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1. Introduction. In an earlier paper [3], the author gave the upper bounds for
the number of disjoint blocks in (i) semi-regular GD designs, (i) certain PBIB
designs with two associate classes having a triangular association scheme, (iii)
certain PBIB designs with two associate classes having an L, association scheme
and (iv) certain PBIB designs with three associate classes having a rectangular
agsociation scheme. Later on, the author [4] gave bounds for the number of
common treatments between two blocks of the above-mentioned designs. In this
paper, we generalise the author’s [3] results and give conditions under which no
two blocks of the above-mentioned designs are (i) disjoint or (i) the same set.

2. Semi-regular GD designs. An incomplete block design with » treatments
each replicated r times in b blocks of size & is said to be group divisible (GD)
[2], if the treatments v = mn can be divided into m groups, each with n treat-
ments, so that treatments belonging to the same group occur together in A\;
blocks and treatments belonging to different groups occur together in A, blocks
(A1 # N2). The primary parameters of such a design are v = mn, b, 7, k, n; =
(n — 1), ns = n(m — 1), A1, A2. They obviously satisfy the relations bk = or,
m—1M4+nm— D=7k —1),r= M, r = \. Semiregular GD de-
signs [1] are further characterised by » — Ay > 0 and rk — vA; = 0.

From Theorem 2.1 of [3], we deduce Theorem 2.1.

TrEOREM 2.1. If in a semi-regular GD design, b = v — m + r and v = 2k,
where k is an odd integer, then no two blocks of this design are disjoint.

TaeorEM 2.2. If in a given block of a semi-regular GD design with b > v —
m < 1 has d blocks having a given number | (k) of treatments common with i,
then

d=b—1—T[k(r—1) — (b — 1I/Q,

where Q = P + I'(b — 1) — 2k(r — 1), and P = K[(v — k)-
b—=7)— (—1k)v —m))/v(v —m). Further,ifd = b — 1 — [k(r — 1) —
(b — 1)T/Q, then [P — lk(r — 1)]/[k(r — 1) — I(b — 1)] is an integer and
the given block has [P — lk(r — 1)]/[k(r — 1) — I(b — 1)] treatmenis common
with each of the remaining (b — d — 1) blocks.

Proor. We number the blocks By, Bz, -+, By . Let z; denote the number
of treatments common between B; and B,, + = 2, 3,---, b. Let z; = [ for
1 =23+, (d 4+ 1).
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Then, from the author’s [3] results (2.1) and (2.3), we obtain
(2.1) Dteage i = k(r — 1) — di,
(2.2) D ieaie i = P — dI},

where P = K[(v — k)b — ) — (v-— rk)(v — m)]/o(v — m). Let
I = Diapw/(b —d —1) = [k(r — 1) — dl/(b — d — 1). As
D teiqe (zs — £)* = 0, we have from (2.1) and (2.2),

(2.3) dQ = (b —1)Q — [k(r — 1) — I(b — DT,
where @ = P + I*(b — 1) — 2Ik(r — 1). Since
Q=K@ —-k®—r1)— @—1k) (0 —m)p@®—m) — K(r—1)"/(b—1)
+ [k(r—1) — (b — D*/(b—1)
=W —-k)Ob—-r)b—v4+m—1)/v(v —m)(b — 1)
+ k(r — 1) = I(b — /(b — 1),

it follows from the author’s [3] result (2.7), that, whenb =v —m + 1, Q = 0
and whend > v — m + 1, @ > 0. As for this design, b > v — m + 1, we
have @ > 0. Hence, we have from (2.3)

(2.4) d=b—1—T[k(r—1) —Ub— 1D/Q.

If the equality sign holds in (2.4), then all z;’s are equal, 7 = d + 2, ---,b
and z; = [P — lk(r — 1)]/[k(r — 1) — (b — 1)] is an integer and the given
block By has [P — lk(r — 1)]/[k(r — 1) — I(b — 1)] treatments common with
each of the remaining (b — d — 1) blocks.

The author’s [3] earlier Theorem 2.1 follows as a corollary from the above
theorem when I = 0.

