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In this paper we develop a stochastic calculus with respect to a

Gaussian process of the form B; = fé K(t,s)dWg, where W is a Wiener
process and K(t, s) is a square integrable kernel, using the techniques of
the stochastic calculus of variations. We deduce change-of-variable formu-
las for the indefinite integrals and we study the approximation by Riemann
sums. The particular case of the fractional Brownian motion is discussed.

1. Introduction. The stochastic integral with respect to the Brownian
motion coincides with the adjoint of the derivative operator on the Wiener
space. This property, established by Gaveau and Trauber in [10], has shed
new light on the classical It6 calculus, leading to significant advances in this
theory. For instance, the Clark—Ocone formula provides an explicit expression
for It6’s integral representation theorem in terms of the derivative operator.
On the other hand, the adjoint of the derivative operator can be used as an
anticipating stochastic integral.

We recall that the stochastic calculus of variations or Malliavin calculus
is valid for an arbitrary Gaussian process (see [14] and [17]). Suppose, in
particular, that B = {B,, t € [0, T']} is a centered continuous Gaussian process
of the form

¢
(1) B, = /0 K(t,5)dW,,

where W = {W,,¢ € [0, T]} is a Brownian motion and K (¢, s) is a square
integrable kernel. The purpose of this paper is to use the stochastic calculus
of variations in order to develop a stochastic calculus with respect to B, as in
the case of the Brownian motion. The divergence operator 62 with respect to B
will be used as a stochastic integral and, under some regularity assumptions,
this integral turns out to be the limit of Riemann sums defined in terms of
the Wick product.
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We will consider two different types of kernels:

(i) Singular case: K(-,s) has bounded variation on any interval (u, T,
u > s, but fST |K|(dt, s) may be infinite.
(ii) Regular case: The kernel satisfies fOT |K|((s, T], s)?*ds < oo.

In both cases we establish an It6 formula for the process B itself and for
stochastic integral processes of the form X, = f(f u, 6B, where the process u
is adapted. In the case X, = B, we obtain

t
2) F(B,) = F(0) + fo F'(B,) 8B, + 1 [L F"(B,)dR,,

where R, = E(B2). In the singular case this formula requires the additional
condition

T T 9
@) [ ([ 180 Bl ) ds <o

for F'(B;) to belong to the domain of the divergence operator §2.

We note that the stochastic integral fOT u, 6B, has zero mean. On the other
hand, in the regular case and assuming K(s™, s) = 0, we introduce another
type of integral, which we call the Stratonovich integral and denote by fOT UgX
dB,, that can be approximated by ordinary Riemann sums. This Stratonovich
integral can be decomposed as the sum of the divergence fOT u, 6B, plus a
trace term. We also deduce change-of-variable formulas for the Stratonovich
integral, which are analogous to those of ordinary calculus. Actually this inte-
gral is also of forward type because we assume K(s', s) = 0, which implies
that B, has no Brownian component and it is smoother than the Brownian
motion.

An important example of processes of this form is the fractional Brownian
motion of the Hurst parameter H € (0, 1), which has the covariance function:

E(BIBH) = L(s®H + 28 — |t — s|2H).
The process B can be represented as

B —/tKH(t s)dW
t — 0 > S

where the kernel K# is singular if H < % and regular if H > % Notice that
condition (3) holds only in the case H > %.

The application of the stochastic calculus of variations to construct a
stochastic calculus with respect to the fractional Brownian motion has been
previously developed in [6] and [7]. In these papers It6’s formulas are estab-
lished in the case H > % for two types of integrals, one of them being equal
to the divergence operator, and for the corresponding Stratonovich versions.
Carmona and Coutin [3] have extended this approach to a general class of
Gaussian processes. They consider a Stratonovich-type stochastic integral
fOT u, dB,, which can be decomposed into the sum of a divergence 65(u) term
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plus a trace term involving the stochastic gradient of u. They prove the approx-
imation of this integral by Riemann sums and they establish the It6 formula
(2) for B, in the regular case. In the case of the fractional Brownian motion
with parameter H < % the class of integrable processes (in the Stratonovich
sense) has been characterized in [2] using classical fractional calculus.

Duncan, Hu and Pasik-Duncan [8] have introduced the stochastic integral
fOT u, 8B as the limit of Riemann sums defined by means of the Wick product,
and proved the It6 formula in the case H > % Some applications of this
formula are discussed.

An approach based on the pathwise Riemann—Stieltjes integration has been
used by Lin [13] and Dai and Heyde [5] for the fractional Brownian motion
with H > % The integrator must have finite p-variation with 1/p+ H > 1. An
extension of the Riemann—Stieltjes integral has been defined by Zihle [22] by
means of integration by parts formulas and fractional derivatives. This path-
wise integral coincides with the Stratonovich integral but the assumptions for
its existence are different from those obtained using the stochastic calculus of
variations.

The paper is organized as follows. Section 2 contains some preliminaries on
the stochastic calculus of variations with respect to a Gaussian process of the
form (1). The divergences associated with the processes B and W are related
by the formula 68(u) = 6" (K*u), where K* is the adjoint of the operator K.
Section 3 contains the proof of formula (2) in the singular case, the regular
case being treated in Section 4. In Section 5 we show the It6 formula for an
indefinite integral in the singular case and Section 6 is devoted to handle
the regular case. In Section 7 we study the approximation of stochastic inte-
grals (of divergence and Stratonovich type) by Riemann sums and in Section 8
we discuss the particular case of the fractional Brownian motion and related
processes.

Throughout the paper C, C’, ... will denote constants that may be different
from one formula to another one.

2. Preliminaries on the stochastic calculus of variations. Let B =
{B,, t € [0, T']} be a zero mean continuous Gaussian process with covariance
function E(B,B,) = R(t, s) such that B, = 0. We suppose that B is defined
in a complete probability space (1, 7, P) and .7 is generated by B. Let H;
be the first Wiener chaos, that is, the closed subspace of L2({)) generated by
B. The reproducing kernel Hilbert space (RKHS) »# is defined as the closure
of the linear span of the indicator functions {1, , ¢ € [0, T']} with respect to
the scalar product (1 4, 1j0,5)) » = B(¢, s). The mapping 1, ;) — B, provides
an isometry between # and H,;. We denote by B(¢) the image in H; of an
element ¢ € 7.

We briefly recall some basic elements of the stochastic calculus of varia-
tions with respect to B. For a more complete presentation, see [17] and [18].
Let .7 be the set of smooth and cylindrical random variables of the form

(4) F = f(B(¢1), -, B(¢,)),
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where n > 1, f € C°(R") (f and all its derivatives are bounded) and ¢;, ...,
¢, € #. Given a random variable F' of the form (4), we define its derivative
as the /#-valued random variable given by

pF=% L (Ble),.... Blon)e,
j=1 9%

The derivative operator D? is a closable unbounded operator from L?(() into
LP(Q;#) for any p > 1. In a similar way, the iterated derivative operator
DB * maps L?(Q) into LP(Q;#%%). For any positive integer £ and any real
p > 1, we denote by IDI;’ P the closure of ./ with respect to the norm defined by

k
IFNB &, » = 1F Loy + 2 1D FIL 0y oy
j=1

Henceforth the norm of L?(Q) will be denoted by ||| ,. We denote by 5% the

adjoint of the derivative operator DZ. The domain of 62 (denoted by Dom %)
in L2 is the set of elements u € L2(Q;#) such that there exists a constant c
verifying

)E(DBF, uw < ¢||Fl,

for all F € .. If u € Dom 8%, 8B(u) is the element in L2(Q)) defined by the
duality relationship
E(8%(w)F) = E(D®F,u),, FeDg”

If V is a separable Hilbert space, we can define in a similar way the spaces

IDI;;’p (V) of V-valued random variables. We recall that the space D};’z(%) of

#-valued random variables is included in the domain of 62, and for any ele-
1,2

ment u in Dy “(#) we have

ull?
(PZ-¥

E(8%(u)?) < E|lu|% + E|D®
Furthermore, Meyer inequalities imply that for all p > 1 we have
5) 185l < eplullpt o).
If u is a simple s#-valued random variable of the form

j=1

where F ; € D}g’z and ¢ ; € #, then u belongs to the domain of 6% and

8%(u) =3 (FjB(¢j) —(DPF;, ‘PJ');f)-

j=1

In the particular case where B is the Wiener process, that is, R(¢, s) = t As,
the space # is L%([0, T]) and the divergence operator 8% is an extension of
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the Ito integral in the sense that the set L2([0, T'] x Q) of square integrable
and adapted processes is included in Dom 6% and the operator 62 restricted
to L2([0, T] x Q) coincides with the Itd stochastic integral (see [19]). This
extension coincides with the stochastic integral introduced by Skorohod in [21]
and it is also called the Skorohod integral.

