CONSISTENCY AND LIMIT DISTRIBUTIONS OF ESTIMATORS OF
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1. Introduction and Summary. Let {X,, ¢t > 1} bea stochastic process which
satisfies the following set of assumptions:
AssumrrioN 1: For every ¢, X, satisfies

(1) X, =aXigt X+ oo + X + u,

where a1, -+, a; are k finite real numbers (unknown parameters) and u,,
t positive, are independent, identically distributed random variables with mean
zero and a finite positive variance o”.

AssumprioN 2: The distribution® of u, is continuous. (Actually Pr{u, = 0} = 0

suffices.)
AssumptioN 3: The roots my , --- , my of the characteristic equation
k k—1 k—2
(2) m — aym = — agm  — - —ay = 0,

of (1), are distinct.

AssumprioN 4: There is a unique root p of (2) such that [p| > 1, and |p| >
max;—.... & |m;|. Here p is identified with m, for convenience.

Since complex roots enter in pairs, it follows from this assumption that p is
real. Note that there can be m;,j > 1, such that |m;| > 1.

AssumpTtioN 5: For ¢t non-positive, u; = 0.

If Assumption 4 holds, the process {X,, ¢ = 1} is said to be (strongly) ex-
plosive, and the corresponding difference equation (1) is called an explosive
(linear homogeneous) stochastic difference equation; this is the subject of the
present paper.

Under the assumptions above, it follows (cf., C. Jordan [5], p. 564, Mann and
Wald [8], p. 178, and also the footnote on p. 22 of [10]) that

t k
X, = ZZ Aq'm';—rur ’

r=1¢=1
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t positive, and that A, satisfy the relations
k

(3) oy = Z)‘qul_l! = 170: _1’ IR —(k - 2)!
g=1

where 8, = 1if ¢t = 1 and 0 otherwise. (Note that Y . A, = 1.) For conven-
ience, define the random variables

t
(4) Xl'.t = Em:_rur, 1* =1, 2, - )k7 (ml = P))

ra=1

so that X, = O for ¢ non-positive. Thus one may write X, as follows:
(5) X, = MX1e + NXoe + -0+ NXie .

The first part of this paper is devoted to finding a consistent estimator of p
and its limit distribution. Consequently, in Section 3 some lemmas will be proved
for use in the consistency proof (Theorem I). Similarly, in Section 5, some
lemmas leading to the proof of the limit distribution of the estimator (Theorem
II) will be given.

In the second part, the consistency of the Least Squares (L.S.) or Maximum
Likelihood (M.L.) estimators of the ‘“structural parameters” a; of (1) will be
considered (Theorem III). The procedure becomes much more involved because
the direct application of the usual limit theorems is not possible, since the process
under consideration is explosive. It is noteworthy that Lemmas 9, 10, 14-16,
and Theorem I are rather general, in that they hold under the only global As-
sumptions 1-5 above, and the further requirement |m;| < 1,j = 2, --- , k, so
essential for the rest of the analysis of this paper, is unnecessary for them.

The corrgsponding problem, in the case |p| < 1, has been completely solved
by Mann and Wald [8]. If £ = 1 in (1), the results of this paper reduce to those
obtained by Rubin [13], White [14], and T. W. Anderson [1]. The vector case
has also been treated by Anderson in [1], but a comparison of the results in this
case with those of the present paper shows that they do not imply each other
except in the first order. In the latter case, however, both reduce to Rubin’s
[13] result. The available results on stochastic difference equations are sum-
marized in a table at the end of the paper. Some of the details and computations
omitted in this paper may be found in [10].

In the following section, some known lemmas related to stochastic convergence
are collected and stated in a convenient form, as they will be constantly referred
to in both parts of the paper. (For proofs, see [2], [3], [4], [6] and [9].)

2. Lemmas Related to Stochastic Convergence. To avoid misunderstanding
certain basic terms, often used in the paper, will first be defined. By a random
variable (r.v.) is meant a finite real valued measurable function on the measure
space in question. A random vector is one which has a finite number of r.v.’s as
its components. Pr {8} and Ey(f(X)) are the probability and expectation sym-
bols (cf. [2]). ‘
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Let {X.} be a sequence of r.v.’s and X be a r.v. Then the stochastic conver-
gence and convergence in distribution of X, to X, asn — o, will be written
X, 5 X, and X, 2 X respectively (cf. [6]). The stochastic equivalence of two
sequences of r.v.’s, { X,} and { Y.}, will be written X, Z Y, (i.e., (X, — Y, 50).

A sequence of r.v.’s {X,} is bounded in probability if, for any ¢ > 0, there
exists a positive number M, (depending only on ¢) such that

lim supa.e Pr{|X.| = M = e

Note that a sequence of r.v.’s is always bounded in probability if their means
and variances are bounded functions of n.

Unless stated otherwise, in what follows in this section, {X,} and {Y,} are
two arbitrary sequences of r.v.’s. All the limits are taken as n — «, and the
repetition of this phrase will be omitted.

Lemma 1: If X, 5 X, and Y, 5 Y, then XY, 5 XY. If further Pr{Y = 0} =
0, then (X./Y,) 5 X/Y.

LemMa 2: If X, 5 0, and {Y.} is bounded in probability, then X,Y, 5> 0.

LemMa 3: If X, 5 X, then X, 2 X. (The lemma holds if {X.} is a vector se-
quence. Then the stochastic convergence is component-wise.)

LeMMA 4: Let {Xn0, Xna, -+, Xni} be a sequence of random vectors such that
(Xn'o, Xn,l, ety Xnk) E) (Xo, Xl, Ty, Xk) and PI‘{XO = 0} = 0. Then
(Z',Ll @iXn.i/Xno) 2> (Z'.Ll a:.X.:/X,), where a; are some constants independent
of n. (e.g.,if k = 1, and X, , X, are independent normal with zero means, then the
latter limat distribution is Cauchy.)

Obviously some generalizations hold.

LemMA 5: Let {X,} be a sequence of r.v.’s with {u,} and {c7} as the mean and
variance sequences respectively. If p, — 0, and o, — 0, then X, > 0.

LemMma 6: If X, £ V.., and X, 2 X, then Yo 2> X. (Sometimes Xo = Y, is
also written as X, = Y, 4+ o0, (1).)

LemMA 7: (Kolmogorov). Let Y1, Y, , - - - be a sequence of mutually independent
r.0.s with means zero and variances o3 , o3, -+ . Then, if D wmi o = o < ©,

®_ Y. = X is convergent with probability one. Moreover, E(X) = 0, E(X*) =
o, and if X, = X i Y, then for every ¢ > 0,

Pr{lub |X.| = ¢§ < o°/¢.

