one neutral particle. As a result, the x* particles may have
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a finite lifetime and each x%(¢) is defined for ¢ < o, where o, and o, are
two random times. One can readily verify

(4.4) ry <rsy, t<min (o), 07) = x5(t) < x5 ().

We say a particle is immortal if its lifetime is infinite, otherwise such a particle
is called mortal. Define

(i, t, £) =Y L(xf(t) =i, 05 > t), 05 (i, t) == nE(, ¢, t),

for £ > t. The distribution of the pair (n~(-, ¢, ), n*(-, ¢, )) will be denoted by
v, ;. Evidently, the measure v, ; is translation invariant.

Step 2. Define
R 1Y R
X*(t, t) = Jim 7 > n*(, t, ).

The existence of such a (possibly random) limit follows from the ergodic the-
orem. Since the speed of propagation is bounded on average, it is not hard to
show

(4.5) X*(t,8) = X*@, 1).

In fact, it is not hard to construct a sequence of random variables L, = L,(w) €
[0, £] such that

(4.6) sup EL, < oo
¢
and
{+L, ¢ {—L,
(4.7) Yoot = Y0, E) = Y 0t L E).
i=L, i=1 i=L,

From this and (4.6), we can readily deduce (4.5). On the other hand, from
the ergodicity of the process (7, {) with respect to the measure f, , and our
assumption (4.3), we deduce

X*(tys t) = [(n(0) = £(0))*fu,, (dn, d0) = &,
From this and (4.5) we conclude that if ¢ < ¢,,, then
(4.8) X*(t, t,) = 8,
almost surely with respect to v, , .
Step 3. Let us write m, for the probability measure v, ... In other words,

the measure m, is the distribution of the occupation numbers (n~(:, ¢, 00),
n7(-, t,00)) of the immortal particles. Given ¢ > 0, define

1 12
X*E(t) = [lim 7 > nE(i, ¢, 00).
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Again, the existence of the (possibly random) limit follows from the ergodic
theorem. From the same theorem we also know that EX*(¢) = En*(0, ¢, c0).
Note that we always have

XE(t) < X*(¢, t,),

which implies X*(¢) < X*(¢) := inf, X*(¢, ¢,). It turns out that X* = X*
and this can be shown by verifying

EX*(t) = EX*(2).
To see this, observe that

EX*(t) = En*(0,t,00) = lim En*(0,¢,¢,) = lim EX*(¢,t,) > EX*(¢).

From X* = X* and (4.8) we deduce that
(4.9) X*(0) = 5,

almost surely with respect to the measure 7,. Note that (4.9) implies that
there are infinitely many immortal particles of both types on both sides of the
origin. Let £(i, ¢) denote the indicator function of the event that there exists
at least one immortal particle at the site { and the next immortal particle on
the right of i is of the opposite sign. We first claim

(4.10) q, = f &G, t)dm, > 0.

This is because if q, = 0, then the translation invariance of 7, implies that
whenever there is an immortal particle at some site i then the first immortal
particle on the right side of i is of the same type, which contradicts (4.9).
We next claim that g, is independent of ¢. The proof of this claim can be
established in the same way we showed (4.5). By translation invariance,

14
(4.11) q, = E(% 3 (i, t)).
=1

Moreover, since the speed of propagation is bounded on average, and the
immortal particles are neither created, nor annilated, and they do not cross
each other (the order is preserved), we can construct a sequence of the random
variables L, such that (4.6) is true and

+L, ¢ t-L,
Y &(,0) =Y &G, 1) = ) £, 0).
i=—L, i=1 i=L,

From this and (4.6), it is not hard to deduce
18 18
lim = > £(i,t) = lim = > £(i, 0).
t—oo £ ] t—o0 £ v

This and (4.11) imply that g, is independent of ¢.
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Final step. Let us write A for the event £(0, t) = 1. We decompose A into
two disjoint sets By and Cp where By consists of those configurations in A for
which the first immortal particle to the right of the origin is located somewhere
in the interval (0, N]. For any configuration that has an immortal particle at
the origin, we define a sequence - <y 9 <y_1 <y =0 < y; < y5... such
that y; is the location of the first immortal particle to the right of y; ;. It is
well known that

/(3’j+1 —y;)é0,t)dm < 1.