In the general case, the divergence operator 62 can also be interpreted as
a generalized stochastic integral. In fact, notice that, for all ¢ € #, B(¢) =
8B(¢), and, in particular,

53(2 a;ly, ti+1]> = a;(B(t;11) — B(t;)).
i—1 i=1

Our purpose is to study the properties of the divergence operator as a stochas-
tic integral. To do this, we need a representation of the elements of the RKHS
# as functions on [0, T'].

Suppose that the covariance R(¢, s) of the continuous Gaussian process B
can be expressed as

tAs

(6) R(t,s) = / K(t,r)K(s, r)dr,
0

where K(¢,s), 0 <s <t < T, is a kernel satisfying

t
(7) IK| = sup / K(t, s)?ds < oo.
te[0,T]70

Enlarging, if necessary, our probability space, we can find a Wiener process
W ={W,,t €[0, T]} such that

t
B, = / K(t,s)8W,,
0
where we denote by 6W, the It6 differential. Notice that the RKHS 7 is
isometric to the closure in L2([0, T']) of the linear span of the functions { K (¢, -)
1,4t € [0, T]}. Indeed,
R(ta S) = <1[0, t]» 1[0, s]>;;/ = (K(ta ')1[0, t]» K(S’ ')1[0, S])Lz([O,T])'
On the other hand, the kernel K defines an operator in L2([0, T']) given by
t
(Kh)(t) = / K(¢, $)h(s)ds,
0

and the function K% is continuous and vanishes at 0 because
|(KR)(t) — (KR)(s)| < | B; — B, All 20, 7))

We denote by & the set of step functions on [0, T']. Consider the linear
operator K* from & to L%([0, T']) defined by

(K*6)(5) = 6K (T, )+ [ [o(0) — o(s)] K (dt, ).
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If

n
(8 ¢ = Z a; 1(siv sl
i=1

where a; e R, and 0 =5s; < sy <--- <s,,; =T, then

(K*e)(s) = Y ails, o () K(T, 5)

i=1

n—1 n
+ Z l(si»si+1](8) Z (aj - ai)(K(sj-Ha 3) - K(Sj, 8))
i=1 i

Jj=i+1

Notice that this operator can also be written as

n—1 T
O (K6 = X Lo 6K + [ oK)
i=1

Sit1

However, this expression is not convenient because when we extend the oper-
ator K* to continuous functions the first summand of (9) becomes ¢(s)K (s, s)
and K(s, s) may not be well defined.

The operator K* is the adjoint of K in the following sense:

LEMMA 1. For any function ¢ € & and h € L?([0, T]), we have

T T
[ (&Ko) dt = [ o) (Kh)do)
0 0

PROOF. Suppose that ¢ is a function of the form (8). We have, using the
definition of Kh,

T n
[ eER)dD) = Y a[(Kh)(si41) = (Kh)(sy)]
i=1
n—1
= a,(Kh)(T) = Y- (@is1 ~ a)(Kh)(sis1)
i=1

- /0 ! a, K(T, s)h(s)ds

T (n—1
_/0 (Z(aHl _ai)l(O,sHl](s)K(sHla3)>h(3)ds-
iz1
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Hence,

T Tr n
[} eonan = [ et @K,

n—1
Y (@~ ) 0, (8) % (E(T8)~ K501, s))}

i=1

x h(s)ds

- fo Tcp(s)K(T,s)h(s)ds

T /n—1 n
) (Zhnnn® T (@=a)(KG10.9-KG,.9)
i=1

j=itl

x h(s)ds

T
= /0 (K*¢)(s)h(s)ds,
which completes the proof. O

Replacing h(s) ds by 6 W, the proof of the preceding lemma also shows that
for any ¢ € & the element B(¢) of the first chaos can be written as

T
B(e) = [ (K*¢)(t)W..

Hence, the RKHS .# can be represented as the closure of & with respect to
the norm |¢l| ,» = [|K*¢l| 20, 77)- The operator K* is an isometry between #

and a closed subspace of L2([0, T']), that is,
(10) A = (K*)"}(L?([0, T)).

Henceforth we will denote by D, 8, D% ? the operators and spaces associated
with the Wiener process W. The equality (10) implies
(11 D *(#) = (K" (L"),

where [.1'2 = DL2(L2([0, T])). On the other hand, we have the following iden-
tity for any smooth random variable F' and any /#/-valued square integrable
random variable u:

E(u, DPF), = E(K*u, DF) 20, 17
In fact, if F = f(B,), then

E(u, DPF), = E<u f'(B:) 1y, t]>,f
- E<K*u, f'(B:)K*1pp, t]>L2([0, T))
= E<K*u (B, K( ")>L2([0, 7))
= E(K*u, DF) 0 1))
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As a consequence, we obtain
(12) Dom 62 = (K*)~1(Dom 5),

and 65(u) = 8(K*u) for any /#-valued random variable z in Dom 65. We will
make use of the notation 6(v) = fOT v,6W, for any v € Dom 8. Hence, if u €
Dom 82, then

§B(u) = /OT(K*u)S SW..

From (11) and (12) we deduce that (K*)~!(L}2) is included in the domain
of 65.

3. Gaussian processes with a singular kernel: Stochastic integral
and Ito’s formula. Suppose now that K(¢,s) satisfies the following
condition:

(K1) K(-, s) has bounded variation on any interval (v, T'], u > s.
Consider the following seminorm on &:
loll = [ PR 5@ ds+ [ ([ le(o) - et KI(a, s))zds.
0 0o \/s

The completion of & with respect to this seminorm will be denoted by #%.
The space #x is the class of functions ¢ on [0, T] such that | ¢||% < oo and it
is included in L%([0, T']; K(T, s)? ds). Moreover, # is continuously embedded
in # because ||¢| , < V2| ¢ k-

Let u = {u,;,t € [0, T]} be a stochastic process in D"2(#%). That is, u
verifies the following conditions:

T T/ T 2
(13) E||u||§<=E/ u§K(T,s)2ds+E/ (/ |ut—us||K|(dt,s)> ds < oo
0 0 s

and

T T T
Efo ||D,u”§{dr=E/0 /0 (D,us)zK(T,s)stdr

T T/ T 2
(14) +E/o /0 (/S |Drut—D,uS}|K|(dt,s)> dsdr

< Q.

These conditions imply that K*u belongs to L'? and, as a consequence, u
belongs to the domain of 6% and §%(u) = fOT(K*u)S 8W .. For a process u in
D 2(#%) we will make use of the notation 88(u) = fOT u,8B,, and, therefore,
we can write

T

J

T
u, 8B, =/ (K*u), 6W,.
0
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Notice that if u satisfies conditions (13) and (14), then u1j, , also satisfies
these conditions for any ¢ € [0, T']. Moreover for s < ¢ we have

K@l q)s = wK(Ts) + [ @ —u)K(dr,s) = [ uK(dr,s)

—u K(t,s)+ /( (e —u)K(dr,s),

and for s > ¢ we clearly have K*(ul ;), = 0. We will denote K*(ulj 4)s by
(K7ju),, where K7 is the adjoint of the operator K in the interval [0, £].

