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Summary. Asymptotic properties of maximum likelihood estimates have
been studied so far mainly in the case of independent observations. In this
paper the case of stochastically dependent observations is considered. It is
shown that under certain restrictions on the joint probability distribution of the
observations the maximum likelihood equation has at least one root which is a
consistent estimate of the parameter 6 to be estimated. Furthermore, any root
of the maximum likelihood equation which is a consistent estimate of 6 is shown
to be asymptotically efficient. Since the maximum likelihood estimate is always
a root of the maximum likelihood equation, consistency of the maximum likeli-
hood estimate implies its asymptotic efficiency.

1. Introduction. Let {X;}, i = 1,2, ---, ad. inf.), be a sequence of chance
variables. It is assumed that for any positive integral value n the first n chance
variables Xi, ---, X, admit a joint probability density function p,(z;, --- ,
T., 6) involving an unknown parameter 6. The consistency relations

o
(Ll) Pn+1(331 y sy Tat1, 0) d$n+l = pn(xl s "y Ty 0)

" are assumed to hold.
In what follows, for any chance variable u the symbol E(u | 6) will denote the
expected value of 4 when 6 is the true parameter value.

Let tu(21, -~ -, x,) be an unbiassed estimate of 6. Cramér [1] and Rao [2)
have shown that under some weak regularity conditions on the distribution
function pa(z1, - -, 2., 6), the variance of ¢, cannot fall short of the value

1 1
(1.2) ca(6) [(a log p. \’ ]
o[ (YT,

Thus, for any unbiassed estimate ¢, the variate v/, c—,‘—(@(t,. — 6) has mean value
zero and variance = 1. An estimate ¢, is called efficient if 1/ c.(0)(t» — 6) has
mean value zero and variance 1.

A sequence {t,}, (n = 1,2, ---, ad. inf.), of estimates is said to be asymptot-
ically efficient if the mean of v/, ¢a(6) (tn — 0) is zero and the variance of V/c,(6)
(t» — 6) is 1 in the limit as n — «. In the literature usually the additional re-
quirement is made that the limiting distribution of v/¢,(6) (t» — 6) be normal.
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To make a distinction between the two cases when the condition concerning the
limiting distribution of v/¢,(6) (¢, — 6) is fulfilled or not, we shall say that {¢.}
is asymptotically efficient in the wide sense if it satisfies the conditions concern-
ing the mean and the variance of /. ¢ca(0) (t. — 0). 1If, in addition, the limiting
distribution of \/¢,(8) (t. — 6) is normal, we shall say that {t,} is asymptot-
‘ically efficient in the strict sense. Clearly, if {¢.} is asymptotically efficient in
the strict sense, it is also asymptotically efficient in the wide sense.

A word of clarification is needed as to the meaning of the conditions concern-
ing the mean and variance of V/¢c,() (¢t~ — 6). One interpretation would be
that the requirement is that

(1.3) . lim E[\/c,(6) (t. — 6) | 6] = 0
and
(1.4) lim Elc.(8) (t. — 6)*| 6] = 1.

Nu=00

Another interpretation would be that the requirement is that the limiting dis-
tribution of V/¢.(6) (t» — 6), provided that the limit distribution exists asn — e,
should have zero mean and unit variance. These two interpretations are cer-
tainly not equivalent. It seems to the author that the mean and variance of
the limiting distribution is more relevant than the limits of the mean and the
variance. We shall, therefore, adopt the following definition of asymptotic
efficiency:

Definition: A sequence {t.} of estimaies is said to be asymptotically efficient
in the wide sense if a sequence {u,}, (n = 1,2, -+ -, ad. inf.), of chance variables
exists such that

(1.5) lim E(u, | 6) =0, lim E(u3]6) =1
and
(1.6) Vea(0)(ta — 6) — Un

converges stochastically to zero as n — «. If, in addition, the limiting dis-
tribution of v/¢,(6) (. — ) exists and is normal, {¢.} is said to be asymptotically
efficient in the strict sense.

