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1. Introduction and summary. When the means of samples drawn from normal
populations are employed in performing tests of hypothesis, the experimenter
usually assumes that the sample was drawn from a complete normal population.
When all members of the population within three standard deviations of the
mean admit to sampling, assumption that the sample was drawn from a complete
population does not seriously affect the power of the tests. However, there arise
situations where the sampling interval is restricted to less than three standard
deviations of the mean.

Aggarwal and Guttman [1], [2] have examined the loss of power when using
tests based on the assumption that the variable being sampled has a complete
normal distribution when, in fact, the distribution is a symmetrically truncated
normal distribution. They derived the distribution of means based on samples of
size n £ 4 using convolutions of

(1.1) f(x) = (€/(27)}) exp(—2%/2), |z] < a,
=0, otherwise,

where C is given by
(1.2) = (2n)7 [ dt.

Birnbaum and Andrews [2] have pointed out that sums of symmetrically
truncated normal random variables have a limiting normal distribution. Thus
for large n one can obtain for an approximate cumulative distribution of X
= (1/n) > i X.. For arbitrary n, however, no general formula giving the
distribution of means (or sums) of samples of size n drawn from a truncated
normal population is available.

In this paper we extend the work of Aggarwal and Guttman [1] to non-sym-
metric truncation and arbitrary sample size. An asymptotic series for the dis-
tribution of sums of samples of size n drawn from a truncated normal population
is presented.

2. An asymptotic expanéion of the distribution of sums of a truncated variate.
We will denote the density function of a truncated normal variate by
(2.1) f(x; u, 0,0,b0) = (C/a(2m)!) exp{—3(z — w)*/o™,
uw+oa <ax < u-+ ab
where C is given by
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(2.2) ct = (2n)7 [ dt.

Let X;, X, -+, X, be n independent random variables with the density
function of X;;¢ = 1,2, ---, n, given by (2.1) and consider the variable X
=X, 4+ X, + -+ + X..If we denote the mean and variance of X; by u; and
o1 respectively, then the mean and variance of X is given by 4 = nu and o
= no’. Forv = 1,2, 3, - -+, let x, denote the cumulants of X; — ;. Then the
characteristic function of X; — u is given by

\l’l(t) = exp{ Z:o-l (Xv/v!)(it)v}y
and the characteristic function of ¥ = (X — u)/¢ may be expressed as
(2.3) YY) = [a(t/ow)]” = exp{n D oomy (\/0) (it/n)"}
where A, = x/01’. Expanding the right hand side of (2.3) in powers of n~* and
collecting terms yields
(24) W(1) = ¢ 4 o (bowrs(i)" 4 -+ + boan(it))/n e
where by »42 is 2 polynomial in N3, A¢, -+, M—n4s Which is independent of n.
Denoting the density function of the standard normal variable by ¢, the
integral relation ' \
ffm euz(p[n] (x)dx — ( —'Zt) ne—l /2
applied to (2.4) yields the following form of the density function of Y,
(25) fa(Y) = o(¥) + 2200 (—1)
Doz (Y) H o boae™ ()]0

This series is due to Edgeworth [6]. A corresponding expansion of the distribu-
tion function, F, , of ¥ can be obtained by replacing ¢ in (2.5) by the distribu-
tion function, ®, of the standard normal variable. Cramér [3] has shown that
this series is asymptotic in powers of »n* and that the remainder term is of the
same order as the first term neglected.

For computing purposes, the distribution function of ¥ was expressed in the
form

Fa(Y) = Doveo (1/rlrale - orw) Ag/3D)™ « - (Awge/ (N + 2) 1)
- @ (Y) /4 Ra(N, V),

where the second summand extends over all non-negative integral values of 7, ,
Ty, +++, v, D, and A satisfying

nt+r+ -ty =h
and
1+ 2+ -+ 4+ Nry = p.
for N = 13, it was found that R.(N, Y) is of the order 0.0001 when n = 4.
The accuracy increases with n.

3. Tests of hypotheses. Consider a sample of size n drawn from a normal
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population with mean p and variance ¢°. We may assume without loss of gener-
ality that o* = 1.

A uniformly most powerful test of the null hypothesis Hy:;x = 0 against the
alternate hypothesis Hoiu > 0 is given by

(3.1) reject Hy if X > Z,/n}; accept H, otherwise,

where Z, is the point exceeded with probability « using the distribution of the
standard normal variable, Z ~ N(0, 1). A usual test of size « for a complete
population becomes a test of size o’ when the population is truncated, where

(3.2) of = Pr(Z > Z./n),

and Z; is a truncated normal variable with density function f(z: ; 0, 1, a, b).
If X ~ N(u, 1), then X ~ N(u, 1/n) and the usual power function, the
probability of accepting H, when in fact H, is true, is given by

(3.3) Pu(u) = Pr(X > Z./n*| X ~ N(u, 1/n))
=Pr(Z > Zo — pn*| Z ~ N(0,1)).

