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Stochastic evolutionary systems of additive functional type, described by
processes with locally independent increments, are considered with Markov
switching in an asymptotic split state space having a stoppage state. The
average and diffusion approximation limit theorems are established in both
single and double merging. The proofs of these results are obtained using
a singular perturbation approach of linear reducible—invertible operators and
the tightness of processes. Particular cases of these systems including integral
functionals, dynamic systems, storage processes and compound Poisson
processes are also considered. The application of limit theorems in reliability
and reward problems is discussed.

1. Introduction. Stochastic approximations, as average, diffusion and
Poisson approximations, are interesting not only theoretically but also increasingly
in practical systems modeling.

In the study of real systems, two problems usually arise. The first one is
connected to the generally high complexity of the state space. The second one
is connected to the fact that the local characteristics of the systems are not fixed
but depend upon random factors.

Concerning the first problem, in order to be able to give analytical or numerical
tractable models, the state space must be simplified via a reduction of the number
of states. This is possible when some subsets are connected between them by
small transition probabilities and the states within such subsets are asymptotically
connected. This is typically the case of reliability and in most applications
concerned with hitting time models, for which the state space is naturally cut in two
subsets (the up states set and the down states set) [19, 23]. In this case, transitions
between the subsets are slow compared with those within the subsets.

Concerning the second problem, we describe the random changes of local
characteristics by a stochastic process, called a switching process [1-3]. In
applications, switching processes could represent the environment [13, 25], or, in
the particular case of dynamic reliability, the structure of the system [6].
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Usually, the switching process is assumed to be an ergodic process. Neverthe-
less, in many practical problems nonergodic stochastic switching processes have
to be considered, for example, when the system is observed up to the hitting time
to some subset of the state space. We are here interested in this case in order to
solve reliability problems.

An interesting stochastic evolutionary system with Markov switching is the
following:

(1) £5(1) 1= £°(0) + /0 0 (ds; x5 (s /),

where for each ¢ > 0, the process x®(¢/¢), t > 0, is a switching process, with state
space E 0 and né(t;x),x € E 0 is a switched R9-valued stochastic process. There,
xf(t/¢e), t = 0, is a nonergodic jump Markov process with one absorbing state,
say 0. The additive functional £°(¢) gives the reward of the system up to time ¢ or
the cumulative sojourn time spent in a subset of states up to time ¢, and so on
[19, 13, 18, 25, 26, 30]. If ¢® denotes the hitting time of x®(¢/¢) to state 0, then
£€(¢?) is the reward up to the system failure.

The operator-valued stochastic processes called random evolutions are powerful
stochastic models for modeling real systems. Several stochastic models can be
described as particular cases of a random evolution [4, 19, 13, 21, 22, 25, 27].
The stochastic evolutionary systems considered here are described by processes
with locally independent increments with Markov nonergodic switching processes
in an asymptotic split state space. Note that in the literature these Markov
processes with locally independent increments have also been called “weakly
differentiable Markov processes” [9], or “locally infinitely divisible processes” [8],
or ‘“piecewise—deterministic Markov processes” [5]. These processes are of
increasing interest in the literature because of their importance in applications,
for which they constitute an alternative to diffusion processes. It is worth noticing
that such processes include strictly the independent increment processes. For their
detailed presentation and applications see [5].

The underlying mathematical tools for the results obtained here are based on the
theory of singular perturbed reducible—invertible operators and on the martingale
characterization of Markov processes [7, 28, 29]. We obtain thus average and
diffusion approximation limit theorems and give examples of application of these
results to reliability problems. The theoretical results proven here can be applied
in the reliability modeling of large state space systems with high reliability, as well
as in maintenance modeling, in performance evaluation, and so on. In the abstract
reliability setting the following partition of the state space E® = E U {0} holds,
where E contains the working or up states and O is the down state. In this case,
reliability concerns the distribution of the hitting time to the state 0 [13, 20].

Moreover, functionals such as the stochastic integral functional (1) can be used
for modeling the maintenance cost up to the system failure. Storage jump processes
with Markov switching can be used for modeling the so-called dynamic reliability
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of systems [6]. Actually, dynamic reliability is a new and more general model than
the classical reliability models.

Up to now, the only method used for obtaining numerical results in the study
of dynamic reliability and other applied problems based on hitting time models
is the Monte Carlo method (see [6] and the references therein). The stochastic
approximation results presented here constitute an alternative to this well-known
method [10-12, 14, 24].