See, for example, [9], Theorem B47 for a proof. Hence
(4.12) Jo i —yydm <1
Moreover, if a configuration belongs to Cp, then there will be no immortal

particle in (0, N], which means y; — ¥y > N. From this and (4.12) we deduce

1
m(Cn) < N

From this we conclude that for sufficiently large N,

1 1

1
m(By) > Ewt(A) = 5% = §CI0’

for every ¢ > 0. Moreover, if a configuration belongs to By, then we have two
particles of opposite sign in the interval [0, N]. In other words, for all ¢ > 0,

B({(1(D) — €GN(1(J) — €()) < 0 for some i, j € [0, N with i £ j})
> m(By) = 390

But this contradicts Lemma 4.3. Hence, (4.3) cannot be true. Since the number
of positive (respectively, negative) particles does not increase with time, we
know

d -

= [((0.) = €0, )* djg, < 0.
As a result, either (4.2) must be true or
(4.13) lim / (00, t) — £(0, £))~ dji, = 0.

If the latter occurs, then any limit point 4 of the sequence (i, must be concen-
trated on the set of configurations (7, {) with n > £. On the other hand, since
[ is translation invariant and

[0 di=py < py = [ (0 di,

we deduce that if (4.13) is true, then the measure [ is concentrated on the set
n = {. This again implies (4.2). O
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Given two probability measures p; and uq, we write u; < uq if there exists
a measure g with marginals u; and u, that is concentrated on the set

{(m, O [n =g}

If initially the configuration 75 (respectively (7, {)) is distributed according to
w (respectively @), then the distribution of 0 (respectively (7, {)) at a later
time ¢ will be denoted by .”(¢)u (respectively .7 (¢)i).

COROLLARY 4.4. Let p, and g be two translation invariant ergodic mea-
sures with

/77(0) dpy =:py < pg = /77(0) dpus.

If lim, ¢, =oc0and lim, . /(t,)u; = [y, lim, .7 (¢,) e = iy exist,
then i, < pg. If p; = pg and lim,,_,  .7(t,) 1 = i exists, then lim,_,  .~(¢,)x
Mg = fL1.

PrOOF. Let o be any ergodic coupling of ©; and uy, and let 4 be a limit
point of the sequence p, = .ﬂtn)ﬂ as n — oo. Then the marginals of 4
are f1; and fi9, and by Lemma 4.2, the measure 4 is concentrated on the set
{(n, ) | n < ¢}. This implies the first claim of the lemma. If p; = p, and fiy
is a limit point of .7(¢,)ue, then u; < g and iy > f19. This clearly implies
o = fi1. As a result, lim, | 7(¢,)ug = 1. O

Let # denote the space of translation invariant equilibrium probability
measures. More precisely, v € # if and only if

[ o F@mw(dn) =0,
[ rifmw(dn) = [ F(nyw(dn)

for every i € Z and every local function f. The space # is a convex compact
set with respect to the weak topology, and the set of extreme points of # will
be denoted by #.,. As a result, for every v € #, there exists a measure 6 on
Jex such that

(4.14) v = f af(de).
/EX

We also write /,, for the space of the translation invariant ergodic measures.

For a measure v € 7, let us write P, for the law of 7(-, -) when the ran-
dom variable 7(-, t) is distributed according to the measure v. Consider the
operators (7;, 7,) acting on the process 7(-, -) where 7; is the space translation
and 7,m(i,t) = n(i, t + s). Note that since v € #, we can define the process
n(i, t) for all (i, t) € ZxR. By standard arguments, it is not hard to show that
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the law P, is ergodic with respect to the shift operators (7;, 7,) if and only if
v € _fo. As aresult, if b(n) is a local function and v € £, then

{—00 ZZ

1 el
(4.15) lim —/0 grib(n(-,s))ds_ /bdv,

P, -almost surely.
Define

x={[n0dv|verl

As we will see below, the space f,, is parametrized by the set y.

LEMMA 4.5. Suppose v € /., and [n(0)dv = p. Then
1 4
X(m):= lim 23 n(Jj) = p,
j=1
v-almost surely.

PrROOF. Since v € /,, it suffices to show that the conditional measures
v(- | X = c) belong to _#. Define

| =

¢
X () =2 2 ().
j=1

Let f be a local function and let g: R — R be a continuous function. It is not
hard to show that
lim o7 (g(X,)f)(n) = lim g(X,(n))/f(n) = g(X(m))/f(n),

v-almost surely. From this and [ .2/(g(X,)f)(n)dv = 0 we deduce

fg(X)Mf dv = 0.