The reason that a sequence {u,} of chance variables is considered in the above
definition, instead of the limiting distribution of v/¢c,.(8) (t» — 6), is that the exist-
ence of a limiting distribution of 4/¢,(6) (t. — 6) is not postulated. If a limiting
distribution of v/c,(6) (¢t~ — 6) exists and if this limiting distribution has zero
mean and unit variance, a sequence {u.} of chance variables satisfying the con-
ditions (1.5) and (1.6) always exists. This can be seen as follows: Let T» denote
the chance variable v/c,(6) (t» — 6) and let F.(¢) = prob. {Ta < t}. If a limit-
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ing distribution of T, exists and if this limiting distribution has zero mean and
unit variance, then

1.7) lim [lim :an(z)] =0 and lim [lim £ dF,.(t)] =

a=w |_n=w J—a a=% | n=x J-a
From (1.7) it follows that there exists a sequence {a.}, (n = 1,2, --- , ad. inf.),
of positive values such that the following conditions are fulfilled:

(1.8) nmf LR, = 0; lim [ " #dP.(0) = 1; lim Prob | 7| > a,} = 0.
Let u, be a chance variable which is equal to 7', whenever | 7. | < a. , and equal
to zero otherwise. Clearly, the sequence {u,} will satisfy conditions (1.5) and
(1.6).

In the following section we shall formulate some assumptions concerning the
probability density function p.(x;, -, Zn, 6). It will then be shown in sec-
tion 3 that there exists a root of the maximum likelihood equation

9 log pa
. =0
(1.9) 30

which is asymptotically efficient at least in the wide sense.
2. Assumptions concerning the probability density p,(x;, ---, Xa, 6). We

shall assume that there exists a finite non-degenerate interval A on the 6-axis
such that the following conditions hold:

Condition 1. The derivatives ——~ 6 T " (1=1,2,3),exist forall §in A and for all

samples (z;, --- , x,) except perhaps for a set of measure zero. We have fur-
thermore,

+0 +o a p
(2.1) f f Lu.b. “ldry - dr, < oo, Z=1,2).
/— 00 — 0 fea 60
Condition 2. For any 6 in A we have lim ¢,(8) = .
7 ==00
Condition 8. For any 6 in A the standard deviation of log p. divided by the

962
log Pn

expected value of (both computed under the assumption that @ is true)

converges to zero as n — o,
Condition 4. There exists a positive § such that for any 6 in A the expression
3 log pa(z1, -+, 20, 0)

1
2.2 l®) [l.li;b. 37 0]

is a bounded function of n where 8’ is restricted to the interval |8’ — 6| < .
In what follows in this section, as well as in section 3, the domain of 6 will be
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restricted to interior points of the interval A unless a statement to the con-
trary is explicitly made.

Clearly .
d log pa. > f+°° f"’” P
2. = e OPn Gy o oe dz, .
(2.3) E( 30 6 [ . % dx, dx
It follows from Condition 1 that
+Q +Q apn a +ﬂ )

2.4) L L Pz din = o [ padeiee daa =0,
Hence,

. 9 log p. _
(2.5) E'( 20 0) = 0.
We have

logp, 1 3p, 0 2\
2.6 LR NG )
9 T a8

Hence

. 3 log p» (l 9" p, ) _
(2.7) E( 20t 0> =FE T ] ca(6)
But

18°p, > _
(2.8) E (17,. 26 6)=0,
because of Condition 1. From (2.7) and (2.8) we obtain
8’ log . ) _

(2.9) E( o 10) = = (0).

Conditions 3 and 4 will generally be fulfilled when the stochastic dependence
of z; on z; decreases sufficiently fast with increasing value of |4 — j|. For, in
such cases, the following order relations will generally hold: The standard devia-

2 —
tion of 9 1‘;); Pn will, in general, be of the order v/, the expected value of
8* log pn
Lu.b.
|o'llo| <8 04’3
Cn(o)

will usually be of the order n, and will generally have a positive lower

bound and a finite upper bound.
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3. Proof that the maximum likelihood equation has a root which is an asymp-
totically efficient estimate of 6 (at least in the wide sense). Let 6, denote the true
parameter value and let 6 be any other value. We put

9° log pa ' 8* log pa
—_—— =,
a6 and 36

’7"
= P,.

d log pa
3. ot =@,
@.1) a6 ’

