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0. Summary. Let X = (X4, : - -, X}) have the multinomial distribution, given by

(0.1) Pr{X =x}=n!TTi=, (p7/(x!))
where x = (xl’ ey xk), Zif:l X; = nandzg‘=1pi - l, and let
(0.2) C(pl"“’pm)=Pr{Xigsi;i=1,”’, m}

where Y/_,s;<n and m < min(k—1,n). We show that C(p,, -, p,) is non-
decreasingin p;fori =1, - -+, mand thatfor s; = s,

(0.3) C(p1s s Pm) S Cij(P1s * s Pm) and
(04) C(pb Tt pm)g Cijt(pb T pm)

where C;i(py, ", p) is obtained from C(p,, -+, p,,) by substituting p = 3(p;+p;)
for p; and p; and C;;(p,, ***, p) is obtained from C(p,, ‘-, p,,) by substituting ¢
for p; and p;+p;—t for p; where 0 < t < min(p,, p;).These and similar results are
shown. An application of these results to a multiple decision problem is indicated.

1. Monotonicity properties. Let C(py, ***; P Sma1> "5 S) = Pr{X; = s, i =1,
my X;=s;,j=m+1, -, k}. From Lemma 2.2 of [1] we have

C(P1s s Pm> Smt 15 "',Sk)=P{Xj=Sj(j= m+1,---, k),

(1.1) YnX;=n}xP{X;zs(i=1,--,m)|Y7X;=n'}
=po"u 5t [T YA —to)” [ 17 dt;
=ufg o7 @5 Wpo—to)” 1T at;

where sy, * *+, 5,, are positive integers, n’ = n—Y w185, So =y 185 =1,

Po=1Puto= )1t =pilpo for i=1,---,m,
u =m0 Y[ Te 12 I5;DIB(1, s $ms B =30+ 1)

and B(') denotes the beta function. Differentiating (1.1) with respect to p,, putting
P, = a—py where a s fixed, we have

OC(P1s s P Sm+15 " " SK)[0Py
12 A T e
X(Po1— Y 5 t)" ~°dty—p,*” 1,[5' 7!
X(Po2—ti— )5 )" odt } 15 dt
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where we write py; = po—p;. The quantity inside the braces on the right hand side
of (1.2) can be written as
V= o= p)™ (o —x — X5 1) "0 dx—p, 2[4, (x— py)tt !
(Po—x=)51)" ~*dx.

Let 5, = 55. As py(x—p;) 2(2) p,(x—p,) according as p, S(2)pyforx<p,+p,
we have that ¥ =(<)0 according as p; <(2)p,. As the above results for p; and
P hold for any pair (i, j) we have from (1.2) for 5; = s L j = m),

(1.3) C(Pl,“‘,Pm§Sm+1,"" Sk)=-<_Cij(p1’”"pm;sm+l’”'a i) and
(14) C(pl’ U P Sm+ ) X sk) 2— Cijt(pl’ s Ps Sm+15 """ Sk)

where Cii(p1, ***, P Sms 15 ***» ) is obtained from C(Bis * s P St 15 "% 5) by
substituting p = 4(p,+p;) for p; and p;and Cy;(py, ", P Sms 15 * **» 5) is obtained
from C(py, ***, P Sma 1" 5i) bY substituting ¢ for p; and Pi+p;—tfor p; where
0 = 7 < min(p;, p)). Fors; = s; = 0 equality holds in (1.3)and in (1.4).

From (1.3) and (1.4) we havefors, =5, =+ = Sprs

(1°5) C(pl’“"pm;sm+1,"', Sk)éc(q,“"q;sm-l-l"“’ Sk) and
(1'6) C(pl’ a "pm;sm+1’ ) Sk) 2— C(ta Tt t’po—'(m_l)t; Smt1s """ sk)

where ¢ = po/mand 0 < t < min(p,, - -+, p,,).

From (1.5) and (1.6) we have, puttingm =k—lands, =5, =+ = Sks
(1 7) Pr{Xing,i"_‘ls'”’k_l;pla”'3pk—19pk}
' SPr{X;2X,,i=1,"-,k—1;q, ", q, p} and

Pr{X;2X,,i=1, o k—=15py, e, Pi-1> Pi}

(1.8)
__>=Pr{X,-ng, i=1, Tt k_l; Loty pO_(k_Z)ta pk}

where p, = Z’f_ll’i, q =po/(k—1) and 0 < t < min(py, **+, py_ ).
It is seen that (0.3) and (0.4) follow from (1.3) and (1.4), respectively. As a
corollary to (0.3) and (0.4) we have from (1.5) and (1.6) for Sy =S8y ==,

(19) C(pla ”.’pm) —_<- C(q’ Tt q) a‘nd
(110) C(Pl,"',Pm)gC(t,"', t,Po"(m"l)t)
where g, p, and ¢ are defined following (1.6).

From (1.1) we get

(L1D) Cpys s p) = {J8 - [ ([T 5~ DA = to) [ [ dt;}/
. {B(sl’ T S n—so+1)}

where sy, **+, 5,, are positive integers. It is clear from (1.11) that C(py, - -+, p,) is
nohdecreasing inp,fori =1, -, m.
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For the opposite tail probabilities of the multinomial distribution we have from
Lemma 2.3 of [1]

(1'12) D(pls.”apm)=Pr{Xi§S;_l;i=1,"',m}

1 l—szp;fl—Eamp:—rn
B(sy, ", Smn—5o +1) ], s
1—gm-1 i—1 -
R ( I R A (O 7 Lt [T7dz;
where sy, -+, s, are positive integers, s,= Y I's; < n and m < min(k—1, n). It is

clear from (1.12) that D(p,, ‘', p,,) is decreasing in p; for i=1, -, m. As we
proved (0.3) and (0.4), we can show that for s; = s;,

(1.13) D(pl,”'apm)_g.Dij(pla“"pm) and
(114) D(pla'”’pm)gDijt(pla'”’pm)

where D;{(py, -+, pn) is obtained from D(p;, -, p,,) by substituting p = 4(p,+p )
for p; and p; and D;;(py, -+, p,) is obtained from D(p,, : -, p,,) by substituting ¢
for p; and p,+p;—1t for p; where 0 < ¢ < min(p;, p;). From (1.13) and (1.14) we
havefors, =5, ="+ =35,

(115) D(plau',pm)é D(q9aq) and
(1.16) D(py, -+ pm) Z D(t, -+, t, po—(m—1)1)
where g, p, and 7 are defined following (1.6).

2. Application. The inequalities in Section 0 have application in a problem of
selecting the “least probable event”, that is the cell with the smallest probability,
from a multinomial population with K cells. The application will appear in a
forthcoming paper.
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