Results presented in this paper extend the results previously obtained by the
authors concerning diffusion approximation by the following points: the class
of locally independent increment processes n°(t; x), t > 0, x € E, constitute
a wider class than the independent increment processes class studied in [13]; the
switching processes x°(¢/¢), t > 0, ¢ > 0, are nonergodic with stoppage time;
we consider simultaneously an asymptotic split of the state space; the three level
stochastic systems considered, that is, the switching processes, switched processes
and additive functional all depend upon the parameter ¢; finally, in [18] we have
also studied Poisson approximation of systems (1) when the process n°(z, x) is
just a pure jump Markov process and x®(¢f/e) a semi-Markov process but via
semimartingale techniques and compensative operator for semi-Markov process.

The paper is organized as follows. In Section 2, we give the general setting of
the processes considered here. In Section 3, we give some particular cases of the
considered random evolution as well as examples of their potential application to
dynamic reliability. In Section 4, we give a general phase merging scheme, that
is, a simplification of the state space with single and double merging, allowing us
to obtain average limit results for switching processes. In Section 5, we present
general averaging results for the stochastic systems. In Section 6, we present
diffusion approximation results in single and double merging schemes under
balance conditions. In Section 7, we obtain a differential equation satisfied by
functionals of reward up to stoppage time of the limit process. Finally, in Section 8,
we give the proofs of the theorems of the previous sections.

2. Preliminaries. Let us be given the Euclidean space R? with the Borel
o-algebra B, and the compact measurable space (E, &). It is worth noting that
slightly changed conditions allow including a locally compact space of values for
the switched process. We consider the family of right continuous with left limits
(cadlag) time-homogeneous Markov processes n®(t; x), t > 0, x € E, with locally
independent increments in the series scheme and a small series parameter ¢ > 0.
These processes depend on the phase state x € E, take values in the Euclidean
space RY, d > 1, and their generators are given by

Fe() @) = ae(u; x)¢' (1)

2
@ +8_1/Rd[<p(u +ev) — o) — vy’ )T (u, dv; x).
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A complete characterization of the above generator is given in [5]. It is worth
noticing that the drift velocity of a.(u;x) in (2) contains an initial drift and
the drift due to the jumps. Note also that n°(-,-) contains no diffusion part
(see, e.g., [5, 8, 9]).

REMARK 1. It is understood that in the case where d > 1, we have
d
dg
vo' () =Y vi— (u).
@ (u) ]; "auk( )

The drift velocity a.(u; x) and the measure of the random jumps I'c (u, dv; x)
depend on the state x € E and on the series parameter ¢ > (. The family of time-
homogeneous cadlag Markov jump processes x°(¢), t > 0, ¢ > 0, in the same series
scheme taking values in the state space (E, &), is given by its generators

3) ngp(X)=q(X)/EP8(x,dy)[so(y)—w(x)],

where ¢ is the intensity of jumps, which is a nonnegative element of the Banach
space B(E) of real bounded functions defined on the state space E, with the sup-
norm, thatis, [|@|| := sup,cg l@(x)].

The stochastic evolutionary system with Markov switching is represented as
follows:

@) £5(1) = £°(0) + /0 0 (ds; x5 (s /).

The regular Markov jump process can be defined by the Markov renewal process

(x5, 75,n>0),and 07 := 17 —7,_,, n > 1, given by the semi-Markov kernel [23]

Qf(x, B,1) =P(x,, € B,6; | <t|xf=1x)
= P*(x, B)(1 —e™9™"),

Let us introduce the counting process

&)

(6) vi(r) :=max{n:t; <t/e},

with the renewal moments
n
t,f:Z@,f, n>1,t5 =0,
k=1

and the auxiliary processes
8(1) =1:fg(t), 0% (t) =t)e — 1°(1).
The evolutionary system (4) can be represented also in the following form:

Ve(r)—1

(7) EC():=E°(0)+ Y. n(ebf s xf) + 1 (0°(); x°(/¢)).
k=0
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3. Particular cases and examples of stochastic evolutionary systems. Let
us give here four typical evolutionary systems as particular cases of the above
system (1).