Expanding ®,(z;, -+ , Za , 6) in a Taylor expansion around # = 6, we obtain
Qn(xl,"")xnyo)=¢n(xl)"'7x0;00)+(0—00)(p:l(xl)°"}xﬂ)00)
(32 + 36 — 6)°®%(z1, -+, T, O7)

where 85 is some value between 6, and . Dividing both sides of (3.2) by ¢.(6b)
we obtain

q)n(xly"',xnyo) _'I)n(xlv"'fxﬂyeo)

(3 3) Cn(eo) Cn(ao)

’ Bn(zy, -+, Tn, 60 o ®(xy, -, 0:)

0 — 0 ’ y tny + 1 0 — 0 B ) ) YNy
+ ( 0) c”(eo) 2( 0) Cn(oo)
From Condition 3 and equation (2.9) it follows that
. q’;(-'l'l ey Ty 00)

3.4 lim 2= Lo = —1
( ) If)z-n c,.(00)
where the operator plim stands for convergence in probability (stochastic con-
vergence).

According to equation (2.5) the expected value of ®u(21, -+, zn, 0) is zero.
Since the variance of ®.(z;, --- , 7., 6) is equal to c,(6), and since
lim ¢,() = o, we have

N==0

(3.5) plim

It follows from Condition 4 that for any 6 with | § — 6, | < & we have

3.6) ﬁj E( @, ) 20,65 ]) = 0(1).

According to Markoff’s inequality the probability that a positive random

variable will exceed \-times its expected value is not greater than 1 Hence,

A
it follows from (3.6) that for any ¢ > 0 we can find a positive value k. such that
3.7 lim sup Prob {—L— | Sy, -+, Tn, O0) | = k.l» e
=00 Cn(eo) J

Let p be any given positive number. The probability that the maximum
likelihood equation

(3.8) Bp(Z1, o+ ,Ta, 8 =0
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will have a root in the interval (8, — p, 60 + p) converges to one as n — .
This follows easily from (3.3), (3.4), (3.5) and (3.7). Thus, we have shown that
the maximum likelihood equation has a root 8, which is a consistent estimate,
i.e. it satisfies the relation

(3.9) plim (6, — 6) = 0.

We shall now show that if 8, is a root of the maximum likelihood equation
(3.8) and if 8, is a consistent estimate, then 8, is also asymptotically efficient,
at least in the wide sense. For this purpose we substitute 8, for 6 in (3.3) and
multiply both sides of the equation by v/c,(6,). We then obtain

)Q:l(xly".yxﬂyeo)

0 = Qn(xl, ---,33",00)

(3.10) Vo0 + V/¢a(60) (62 — 6 o
+ \/210—05 (6, — 60)%va
where
(3.11) y = L8, e, 2, 07)
2 cn(60)
Let
(3.12) Yn = alz ,\/t;(;—;” 2 bo) and 2. = /¢, (80) (B — 60).

Then (3.10) given
q’:\(xl-, c0t y Tny 00)

(3.13) —Yn = Za ) + 24(8, — 60) va.
It follows from (3.7) and (3.9) that
(3.14) plim (6, — 6) v, = O.

7l =m00

From (3.4), (3.13) and (3.14) we obtain

(315) - Yn = zn('— 1+ En)
where ’
(3.16) plim E,.’ = 0.

Since Ey, = 0 and Ey% = 1, it follows from (3.15) and (3.16) that
(3.17) plim (z, — y,) = 0.

The asymptotic efficiency (in the wide sense) of 8, is an immediate conse-
quence of (3.17). Our main result may be summarized in the following theorem:
TuavoreM. If the true value of the parameter 6 is an interior point of an inter-
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val A satisfying the conditions 1 — 4, then the maximum likelthood equation (1.9)
has a root' which is a consistent estimate of 6. Furthermore, any root of (1.9)
which is a consistent estimate of 6 is also asymptotically efficient at least in the wide
sense.

Since the maximum likelihood estimate is a root of (1.9), it follows from the
above theorem that whenever the maximum likelihood estimate is consistent,
it is also asymptotically efficient at least in the wide sense.
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1 The probability that (1.9) has at least one root converges to unity as n — «.