PART I

3. Lemmas for Theorem I. Define a ‘“normalizing factor” s(n) as
s(n) = M|p|*/(s° — 1). For convenience of writing, it is assumed that X\; is
positive. Otherwise it will be replaced by [A|. (Note that \;, being the coef-
ficient of the term in p, i.e., X1, , is never zero.) Next define

(6) V.= (¢ — D} g o

LEMMA 8: There exists a r.v., V such that (1) V, — V with probability one, and
(i) Pr{V =0} = 0.
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Proor: (i) This is immediate from Lemma 7, on identifying the V, here
with X, there, and V with X. Thus E(V) = 0, Var V = E(V*) = ¢". (ii) Since
the distribution of u, is continuous, the distribution of V is continuous. Hence
Pr{V = a} = 0, for any q, in particular a = 0.

Lemma 9*: If V is the r.v. defined in Lemma 8, then

@) [s(n)]"? g X BV, and [s(n)™ 2 X, X B oV

The proof of this lemma is omitted as it is similar to, and a special case of, a
more general result to be given in Lemma 15 below.

4. A Consistent Estimator of p. Using (4) and (5) and the relations
Xi: = mXi1+ u, ther.v. X, of (1) can be written as follows:

(8) X, — pX;1 = :L:)\q(Xq,, — pXqi-1)-

Since my = p, ZLl A =1,

(9) X, —pXin=w + JZI;M("LJ' — )X = v, say,
so that

(10) X =pXer + v,

Note that the v, , being dependent, can form an unstable sequence of r.v.’s.
The “first order least squares’ estimator p, of p is given by

(11) pn = zlet Xt—l/;le—l =p+ tZ_:lvt X /;1 Xis.

TueorEM 1: Let {X,, t = 1} satisfy Assumptions 1 to 5 of Sectton 1. Then
Ba 2> p, or lim,.w Pr{|p. — p| > € = 0 for any positive ¢, (i.e., pn i a consistent
estimator of p) where . is defined by (11).

Proor: The proof of this theorem is an immediate consequence of Lemmas 1,
8 and 9.

A separate proof of Theorem I and Lemma 9 can be found in [10], without

recourse to Lemma 15. A similar remark applies to Lemma 10 also.

5. Lemmas for the Limit Distribution of 5, . In this section some lemmas,
useful in the derivation of the limit distribution of the estimator p, of p, will be
proved. Define the r.v.,

(12) Tni = (P - 1) ? _(n_t—”)

4 Lemmas 9 and 10 have been proved earlier by T. W. Anderson, [1], for the case k = 1.
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Lemma 10: The ro. s'(n) DrswXiq = a"Un1V., where U,1, V, and
s(n) are defined respectively in (12), (6), and a = p/|p|.

This is a special case of a result to be given in Lemma 14 below.

Lemma 11: The ro. V., ts asymptotically uncorrelated with U, and X; .,

Jj=2,---,k where X; . = Q) ram; u, and |m;| is less than unity.
Proor: From definitions E(U,, ) = 0 = E(V,) = E(X;.), all n,
(13) Cov (Un1, Vo) = ¢’ " (o' = 1) (n — 1) =0,

since |p| > 1. Further,

= = Di'min if pm; =1,
(14) Cov(Va, X;m)

_ 02(p2 _ 1)}m;g [(ij)_l— (ij)_"_l]

=] PR

which also — 0, since |p| > 1 > |m;|.

LemMmA 12: The r.v.’s U, 1 and X ; , are correlated even asymptotically. If mip = 1
then the asymptotic correlation is ==1.

The statements are verified analogously.

The next lemma plays an important role in the limit distribution of p, .

Lemma 13: The random vectors (V,, Uny, + -, Xi.n) converge in distribution
to a random vector which will be denoted as (V, U, W, - -+, Wi). Moreover, V and
(U, Wy, -+, W) are independently distributed. Here the V., Un,, and X, ,
have the same meanings as tn Lemmas 11 and 12.

(The factor (p* — 1)} in U, 1and V., which is irrelevant here, will be omitted
in the proof for convenience and symmetry, slightly abusing the notation. Note
that the W’s are defined as the limit in distribution of X;,, the existence of
such a limit being part of the conclusion of the lemma.)

Proor. Let my = 1/p and ms, ---, mi be as before. Then |m,| < 1,7 = 1,
.-+, k. Since V, — V, with probability one by Lemma 8, so V, 2 V. Let
X™ = (Uny, Xoim, -+, X.n)’ (prime for transpose). To prove the lemma,
it suffices to show that (i) X 2 X = (U, W,, ---, Wi)’ and (ii) V and X
are independent. Since X 2, X if, and only if, for any (real) vector a =
(a1, +++,an), aX® = (aUps+ -+ + axXpm) DaX = (U + --- + aWy)
(see e.g., [7], Proposition 7.1), consider aX‘™, and let ¥(¢) = E(e'™).

en(t) = E (exp [it D u(am{™™ + -+ akmi""’)])
r=1

n—1

= I_Iltﬁ(t[alml‘_’ + - Fami 7)) = Ilo‘ll(t[almi + - 4+ ami))

n—1
E (exp I:it ZO Upp(am] + -+ + akm;))]

= E(exp [it(alfrn,l + st + akVn,k)])) say.

Since |m;| < 1, and u, are independent with means zero etc., it follows by Lemma

(15)

Il
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7 that V,,; — V. with probability one, and consequently, using Lemma 3, one
has that (Vay, -+, Vi) & (Vy, -+, Vi) = (U, Wy, ---, Wy). Hence,
en(t) = E(™*™) = (™) - (t) = E(¢") = E(¢*). This proves
(i). Next (ii) will be proved by slightly extending an argument of J. R. Blum
(1], p. 679) Let [n/2] 1ntegral part of n/2. Deﬁne v 2 miu,, and

n = relns2) 41 MU, . Clearly Ve £ V, since V, 5 0, and hence, by Lemma
6, they have the same limit distribution. Similarly, let

n
aX* = 3 ulamiT 4 oo+ amlT),

r=[n/2]+1
and

[n/2]
aX™ = X wlami + - + amp), (% 0)
so that aX™ £ aX‘”* and since X™ has a limit distribution by part (i) of
this lemma X (s has the same limit distribution. But from definition, for every
n, Va and X™* are independent, and hence they are also independent as n — «,
proving (ii), q.e.d.