If X is a truncated normal variable with density function f(X; u, 1, a, b)
then the actual power of the test is given by

(34) Po(p) = Pr(X > Zo/n* | X ~fu(X; 1,1, a, b))
= Pr(Zt > (Za - l‘ln%)/al I Z, Nfﬂ(Z’ K,y 17a 't ’b - ”'1))’

where u; and o,” are the mean and variance of f(X; u, 1, @, b) and fo(X; u, 1,
a, b) denotes the density function of means based on samples of size n drawn
from f(X; p, 1, a, b).

Let L(u) denote the loss of power when using the usual test of the hypothesis
(3.1) when in fact the population is truncated. Then L(u) = Py(u) — Pa(u).
The tables express L(u) as a percentage of P,(u) for the one sided test (3.1)
with @ = 0.05 for various sample sizes and truncation points. The units used
are standard deviations of the parent population.

4. Conclusions. An examination of the tables reveals that there is very little
loss of power when the sample is of size 10 or larger and the true value of the
mean is more than 0.5 standard deviations away from the value specified in the
null hypothesis. Also, as Aggarwal and Guttman [1] have pointed out, there is a
chan%ge in sign from positive to negative in the loss of power as soon as u exceeds
Zo/7.

When the value of the true mean of the population is equal to the value speci-
fied in the null hypothesis, the size of the test and the value of the power func-
tion at that point assume the same value. Thus, from column one of the tables,
the actual size, o', of the test is easily computed. From Table I we obtain that
for n = 5 the actual size of the usual test of size a = 0.05 is «’ = 0.001 when
the population is symmetrically truncated within one standard deviation of
‘the mean. The actual size increases to 0.014 and 0.031 when the population is
symmetrically truncated at 1.5 and 2.0 standard deviations from the mean.
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There is no appreciable loss in power or decrease in the size of the test if the
population is symmetrically truncated more than 2.5 standard deviations from
the mean.

Let X ~ N(u, 1) and consider the variable X; ~ f(X; u, 1, — =, b) resulting
from single truncation on the right at the point u + b. If we denote the mean
and variance of X, by u; and ¢,° respectively, then, for samples of size n, we
have the mean and variance of X ~ fu(X; u, 1, — , b) given by u; and ori’/n
respectively. Since u; < u we may put g — u; = ¢ > 0 and it follows from the
weak law of large numbers that for any constant § satisfying 0 < § < 1 we have

Pr()X, —m| <€) >1—35

where X, is based on a sample of size n > ¢,*/€%.

Thus, if the usual test (3.1) is employed when in fact the distribution is singly
truncated on the right, the actual size of the test will tend to zero as n increases.
Similarly, if the population is singly truncated on the left and the usual test
(3.1) is employed, the actual size of the test tends to one as n increases.

An examination of Table II reveals that when the population is singly trun-
cated at 1.5 times the standard deviation to the right of the mean, the actual size
of the usual test of size & = 0.05is &’ = 0.032 when n = 5 and decreases rapidly
as n increases. From Table III we see that if the population is singly truncated
on the left at 1.5 standard deviations from the mean, the actual size of the test
is o' = 0.075 for n = 5 and increases with n.

"Thus, for singly truncated-populations, there is not appreciable loss of power
involved in using the usual one-sided test when the truncation is beyond 1.5
standard deviations from the mean and the mean is more than 0.5 standard
deviations from the value specified in the null hypothesis. However, there is a
considerable change in the size of the test for large samples. Hence, when using
the usual test on means based on large samples from populations which are
singly truncated within 2.5 standard deviations of the population mean, an
improvement in the size of the test can be realized by further truncating to ob-
tain a symmetrically truncated population.
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TABLE 1

Loss in power expressed as percentage of P,(u) for « = 0.05 and
symmetric truncation at the terminus point a