So, for a process u in DV'2(#%) we can introduce the indefinite integral
X, = [3 u,8B,, which will be given by

(15) /Ot Us SBS = /Ot usK(t’ S) SWs + /Ot(/:(ur - us)K(dY‘, S)) SWS
= [ (Kiu), oW,

In order to show an It6 formula for the Gaussian process B, we will intro-
duce the following additional conditions:

(®2) [y (f, B, = Byls| K|(dt, ))* ds < oo.
(K3) The functions R(s, s) and |, f‘As K(s, r)dr have bounded variation in s €
[0, T'] for any ¢ € [0, T'].

Let F be a twice continuously differentiable function satisfying the growth
condition

(16) max{|F(x)|, |F'(x)|, |F"(x)|} < cexp(A|x|?),

where ¢ and A are positive constants such that A < %(supogﬁT R,)~!. This
condition implies

E( sup IF(Bt)|p> < cPEeP s Bl oo,
0<t<T

for all p < %(supOStST R,)!, and the same property holds for F’ and F”. As
a consequence of condition (K2), for any function F of this type, the process
F'(B,) belongs to the space L%(); #x). Indeed, if 2 < p < s=(supy_,-r R;) 7},
applying Holder’s inequality we obtain

T
E|F(B)|% =/O EF'(B,)’K(T, s)*ds
T/ .T 2
~|—E/O (/ |F’(Bt)—F’(BS)||K|(dt,s)) ds

= E( Sup ‘F/(Bt)ﬁ)R(T, T) +C<E< sup }F”(Bt)|p));

0<¢<T 0<t<T

T/ T 2
X/O (/ ||Bt—BS||2|K|(dt,s)) ds

< Q.
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THEOREM 1. Let F be a function of class C?(R) satisfying (16). Suppose
that B = {B,,t € [0, T} is a zero mean continuous Gaussian process whose
covariance function R(t,s) is of the form (6), with a kernel K(t,s) satis-
fyving conditions (K1), (K2) and (K3). Then for each t € [0, T] the process
F'(B;)1), 4 (s) belongs to Dom 88 and the following formula holds:

t
F(B,) = F(0) + /0 F'(B,) 8B, + 1 [l F"(B,)dR,,
where R, = R(s, s).

PROOF. By the preceding remark F'(B,) belongs to L%(; #%). Then it
suffices to show that

E(GF(B,)) — E(GF(0)) — X [ E(GF"(B,))dR,

(17) ¢
—E /0 D,GK:[F'(B)]ds

for any random variable G in a total subset of L2((). In fact, the random
variable F(B,) — F(0) — % f(f F"(B,)dR, being square integrable, (17) implies
that the process F'(B;)1|, 4(s) belongs to the domain of 88. Suppose that G
is a random variable of the form G = I,(A®"), where I,, denotes the multiple
stochastic integral of order n with respect to W and 4 is a step function in
[0, T]. The set of all these random variables forms a total subset of L2(().
From hypothesis (K3) we deduce that KDG is of bounded variation. Thus
we can apply Lemma 1 to the right-hand side of (17) and this equality is
equivalent to

E(GF(B,)) — E(GF(0)) — & [ E(GF"(B,))dR,
(18) ¢
—E /O F'(B,)(KDG)(ds).
In order to show (18) we will replace F' by

1
Fyx) =k [ F(x—y)e(ky)dy,

where ¢ is a nonnegative smooth function supported by [—1, 1] such that

f}l &(y)dy = 1. The functions F';, are infinitely differentiable and their deriva-
tives satisfy the growth condition (16) with some constants ¢, and A. Suppose
first that G is a constant, that is, n = 0. Then the right-hand side of equality
(18) vanishes. On the other hand, we can write

E(GF(B,) = G [ Fu(y)p(Br. y)dy.

where p(o, y) = (2m0) /2 exp(—y2/20). We know that

op_17p

1 = —-——.
(19) do 29y
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As a consequence, integrating by parts, we obtain
1t #p
E(GF\(B) ~ GF(0) = 3G [ dR,( [ Fu»)T B Ry )y
1 t 1"
=56 [ ar([ Fiop(R. ) dy)

1 t a
= 5G/O dR, E(F}(B,)),

which completes the proof of (18), when G is constant.
Suppose now that n > 1. In that case E(G) = 0 and we can write

E(GF4(B,)) = E(Fy"(B))(Kh)?,
E(GF}(B,)) = E(F\""™(B,))(Kh)!
and

E /Ot F,(B,)(KDG)(ds)=n /(:(Kh)(ds)E(F’k(Bs)[n&(h®(n71)))
= [(KR)(ds)B(F(B) (KR!

/ E(F)(B,)) d(KR)".
Hence, it remains to show that

E(F (B))(Kh); = § [y E(F}™(B,)(Kh): dR,
(20)
/ E(F\"(B,)) d(Kh)".

For any y # 0 we can write, using again (19),

n 1 ! noﬂp ! n
(KR); p(Re, ) = 5 [((KW (R, 9 AR+ [ p(R,, 9) dCKRY,.

As a consequence, applying Fubini’s theorem and integration by parts, we
obtain

E(F(B)) (KR = [ FiP()(ER); p(By. y) dy
= 30§ R P ONERY PR )

+ [} aEkm( [ FOOpE ).

which completes the proof of (20) for the function F;. Finally, it suffices to let
k tend to co. O
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4. Gaussian processes with a regular kernel: Stochastic integrals
and Ito’s formula. In this section we will impose the following condition on
the kernel K(t, s), which is stronger than (K1):

(K4) For all s € [0,T), K(-, s) has bounded variation on the interval (s, T'],
and

T
[ 1KI(s. 7). 9)" ds < co.

Notice that condition (K4) implies that K(s*, s) = K(T, s) — K((s, T], s) is
square integrable in [0, T']. Moreover, conditions (K2) and (K3) hold. In fact,
for any partition 0 < s; <--- < s,,; = T we obtain

Z |Rsi+1 - Rs,;| = Z
i=1

=1

/OM K(sHl,r)Zdr—/oiK(si,r)Zdr

Si

n +1
= / K(sj1,r)*dr

i=1"5i
+> /i[K(SiHa r)? — K(s;, )] drl
i=1170 |
=A; + A,
The functions |K(s, 1)1, ¢(7)| are bounded by the square integrable function
k(r)y = |K(T,r)| + |K|((r,T],r). Hence, for the term A; we have

A< fOT k(r)?2dr. On the other hand, for the term A, we can write

Ay < Z/O |K|((s;5 $i41)s 1) K(8;41,7) + K(s;, 7)| dr
i=1

T
524 E(r)|K|((r, T], ) dr < oo.

By the same arguments the second part of hypothesis (K3) also holds.
In this case the operator K* can be expressed as

(K*6)(5) = 6K (") + [ o()K(dt,5),

where ¢ € &£. We define the seminorm

Il = [ oK, 9 ds + [ T( [l iK1, s))zd&

The completion of & with respect to this seminorm will be denoted by #%,,
which is continuously embedded in .# because |¢|, < v2|¢| x,. The space
DY 2(H#%,)is included in the domain of 82 and for any u in this space we have

88(u) = fOT(K*u)s 6W,. The adjoint K} of K in [0, ¢] will be given by

(KW%:%K@ﬂQ+[ u, K(dr, s),
(5.1
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and for a process u in DV2(#%,) the indefinite integral of u is

/Ot u, 8B, =/(:(K;*u)S6WS
(21)
= tuSK(s+,s)6Ws+ t tu,K(dr,s) SW..
/, UL

Condition (16) implies that the process F'(B,) belongs to the space D 2(#%,.).
The following theorem can be proved by the same method as Theorem 1.