CoroLLARY To LEmMma 13: Let X;. be as tn Lemma 13 and X i =
dorst (n—r)md " u, for some J(Ims)) < 1). Then (X:n, X;.) has a joint
limdt distribution, and if any X ;. in Lemma 13 is replaced by X ;,, then the con-
clusions of the lemma remain valid.

Proor: The proof runs on the same lines as in the lemma. In fact (taking< = 1)

n—1

ﬁ"n(t) = E(exp ['Lt(ale 2+ a2XJ n) ) = H \0(t[almn~r + ax(n — T)mn—r_l])

n—1

H'/’(t[alml + armi]) = Efexp [it(aVan + @V, )]l}, say.

(16)

It was noted that Vu1— V1 with probability one. But it also follows from Lemma
7, that V, ; = doryrmi u, — V; (say), with probability one, since the r.v.
V.,; has also a bounded variance. Thus ¢,(tf) — ¢(t), as in the lemma itself.

The proof of the last statement is identical to that in the lemma, q.e.d.

6. Limit Distribution of 5, . A complete (i.e., self-contained) statement of the
theorem on the limit distribution of 5, will be given here, even if it involves some
repetition. (The W ’s below are the same as in Lemma 13.)

TareorREM II: Let {X,, t positive integer} be a stochastic process satisfying the
following conditions:

ConNDITION 1: For each t, X, = ayX,1 + -+ + Xt + us, k finite, where
ay, -+, ax are finite real numbers (unknown parameters), and wu, , t positive, are
independent, identically distributed r.v.’s with mean zero and a finite positive vari-
ance o’

CoNDITION 2: The distribution of u, is continuous.

CoNDITION 3: The roots my , - - - , my of the characteristic equation m* — aym*™" —
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© — o = 0 are simple (i.e., m; #= m; of © % j), with one root, say p = my ,
and the other roots m;,j = 2, - -- , k, satisfy the inequalities |p| > 1 > |m;|.

ConpITION 4: For ¢ non-positive, u, = 0.

Then, 1t follows that s(n) (p. — p) has a limit distribution which is that of the
rv. (GU + W + Hu)/V, where W = 3> 5, C;W;, s(n) = N\ ||/ (s — 1)
(M 35 positive) and B = D1y X Xi 1/ D ta Xoey, the M, G, H, and C; are some
constants that depend only on the roots (p, my, - - , mz).

CoroLLaRrY II, : If the process satisfies the conditions 1, 3 and 4, and u, are
Gaussian, then the limit distribution of s(n) (. — p) is a Cauchy distribution.

CoROLLARY II; : Under the hypothesis of Theorem 11, it follows that the limit
distribution of (D ru Xi1)} (3. — p) is the same as that of the rv. GU + W +
Hu, and under the hypothesis of Corollary 11, , this limit distribution, i.e., of
(XX f_l)*~(is,. — p), s Gaussian with mean zero, and a finite variance de-
pending on (p, my, - -+ » Mie).

The proof of the theorem and the corollaries will be given in succession.

Proor or TaEoREM II: The general idea of the proof is this: From (11)

a6 p = (5255) /(5 X e,

t=1 s(n) t=1

where R, and Q, stand respectively for the expressions in the numerator and
denominator. First R, and @, will be expressed in terms of stochastically equiv-
alent quantities, call them R, and @, (they are given precisely in steps 13 and
14 below), i.e.,

(18) R, = Ry + 0,(1) and Q. = @Qn + 0,(1).

Then, by Lemma 6, R, and R, , and Q, and Q, converge in distribution to the
same r.v.’s. Then, by Lemma 4, R./Q. and R,/Q, converge in distribution to
the same limit if Q. does not converge to a degenerate distribution at the origin.
Therefore, the main task here is to obtain R, and Q. which are simpler to deal
with, and to show that the latter is non-degenerate at the origin. It will be seen
that the r.v.’s B, and @, are “nice” functions of Uni, Va, and X;,. Then
using Lemma 13 the limit distribution will be obtained.
This plan is carried through in several steps as follows:

1.Qu = > X:i4/s'(n) = V2 + 0,(1), by Lemma 9.
t=1
In steps 2-12, R, will be simplified.
o~ U Xy g S Xia Xj.t—l :
2. R, = ———+ZZ)\,~)\j(m,~—p) D Sl 2itl Lysing (10), =

=1 s(n) j=2 i=1 = s(n)
A + B, say.

3.4 = X wX,1/s(n) = a"Un,Va + 0,(1), by Lemma 10.
t=1
k

k n
4. B = 22 > (m;j — p)A; tzl X1t Xje1 +
Kk

k k n

4 Aj Ag(m; — p) Z

s(n) =% =2 o= t=1

Lo X _ g S S M almy — 0) Tiw Bas, say.

s(n) - =2 q=2
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5.8(n) "By 5> 0,all ¢, 5 > 1. For, by Schwarz’ inequality (for the first time
|mg| < 1 will be used)

(19) l?;) B, | = s(n) tZ_:IXq Xl < (; X?%)__l)i (g%)*,
(20) ’ (‘; §<">_> - s(n) ,§ @1 mg )’

=o_2(92—1)[ n _mi—mi”]_}o’

Ml LT—m 1 — me

since |mg| < 1 < |p|.

By Markov’s inequality, since the r.v.’s are non-negative and g, j > 1 implies
|mgl < 1and |m;| < 1, it follows that the right side of (19) converges in prob-
ability to zero, so that step 5 is proved. Consequently, the rest of the analysis is

concerned with A, .
k

)\ n ‘ k
6. A1 = Z (m,~ —_ p))\j . L Z Xl.t—l Xj,t_l = Z )\,-(mj -_ p)Al,' , say.
s(n) i=1 =

=2
7. It will be shown that A;; is stochastically equivalent to a r.v. in terms of
Uni, Va—iand X, .

8. Ay = Pl Z X (Z o _ru')

BEER=

a" [((P2 -1 tZZ pTVXG, ¢_1>((p2 -1 er p_'ur):l
a” [(pz -1 tz; p—(n—t+1)XM_1 Z; p_ru,]
= a"A*V, — a"B*, say.

The r.v. B* was added and subtracted. Thus

9. A;; = a"(A*V, — B¥).

It will now be shown that

10. B* £ 0. Since X;, and » s, p " "'u, are independent and each has
mean zero, E(B*) = 0. However, different terms are not independent. Conse-
quently, an upper bound for the variance of B* is obtained, using the elementary
inequality Var (X + Y) £ [8.D. (X) + S.D. (Y)T, and that is shown to con-
verge to zero.