M
n a 0.0 0.5 10 1.5

5 1.0 99.51 43.90 —18.97 —4.59

1.5 71.64 19.85 —8.68 —3.37

2.0 37.03 8.39 —3.69 —1.75

2.5 13.45 2.96 —1.35 —0.60

6 1.0 99.01 34.79 —17.90 —2.18

1.5 72.68 15.16 —8.82 —1.88

2.0 37.15 6.29 —3.80 —1.04

2.5 13.66 2.35 —1.48 —0.35

7 1.0 98.76 25.99 —15.01 —1.02

1.5 73.10 10.99 —8.13 —0.97

2.0 37.39 4.49 —3.60 —0.61

2.5 13.87 1.69 —1.38 —0.23

8 1.0 98.61 17.94 —-11.84 —0.47

1.5 73.32 7.43 —7.04 —0.47

2.0 37.61 3.00 —3.22 —-0.34

2.5 14.06 1.12 -1.21 —0.15

9 1.0 98.49 10.76 —9.00 —0.22

1.5 73.43 4.40 —5.85 —-0.22

2.0 37.78 1.76 -2.79 —0.18

2.5 14.22 0.65 —1.04 —0.09

10 1.0 98.41 4.49 —6.69 —0.10

1.5 73.50 1.82 —4.71 —-0.10

2.0 37.92 0.73 —2.34 —0.09

2.5 14.35 0.27 —0.88 —0.05

15 1.0 98.16 —14.62 —-1.31 0.00

1.5 73.58 —6.09 —1.10 0.00

2.0 38.29 —2.43 —0.75 0.00

2.5 14.72 —0.86 —0.32 0.00

20 1.0 98.04 —19.34 —0.24 0.00

1.5 73.56 —8.78 —-0.23 0.00

2.0 38.42 —3.60 —0.18 0.00

2.5 14.88 —1.28 —0.09 0.00

25 1.0 97.97 —17.36 —0.04 0.00

1.5 73.52 —8.83 —0.04 0.00

2.0 38.47 —3.78 —0.03 0.00

2.5 14.96 —1.36 —0.02 0.00

50 1.0 97.83 —3.00 0.00 0.00

1.5 73.41 —2.47 0.00 0.00

2.0 38.53 —1.40 0.00 0.00

2.5 15.08 —0.57 0.00 0.00

100 1.0 97.77 —0.04 0.00 0.0¢

1.5 73.33 —0.04 0.00 0.0

2.0 38.53 -0.03 0.00 .0

2.5 15.11 —0.02 0.00 0.00
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TABLE 1II

Loss in power expressed as percentage of Pu(u) for « = 0.05 and
single truncation on the right at the terminus point a

n

a 0.0 0.5 1.0 15
1.5 35.98 46.29 15.07 1.92
2.0 28.54 17.99 5.15 0.43
2.5 9.71 5.62 1.62 0.15
1.5 70.43 40.80 9.50 1.01
2.0 40.90 16.60 3.27 0.61
2.5 15.05 5.29 0.75 0.30
1.5 79.88 40.41 8.08 0.80
2.0 45.18 16.16 2.57 0.32
2.5 16.95 5.12 0.56 0.15
1.5 83.43 40.19 7.11 0.44
2.0 47.37 15.74 2.17 0.14
2.5 17.97 4.91 0.51 0.06
1.5 85.26 39.75 6.12 0.17
2.0 48.87 15.29 1.85 0.05
2.5 18.69 4.70 0.47 0.02
1.5 86.47 39.16 5.16 0.04
2.0 50.07 14.83 1.55 0.01
2.5 19.28 4.49 0.42 0.00
1.5 90.13 35.56 1.82 0.00
2.0 54.61 12.65 0.50 0.00
2.5 21.54 3.67 0.14 0.00
1.5 92.44 31.80 0.49 0.00
2.0 58.09 10.69 0.12 0.00
2.5 23.31 3.02 0.03 0.00
1.5 94.08 28.08 0.11 0.00
2.0 60.98 8.89 0.02 0.00
2.5 24.83 2.45 0.00 0.00
1.5 97.89 12.52 0.00 0.00
2.0 70.87 2.80 0.00 0.00
2.5 30.56 0.67 0.00 0.00
1.5 99.60 1.30 0.00 0.00
2.0 81.27 0.12 0.00 0.00
2.5 38.13 0.02 0.00 0.00
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TABLE III
Loss in power expressed as percentage of P.(u) for a = 0.05 and single truncation on
the left at the terminus point —a. All non-zero entries in the body
of the table are negative

“

n a 0.0 0.5 1.0 1.5
5 1.5 49.31 41.45 21.17 2.36
2.0 5.81 13.02 7.86 1.36

2.5 0.65 4.17 2.57 0.41

6 1.5 54.70 37.87 17.09 2.54
2.0 13.80 11.81 7.06 1.22

2.5 3.86 3.21 2.52 0.41

7 1.5 59.72 37.50 12.57 1.06
2.0 17.26 12.46 5.89 0.71

2.5 4.99 3.40 2.13 0.28

8 1.5 65.61 38.11 9.64 0.45
2.0 19.64 13.23 4.88 0.36

2.5 5.64 3.72 1.78 0.17

9 1.5 72.03 38.65 7.49 0.21
2.0 21.69 13.84 4.00 0.18

2.5 6.15 4.00 1.48 0.10

10 1.5 78.71 38.80 5.77 0.10
2.0 23.60 14.25 3.23 0.09

2.5 6.61 4.21 1.22 0.05

15 1.5 112.99 34.53 1.27 0.00
2.0 32.53 14.22 0.91 0.00

2.5 8.75 4.51 0.40 0.00

20 1.5 147.21 27.02 0.24 0.00
2.0 40.87 12.47 0.20 0.00

2.5 10.77 4,17 0.10 0.00

25 1.5 181.16 19.85 0.04 0.00
2.0 48.78 10.22 0.04 0.00

2.5 12.67 3.60 0.02 0.00

50 1.5 348.27 2.99 0.00 0.00
2.0 84.36 2.29 0.00 0.00

2.5 20.82 1.04 0.00 0.00

100 1.5 665.55 0.04 0.00 0.00
2.0 146.58 0.04 0.00 0.00

2.5 33.63 0.03 0.00 0.00