From this we conclude that v(- | X = ¢) € #, completing the proof of the
lemma. O

LEMMA 4.6. (i) For every p € x, there exists a unique measure v’ € f,
such that [ m(0)dv’ = p.
(i1) If u is an ergodic measure with

(4.16) [n(0)du=p,

then every limit point of /(t)u as t — oo belongs to f. Moreover, if p € x,
then lim,_, .7 (t)u = vP.
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ProOF. (i) The uniqueness of v” follows from Lemma 4.5 and Corollary 4.4.
To see this, fix an ergodic measure p with [ 1(0) du = p and choose a sequence
t,, for which lim,_, . .7(t,)u =: v* exists. Let v be a probability measure in
Sex With density p. Let 6 be a probability measure on the set /., such that

Y= / af(da).

erg

By Lemma 4.5, each « in the support of # must have density p. From this and
Corollary 4.4 we deduce that

lim .~(¢,)a = v,
n—oo
for every « in the support of 6. As a result,
v = lim /(t,)v = lim / A(t,)e 6(de) = v”.
n—oo n—oo

This completes the proof of uniqueness. This also shows that if the measure
w is ergodic with [1(0)du = p € x, then lim,_, , .~ (¢)u = vP.

(i) Let w be an arbitrary ergodic measure for which (4.16) is true. Let
be a limit point of .”(¢)u as ¢ — oco. Then we have lim,_,  .7(¢t,)n = @, for
some sequence ¢, with lim,_, ¢, = co. The measures u and .(s)u are both
ergodic with the same density,

[ n(0)du = [ n(0)d.r(s)n.
By Corollary 4.4,
lim 7(¢, + s)p = lim ~(¢,)p.

From this and the semigroup property of . we deduce .”(s)it = . Hence
pe g and [n(0)dp=p. O

An immediate consequence of Lemma 4.6 is

(4.17) /ex = {Vp | p e X}'

LEMMA 4.7. The set x is closed. Moreover, if u is a translation invariant
ergodic measure with p = [n(0)du ¢ x, then

(4.18) tlim SO =" = av” + (1 - a)?,
where « = 22 and
=p
p=inf{m € x | m > p}, p=sup{m e x| m < p}.

PROOF. Suppose p € xy and let g be any limit point of .Z(¢)w. By (4.17),
(4.14) and Lemma 4.6, there exists a measure 0 on y such that

i= /X V™ o(dm).
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Suppose 0([mg, B1]) # 0 for some my > p and choose m; € y with p < m; <
ms. Then by Lemma 4.5,

(4.19) ({0 | X(n) = my}) > 0.

However, Corollary 4.4 implies that & < »™!, which in particular implies
X(n) < my with probability 1 with respect to i. This is in contradiction
with (4.19). Hence 6([mg, B;]) = 0 for all such a number m,. From this we
deduce that 0({p}) = 6([p, B1]). Similarly 6({p}) = 6(]0, p]). Hence, p, p € x.
As a result, the set y is closed and the measure 6 is concentrated on the

set {p, p}. O

Define
bi(n) i= A*B(n(i), m(i—1)) = A-b(n(i — 1), n(i)).
Also define
(4.20) H(p) := — [ bi(mv*(dn),

where 1” was defined in Lemma 4.7. Note that H(p) = «aH(p) + (1 — a)H(p)
when p ¢ y.

LEMMA 4.8. Let K: [0, B;] — R be any continuous function that coincides
with the function H on the set y. If initially the height-difference process
(n(Z,0): i € Z) is distributed according to an ergodic measure pu with [ 1(0)du
= p, then

lim lim sup E sup !sh(O, te 1) — eh(0,0)
=00 450 0<t<T|

(4.21) L
. 1 _
+/0 K(Z;nu,es ))de‘_o.

Moreover, if p € x, then
(4.22) lim E sup |eh(0, te ') — eh(0, 0) + tH(p)| = 0.

e=>0  0<4<T

PrOOF. Without loss of generality, we may assume A(0, 0) = 0. Since 2 € I,
we have

(4.23) lim limsup E sup =0.