Regrouping the terms in B*, one gets the following:

2 n—1 n—2
P 1] - —n—1
B* = — [P " Zl Xty +p " 2:1 X Ursa
r= r=

(21)
4+ 40 "X u]
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The variance of the general term in B* is given by

n—i n—q
Var [p_("“) > X,-,,u,“-] = o 2" 3" Var X,
r=1

(22) =
< [(n—14)/A — m)le®p?", since |mj < 1.
8D, (7 X X ) S o0 — (1 — md)
- where |mo| = max |m;| < 1.
Consequently ’
o B* = (5" = 1/p)[p™/(L = m)l[(n — 1) + (0 — 2) + -+ + 1F

= constant- (o' — 1/p)*[p""/(1 — mg)In* — 0,

so that B* 5 0.
11. Now A* will be simplified.

92 -1 P —(n—t)
A* = ) Z p Xt

p t=2

2 \}
(24) = (p < 1) " + p " (myw + w)

+ .- 4 1-(m}'_2u1 + - +un—l)])

. t— . .
since X, = D_f—y m; "u, . Another regrouping gives

P2 -1 } n—2 = —(n—r)
ax = (5 wmi™ Y (pm;)

r=2

(25) n
+ wpmi” 23 (om))™ " + - + u,._l] :

Case 1: m;p ¥ 1. Then (excluding the trivial case m; = 0)

2 1 ] _ n—1 s n—1 N
26) A* = (p—q— (1 — pm;) I[Z p " U, — pmy D mi ur]

P r=1 r=1
= (1 - ij)_l[Un—l.O - mj(P2 - 1)§Xj,n—1]-
Case 2: pm; = 1. Then (25) becomes

p2 -1 3} n—-1 _
(27) A* = ( 5 ) > mi ", = X;., say.

P r=1

In this case, the corollary to Lemma 13 will be used to conclude that
(Va, Xon, -+, X&.n) has a joint limit distribution which is continuous in the
V component, and the rest of the analysis is unchanged. Therefore, in what
follows, only the relatively harder Case 1 will be considered.

Thus, using the value of A* in A;; of step 9, and A,;in A, of step 6, and A4,
in B of 4, and finally A from 3 and B from 4 in 2, one obtains the following ex-
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pression for R, :
k
12. R, = [a" w1+ 2 M Upan — (0° = 1)} Z (m; — p)A;jm;

= 1 — pm; =2 1 — pm;
Xj,n—l] Vn—l + 011(1)1

because Voy = Vyand Uno £ Uny. But Upy = p ' Uncaa + o720 — D,
so that

Rn = anP_IUn—l.l + G”P_I(Pz - Z (mJ J Un..
- i=2 1 - pm;
(28) — - 3 PN ,._1] Vaos + 0,(1)
j=2 1 — pm i
- k
=|GU,41 + Hu, + JZ=:2 Cj Xj,n—l:I Voo + 01:(1>,

where G, H and C; are constants that depend only on the roots (p, mz, -+ - , ms).
Note that (Ja] = 1)a” has no influence on any statements since U, ; as well as
u, are r.v.’s with zero means, the same variances as before the multiplication of
a”, and their distributions are still continuous.

13. R, = R, + 0,(1), where R, = [GU,_11 + Hun + D i3 C;Xjna] Vs
Clearly wu, is independent of U,—11, Xjnaand V,.

14. Q. = Q. + 0,(1), where @, = Vi_,. (Cf. step 1.)

By Lemma 13, (4n, Unaa, Va1, Xona, - -+, Xkn1) has a limit distri-
bution which is continuous in the V' component, and the limit distribution
is that of (u, U, V, Ws, .-, W), where, in fact, V is independent of the
other r.v.’s. Hence it follows, by Lemma 4, that the limit distribution of
s(n)(Bn — p) =R./Q. is the same as that of R,/Q., i.e., of the r.v.
QU + Hu + Y =2 C;W)) V]/V* since Pr{V =0} =0, = [GU + Hu + W|/V,
where (G, H, C’s are constants depending on the characteristic roots
(P, Mme, =, mk)) q'e'd‘

Proor oF CoroLLARY II; : It was seen that w and V are independent, and V
is independent with U and W by Lemma 13 above. If u, are N(0, ¢°), then it
follows that U, w, W all have Gaussian distributions (U and W being linear
combinations of u;) with zero means and finite variances. The same is true of V.
Consequently [GU + Hu + W]/V has a Cauchy distribution.

The continuity of the distribution of u, with two moments, which is condition
2, is clearly satisfied, q.e.d.

Proor or CoroLLARY II, : It suffices to observe that

(; X?_l)* (b= 0) = S0 Xia [ (;1 X%_l)i

Il

2 Xia

t=1

2 Z ve X1
< o >t=1 2 (V)HGQU + Hu + W)V

= GU + Hu + W,
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which, when u, are Gaussian mean zero, (and with finite positive variance) is a
Gaussian r.v. with mean zero and a finite variance depending on the roots
(P, Moy * "y mk)) qed

Some Remarks: If some |m;| = 1 for 2 < j < k, then the conclusions of the
above Theorem II and the corollaries need not be valid since, as seen in the
proof, the fact that |m;] < 1 is used in an essential way. If k = 1, the Corollary
II, was proved by White [14] and the theorem and its corollaries by T. W. An-
derson [1]. The result of Theorem I, also for ¥ = 1, was proved by Rubin [13].

Sometimes it may be of interest to find a lower bound for the variance of 3, .
However, because of Corollary II,, variance need not be a good risk function
to consider, and some more general risk functions as in [11], may be more ap-
propriate. This problem will not be considered here.

PART II

7. Introduction. Let { X, t = 1} be a stochastic process satisfying the Assump-
tions 1 to 5 of Section 1. The problem considered in this part is the consistency
of the L.S. (or M.L.) estimators of the “structural parameters”, or the regres-
sion coefficients, of

(29) Xe=aXiy+ -+ auXer + ue .

The ordinary “normal equations” for the estimators &; of a; are

k n n
(30) a2 XeiXej= 2 XXy, i=1,2 -,k
=1 t=[1,j1+1 t=j+1

where [z, j] = max (¢, j). Introducing the notation

n n

(31) Ch= Y X _X,.;, and A? = > wX,,

t=[1,j1+1 t=1+1

the equations (30) can be written as

(32) (C3)(Gn — @) = A",

where ¢, = (&, ---, &) and A™ = (A7, ---, A%) ete. Since for every fixed
n, the inverse of (C5;) exists, (32) may be written as

(33) (6o — @) = (CH) A™.

The question considered in this part reduces to this: Is the following equation
true?

(34) plim (& — &)’ = plim (C%)™ A™ = 0.