1. A stochastic integral functional is determined by
t
¥ af(t) :=/ as(x(s/e))ds,
0

where a.(x), x € E, ¢ > 0, is a family of real-valued measurable functions such
that

t
/ lag(x%(s))|ds <400 as.1>0,e>0.
0

We will consider a,(x) = a(x) + ca;(x), forall x € E, ¢ > 0.
The corresponding generators (2) have the following form:

) Te()@u) = as(x)¢' (u).

2. A dynamical system with Markov switching is determined by a solution of the
evolutionary equation

d
(10) EUg(t) = a,(U°(1); x°(t/¢)).
The respective generators (2) have the following form:
(11) e () (u) = ag (u; )¢’ (u).

3. The storage jump process with Markov switching is determined by the
generators

Ie(x)p(u) = as(u; x)¢' (1)
(12) | ,
te / [o(u + £v) — @(u) — £v9 ()T (u, dv; x),
Rd

where a. (u; x) is exactly the drift of the jump part, that is,

as(u; x) =/ vle(u, dv; x).
Rd

4. A compound Poisson process with Markov switching is determined by the
generators

Fo ()@ () = ae (X (u)
(13) te! / [0+ £v) — o) — ev9 (W) s (dv; x),
Rd
where

as(x) = /]Rd vl (dv; x).
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The most used stochastic model for a dynamic reliability system is a coupled
Markov process &(t), x(t), t > 0, on the product phase space RY x E, (see [6]).
The second component x(¢), t > 0, describes the evolution of the structure of the
system with a stoppage time (time to failure). The first component &(¢), ¢ > O,
takes values in R, and especially in the dynamic system case it describes the
operational parameters of the system like temperature, pressure, velocity, and so
on, or the reward rate of the system. The lifetime of such a system is defined
by T =inf{r > 0: (£(r), x(¢)) € B x {0}}, where B is a critical region of R?, and
the reliability is defined by

r(t) :=P(T > 1), t>0.

Of course, when B = R¢, we get that T is equal to the stoppage time of x (), t > 0.

The pure-jump Markov process x(¢), ¢+ > 0, can be defined by the Markov
renewal process (x,, T,, n > 0), where x, = x(7,), n > 0, is the imbedded Markov
chain, and 1, is the renewal jump moment of the Markov process x(¢), t > 0. As
usual, let us define the sojourn times 6y = 1 — tx—1, kK > 1, the counting process
v(t) = max{n: 71, <t} and the processes 0(t) :=1 — t(t), T(t) 1= Ty().

EXAMPLE 1. The integral reward of the system is represented by the
following integral functional:

(14) w= "a(x(s)) ds,

which can be written as follows:

v(t)
(15) o =) Oralxi-1) +0(nalx(1).

k=1

This representation is only due to the jump evolution of the process x(¢), t > 0,
and can be interpreted as the reward on the interval [0, 7], the function a(x), x € E,
being the reward rate per unit time in state x.

The reliability system x(¢), ¢ > 0, defined on the phase space E° = E U {0},
with the subspace of working states E and the stoppage state {0} has the stoppage
time ¢ :=inf{s : x(¢) = 0}. The total reward of the system up to stoppage time is

e
ar =/(; a(x(s))ds.

EXAMPLE 2. The dynamical reward rate of the system is described by the
solution of the evolutionary equation

(16) %U(I):C(U(I),x(t)), U0 =0.
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It can be represented as follows:

V(1) Tk t
N vo=3 [ CU-r@.x)ds+ [  CWen ), xe)ds,
=1’ T(t

k—1

where U (t), k > 0, are determined by the recurrent equations

d
(18) EUk(f)ZC(Uk(t)’xk), T <t < Tgt1, k>0,
with the initial values
(19) Ui (tx) = Uk—1(T), k>1,Up0)=0.

The representation (17) can be interpreted as the dynamical reward on the
interval [0, #] with the velocity of reward C(U (s), x), in the state x € E, which
depends not only on state x of the system but also on the instant value of rate U (s)
at time s € [0, ¢].

EXAMPLE 3. The stochastic reward rate of the system is defined by the
storage processes 7(¢; x), t > 0, x € E, with the generators

20) FCp@) = A x) [ TG+ ) = p]T . dvs o)

The intensity of jumps A(u; x) and the distribution function of jump values
I"(u, dv; x) depend on the state of the system x € E.

Particularly, a birth-and-death process 7(¢; x), t > 0, x € E, defined by the
intensity A(u; x) and @ (u; x) of jumps +1 and —1, respectively, can be considered
as a stochastic reward rate of a system x(¢), ¢t > 0, with the number of working
devices n(t; x) in the state x. Of course, the true reward rate can be given by a
functional of n(z; x).