=00 o .0 0<t<T

4
eh(0, te™1) — % S h(j, te)
j=1

Let f(h) = £ %1 h(j). It is well known that if

(4.24) M, = f(h(s) = F(hO) = [ F(R(6))de.
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then M, is a martingale and

(4.25) EM? :/ (Lf?=2fZF)(h(0))do.
0

Recall that by Doob’s inequality,

E sup M?<4EM3_,.
0<s<Te1

A straightforward calculation yields

e—0

¢
&
hmEMT L.=0, ./f(h):Zij(n).
j=1
From this, Doob’s inequality and (4.23)—(4.25) we deduce

(4.26) hm limsup E sup

=00 o0 0<t<T

eh(0, te1) — —/ Z b (n(ea‘l))de‘ - 0.
Define

Fy(n) = E"

&l Zb (r(eds + K(§ £ (7.0} .

where E" denotes the expectatlon when the process 7(-, ¢) starts from the con-
figuration 7 at time zero. One can use the finiteness of the speed of propagation
(Lemma 3.8) to approximate F', by local functions and show that the function
F, is continuous. Recall that the measure v” was defined in Lemma 4.7 for all
values of p € [0, B;]. By Lemma 4.7,

lim — f A(O)pdy = lim /() ="
Note that

hm limsup E sup
{00 e—0 0<t<T

A Z b;(n(0571))d0

1 ot £t
_g_zfo /o ij(n(981~l—s))dsd6| =0.
j=1

Hence,

lim limsup E sup
=00 o0 O<t<T

b Zb osan+ [ K( Zz:n(j, b))

< lim limsupE/O Fz n(0e1)) do

(4.27) Ttooo o0
T
< lim limsup/ /F[(n)d/(egfl)p,de
=00 o0 0

- }i%loT/Fz(n)dvﬂ =0
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where for the last equality we used (4.15). This and (4.26) imply (4.21). If
p € x, then a repetition of (4.27) yields

lim limsup E sup

=00 o0 0<t<T

| t L |
L[S ey o+ e (p)| =0,
j=1

This and (4.26) imply (4.22). O

PROOF OF THEOREM 4.1. By Lemma 3.11, we may assume that the initial
height differences are distributed according to an ergodic measure with den-
sity p. We only establish (4.1) for p ¢ x. The case p € y is a straightforward
consequence of (4.22). Fix p ¢ y. To take advantage of Lemma 4.8, we augment
our sample space by defining the Young measures w%%(x, t, d\; w) as

) ¢
/OB FN)75%(x, t, d); 0) = F(% S onP([xe )+ j,tet, w)),

j=1
where F' is any continuous function and
n°(j, 0, w) =h(j+1,6;k,, ) — h(j, 0;k,, )

with k,(j) = [pJj]. Let X1 denote the space of measurable maps from Rx[0, T']
into .# where .# = .#(|0, B;]) is the space of probability measures on the
interval [0, B;]. The space .# is equipped with the weak topology and the
space X p is also equipped with the weak topology. More precisely, a sequence
7, € X converges to an element 7 € Xy if and only if

lim /RfoT /031 D(x, t, N, (x, t, dA) dt dx

n—o00o

_ /R/OT /051 d(x, t, \)(x, ¢, dA) dx,

for every continuous function ® of compact support. Note that we may regard
X 1 as a subspace of .#7, the space of positive measures y(dx, dt, dA) on the
set A =R x[0,T] x [0, B;]. More precisely, the set X is equal to the set of
measures y € 47 such that

(4.28)

T (B T
L[ [ e oroasdrdn < [ [ oG oldrdt max [FO)]

for every continuous functions ® and f of compact support. The space /7 is
also equipped with the topology of weak convergence in the sense of (4.28).
One can easily verify that X, is a closed subset of .#7. Since the space 47
is a compact metric space, the space X is also a compact metric space. The
transformation

w (§E, whe)

induces a probability measure 2% on the product space 97 x Xp. It is not
hard to show that the compactness of X, and the tightness of &° imply the
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tig}}tness of #°¢. We take convergent subsequences of Pt as ¢ — 0. If
{#"} is a sequence of such limit points, we can further take a convergent

subsequence as £ — oo. Let Z denote a limit point of the sequence Z'. Now
(4.21) can be used to deduce

t ~
lim lim sup / sup |S(0, t; g,)(0) + /O / K(\)m(0, 0, d\)d6ldF> ¢ = o,

=00 o0 0<t<T

where g,(x) = xp. After a translation and an integration, we deduce that for
every continuous function J of compact support,