To carry out the work, several auxiliary results are- required, including the
generalized versions of Lemmas 9 and 10. These are proved in Section 8, and
the main problem is considered in Section 9.

8. Lemmas for Theorem III. The first two lemmas were stated forz = j = 1,
(k =z 1).in Part I. Employing the same notation, their general form is given
here.
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LemMA 14: The ro. s(n) ™ A} z " ULV,
Proor: By equation (5),

-1 n_ Moy Ut X . ‘
(35) s'(n)A? ) t; uLXIt——1+Z>\ _ZM ) = A;+ B;, say

It will be shown that
k
(36) Bi = Z )\,‘ Bij —1—:9 0.
J=2
Since u, and X; ,—; are independent, for all j, and ¢ = 1,

E(B;) =0, alli,j 2 1,and Var B; = Z E(X5,...).

2( )l—-z 1
But

t—1

E(X5. ) = 622 m3 T < to®m? X constant.

Hence, Var B;; < constant X p ~"n*mi" — 0, since |m;/p| < 1. It follows that

B:; 5 0. Hence, B; 5 0. Consider,

Mo
A,‘ = — u, X —
s(n) t=21;+1 L

= oty D 2 _ 1)} N —(—t4D 2 _ 1)} o
s a’p [((p 1) t;mp uz)((p 1) Z,p ur>
- (" =1) Z Tty Zn: p—'ur]

=p "V, V. — Bi], say. - e
The lemma would follow if it is shown that
(38) B 50,i=1,--,k
Rewrite B} as,

*

n n—1
B; = a"(Pz - I)P_(nﬂ)[ Z U1 U + ;0_1 Z Upipolly + + -+ + P_(n_2)unui+1]-
t=14+1 t=1+41
In the above each term has mean zero (except the one involving
p "3 nmi ul, which by Markov’s inequality = 0) and variance < np ",
and each component is independent of the other (excluding the squares term)
Hence thelr variance is not greater than n’p>" — 0. It follows that B % 0.
Hence 4; £ a"p " U,..V..
ReEMARK: The exact expression is

(39) s (m)A? = a"p VU, V. — o "B} + B;,
where B’: 2 0,B;50,and |a| =
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Lemma 15: The ro. s (n)C% £ p~ PV naxqiny -
Proor: Since
k
(40) X, = > nXy,
=1
it follows that
s (n)C% = s (n) Z X, Xy,
t=[771+1

2 n
A1 =

= m =T Xl t—1 X! =y + Z )\ )\q Xq t—1 Xq t—7

32(") t=[%7141 g.¢'=1

where [¢, j] = max (4, j), and where D_* above stands for the sum in which
¢ = ¢ = 1is omitted; or

(41) s(n)CY = Ay + Qi;, say.

Note that the special case ¢ = j = 1 has been stated as Lemma 9. The general
case is proved here. Also some of the computations (e.g., of 4;;) given here will
be needed later.

First consider 4.,; .

(P2 — 1)2 = 2
W= X1,
4 o t=;f—l e

(P2—1)2 = & 2(¢ )2 2(t
= p2n Z I:Z P Gmri + Z ===’ Uy ur’]

t=1+1 | _r=1 r#r’ -1
* * %k
= A; + B; , say.

But A} may be simplified as follows (more details can be found in [10]):
2 n—
—1 n—1 n—i— n—i—(n—i—
A7 =B [t e 5]
(42) 2 o
_P - Z p—2(r—-l) Z

Similarly B:* can be rewritten as,

* %k

B;

2
- 1 n—i—
-9 P = [pul u2(p2( 1)_1)

+ P2u1 ua(Pﬂn—i—m -1)4+ - + pUn—; un—i—l(P2 - 1)]
(43)

T i—1
P —1 —(r+r'—2) P — 1 "5
=2 Z Up Upr — 2 Z Ur Urs1
p r<r r=1
=1

n—1—2

_’_1
+ 0 Z‘l U Uppg + -+ + p™ ulun_,-].
=
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Substituting (42) and (43) in A,

-1 e 2 S
Aﬁ = [Z P o= Ur + 2 Z P ™ urur’] -
r<r’

P r=1

rr'=1

-1 n—i n—1—1 i
(44) ppz,. [21 u3+2(p 2wt oo lulun—i):'
p2 -1 n—4 X 2 _
- (72.1 ot u,) — R, say.
(45) Au=p " VVi,— R,
where R; is defined by

[Z— ur + 2 ( —Z— UrUrgr + -+ +p i U1 un—z')] .

r=1

It is not difficult to see that

(47) R: 50, i=1,2 -,k
Hence,
(48) Ay L VI
Using this result it will be shown that (cf. (41), for definition of Q:;)
(49) Qi; 50, G,j=1,,k
By Schwarz’ inequality,
n i
(50) ‘Wln) t-=[£,i1+1Xq't_i Xoui| = (sz(n) t-ZHqu t_‘) (Sz(n) t;;lxq t_’> '
For ¢ > 1,
( () > X} ,_.) _e-D 5 g (i mt= u)
t=it Mo S =1

2 2 —2:
< n'my" p " X constant — 0,

since |mg/p| < 1. Hence, the r.v.’s being non-negative, it follows that,

(51) 8—2(7@)2 Xg:t—i’f‘) 0) = 1) ) k! q > 1.

t=1+1

If both ¢, ¢ > 1, then the right side of (50) 2, 0, so that Q;; 5 0. If ¢ = 1 (so
that ¢ > 1), then the right side of (50) has a factor

—2 —2 P _a(i-1)ys2 P —2(i—1)y72
s (n) E Xiii = NAu=p " Vi, S UV

t=1+1

by (48) and Lemma 8. Hence by Lemma 1 (for products), it follows that
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Q:; 5 0. To complete the proof of this lemma, it remains to consider A;; for
¢ 7% j. Since A;; = Aj;, let ¢ > j. Then, from the definition of A,; (cf. (41)),

S 3 (S )

t=14+1 \r=1 Te=l

2 2 n
_ -1 =D

X3
pz" S 1,t—1
(P - 1)2 " <‘_’ t—i—r ) = i—j—r )
————— u .
e 2 (& 2o i

= p74u + 8,

where A;; is the same as in (41), and S;; is the second term above, and for
symmetry let S;; = 0. Hence using (45), A;; can be written as

Ai: = '—J[ _2(‘—1)Vn—i - R] + Su
(52)

—(i+i-2) 772 -
=p TV — 0 TR+ 8

Since it is shown that B; 5 0, @;; 5 0, the lemma would follow if it is shown
that

(53) S:i;i 5 0.