4. Phase merging scheme. The Markov switching processes x¢(t), t > 0,
& > 0, are considered in a split state space

N
1) EY'=EuU{o0}, E =] Ex ExNEy =02, k#k,
k=1

with absorbing state {0}.
The phase merging algorithm is considered under the following assumptions.

A1l. The stochastic kernel in (3) is represented in the following form:

(22) P®(x,B) = P(x, B) +ePi(x, B),
where the stochastic kernel P(x, B) is coordinated with the splitting (21) as
follows:

(23) PG ED =10 = <Lk

0, x ¢ Ey.
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The Markov supporting process x(¢), t+ > 0, on the state space (E, &),
determined by the generator

(24) Qso(x)=q(X)/EP(x,dy)[<p(y)—w(X)],

is supposed to be uniformly ergodic in every class Ex, 1 <k < N, with the
stationary distribution m;(dx), 1 <k < N, satisfying the following relations:

T (dx)g(x) = qrordx),  qu= /E T (dx)q (x),
k

pr(B) = /E p@0) P B).,  pr(E)=1.
k

Define the projector I1, by

N
(25) Mp(x) =3 /E T dy)p (1 (x),
k=1"Ek
where 1;(x) =1 for all x € E}, 1 <k < N, and 0 otherwise. Let us denote
by Ry the potential operator of the jump Markov process defined by [13],
RoQ=0QRy=T-1.

Define also the operator P, as follows:

N
Po) =Y [ PGrdy)pi(x),
k=1"Ek

The perturbing kernel Py (x, B) is a signed kernel and determines the stoppage
probabilities
(26) PE(x,{0}) = —ePi(x, E) =: ep(x).

In fact, we consider here that the initial Markov process x°(-) is a perturbation
of the ergodic Markov process x (-).
A2. The stationary exit probabilities verify

@7) pe=[ p@oPI E\ED =0, 1sk=N.Nz2
Ex
A3. The stationary stoppage probabilities
(28) po=[ m@opem.  1=k=N.
k

verify maxj<x<y pro > 0.
Let the merging function be

m(x) =k, xeE,1<k<N and m(0)=0.
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LEMMA 1 ([13]). Under the above assumptions A1-A3, the weak conver-
gence
m(x®(t/e)) = x(t) ase — 0,

takes place. The limit merged Markov process %(t), t > 0, on the merged state
space E0 = {0; 1,2,..., N} is determined by the generator matrix

(29) 0°=(@Y:0<k,r<N),

with entries

k
31) po= [ u@npe). I<k<N.
k

REMARK 2. The representations (22) and (26) and the relations (27) and (28)
yield

pr=0,  r#k pik <0, l<k=N,
and the following identity takes place:

k
(32) > pur =0, 1<k<N.
r=0

It is easy to verify that {0} is an absorbing state of the merged Markov process
X(t), t > 0, with the generator matrix 09, given by relations (29)—(31). The
intensity of stoppage is

4o = qk Pros 1<k<N.

The transition probabilities of the embedded Markov chain are defined by
Pir = —Pikr/Pkks T Fk.

Due to (32) the following identity takes place:

Y bwr=1, 1<k<N.
r#k

EXAMPLE 4.  In the particular case where N = 1, the merged Markov process
X(t), t > 0, has the merged state space EY =10, 1} with absorbing state {0}. The
intensity of the sojourn time in state {1} is

a= [ 7@gw.
The stoppage probability is

p=épwwmw.
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The time to stoppage (or to failure)
¢ :=max{t: 2(t) =0}

has the exponential distribution with the parameter A= qp, thatis,

Fi)=PC >0 =eN,

which is the approximating reliability of the system.

EXAMPLE 5. Consider a three-state Markov process, E° = {0, 1, 2}, with
generator matrix

0 0 0
ng(sk —(1+e)r A )

el 7 —(A+en
0 O 0 0 O 0
=10 —A X |4+l r =2 0 |.
0 u —nu w 0 —pu
0 01

The transition matrix of the embedded Markov chain is

1 0 0 1 0 O 0O 0 0
Pi=|¢ 0 l—e¢]=10 0 1|4+l 0 -1].
g l—¢ 0 01 0 1 -1 O

P Py

Now for the ergodic process x(¢), t > 0, taking values in £ = {1, 2}, and

generator 0, we have
()
T=—-\:—/]
A+ A4p

And for the ergodic embedded Markov chain x,, n > 0, we have
p=(1/2,1/2).