lim 1imsup/ sup lfR(S(O, t;8,)(x) — g,(x))J(x)dx

o0 50 0<t<T
t ~
+f f J(x)/K(/\)Tr(x, 6, dA)dxd6| d* ' = 0.
0 R |
This implies

lim [ sup | [ (S(0,% g,)(x) — g,(x))J(x)dx

{—>00 O§t§T| R
t ~
+ / / J(x) / K(\)m(x, 6, d))dxd6|dF = 0.
0 /R
This in turn implies

sup | [ (S(0.£g,)(x) - g,(x))J (x) dx
(4.29) o=t

N /Ot /R J(x) / K(\)m(x, 0, d)\)dxdeldﬁ —0,

for every continuous function J of compact support and every continuous K
that coincides with H on the set y. We will show in Lemma 5.4 of the next
section that any limit point of £ is concentrated on the set of semigroups S
for which

S(07 [N gp) = gp - tHS(p)a

for some Lipschitz function Hg. From this and (4.29) we deduce that the
measure & is concentrated on the space of the pairs (S, 7) such that

t
S(0.£:2,)(x) = g,(x) — [ [ KW)m(x. 0.dN)d0 = g,(x) ~ tHs(p).
for almost all x, all ¢ € [0, T'] and every continuous K that coincides with H

on the set y. From this we can readily deduce that the measure 7(x, 6, d\)
must be concentrated on the set {p, p} and that

[ K(\)m(x, 0, d)) = / H(\)m(x, 6, d))
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is independent of (x, ) € R x [0, T']. On the other hand, a straightforward
calculation yields

[ [Am" o0t dxs o) dy = S°(0, 1 ,)(x) ~ 57(0, £ 2,)(0) + O(e0),

for every x > 0. As a result, the measure & is concentrated on the set of
(S, 7) for which,

[ Ay, t.dnydy = g,(x) - 8,00

for every x > 0. Hence, for almost all (x, ) € R x [0, T],
/A 7(x, 0, d\) = p.
Therefore,
Hs(p) = [ K(Wm(x, 6,d)) = aH(p) + (1 - ) H(5),
for almost all (x, 6) € R x [0, T'], where « satisfies
p=ap+(1l-a)p.

From this we deduce
S(O’ [ gp) = gp - tH(p)a

for almost all S in the support of the measure &. Using this and again
Lemma 4.8, it is not hard to deduce (4.1) because the functional
F(8) = sup [S(0, ¢ 8,)(0) + tH(p)|

0<t<T

is continuous and for every limit point & of #¢ we have [ d% =0. O

5. Continuum limit. If o, = B, = 0 for some r € {1,...,d}, then
h(iq,...,14) is independent of i, for every i € I'. From this, it is not hard to
deduce that if 4 € T, then h;, h* ¢ T for every i € Z¢. As a result, h(i, t; k) =k
and we have a continuum limit with H = 0. Recall that by Remark 2.4, we
can always assume «, = 0 for all » € {1, ..., d}. For the rest of this section,
we assume «, = 0 and B, > 0 for every r € {1, ...,d}.

The main objective of this section is the identification of the semigroup
S € 27(qq) in the support of & with the semigroups of the Hamilton—Jacobi
equations. Given a continuous function H: Y — R, we define S (s, ¢; g)(x) =
u(x, t —s) to be the unique viscosity solution of the Hamilton—Jacobi equation
(2.5). This means that u is continuous, u(x,0) = g(x), and if ¢ € C}(R? x
(0, T)), (x9, y) € REx (0, T), u(xg, ty) = d(xg, ty), u < ¢ (respectively, u > ¢),
then

(5.1) bi(x0, 20) + H(bx(x0, %)) < O,

(5.2) (d(xg, ty) + H(b, (x4, ty)) > 0, respectively).
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(See [7] for more information on viscosity solutions.) The main result of this
section is Theorem 5.1. This theorem implies Theorems 2.2 and 2.3 and will
be used to prove Theorem 2.1. Define

# ={H € C(Y) | H satisfies the conditions (i)—(iv) of Theorem 2.3}.

THEOREM 5.1. Let &° be as in Theorem 3.5. There exists a convex function

H e # such that every limit point & of the sequence %¢ is concentrated on
the space of semigroups