THEOREM 2. Let F be a function of class C%(R) satisfying condition (16).
Suppose that B = {B,,t € [0, T'|} is a zero mean continuous Gaussian process
whose covariance function R(t,s) is of the form (6), with a kernel K(t,s)
satisfying condition (K4). Then the process F'(B,) belongs to DV 2(#%,) and
for each t € [0, T'] the following formula holds:

t
(22) F(B,) = F(0) + /O F'(B,)8B,+ 1} [ F'(B,)dR,.

Suppose that u is a process in the space D''?(#%,) and suppose that
K(s*,s) =0. Then s — fst u,K(dr, s) is Stratonovich integrable with respect
to W (see [18]), and we can write

/Ot (/Stu,K(dr,s))dWs - /Ot </:u,K(dr,s)> 8WS+/Ot (/:Dsu,K(dr,s)> ds,

where dW denotes the Stratonovich differential. We define the Stratonovich
integral of u with respect to B by

/Ot u,dB, = fot(/t u, K(dr, s)) dw,,

and, as a consequence,

/Ot u,dB, = /ot us6B, + fot(/: D.u,K(dr, s)) ds.

In particular, for u, = F'(B,) we obtain

/t F'(B,)dB, = /t F'(B,)8B, + /t(/t F'(B,)K(r, s)K(dr, s)> ds
(23) 0 0 0 s

- /Ot F'(B,)8B,+1 [ F”(B,)d(for K(r,s)? ds).

As a consequence, substituting (23) into (22), we obtain the following version
of the It6 formula for the Stratonovich integral:

F(B,) = F(0) + /Ot F'(B,)dB,.
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5. Indefinite integrals and general It6’s formula in the singular case.
Suppose that B = {B,,t € [0, T'|} is a zero mean Gaussian process whose
covariance function R(Z, s) is of the form (6), with a kernel K (¢, s) satisfying
the following conditions, for some « > 0:

(1) K(t, s) is differentiable in the variable ¢ in {0 < s < ¢ < T'}, and both K
and dK /dt are continuous in {0 < s <t < T};
(i) |(0K/dt)(t, s)| < c(t —s)™ 71
(i) ! K(t, u)?du < c(t —s)172.

Condition (i) implies (K1). Conditions (ii) and (iii) imply that B has Hoélder
continuous paths of order % —a — ¢ for all € > 0. In fact, we have, for ¢ > s,

t S
E|B, - B,? =/ K(t, r)2dr +/ \K(t,r) — K(s, r)2dr
s 0
s
(24) <c(t—8)" 4+ = [ (s =) =t =) dr
a“ Jo

cz s t—s —aq2
§c(t—s)1_2a+§/0[1—( " +1> }r_hdr.

By means of the change of variable (¢ — s)/r = v the last integral can be
estimated by

(t — 5)2 /0 U1 - v+ 1) P2 d,

and we obtain
(25) E|B, — B,> < C(t — s)72.

On the other hand, condition (K2) holds if a < %. Under the previous condi-
tions we can derive the following Holder continuity property for the indefinite

integral.

PROPOSITION 1.  Suppose that the process u = {u,, t € [0, T'|} is A-Holder
continuous in the norm of the space DVP for some p > 2, and A > a. Then u
belongs to the space DY P(H#y) and we have E|X, — X,|? < C|t — s|(P/2(1-2),
where X, = fot u 6B,.

PROOF. Let s < . The fact that u belongs to the space D! P(#%) is easy
to verify. On the other hand, from (15) we can write

X, - X, = /: u, K(t,r) oW, + /O u,(K(t, r) — K(s, ) 8W,
+ /:(/{: (u, — ug)%(r, o) dr) oW,

+ /()(ft(u - u(,)(;—lr{(r, a)dr) SW,
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t t t
:/ u, K(t, r)aw,+/ (f (u, — ua)%(r, o-)dr) SW,

+ /()(/t ur%(r, (r)dr) SW,.

Applying (5), E| X, — X,|? can be estimated by the following three terms:
E|Xt - Xs|p = cp(Il + IZ + 13)’

where

! 2 2 Pl
L= ([l K rpar)

= ([ ([ 1= ulh

dK
o9

and

2 p/2
dr) da’)
s t K
L= ([ ([ rlho| 5 o)

2 p/2
dr) d0'> .
Using condition (iii), we obtain

I, <sup [lu,||? ,cP/?(t — s)@/20-2),
r

In order to handle the term I, we make use of the Holder continuity of v and
condition (ii). In this way we obtain

p/2

t t 9
I, < C(/ (/ (r— o)t ot dr> do) = C'(t — 5)(P/2A+20A-0),

Finally, the term I5 can be estimated as

s t 1 2 p/2
Iy = e suplu 12, ([ - oy tdr) ao)

and by the same arguments as in the proof of (25) we obtain
I3 < Csup |lu, ||} ,(t — )PP 720,
r
which completes the proof of the proposition. O

Let u = {u,, t € [0, T']} be a stochastic process satisfying the hypotheses of
Proposition 1. Define

(26) R(u), = /Os(Kju)Edr.

Notice that R(u) is a continuous nonnegative function that vanishes at the
origin.
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Fix &£ > 0, and for ¢ < T + ¢ we introduce the operator
t
(K°h), = / K(t+ e, r)h(r)dr
0
and its adjoint

*, & ¢ (9K
(K7 "0) = K(t+e.9)+ [ (o, = @) (rtes)dr
s r
@D t JK
:(,DSK(S—FS,S)—’—/ qo,&—r(r—i—s,s)dr.

Notice that if ¢ : [0, T'] — V takes values in a separable Hilbert space V, for
any t < T + & we have

t
/0 (K} 0), — (Ki9)l|% ds

t
(28) =2 [ o} [K(t+ e 9) - K(t )] ds

2

ds,

+2/0t H /:(% 3 %)(%(r +e,8)— %(r, s)) dr ,

which converges to 0 as ¢ — 0, uniformly in ¢ € [0, T — ¢] provided ¢ is Holder
continuous of order A > a.

THEOREM 3. Let F be a function of class C3(R). Suppose that B = {B,, t
[0, T']} is a zero mean continuous Gaussian process whose covariance function
R(¢, s) is of the form (6) with a kernel K(t, s) satisfying conditions (i), (il) and
(iii) for some a < %. Let u = {u,, t €0, T} be an adapted process in the space
D? 2 satisfying the following conditions:

(C1) The processes u and D,u are A-Hélder continuous in the norm of the space
D4 for some A > a, and the function

||Drut - Drus||1,4

Yr = Sup ”Drus”1,4 + sup A
0<s<T O0<s<t<T |t - Sl

satisfies fOT yF dr < oo for some p > 2/(1 — 4a).
(C2)
T 2
ds < oo.
0

& S
sup E %/O (K**u)2dr

e>0
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Set X, = fé us8B;. Then for each t € [0,T) the process F'(X)usljy 4(s)
belongs to Dom 88 and the following formula holds:

F(X,) = F(0) + /Ot F(X,)u, 8B,
5 9

(29) + /Ot F”(Xs)us(/ Ij(s, r)<fos D,(K:u)gdW0> dr) ds

o d
+ 1/t Fr(x,)" [ (Kzuydr)ds
2o os\Jo T '

Notice that condition (C2) implies that the function R(z) has a distribu-
tional derivative in L2([0, T'] x Q). On the other hand, we shall provide suffi-
cient conditions for (C2) to hold.

PROOF. For ¢t < T — ¢ we define the process

t *, &
Xi= [ (Ki*u),oW,,
that is,

. t t t O’)K
X _fo u K(t+e, s)6WS+/0 (/ (= u) ~(r + 2, s)dr) SW,

t t S K
:/0 u,K(s +e, s)aws+/o(/0 us“;—s(ere, r)8W,.> ds.