After a slight rearrangement one obtains

S = (p—;l [(us Uijr + U2 Uimji + + -+ + Up—s Un_j)

(54) F p(wa Uicj + Ut Uijyo + -+ F Up—s Un_j1)

+ o F o T (wwe 4 e Uni Unn) e " U],

Now all terms in the square bracket on the right of (54) have means zero, and
the variance of the whole expression is bounded by the quantity

(= D%(n =)+ 5 —i— 1)+ -+ F0P
< n’p*" X constant — 0.

Hence it follows that S;; 50, 4, j = 1, -+, k. Therefore, from (41), using
(52), one obtains

(55) §(n)C% = A+ Qi £ o7V .
ReMmARK: The exact expression is the following: (7 = 7)
(56) s (n)CY = p “HPVI_ — 7R + Sii + Qi;

where R; 5 0, S;; 2 0, and Q.; 5 0.

In the sequel a second order stochastic difference equation will be considered
in detail. In that connection, it would be of interest to know more about R; and
S:; . More precisely,
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LemMA 16: The rv.’s s(n)R; and s(n)S:; are bounded in probability.

Proor: Since s(n) = A |p|"/(p° — 1), from (46) above, one notes that the
first term on the right of s(n)R:, £ 0, by Markov’s inequality. The second
term, given in (57), will be shown to be bounded in probability.

n—i—1 n—i—2

(57) A lpl_n[ z U1 T P Z Uz + - + pn_i_lulun—i]

is composed of terms, each with mean zero, which are independent of each other.
The variance of (57) is

(58) Mo 'Pn—i— 1D +pn—0c—2)+ - + V) I M < o,

where M is independent of n. It follows that (57), and hence s(n)R; , is bounded
in probability.

For S;;, the case k = 2 will be considered. It is the only case that is required.
Then from deﬁnition,

n—3

(59) s(n)szl = Z:; |_|" [PZ Ur Ury1 + p Z Ur Upp2 + -+ + Pn_2u1 un—l] .

But this is a special case of (57) (for ¢ = 1), so that s(n)S;; is bounded in
probability, q.e.d.

Lemma 17: If |m,| < 1, the ro. Ms ™' (n) D —rijier X1.4—iXq.—; @8 bounded
in probability (¢ > 1).

Proor: First consider the case 7 = 7,

E X1 X q.t—j

s(n) t=i+1

60 n _—i = —(n— & —r
(60) = @ - DY Y X D e

t=1+1
=a" VAV, — T3,
where V,,_; is defined in (6), 4; = (o’ — 1)} > rir1p " X,._;, and

n n—1i
Th= (0" —1) 2 p ""Xey 2 0 U
t=1+1 r=t—i+1

Note that E(4,) = 0, and since |m,| < 1 and |p| > 1,

2 n 2
Var4; <2 p 1 LZH o] 7¢7? S.D.(X,,,,_j)] =M< .

Hence 4 is bounded in probability.

It is known from Lemma 8 that V,_; is a r.v. which is bounded in probability
fors =1, , k.

Next, as in (38), it is seen that |E(T%)| £ (o° — 1)n° |p| " — 0, since
|m,| < 1 < |p|, and

Var TH < p"[n+ (n — 1) + --+ + 1] < constant X n'p*" — 0.

Hence T7; E) 0,7,7 = , k, by Lemma 5.
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It follows that the r.v. in (60) is bounded in probability. To complete the
proof of the lemma, it remains to consider the case 7 < j. Then, a rearrangement
shows,

Mo

M Xy
s(n) ¢=Ej+1 Xt X

j—i x1 & J—i—r
= Xgi—i X1, — it -
P S(’n)t;. a.t— X1, + ('n)t;{- q:tJ';lp Ut—j+
The first term on the right of (61) is the same as that in (60) with 7 = j and
hence is bounded in probability. The second term, because |m,| < 1, £, 0, since
it has mean zero and variance — 0. (Compare with s(n) Sy of (59).)

Lemma 18: If |m,| < 1, then s(n)Q.; is a r.v., bounded in probability, where

(61)

k

_ 1 i
Qi = 5~ 2, Z MM Xoei Xo oy
s (n) s=fr7141 =
(q=q'=1 not llowed)

Proor: Only the case k = 2 is needed below, and it will be considered.

M w©
=0 X1 Xo i Xoii X1ioi
s(n) t=[zz.::l+1 (X 24— T Xa 1,t-5)

8(n)Qi; =
(62) )\2 n
2

— Xoii Xaej.
+ s('n) t=[iZj]+1 2,t 2,t—j

Since |m,| < 1, the first term on the right of (62) is bounded in probability
by Lemma 17. The second term is easily seen to converge stochastically to zero,
q.e.d.

In proving the consistency of the estimators of the regression coefficients a
simplification of the following expression, given as the final lemma, is all-im-
portant.

Lemma 19: If |mo < 1 < |p|, then s*(n) (Qn — 2pQ21 + 0°Qu)/n converges
in probability to [2\MA\ea® + Mo (1 — 2pms + p°)/(1 — m3)].

Proor: From the definition of @;; (cf. (41)), for & = 2, it is seen that

Qi; = s*(n) [)\1 N D (X Xouo; + Xous Xi,—j)
t=[4,71+1

(63)

+ )\2 Z th 1X2 t—]] = Gij + bu y Say.
t=[4,j1+1

Thus, from (63),
(Qu + p°Qn — 20Qn) = (au + paz — 2pan) + (by + p'be — 2pby; ).

All the simplifications depend on the fact that |ms| < 1 < |p|. If u, were as-
sumed to have four moments, then the results of Mann and Wald ([8], p. 182)
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imply that s*(n)bi;/n L limg.e E(s*(n)bi;/n) = M < o, where M is given
in (64) below.

n

s (n)bs;/n = (\3/n) Z XoiXoy;, fore =g, since b;; = bjs,
T+1

= (\i/n) =Es+1 (tff 2 )(r};{ mt—’_’ur>.

Hence E(s*(n)b;;/n) = (\3/n)ms %c® D rminn Doicima ™", so that
(64) lim E(S (n)bij/n) = Xam;_ﬂ#/(l - ’I’nz) =M.

n->0

However, this result can be obtained with the assumption of only two moments
for the u, , as assumed in this paper. This will be proved here (¢ = 7,¢,5 = 1,2).
Consider

AZ Z X2 t—1 XZ @t—3

N t=itl

N = =,

- —f— -
(65) E X2 t—i [m2 g Z ms = U + Z me ”u,]
N t=itl re=] ret—i41
)\ t—; Z X )\2 o T—j—r
= 2,6—1 + z: X2 t—i Z me Ut—itr ) -
n t=itl N t=i+1 =1

The last term on the right drops out for ¢ = 7, and if 7 = 2, j = 1, it becomes,
(1/n) 2 imis1 ue1Xa,s—i = 0, since it has mean zero, and variance of the order
1/n, as |ma| < 1.