{S” | H € # and convex hull of H equals PNI}

The main ingredients of the proof of Theorem 5.1 are Lemmas 5.3 and 5.4.
Lemma 5.2 will be used for the proof of Lemma 5.3 and can be established in
the same way we proved Lemma 3.1. The proof of Lemma 5.2 is omitted. The
proof of Lemma 5.3 follows the semigroup identification result of [10]. Define
B(xg,r)={x e R?| |x — x| < r} and

181 B(xy.ry = sup{lg(x)| | x € B(xg, 1)}
LEMMA 5.2. Suppose S € 97(qq). Then
IS(s, t; 81)(x0) — S(s, ;5 82)(x0)| < 181 — &2l By, (t-s)q0)-

LEMMA 5.3. Let S € Zp(qq). Suppose that there exists a continuous func-
tion H:' Y — R such that

(5.3) S(s,t;8,) =8, — (t—s)H(p),
for every p € Y, where g,(x) = x - p. Then S = SH,

ProOF. It suffices to show that u(x,t) = S(s;, s; + ¢ g)(x) is a viscosity
solution of (2.5). Without loss of generality, we assume s; = 0. We only verify
(5.1) because the proof of (5.2) is similar.

Let ¢ € CY(R? x (0, T)) with ¢(x, o) = u(xg,ty) and u < ¢. Since S €
97(q,), we may use the monotonicity and the semigroup property to assert
(5.4) B (20, 29) = u(xg, t9) = S(to — 0, to;ul-, to — 8))(xo)

= S(tO - 5’ tO; d)(’ tO - 6))(360),

for every 6 > 0. Define
T1(8) := S(to — 8, to; p(-> to — 8))(%x9) — S(to — 8, Lo; (- t9) — 8b(, 10)) (%),
T'5(8) := S(tog — 8, to; (-, to) — 0¢,(+, £9))(xg) — S(to — 8, o3 (-, £9))(x0)-
Again, since S € Z7(q,), we can apply Lemma 5.2 to deduce
IT1(8) = 1> to = 8) — B(-, £9) + 8b4(-5 L) Bxy, go0)-
This implies
(5.5) yr% 87 1T,(8) =0,
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because ¢ is continuously differentiable. Moreover, from
T'3(8) = —0¢,(x0, tg) + S(to — 0, to; b+, tg) — 8b,(+, to) + db,(x0, £9))(%0)

—8(tp — 8, to; (-, £0))(%x0),
and Lemma 5.2 we deduce

87 T5(8) + 8d,(x0, o)l < s (- to) — by(xo» t0)| B(xy, 405)-
Hence,

%i_{% 87T5(8) + 8¢:(x9, to)| =0
This and (5.5) imply
}Si_{f(l) 8_1|S(to — 8, to; d(-, tg — 8))(xp)
—S(tg — 8, tg; d(-, tg)) (%) + b, (x¢, £o)| = 0.

Also, if we define g(x) = ¢(xg, ty) + d.(xg, Lp) - (x — %), then Lemma 5.2
implies

1S(¢0 — 8, to; (-, £0))(x0) — S(to — 8, to; 8)(x0)| =< [P (5 t0) — 8 B(xy,q08)-

This, the continuous differentiability of ¢, and our assumption (5.3) imply
y_% 5_1|S(t0 — 8, to; d(-5 1)) (%) — (%) + SH( (%, )| = 0.
From this, (5.4) and (5.6) we deduce

B (x0, tg) < P(xg, o) — 8b,(x0, tg) — SH (¢, (%0, to)) + 0(8).
This evidently implies (5.1). O

(5.6)

The next lemma will allow us to apply Lemma 5.3 to semigroups S in the
support of #. Recall (7,g8)(x) = g(x—y), k5(i) = [e7'g(&i)], and g ,(x) = x-p.

LEMMA 5.4. Let & be any limit point of 9. Then there exists a Lipschitz
function Hg for each semigroup S € 97(q,) such that

S(37 Y gp) =8p— (t - S)HS(p)’

P-almost surely.

PROOF. Given a function g € T, consider the height function k(i) = kg (1)
and its translate 7 k(i) = k(i — j) with j = [2]. Since

[RE (i) — 7R3 < <o,
for some constant c(, one can readily show,

|u®(x, t; k7 g 0)(x) — u®(x, t; 7 kg, w)| < cpe.
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We then use (2.12) to replace u®(x, ¢; Tjkg, ) with

ue<x — 3[%], t; sz’ Tjw).