As a consequence, X? is a continuous semimartingale, and the classical It6
formula yields

F(X®) = F(0) + /Ot F/(X%)u K(s+ ¢, )W,

t (5 oK
+f0 F(Xs)<f0 u (s +e, r)SW,) ds

1 ,¢
+ —f F/(X)u2K (s + e, s) ds.
2 Jo
Using the properties of the Skorohod integral with respect to W, we get
t
F(X;)=F(0) —|—/ F'(X2)u,K(s+¢e,s)6W,

0

t s , . oK

n fo (/0 F/(XDu, " (s +e.r) aW,) ds

(30)
“(r IK

1 t
il / F/(X2)u2K(s + &, 5) ds.
2 Jo
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We have
(31) D,[F'(X?)]=F"(X?) [ (K¥*u —|—/ (K**u 6W0:|.
Substituting (31) into (30), we obtain

F(X?) = F(0)+ /t FI(X%)u K(s+e,8)6W,
+/</ F’(Xe)u (s+s r) W, )ds

7 e s *, & IK
+/0 F (Xs)us(fo (K *u), 5 (s +e, r)dr) ds

t % & s s *, & IK
+ /0 F (Xs)us<f0 <f0 D, (K:*u), aWJ)E(s ter) dr) ds
1 t
+ —/ F'(X°)u2K(s + &, s)% ds,
2 Jo
which can be written as

F(Xf) = A1,8+A2,8+A3,87

where

t
A, , = F(0) +/O K °[F (X5)u,] sW

! 4 € S% s *, &
AM:/O F (Xs)us</0 (s, r)</0 D,(K: u)USW(,) dr> ds

and
Lo e S ey 0K
AS,s:‘/OF (Xs)us</0 (KS u)rTS(s+s,r)dr>ds
t
+%fo F'(X)u; K (s + e, )" ds.

Notice that

3.6 = 2/ /K*“")dr.

In fact, from (27) we obtain
J *, € _ x e, \2 y *, & ﬁ(K:’su)r
2o = (Ko 2 [ (Kotw), S e ar
=u’K(s+e,8)?+2u /S(K*’Eu) §(3+8 r)dr.
s ’ Sho VS U gs ’

Now the proof will be decomposed into several steps.
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Step 1. Let us show that
2 t *, & / / 2
o, =E [ |K*(F(X)u) - Ki(F(X)u),[*ds
0 s
converges to 0 as ¢ — 0. We can write

< E/Ot K2 ((F/(X°)—F(X))u) > ds

1, e
t
+ E/O K *(F/(X)u), — K (F(X)u) |*ds

_ 2 2
=0y, T Qg -

For the first term we have
t
., < 2/ K(t+2,5)E(F (X2) - F/(X,)]P|u,l?) ds
+2/ (/ (F/(X?) - F'(X,))u,
2
—(F(X) - F(X,)u(r — 5! dr) ds

_ 2 2
= 2aiyy . + 20913 .-

The first summand in the preceding expression converges to 0 as ¢ — 0
because

! & 2
.. < IKIFIZ sup(] X: - X[,
and, by Meyer’s inequality [see (5)],

x5 - ], <

<o [ (K20, - (Kiu), |, , dr.

which converges to 0 as ¢ — 0, uniformly in s € [0, ¢], due to (28) and the
Hélder continuity of order A > « of the process u, in the norm || - ||; 4. In order
to treat the term 0‘%12, . We write

[(F(X7) = F/(X))ur = (F/(X5) = F'(X) o
= [(F(X7) = F/(X0)) (ur = ws),
+ [ (F/(X7) = F/(X,) = F/(X5) + F/(X,))ue
= [F7 X7 = Xl = wsll

+ [ (F(X7)=F'(X,)=F'(X)+F' (X)) | luslla-
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Hence, we obtain

t/ ot 2
0‘%12,8 < HFU”ZOSE? | xe— Xr||i/0 (/S lw, — uglls(r —s)™t dr) ds
9 t t ,
wsup i [ [ 1(F/(X0) - F'(X) - F(x0) + F (X)),

2
x (r—s)" 1 dr) ds.
By dominated convergence, it suffices to show that
sup | (F/(X7) - F/(X,) - F'(X5) + F/(X))], (r =)™

is bounded by an integrable function of the variable r, which is a consequence
of Proposition 1. In fact, the proof of this proposition shows that

sup | X7 - X3, < C(r — )27

Step 2. We claim that the term

_ II Ay /Ot F(X)u</0 %(s, r)(/os D, (K*u), 8W0> dr> ds

converges to 0 as ¢ — 0. We can write

2

g < t[F”(Xi)—F”(XS)]uS</ (st r)</ D, (K**u), 8W >dr>ds 2
H/ F(X (/s—Ij(s+s,r)</osDr([K:’8—K;‘] 8W0>dr>dsii2
+ /0 F”(Xs)us</os|:%(s+s,r)—%(s,r)}

X (/OSD,(K:u)USW(,> dr) ds

2
= g1, T g Qg3
We have

t
o, < [ (F(X3) - F(X)u],

JRAC

AL 1@ - P s

t S 1 S 9 1/2 2 1/2
X /0(/0 (s—r)y " (/0 HDF(K:’EL‘)JHLALdU) dr> ds} )

< ‘—(s+s r)

)ds
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We know that fot [(F"(X?) — F"(X,))u,|ds converges to 0 as ¢ — 0. Then
it only remains to show that the last factor in the preceding expression is
bounded uniformly in &. We have

s 2 r
J, do=]|
0 1,4 0

Taking into account that the process u is adapted, we obtain, for r > o,

2
D,(K;*u),| (K*u),

2
do.
1.4

DV(K:,SuU)

K*e /Du0 0(6+8,U)d0

Hence,

S r 9 1/2
—a—1 *, &
[[e=rr ([ 1pEm), ) o) ar
S r s 2 1/2
Ec/o(s—r)_“_l(/o </ ||D,u9||1,4(e—a)—a—1d0) dcr) dr

= f[=n ([T - o7 - =) T do) Car

< c/s(s —r) 2 Y2k (r)dr
0

where k(r) = sup, || D,uyl|;, 4+ due to condition (C1). On the other hand,

S S 2 1/2
[[e=rr([1pr ), 1} o) ar

S S 1/2
S/O(S—r)_”‘_l(/r 1D, u, |3 K(s + e, 0)2d0'> dr

s s s 2 1/2
+ /0 (s — r)_"‘_1</r (/U 1D,y — Dyt ||y, 4(0 — a)_“‘1d0> do) dr

< [ =P > Phy(rydr e [ (s — Py V2hy(r) dr.
0 0

where ko(r) = supg—_s<r %% and again this is finite due to (C1). Let

us now consider the second term:

Qoo o = || F’ Hoo S‘ip s ll4

x[0t</o “/ Kj’s—Kj]u>05WU 4dr) ds
< c/Ot(/Os(s - r)_“_1</0 |D, (K5 - K:]u)gwlyélda) dr) ds.

—(s—i—s r)
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We have
D, ([Ky*® — K;]u)

T

& JdK JdK
= 1{r>0’}/; D,uo[ﬁ(ﬂ + &, 0') - %(0, U)] do

+ 1{,<(,}D,u(,[K(s +¢,0)— K(s, a')]

+1{,<(,}f(Duo Du(,)|: (0+¢,0)— Ig(ﬁ,a)}d&

and ay, , converges to 0 by dominated convergence, using the same estimates
as in the first term. The term ay; , can be treated in a similar way.

Step 3. We claim that A , converges to 0 in L*(Q) as & — 0 to the square
integrable random variable

1/ 17" d s * 2
5 | F(X)2 (K.

Set

1 1" d § % \2
a3,e=E‘A3,s—§/O F (Xs)gfo(Ksu)rdr

We have
J

., < %Ei/ot[F”(Xj) - F'(X, )](078/ (K5 )fdr> ds
+ %Ei /Ot F”(XQ(% /()S(K:’gu)f dr — % /()S(K:u)f dr) dsi
=gy, + o3 .