From Theorem 2.2, we deduce the following Theorem:

TarEOREM 2.3. If in a semi-regular GD design, b = v — m + r and v = 2k,
then no two blocks of this design are the same set.

Proor. Let a block of the given design have d blocks having all the k treat-
ments common with it. Then, using Theorem 2.2 for b = » — m 4+ rand v =
2k, we obtain

(2.5) d=(r—1/(r+1) <1

Hence, d = 0, which proves the theorem.
Combining Theorems 2.1 and 2.3, we obtain the following theorem:
TraeorREM 2.4. If in a semi-regular GD design, b = v — m + r and v = 2k,
where k is an odd integer, then no two blocks of this design are (1) disjoint or (ii)
the same set.

3. PBIB designs with two associate classes having a triangular association
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scheme. A PBIB design with two associate classes is said to have a triangular
association scheme [2], if the number of treatments is v = n(n — 1)/2 and the
association scheme is an array of »n rows and = columns with the following
properties:

(a) The positions in the principal diagonal are blanks;

(b) the n(n — 1)/2 positions above the principal diagonal are filled by the
numbers 1, 2, - -+, n(n — 1)/2, corresponding to the treatments;

(¢) the array is symmetric about the principal diagonal;

(d) for any treatment 6, the first associates are exactly those treatments which
lie in the same row and the same column as 6.

The primary parameters of this design are v = n(n — 1)/2, b, 7, k, M, N2,
m=2n—4mn=(/n—2)(n— 3)/2

From Theorem 3.1 of [3], we deduce Theorem 3.1.

TuroreM 3.1. If in a PBIB design with two associate classes having a triangular
association scheme with rk — v\, = n(r — M)/2andb =v — n + r, and v = 2k,
where k& is an odd integer, then no two blocks of this design are disjoint.

TueoreM 3.2. If in a PBIB design with two associate classes having a triangular
association scheme with rk — v\ = n(r — M)/2 and b > v — n + 1, a given
block has d blocks having a given number l( k) of treatments common with i, then

d<b—1-—[k(r—1) —1(b—1I/Q,

whereQ =P+ (b — 1) — 2lk(r — 1) and P = K[(v — k) (b — r) — (v — rk)-
(w — n)]/o(v — n). Further, if d = b — 1 — [k(r — 1) — I(b — 1)T*/Q, then
[P — Wk(r — D]/[k(r — 1) — U(b — 1)] ¢s an integer and the given block has
[P — lk(r — 1))/[k(r — 1) — I(b — 1)] treatments common with each of the re-
maining (b — d — 1) blocks.

The proof is similar to that of Theorem 2.2.

The author’s [3] earlier Theorem 3.1 follows as a corollary from the above
theorem when [ = 0.

From the above theorem, we deduce the following theorem:

TueoreM 3.3. If in a PBIB design with two associate classes having a triangular
association scheme with tk — v\ = n(r — M)/2,b = v — n 4+ randv = 2k,
then no two blocks of this design are the same set.

The proof is similar to that of Theorem 2.3.

Combining Theorems 3.1 and 3.3, we obtain the following theorem:

TueoreM 3.4. If in o PBIB design with two assoctate classes having a triangular
association scheme withk — v\ = n(r — M)/2,b = v — n + randv = 2k,
where k is an odd integer, then no two blocks of this design are (i) disjoint or (ii)
the same set.

4. PBIB designs with two associate classes having L, association scheme.
A PBIB design with two associate classes is said to have an L association scheme
[2], if the number of treatments is v = &', where s is a positive integer and the
treatments can be arranged in an s X s square such that treatments in the same
row or the same column are first associates; while others are second associates.
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The primary parameters of this design are v = &, b, 7, k, A, A, 11 = 2(s — 1),
ny = (s — 1)%

From Theorem 4.1 of [3], we deduce the following theorem:

TrarOREM 4.1. If in a PBIB design with two associate classes having an Ly asso-
ciation scheme and rk — v\ = s(r — M), b = v — 28 + r + L and v = 2k,
where k is an odd integer, then no two blocks of this design are disjoint.