Consider 4;; = 1% my Y i1 X3.—:. Comparing A,; with A;; of (44), one
obtains, on identifying m, with p,

T 1 o[ mi (S e ¥ 1 5
(66) Ay = 'ﬁmz ,[ 3 : (Z me ur) - ;n—g-T—I'Ri]r

m2 - 1 r=1 2

where R; is given in (66’). But the first term in (66), on the right, is non-nega-
tive and has a mean that tends to zero since |m,| < 1. Hence, it converges in
probability to zero. Consequently, A;; £ mi (1 — mi)™'»'R;, and

n—1 n—i—1
(66') R, = Z; ul + 2 [mz Z U Upgs + =+ + mi Ty un_;:l .

Notice that the terms in square brackets of R; have means zero, and the variance
of the r.v. in [ ] is bounded by a constant times n since [m,| < 1. Hence

n—i—1
(67) nt [M2 > U Uy + o+ mE T Ty u,._,-] 0.

r=1

On the other hand, by the strong law of large numbers,

n~—1

(68) a7t Y ui — E(ul) = ¢ > 0, with probability one.
r=1
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Therefore, (65) simplifies to (64). From this it follows that
(69) (s'(n)/n)(bu + p’bar — 2pbu) > e’/ (1 — m2)|[1 + o* — 2pmy].

The following algebraic identity may be verified. (Details can be found in
[10], p. 89.)

§'(n)

(au + pzaaz - 2Pa21)
(70)

n—1

=2\ N l:’n_l > ur + (L“_'_Q D Ui Xz.t—z] .
r=1 n t=3
The second term on the right has mean zero, variance of the order (n™"), so
that this r.v. £ 0. On the other hand, n~* D> o u? — ¢” with probability one.
Hence,

(71) (s(n)/n)(an + pam — 2paz) 2> 2Ahee”.
Combining (71) with (69), one obtains
2
S (G + 5 — 20Q) B N /(1 — mDIL + 5 — 2oma] + 200 he %

n

9. Consistency of the Estimators &;. The previous lemmas enable the presen-
tation of the main problem of this part. The complete statement of the theorem
is given for convenience. The details are given for the second order stochastic
difference equation and hence the statement is given only for that case.

TuroreM II1: Let a process {X,,t = 1} satisfy the following conditions:

ConDITION 1: For each t, X; = ayXiq + aeXs s + e, where ay, oz are finite
real constants to be estimated, and the u, (t positive) are independent, identically
distributed (with a continuous distribution) having mean zero, and a finite positive
variance, o .

CoNDITION 2: The roots my , ma of the characteristic equation m* — aym — az = 0
are simple (i.e., my % my), with one root, say p = my, satisfying |p| > 1 > |ma|.

ConprTiON 3: Fort < 0, u, = 0.

Then, it follows that the L.S. estimators &; of a; (see eq. (32)) are consistent, i.e.,
plim (& — o) = 0.

Proor: For convenience C;; and 4; will be written instead of C7;, and 47 .
Then the “normal equations” for &; given by (33), can be written explicitly as

Cn A — Crd:
CuCex —Ch ’

_ Cuds — Cudy
CuC — C%

It suffices to consider one of these equations, say (72). Then (72) may be
written as

1) (o= o) = 7 [ 285 05— 51/ [322) o (s%))]

(72) (61 — ) =

(73) (62 — o)
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where, as usual, the normalizing factor s(n) = \|p|"/(s° — 1). From equation
(39),

(75) Ai/s(n) = a"p “PUVa — o "B} + B:,a = p/|o),

where U,,:, Va, B} and B; are defined i m, respectlvely, Lemma 14, equations
(38) and (36), and it was shown that B} £ 0 and B; 5> 0.

Similarly from (56), for ¢ = j,
(76) s(n)Cij = p VAl — R+ Sii + Qi

the quantities B;, Si;, and Q;; are defined in (46), (53) and (41).

The numerator and denominator of (74) will be considered separately. Call
them N, and D, . It will be shown in the following that (s(n)/n)N, 2 0, and
(s(n)/n)D, > to a positive r.v. The theorem follows by an application of
Lemma 1 (for ratios). The detailed steps follow:

1. Noting that C;s = Cy

N. s*(n) s(n)  s*(n) s(n)’
7N =a"p " Vace Va(Unr — Unz) + p > Vis (By — pBy — B} + By)
— (B, — Q) (@" Un1 Va — BY + BY)
+ (pR: — 81 — Qu) (@ p ' Uns Vo — 0" By + By).
II. From the definition of U,,;,

(78) Uni = (0" = D" Puy + Usa.

Hence, from (77),

(79) a"(Uny — Un2)VaVie = a"Va_oVa(p' — 1)} " Py
From (79), it follows that

(80) (s(n)/n)a™(Uny — Unp)VaVaz 55 0.

IIL. Consider s(n)(Rs — Qn)(a U1V, — BY + B;). Here the fact that
|mq| < 1will be used. Thus from Lemmas 15 and 18 it follows that s(n) (B: — Qs)
is bounded in proba,blhty, and U 1V, is also bounded in probability (from the
definition), while Bf %> 0 and B, %> 0 (cf. eq. (75) ). Consequently, by Lemma 1,

(81) (s(n)/n)(Rs — Q) (a"Un1V. — Bf + By) 5 0.

IV. Consider s(n)(pR: — Su — Qu)(a"p U1V, — p 'By + Bs). Since
|ms| < 1, as in step III, by Lemmas 15 and 18, it follows that (because the r.v.
in IV is bounded in probability)

(82)  (s(n)/n)(pRe — Qu — 8u)(a"p 'UnnaVa — p "By + By) 50,

V. Finally consider s(n)p *V2:_o(B, — pB: — B + Bj). The following alge-
braic identity may be verified. (See [10], Appendix 1, for details.)
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. . Wt —1 ey [221 AN
(83) B: — B =a TP Zurur+1_ U Vo |

"~ r=1 2 — 1

Notice that s(n) (B; - BI) is not necessarily bounded in probability. But,

n—1

n's(n)(By — BY) = M\ [n‘l D Ulyyy — 1 UV a(p - 1)%[)—1].
r=1

Clearly n 'u,V, 5 0, and watyy , r = 1, 2, ---, are independent identically
distributed r.v.’s with means zero. Thus, n™' D> "5 wu,4y — its mean (= 0)

with probability one. Hence
(84) (s(n)/n)(B: — BY) 0.