The first summand can be estimated as follows, for any n > 0,

20131’857]/(:1'7’%/ K:%u ) drlds+fP“F” 8- F'(X s)|>n}

|:El / K*S )fdr’2:|1/2ds,

and letting first £ — 0 and then  — 0, we get the desired convergence for
this term, due to condition (C2). Finally, let C, be a smooth step process such
that

1/2

E / |F"(X,)-C | ds < e.
Then it suffices to show that

/Otc (js/ (K**u,)? dr — r%fos(Kju,)Zdr) ds

E

tends to zero as € — 0,
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which follows from the fact that [j(K* *u)?dr converges to [;(Kiu)?dr in
the norm of L2([0, T] x Q) as & — 0.

Step 4. The family of stochastic processes
[K;‘sa(F/(XS)u)s, s €0, t]}

converges in L2([0, T] x Q) to K;(F'(X)u), as ¢ — 0, by Step 1. Moreover,
Steps 2 and 3 imply that the square integrable random variable

R=F(X,) - F(0)— /F”(X ), (/ G, r)</ (K:u)eﬁW(,) dr) ds
_% Ot F”(XQ%(/OS(K:u)f dr> ds

satisfies

t
%E(G/O K;*(F'(X )u)85W8> — E(GR)

for any smooth random variable G. Hence, by Lemma 1 of [1], we conclude
that K7 (F'(X)u), is Skorohod integrable and R = fot K (F'(X)u),6W,. O

The next proposition gives us sufficient conditions under which hypothesis
(C2) holds.

PROPOSITION 2. Assume that the kernel K(t,s) satisfies conditions (i), (ii)

and (iii) for some a < 3 L and that u is an adapted process in D% 2 which satisfies
condition (C1). Suppose, moreover, that

(iv)
%(/:Kz(s—l—s, r)dr> <s

IK?
&_(S +er)<(s—r)y 2l
s

—2a

()

and that the process u is p-Holder continuous in the norm of the space L*(Q)
for some p > 2a. Then condition (C2) holds.

Proor. We can write

§ *,& 2 _ § 2 772
/O(KS u)ralr_/0 u?K*(s+e,r)dr

+2/OS u K(s+s, r)</s(u9 - u,)%(@ +e r)d9> dr

+f </ (g — (0+s r)d0>2 .
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Differentiating with respect to the variable s yields

J

&s/ (Ko°u ) dr = u?K?(s+s, s)~|—/ u —(s+s rydr

+2/O urK(s—l—s,r)(us—u,)—(s—i—s,r)dr
+2/Os</rsu,(ue ,) (s—i—s r)—(@—i—s r)dH)dr

+2f </ (ug— ,) (0+s r)d@)(u r)%(s—i—e,r)dr

s JK?
= usz(s—i—s,s)—i—us/O u,—(s—i—s,r)dr

+2u / (/ (ug— ,) (0+ )d@)%(s%—s,r)dr.

Now we add and subtract the term u? [J(9K?/ds)(s + &, r), obtaining

js (K:%u ) dr =u?K?*(s+e,8) +u? / —(s—i—s rydr

2
+u/(u &K (s+s rydr

+2usf0</(u9 ) (0+a )d0)%(s+a,r)dr

J s s JK?
:ufgfo K2(3+8, r)dr—i—uS/O(us—ur)K(s_}_g, rydr

S S &K 0’)K
+2qu0 (/ (g = ur) (0 + &, r)d0>75(8+a, r)dr.

Integrating the square of the preceding expression in s and taking the expec-
tation, the result follows easily from conditions (iv) and (v). O

6. Indefinite integrals and general It6’s formula in the regular case.
In the regular case treated in Section 3, the process B, admits the following
decomposition:

B, = fK(s s) W, —i—/ ((s, t],s) 8W

where the first summand is a Gaussian martingale, and the second process
is expressed in terms of the kernel K (¢, s) = K((s, t], s), which vanishes as
t | s. We are mainly interested in the stochastic calculus with respect to a
process fot K((s, t], s) 6W_, which includes the case of the fractional Brownian
motion of the Hurst parameter H > % For this reason in this section we will
assume that K(s*,s) =
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Suppose that B = {B,, ¢t € [0, T']} is a zero mean Gaussian process whose
covariance function R(Z, s) is of the form (6), with a kernel K (¢, s) satisfying
condition (i) and

(ii")

—(t,8)| <c(t—s)*1s7,

K
Jat

(11i")
t
/ K(t,u)*du <c(t —s)'™* for some 0 < & < 3.
Conditions (i) and (i) imply (K4). Conditions (ii’) and (iii’) imply that B

has Holder continuous paths of order % +a — ¢ for all € > 0. In fact, using the
Holder inequality, we have

E|B,- B[’ = /: K(t,r)?dr+ [0 \K(t,r)— K(s, )2 dr

< C(t _ S)1+2a.

Under the preceding conditions we can derive the following Hélder conti-
nuity property for the indefinite integral.

PROPOSITION 3. Suppose that the process u = {u,,t € [0, T} is bounded
in the norm of the space DV? for some p > 2. Then u belongs to the space

DY ?(#,) and we have E|X,— X ,|P < C|t—s|(PP0+29) where X, = 5 u, 8B,

PROOF. The fact that u belongs to the space D P(#%,) is easy to verify.
On the other hand, we can write, for s < ¢,

X, - X, = f()(ft u, K(do, r)> SW, + /:(/rt u, K(do, r)> SW,,

and we can estimate E|X, — X |7 by Csup, [lu,|{ ,(t — s)?/21+29, as in the
proof of Proposition 1. O

Let u = {u,, t € [0, T'|} be a stochastic process satisfying the hypotheses of
Proposition 3. In this case we have

) ¢ 9K
(Ktu)s—/s u,;(r,s)dr,

and the function R(u), defined in (26) has now the following expression:

R(u), = /Os</rsu9%(e, r)d0>2dr.
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THEOREM 4. Let F be a function of class C2(R). Suppose that B = {B,, t €
[0, T']} is a zero mean continuous Gaussian process whose covariance function
R(¢, s) is of the form (6), with a kernel K(t,s) satisfying conditions (i), (ii’)
and (it’). Let u = {u,,t € [0, T'|} be an adapted process bounded in the norm
of the space D**. Set X, = [ju,6B,. Then the process F'(X,) belongs to
DY2(H#%,) and for each t € [0, T] the following formula holds:

F(X,) = F(0) + /Ot F'(X,)u, 6B,
(32) + /Ot F'(X)u, </Os %(s, r)(/os D,(Kju), 5W9> dr) ds
s /Ot F”(Xs)j—s</:(1{:u)fdr) ds.

PROOF. Define the process

& ¢ ¢ oK t S oK
X7 —[0</S ur;(r+s,s)dr> SWS—/O</O us&—s(s—i—s,r)BWr)ds

for any t < T — &. The process X has bounded variation paths and we can
write

K

—(s+e,1) 5W,) ds.
s

Fx = FO+ [ F ([

Using the properties of the Skorohod integral with respect to W yields

F(X?) = F(0)+ /:(/O F/(Xg)us%(s ter) 8Wr> ds

(33)
t S , . K
+ fo <f0 D,[F'(X)]u, S (s + e, r)dr) ds.
We have
39 DF(X)] = P K@+ [ DK @)W, |
where

s K
K¢, () :fr g~ (04 o.7) dO.
Thus, substituting (34) into (33), we obtain

FOX) = PO+ [ ([ P00 5+ 0.9)ds) oW,
+ [Ot F”(Xi)us%(s +e, r)(/o(/o D,[K2 (u)] 8W(,) dr) ds

t " & s & (9K
+f0 F (Xs)us</0 K: () (s +e, r)dr) ds
= F(O)+A1,8+A2,8+A3,8‘
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Notice that

1 t " € a s &
Ay, =5 [ PO [ (K@) dr

As in the proof of Theorem 3, it suffices to show that the following terms
converge to 0 as ¢ — O:

t
of =B [ |Ki*(F(X*), - Ki(F (X)), [ ds.

g, = “ Ay, - /Ot F(X)u(/o %(s, r)</08 D,[K® ()] 8W,,> dr> ds

and

2

1/ " d s % \2
0’—3,82E‘A3,s—§f0 F (Xs)gfo(Ksu)rdr

We can write

o, < E/(:IK’;’S((F/(XS) - F(X))u),| ds

IZ
+ E/Ot IK;"E(F/(X)u)S - K;"(F’(X)u)sr ds

_ 2 2
=07y, T Q19

For the first term we have

9 t ot
011,850/ f
0 Js

t
< C|F | sup I [ X5 - X, |5 dr.