As a result,
E‘Sé‘(s, t; Tyga w)(x) - Tysg(sa l; 8 T—[y/s]w)} =8,

for some constant c¢;. From this and the translation invariance of the measure
@ we deduce that for every bounded continuous function F: 9, — R,

%)/F@ysm@& —/F(xlfyS)d@b" —0,

where
(P,S)(s, t; 8)(x) = S(s, t; 8)(x —¥),  (¥,S)(s, 8 8g)(x) = S(s,t, 7,8)(%).
As a result, for every bounded continuous function F: 2 — R,
/ F(®,S)d# = / F(V,8)d2,
which is equivalent to saying
(5.7 ®,S=v,58,

Z-almost surely. By varying y in a countable dense set, we deduce that (5.7)
is true for all y € R¢, #-almost surely. This in particular implies

S(s,t;8,)(x—y)=S(s,t;7,8,)(2)=S5(s,t;8,— p-y)(x)=S(s, 2,8, )(x) —p- ¥,
Z-almost surely. As a result,
(5.8) S(s,t;8p)(x) = x- p+S(s, ¢ 8,)(0).
Moreover, by the semigroup property,
S(s1,t;8,) = S(s2,t;5(81, 895 8p)) = S(82, 85 8p) + S(51, 525 8,)(0),
whenever s; < sy < ¢. This in turn implies
(5.9) S(s1,t;8,)(0) = S(sg, £ 8,)(0) + S(s1, 895 8,)(0).
Furthermore, if
0,S(s,t;8)=S(s+0,t+6; g),

then the invariance of the measure @ with respect to the time-shift operator
v implies that for every bounded continuous function F: 9; — R,

/ F(0,S)d#* = [ F(S)d#°.
Hence

/F(@HS)d@ - fF(S)d@.
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From this we deduce
S(s, t;8) =5(0,t - s; 8),
Z-almost surely. This and (5.9) imply
S(0, ¢ —5158,)(0) = S(0, ¢ — 59;2,)(0) + S(0, 53 — 51, 8,)(0).

As a result, S(s, t; g,)(0) = —(¢ — s)H g(p) for some constant Hg(p).
It remains to verify the Lipschitzness of Hg. By Lemma 5.2,

Hg(ps) — Hs(p1) = S(0,1; 8,,)(0) = S(0, 1; g,,)(0)
< 18p, — &p,IB(0,q9) = |90lIP1 — P2l
This completes the proof of the lemma. O

LEMMA 5.5. There exists a convex function L € T such that
. —(x
limu®(x, t;v, w) = tL(—)
e—0 t
almost surely.

When the initial data & coincides with the function v, the convergence of u*
can be established with the aid of a subadditive ergodic theorem. Lemma 5.5
appeared as Theorem 4.1 in [14] when A~ = 0. The case of A~ # 0 can be
treated likewise and the proof is omitted. The next lemma will allow us to
relate the function L to H.

LEMMA 5.6. For a continuous function H: Y — R, define
H*(q) =sup(p-q — H(p)).
pey

Then

(5.10) SH(0, t; v)(x) = tH(%)

PROOF. Since the initial data v is convex, we may apply the Hopf’s formula
to assert

SH(0,t;v) = (v + tH)*,
where

0, ifpey,

v'(p) = Sl;p(p g —u(q)) = { 00, otherwise.

See [1] for a proof of Hopf’s formula. Hence,

SH(0, t;v)(x) = sup(p - x — tH(p)).
peyY

This clearly implies (5.10). O
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We now construct a reversible measure for the process A that is the analog of
the so-called blocking measure for the simple exclusion process. A consequence
of the existence of such a measure is H < 0. We assume A > A~ > 0. [When
A~ =0, our blocking measure is trivial and is concentrated on a single height
function 9(i) = —v(—1).] To this end, let us set

A={heT |h(i)+v(-i) <0 forevery ic 7%}

and define a measure v which is concentrated on the set A, and for A € A,

o= (1)

where

+\ K(h)
K=Y (o). 2= (5)

ic7d heA

This measure is well defined if Z < co. Moreover, if v({h}) # 0 then h(i) +
v(—i) = 0 for all but finitely many i’s. Hence v has a countable support.

LEMMA 5.7. The normalization constant Z is finite and the measure v is
reversible with respect to the generator £ .