TaEOREM 4.2. If ©n o PBIB design with two associate classes having an Ly asso-
ciation scheme and rk — v\ = s(r — N\1) and b > v — 2s + 2, a given block has
d blocks having a given number I( k) of treatments common with i, then

d<b—1—T[k(r—1) — b — 1)/Q,

where Q = P+ I*(b — 1) — 2lk(r — 1) and P = K*[(v — k) (b — r) — (v — 7k)-
(s — 1)*)/v(s — 1)°. Further,if d = b — 1 — [k(r — 1) — (b — 1)]*/Q, then
[P — lk(r — 1)])/Ik(r — 1) — (b — 1)] is an integer and the given block has
[P — lk(r — D)/k(r — 1) — (b — 1)] treatments common with each of the
remaining (b — d — 1) blocks.

The proof is just similar to that of Theorem 2.2.

From the above theorem, we deduce the following theorem:

Tueorem 4.3. If in PBIB design with two associate classes having an Ly asso-
ciation scheme and vk — v\ = s(r — M), b =v — 2s + r 4+ 1 and v = 2k, then
no two blocks of this design are the same set.

The proof is similar to that of Theorem 2.3.

Combining Theorems 4.1 and 4.3, we obtain the following theorem:

TueoreM 4.4. If in o PBIB design with two associate classes having an Ly asso-
ctation scheme with vk — v\ = s(r — M), b = v — 2s + r 4+ landv = 2k,
where k is an odd inieger, then no two blocks of this design are (i) disjoint or (ii)
the same set.

5. PBIB designs with three associate classes having a rectangular association
scheme. A PBIB design with three associate classes is said to have a rectangular
association scheme [5], if the number of treatments v = v, v, can be arranged in
the form of a rectangle of »; rows and v, columns, so that the first associates of
any treatment are the (v; — 1) treatments of the same row, the second associates
are the other (»; — 1) treatments of the same column; while the remaining
p = (v1 — 1)(va — 1) treatments are the third associates. The primary parame-
ters of this design are v = v1v2, b, r, b,y = ve — 1, My = v1 — 1,5 = myme,
M, Az, As. Vartak [5] has proved that the characteristic roots of NN’ of
this design are 6o = rk, 6 = r — M + (01 — 1)(A2e — Ns), 0 = r — N +
W — 1) (M — M), 65 = r — A — A2 + A;. Here, we consider this design
Wlth 01 = 0 = 02 .

From Theorem 5.1 of 3], we deduce the following theorem:

TurorEM 5.1. If in a PBIB design with three associate classes having a rectangu-
lar association scheme and 6, = 0 = 6y, and b = p + r and v = 2k where k is
an odd integer, then mo two blocks of this design are disjoint.
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TrarEOREM 5.2. If ©n a PBIB design with three associate classes having a rectangu-
lar association scheme and 6, = 0 = 6; and b > p + 1, a given block has d blocks
having a given number [( k) of treatments common with i, then

d<b—1—Tk(r—1) — (b — D/Q,

where @ = P + I'(b — 1) — 2lk(r — 1) and P = K [(v — k)(b — r) —
plv — rk)]/vp, p being equal to (vy — 1)(v; — 1). Further if d = b — 1 —
k(r — 1) — (b — 1)/Q, then [P — Uke(r — 1)]/lk(r — 1) — U(b — 1)]isan
integer and the given block has [P — lk(r — 1)]/[k(r — 1) — I(b — 1)] treatments
common with each of the remaining (b — d — 1) blocks.

The proof is similar to that of Theorem 2.2.

The author’s [3] earlier Theorem 5.1 follows as a corollary from the above
theorem when I = 0.

From the above theorem, we deduce the following theorem:

TuareoreM 5.3. If in a PBIB design with three associate classes having a rectangular
assoctation scheme and 6, = 0 = 6,,b = p + r and v = 2k, then no two blocks
of this design are the same set.

Combining Theorems 5.1 and 5.3, we obtain the following theorem:

TaEOREM 5.4. If in a PBIB design with three assoctate classes having a rectangular
association scheme with 6, = 0 = 6,,b = p + r, and v = 2k, where k <s an odd
integer, then mo two blocks of this design are (i) disjoint or (ii) the same set.
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