E(r —s)* s drds

(x5)-F

We have

2 ) |12
| X5 - X[, < f or(@) — (Kgu), | dr
2

dr,
1,4

s dK JdK
. u9<&—0(0+ g, 7") — 0—0(0, 1")) do

which converges to 0 as ¢ — 0, by dominated convergence, because the process
u, is bounded in the norm ||-||; 4. Hence, the term «;; , converges to 0 as ¢ — 0.
The term «a;, , can be treated in a similar way.
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For the term a, , we can write

12

a2,£ =

Ot [F/(X%) - F"(X)]u, ([O %(Hs, r)</OSD,[K;U(u)] 8WJ> dr> ds

+ /tF”(Xs)us /s%(s—ke,r) /SD,[K;g(u)—(K:u)U](SWU dr)ds
0 0 Js 0

o [ 7o ([ [5s oer)= o) ([ DKz, oW, )r ) as

= Og1 gy ,+ o3 .

We have

2

2

ah.o = C( [ B[ (x) - (X)),

4ds)
<, (/ (s=r)* lEl / r[Kz,a(u)]3WU4dr> ds.

Taking into account that the process u is adapted, we obtain

(35)

¢ (w)] = / D,u, 0(0+s,cr)d(9,
and, hence,

S 4 S S
(36) E‘/O D,[K¢ ,(w)] W, 50/0 /v | Dy} (06— 0)* o dodo.

As a consequence, substituting (36) into (35) yields
4 1/4
ds) ,

which converges to 0 as ¢ — 0. The second and third terms are treated
similarly.
The term a3 . can be estimated as follows:

! " 1"
o = Couplu, o (E [ |(F(X0)-F'(X))u,

1
<_-E
%3 =7

(P9 - P (X)) 5. [ K P dr) ds

/(:F” (ﬁs/K (u)2dr——/ (K*u dr)ds

=gy, T 039 4.

1
“E
T3

We have

a3, , < (E[(:[F”(X;’) - F”(XS)]2 ds>1/2< /O

1/2
ds) ,

(98[ Kt (w)dr
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which converges to 0 as ¢ — 0, because the second factor can be bounded by

a constant:
T
/
0

Finally, by dominated convergence, the term ag, . also converges to 0 as
e— 0. O

2
ds < Csup E|u|*.

" [ K:w?d
- u r
ds Jo 57 s<T

Let us now write the It6 formula in terms of the Stratonovich integral.
Define

t t t pr é)K
Yt=/O usstzfo U SBS+/O/O Dsu,;(r,s)dsdr.
A straightforward extension of the It6 formula to the process Y, yields
t , t , r oK
F(Yt)zF(O)—|-/O F/(Y,)u, 8Bs—|-f0 F(Y,)(/O Dsu,;(r,s)ds) dr
t or " ro o K K
+ [0/0 F (Y,)u,</0 /0 D,Dyu, (o, H)dedo)ﬁ(r,s)dsdr
_I_/tF//(Y )u </s g(s r)(/SD (K*u,) oW )dr) ds
o s)%s 0 Js ’ 0 r s%)e 0
Lt I ([ k)2
+§f0 F (Ys)£<f0 (Ksu)rdr).

From the relationship between the Skorohod integral and the Stratonovich
integral we deduce that

37

t
/ F'(Y,)u, 6B,
0
t , t or , oK
:/0 F(Ys)uSdBS_/o/o F(Y,)Dsurﬁ—r(r,s)dsdr
t " " * &K
(38) — fo F (Y,)ur</o (K,u)sy(r,s)ds) dr
t or " r . oK
_/0/0 F (Y,)u,(/o DS(Kru)GSW(,)W(r,s)dsdr
coro roo IK IK
—/O/O F (Y,)u,x<[0/0 D,Dyu, (o, e)deda>ﬁ(r, s)dsdr.
Sustituting (38) into (37) yields

F(Y,) = F(0)+ /0 "F(Y,)u,dB,.
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7. Approximation by Riemann sums. In this section we study the
approximation of the stochastic integral fOT u,6B, by Riemann sums. Let us
recall the notion of the Wick product.

DEFINITION 1. Consider two square integrable random variables of the
form F = Y2 I3(f,) and G = ¥, IB(g,), where 12 denotes the multi-
ple stochastic integral of order n with respect to the Gaussian process B. The
Wick product is the random variable defined by

FOG: Z Irlngrm(fnégm)’

n, m=0

provided the sum converges in L2(2), where f,®g,, denotes the symmetriza-
tion of the tensor product of f, and g,,.

Given an element ¢ € # and a random variable F ¢ L2%(Q)), the Wick
product F ¢ B(¢) exists if and only if ¢ F belongs to the domain of 8 and in
this case F ¢ B(¢) = 88(F¢). This fact is an immediate consequence of the
characterization of the domain of 6% in terms of the Wiener chaos expansion.

Suppose 7 ={0 =355 < 81+ < 8,41 = T} is a partition of [0, T'] and define
the mesh of 7 as |m| = max;_o _,[s;;1 — s;|. Then we have the following
approximation result for singular kernels:

PROPOSITION 4. Suppose that the kernel K(t, s) satisfies conditions (1), (ii)
and (iii). Let u be a process that is A-Holder continuous in the norm of Db2
with A > a. Then we have

n T
&}_ﬁgusi © (Bsi,+1 o BS,‘,) = /0 Uy 5Bt’

where the convergence is in L?(().

PROOF. Set uf =377 uy 1

(39) /O

Then the result follows from the convergence of u” to u in the norm
OfDl’Z(JfK). O

(s). We know that

+1)

T n
u7 8B, =Y u, o (B
i=0

Siv1 Bsi)'

In the regular case, that is, when the kernel satisfies (K4), Proposition 4
holds assuming only the continuity of « in the norm of D12,

Let us now consider the convergence of the ordinary Riemann sums to
the Stratonovich integral, and in this case we will restrict ourselves to the
regular case assuming K(s*, s) = 0. Actually, the Stratonovich integral is less
interesting in the singular case because the trace condition is very restrictive
(see [2]).
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PROPOSITION 5. Suppose that the kernel K (¢, s) satisfies condition (K4) and
K(s*,s) = 0. If u is an adapted process continuous in the norm of D2,

verifying

T
(40) lim sup E|D,us —D,u, |2 dr =0,

n—=>00J0 s s'e(r, r+1/n]N[0, T]

then we have

n T
lim Y u, (B, , - B,) = / u,dB,,
0

=10 /=

where the convergence is in L2(Q).
ProoF. We know that
T T T/ T
/0 u,dB, =/O u, 5B, +/0 (/ D,u K(ds, r)> dr.

On the other hand,

T n
/ u7 8B, =Y u, o (B,  —B,)
0 = i i+ i

n n
= Z Us, (Bsi+1 o Bsi) + Z (DBusi,’ 1(Si»3i+1])%'
i=0 i=0

The second summand of the preceding expression can be written as

n
Aﬂ' = Z (DBuSi’ l(si’si+1]>dy
=0
n
= ;}(Dusi’ K*l(sixsi-H])Lz([O, )
i=

n T
= Z/O Drusi(K(sH-l’ r‘)—K(Si,T‘)) dr
=0

n T
= ZA DruSiK((si7si+1]’ I") dr'
1=0

As a consequence, we can write
T/ T 2
EIAW —/0 (/ D,u,K(ds, r)) dr

T/ Sit1 2
§TE/O (g/ |Drus—Drusi||K|(ds,r)) dr

T noorsin
< T/O |K|((r, T, r)(Z / E|D,u, — D,usi|2|K|(ds, r)) dr

i=0"Si

T T
<1 [ KNG T ([ s EDyu, - Do dr),

s, s'e(r, r+|m|]N[0, T']
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which converges to 0 as |w| — 0, due to condition (40). This completes the
proof of the proposition. O

Ifthe kernel K(t, s) satisfies conditions (i) and (ii’), then (40) can be replaced
by the hypothesis

S
2
sup | E|D,u,/"dr <
s<T Y0

for some g > 1/a.