PrOOF. Recall that by Remark 2.4, we may assume that «, = 0 for r =
1,...d. For each nonnegative ¢, define

A, ={heA| K(h)=—t}.
Given h € A, we also define
p(h) ={i | h(i) + v(-i) # 0}.
We may regard p(k) as a union of 2¢ sets
p(h)y=UWplh,71...7q) | T1,.-.,Tq € {—1,1}},
ph,1,...,7g) = p(A)N{(@;...ig) | 7i,=0for r=1,...,d}.

To get a bound on |A,|, we restrict each h € T, to its corresponding set
p(h,7q,...,74) and call the resulting configuration A(-, 71, ..., 77). We would
like to find an upper bound on the number of such configurations A(-, 74, ...,
74). First we argue that there is a one-to-one correspondence between the con-

figurations A(-, 74, ..., 74) for different (74, ..., 74). We only verify this for the
case Ty =Tg=---=73=1and 1y =79 =--- = 74 = —1. Define

d
h(i) = h(=i)+ Y. Byi,-

r=1

It is not hard to see that 4 € A if and only if h e A. Evidently,

d
h(i,-1,...,-1)=h(=i,1,..., 1)+ 3 Bi,.

r=1
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This identity provides us with a one-to-one correspondence between the con-
figurations A € A restricted to the set Z¢ = {(iy---ig) | i1, ...,iq > 0} and the
configurations % € A restricted to the set Z% = {(iy,...,ig) | i1r...,ig < O}.
From now on we write p;(%) for p(h,1,1,...,1) and count the number of
possible configurations & € A, that we may have when such a configuration
h is restricted to p;(h). In fact, a result of [2] asserts that the number of
k: 7¢ — 7, with k(i +e,) > k(i) forr=1,...,d and

> k() =n,

ie7d

is bounded above by exp(c; n%), for some constant c¢;. From this we easily

deduce |A,| < 2% exp(c; Z%). This certainly implies the finiteness of Z.
The reversibility is straightforward and follows from

heA, hel = hicA,

heA, h;el' = h;eA,

Mv({A) L(h, bl € A) = A v({R'})1(h, kP € A),

A v({A) L (h, h; € A) = A v({h;}) L(R, h; € A). O

PROOF OF THEOREM 5.1. Let & be any limit point of #?¢. From Lemmas 5.3,
5.4 and Theorem 3.5 we learn that S = S¥ for some Lipschitz function H,
for almost all S in the support of &2. (Note that H may depend on S.) Using
Lemma 5.5, it is not hard to deduce that for all rational points (x, t), the
measure & is concentrated on the set of S for which S(0, ¢; v)(x) = tf(%). By
the continuity of S, we have this for all (x, ¢). From this and Lemma 5.6 we
deduce that Z* =: H is the convex hull of H.

Pick a point p on the boundary of Y, say p = (py, ps, ..., pg) With p; €
{0, B1}. Let k(i) = [i - p]. It is not hard to see that for such a choice of p,
we always have k', k; ¢ I for every i € Z%. This implies that h(i, ¢; k) = k(i).
From this we deduce S(0, ¢, g,)(x) = g,(x), for almost all S in the support of
Z and every p on the boundary of Y.

Lemma 5.7 can be used to deduce that & is concentrated on the set of
S = SH with

S(0, ;3) = b,

where 7(x) = —v(—x). If we choose ¢(x,¢) =x- p for some pe Y and x5, =0
in (5.1), we deduce H(p) < 0.

The property H(p) = H(p — p) was established as a part of Theorem 7.1
in [14] when A~ = 0. The proof of the general case is identical. This completes
the proof of H € /#, #-almost surely. O

PRrROOF OF THEOREM 2.1. From Theorem 4.1, it is not hard to deduce that
any limit point of &° is concentrated on the set of S such that S(0,¢; g,) =
gp — tH(p), where H is defined by (4.20). From this we deduce that H is
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non-random. By uniqueness, & is concentrated on a single semigroup S%.
Since the functional

F(8)= sup sup |S(s, £ g)(x) — S7(s, ; g)(x)|

0<s<t<T |x|<T

is continuous with respect to the topology of Zp, we deduce

lim / F(8)#*(dS) = 0.

This evidently completes the proof when the initial height function is £5. The
general case follows from Lemma 3.11. O

Acknowledgments. Ithank Tom Liggett and Timo Seppéldinen for valu-
able discussions.
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