Also notice that s(n)B; = A2 D imiy1 w:Xs,s, E(s(n)B;) = 0, and since |mo| < 1,
E(s(n)Bi/n)* = 0(n™"), 4 = 1,2, so that (s(n)Bi/n) 5> 0, implying

(85) n"'s(n) (B, — pBy) 5 0.
From (84) and (85), it is seen that
(86) (s(n)/n)p*Va_e(B: — pB: — B} + B}) 5 0.

Consequently, from (77), (80)-(82) and (86), (s(n)N./n) & 0, if
Ima| <1 < |o|.
VI. Next consider the denominator D, ,

_ Cu Cp» [ Cy 2:| _ S
D = o) [ 2 25— () | = s, sy
It will be shown that (s’(n)/n)D, 2 positive r.v. Consider (Cu = C12),

= C 1 022 ( 021

T $m) ) \&n)

2
) = (Vi—l - Rl + Q-u) (P_2Vi—2 - Rz + Q-22)

- (10—l Vf.—z - pR2 + Szl + Q-21)2,
from (75). Now adding and subtracting Vi_2(R: — @) suitably, one gets,
after rearrangement,

D, = oV ((Vaes — Vae) — (B1 — o'Re + 208n))
(87) + (Qu — 20Qu + p°Q2)] — (Vi — Vais)(Ry — Qu)
+ (Bi — Qu)(Ry — Qn) — (pRo — Su — Qu)".
VIL. It is not difficult to see that the following identity obtains (see [10],
Appendix II, for details):

n—1

(88) S(—nn) [(Vi—l - Vi—z) - (Rl - P2R2 + 29521)] = >\i E u?/’n

r=1

Since the u; are independent identically distributed with means o, it follows
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that .
(89) A > wl/n— 26’ > 0, with probability one.
r=]
VIII. It was shown in Lemma 19 that
2 2
(90) SM)Wu—%%r+p@deﬂhha+ Ho ; (14" = 2mp).

Thus the term in square brackets on the right side of (87), multiplied by s*(n) /n,
converges in probability to the following limit.
2 2 2
A

m>xW+mma+ (HW—%W—6+26@—WV
since A1 + A2 = 1. Note that this constant is strictly positive.

IX. The following statements are immediate consequences of Lemmas 16 and
18.

(92) v 278" (n) (Vo — Vi) (Re — @u)] 50,
(93) (3 (n)/n)(Rl - Q_n)(Rz - sz) ~P->0,
(94) (sz(n)/n)(Rz - Szl - Q-zl)z—i)o.

Summarizing the work in steps VI-IX it can be inferred that (on noting
p Vi, — 5 °V? (#0) with probability one, cf., Lemma 8),

2
(95) ) b, 45 [«2 + 1“ " (o —ma) ]

which is a positive r.v.

Hence, by Lemma 1 (for ratios) it follows that & — e = N./D, 5 0, if
|ms] < 1 < |pl, q.e.d.

10. Remarks on Theorem III.

1. The assumption that the other root |ms| < 1 is used to get the required
bounds in probability for the r.v.’s B; and Q,; when multiplied by s(n)/n and
§’(n)/n. This is only a sufficient condition. It is probably true that the con-
sistency of &; holds without any restriction on the other roots (i.e., other than
the maximum), but due to the computational difficulties these relaxations were
not attempted.

2. The long route followed in the proof was necessitated by the fact that the

numerator as well as the denominator £ 0. The usual assumption, that the matriz
(s72(n)C;;) is non-singular in the limit, is not tenable here, and the classical pro-
cedure is not applicable.

ProoF oF 2: Let M, = (C%) and s(n) = N |p|*/ (" — 1), as usual.

s M)Ma = (s(n)CH) £ (0 PV _nexiioi)s by Lemma 15,
2 (Y by Lemma 8.



STOCHASTIC DIFFERENCE EQUATIONS 217

But the right side is a singular matrix of rank one. Note that only |o| > |m;|
and |p| > 1 are used here.

3. From this theorem the following important conclusion obtains. The non-
singularity of the matrix (s™(n)C;;), for all n, is not a necessary condition for
the consistency of the estimators é; of the regression coefficients a .

4. If |p|, [m| > 1 (i.e., all roots are greater than one in absolute value), then
T. W. Anderson’s results [1] imply the consistency of &;. Theorem III and
Anderson’s results [1], taken together, exhaust all cases for the second order
difference equations if the roots have distinct moduli. But the question is still
open in higher order cases (k = 3).

5. It is apparent that the assumption |p| > 1 > |mq| implies that the terms
involving m. are bounded in probability, while those involving p “disturb the
stability”” of the process. For the same reason, it is clear that the condition
lol > 1> |mj|,j =2, ---,k, with an arbitrary but finite (known) k, is sufficient
to state the results of Theorem IIT for higher order difference equations. In

other words, (& — a;) 50,5 =1, -+, k,if [|o| > 1> |my|,5 =2, -+, k.
6. If the difference equation is of second or higher order, k, and the maximal
root p is greater than one in absolute value, and |m;| = 1 foranyj = 2, --- |k,

then no result is available on the consistency of &; . Also nothing is known about
the estimators of the a; of an explosive linear stochastic difference equation if
there is a constant term. The following table summarizes the available results.

Table of the Available Results

kth order Roots (p, me, <+, my) Results [(i) = consistency, (ii) =
efficiency and (iii) = limit dis-
tribution]

k=1 lo| >, =, <1 (i) Rubin [13], Mann-Wald [8]

(i), (ii) Theorem 4:A of [10]
(iii) White [14], T. W. Anderson
[1], and Mann-Wald [8]

k=2 lo| > 1> |my (i) Theorems I and III for p, and &;
(iii) Theorem II for p,
o, |ms| > 1 (i), (iii) T. W. Anderson [1]
ol < 1 (i), (iii) Mann-Wald [8]
lo| = 1or |mg| =1 no result available
k=3 ol > 1> |mjy| (ili) Theorem II for p,
(i) Theorem III and remark 5, for &;
lo| > |mil, |o] > 1 (i) Theorem I for p, , no result for é&;
lol, |mj| > 1 (i), (iii) T. W. Anderson [1] for &;
ol < 1 (i), (iii) Mann-Wald [8]
lo| < 1, u; Gaussian (ii) Rubin [12]

(i), (ii) Theorem 3:C of [10]

Table continues on next page
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lo| = lor|m; =1or

ol > [ma| > 1> |m no result available.
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