REMARK 1. The divergence operator is local in the space D'2(#). As a
consequence, using a standard localization argument, we can generalize the
preceding It6 formulas to the case of functions F' that are twice (or three
times) continuously differentiable, but without any growth restriction on the
derivatives or the function itself.

8. Ito formulas for fractional Brownian motion. In this section we
will discuss the particular case of the fractional Brownian motion. We first
briefly recall some elements of the deterministic fractional calculus that are
useful to characterize the RKHS space of the fractional Brownian motion with
parameter H = % —a € (0, %) and related processes. We refer to [20] for a
complete survey of this subject. The right-sided fractional Riemann—Liouville
integral of order a € (0, 1) of an integrable function f on [0, T'] is given at
almost all s by

5 £6) = S [ =9 oy ar,

We will denote by I%_(L?2) the class of functions f in L2([0, T']) which may be
represented as an I%._-integral of some function ¢ € L2([0, T]). If f € I$_(L?),
the function ¢ such that f = I4_¢ is unique in L? and it agrees with the right-
sided Riemann-Liouville derivative of f of order « given by

(-1 [ £(s) T () — f(s)
T(1-a) ((T —s) « (r —s)*'1 dr)'

Note that I4_(L?) is a Hilbert space with the scalar product
(f,8a2 =, &2+ (D7-f, D7-8)>.
A function f € L%([0, T]) belongs to I$_(L?) if and only if
T f(s)P

) mds<00,

D7-f(s) =

and the integral
[ 1010,

+e (r—s)att

converges in L2([0, T]) as £ — 0, as a function of s.



798 E. ALOS, O. MAZET AND D. NUALART

Consider now the case of the fractional Brownian motion. We recall that
the fractional Brownian motion (fBm) of Hurst parameter H € (0, 1) (see, for
instance, [15]) is as a centered Gaussian process BH = {BtH, 0 <t < T} with
covariance

(41) Ry(t,s) = 3(s* + ¢2H — |t — g?H).

It is proved in [16] that this process can be expressed as B = fé sH=124y,
where Y, is the Gaussian process defined by

t
Y, =cy / (t — s)H-V2g1/2-H gy
0

cy is a normalizing constant given by

B ( 2HT (3 — H) )1/2

““=\I(H+ Hr@-2H)

and W is a Wiener process. As a consequence, using the results obtained in
Section 2, we can deduce the following integral representation for the frac-
tional Brownian motion:

t
B! = [ Kp(t,s)dW,,
0
where K g(t, s) is the kernel

Kp(t,s)=cy(t—s)" 12

(42) 1/2-H
+CH(%—H> /st(u—s)H3/2<1—<§) >du.

From (42) we obtain (see also [3])

0K g 3 1\ /s\/*H Hos

Notice that if H > § then the kernel K (¢, s) is regular and if H < 1 this
kernel is singular.

Regular case H > % IfH > % the kernel Ky has the simpler expression

(44) Ky(t,s)=cy (H - %)31/2H fst(u — s)H-3/2yH-1/2 gy

From (43) it follows that the operator K7, is given by

1)F(H— 3)

(K}({h)s =Cyg <H — § ms_al%f(ha)s,

where h, denotes the function 4,(x) = x*A(x) and « = H — %
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On the other hand, the kernel Kpy(t,s) satisfies condition (K4), and
Theorem 2 provides the following version of the It6 formula:

THEOREM 5. Let BY be a fractional Brownian motion with Hurst parame-
ter H > % Let F be a function of class C2(R) such that

max{|F(x)|, |F'(x)|, |[F"(x)|} < ce*’

for any A < 1T~2H. Then the process F'(B,) belongs to D%2(#’) and for each
t € [0, T] the following formula holds:

45)  F(B/)= F(0)+/ F'(BY aBH+—/ F'(BH)s2H-1 g,

Moreover, the following version of the It6 formula for the Stratonovich inte-
gral holds:

F(BH) = F(0) + ]Ot F'(BH)dBX.

On the other hand, the kernel K (¢, s) satisfies conditions (i), (ii') and (iii’)
with « = H — % By Proposition 3, if a process u = {u;, ¢t € [0, T']} is bounded
in the norm of the space D? for some p > 2, then u belongs to the space
DY ?(#) and the indefinite integral X, = f(f u, 8BE satisfies E| X, — X,|P <
C|t — s|(P/2)(H+1/2) Furthermore, if u is bounded in D4, then the It6 formula
(32) holds for F(X,), provided F belongs to CZ(R).

Singular case H < % In this case the kernel can be written as

t
(46) Ky(t,s) =cy(t—s)T 12 4 SH1/2F1<§),
where

Fl(z) _ CH(% 3 H) '/0271 0[.1—3/2(1 _ (0 + 1)H—1/2) de.

PROPOSITION 6. The RKHS space # is the space I%_(L?) and the operator
K* is given by

(K*h)s = cHsaD%'f(hfa)sa
where h_, denotes the function h_,(x) = x~*h(x).

PrROOF. We have, using (46),

(K*h)s = CH[(T_S)ahs_a/T(h,—hs)(r_s)aldr]—l—sal/ThrF’l(g) g

T
- cH(T—s)_“hs—cHa/ (h,—h)(r—s)°"tdr

+acH/sThr(r—s)_”‘_1<1— (g)) dr.
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/OT([ST h(r — s)_"‘_1<1 - G)_a) dr)2 ds
< C/OT /ST 2(r — s)_"‘_1<1 _ (g)) drds

§C’/OThfdr.

Notice that

Hence, K*h is square integrable if and only if & belongs to I%_(L?). Finally,
a simple computation yields

T
(K*h)s = CH(T - S)iahs — CHSaa/ (rfahr _ Siahs)(r . S)iail dr
=cys* D7 _(r~*h),. -

We claim that this kernel satisfies conditions (i), (ii) and (iii) of Section 5
with « = % — H. Condition (i) is clear from the expression (46). Property (43)
implies (i1) with the constant ¢ = ¢ H(% — H). Finally, (iii) is true because for
any s < t we have

t
| Ku(t,r)?dr < E|Bf - BE? = |t — s"2,

As a consequence, the process B¥ satifies condition (K2) if H > %. On the other
hand, K j also satisfies condition (K3). Indeed, Ry (s, s) = s72¢ is increasing
and from (46) it follows that [’ K (s + &, r)dr has bounded variation, uni-
formly in &. Thus, by Theorem 1, if H > % and F satisfies the assumptions
of Theorem 5, the process F'(B,) belongs to the domain of 82, and the It6
formula (45) holds.

Fix p > 2. By Proposition 1, if u is a Holder continuous process in the

norm |-[|;, , of order larger than % — H, then the indefinite stochastic integral

X, = fot u, 8BH is Holder continuous of order H in the norm ||-|| p- This means
that the indefinite stochastic integrals possess the same order of continuity as
the fBm.

Note that conditions (iv) and (v) of Proposition 2 are satisfied. By
Proposition 2, the Ité6 formula (29) holds for the indefinite stochastic inte-
gral X, = fot u,8BE if H > 4—1, u is an adapted process in D% 2 which satisfies
condition (C1) for @ = % — H and u i s Holder continuous in the norm |||, of
order larger than 1 — 2H.
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