Thus, as we have p(1) = —Pi(1,E) =1 and p(2) = —P1(2,E) = 1, the
stoppage probability is p = 1.
On the other hand we have

q(l) =X, qQ2)=p.

Hence,

(1) +m2q(2) 2
=TT U = —
q 19 29 At
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and

N 2A1L

The limit of the distribution of the normalized stoppage time is IP>(gc > 1) =
exp(—Ar).

The double merging algorithm can be used in the split phase space with N > 1
as given in the following lemma.

LEMMA 2. Let the Markov jump process x%(t), t > 0, on the split state
space (21) be given by the generator (3) with the stochastic kernel represented
as follows:

(33) Pé(x,B) = P(x, B) + ¢Pi(x, B) + £ Py (x, B),

where the stochastic kernel P(x, B) satisfies condition (23) and the perturbing
kernel P\ (x, B) satisfies the condition

Pi(x,E)=0.
The second perturbing kernel determines the stoppage probabilities
Pé(x,{0}) = —€>Py(x, E) =: 2 p(x).
Then, under assumptions A2 and A3, the weak convergence
m(x®(t/e)) = x(1) ase — 0

takes p{ace. The limit Markov merged process x(t), t > 0, on t@e merged state
space E =1{1,2,..., N} is determined by the generating matrix Q = (gir; 1 <k,
r < N) with entries

G = bt =i [ pd0 P Ep).
k

Under the additional condition of ergodicity of the merged Markov process X (1),
t > 0, with stationary distribution 7 = (7y, 1 <k < N), the weak convergence
n%(xg(t/ez)) :>)%(t) ase — 0
takes place. The merging function m is defined by

R 1, e E,
’"(x):{o i:o

The limit double merged Markov renewal process )%(t), t > 0, is defined on the
state spaceE = {1, O} by the intensity of sojourn time in state {1}, c} = 21](\721 TGk,
and the stoppage probability

N

P =) qxpro; Pro ::/E p(dx)p(x), I<k<N.
k=1 k
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REMARK 3.

1. The Markov process x?(¢/¢), t > 0, in the phase merging scheme of Lemma 1
is determined by the generator

Q°=¢"'0+ 01
where Q is the generator given by (24), and

O19(x) =q(x) /E Pi(x,dy)p(y).

2. The Markov process x(t/€%), t > 0, on the double merging scheme of
Lemma 2 has the following generator:

0f=e20+¢7'01+ 0y,

with the operator

020(x) = q(x) /E Py(x.dy)g().

3. The phase merging algorithms are based on the solution of the singular
perturbation problems [13].

For averaging and diffusion approximation results that follow in Sections 5 and 6,
we need the following assumption.

ASSUMPTION A. Convergence in probability of the initial values of £°(¢),
m(x%(t/¢)), t > 0, hold, that is,

(°(0), m(x*(0))) & (6(0), 2(0)),
and there exist a ¢ € R4, such that

supE[£E°(0)| < ¢ < +00.

e>0

5. Average approximation scheme. In this section we will give two theo-
rems for the averaging evolutionary system £¢(¢) in single and double averaging
of the switching Markov processes x° (), respectively.

In what follows the following Banach spaces will be used endowed by the
corresponding sup-norms.

1. B is the Banach space of real-valued measurable bounded functions ¢(u, x),
uelRl xckE.

2. Bl := C'(R? x E) N B is the Banach space of continuously differentiable
functions on u € R¢ uniformly on x € E with bounded first derivative.

3. B?:= C?(R% x E)N B is the Banach space of twice continuously differentiable
functions on u € R? uniformly on x € E with bounded first two derivatives.
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THEOREM 1 (Average approximation). Let the stochastic evolutionary system
&°(t) be represented by

(34) 0 =50+ [ f(dsia(s/e). 120,60,

Let the process n°(t;x), t >0, x € E, ¢ > 0, be given by the generators (2).
Let that the switching Markov process x°(t), t > 0, satisfies the phase merging
condition of Lemma 1.

Let the following conditions be valid.

Cl. The drift velocity a(u; x) belongs to the Banach space B, with
ag(u; x) = a(u; x) + 6% (u; x),

where 6° (u; x) goes to 0 as ¢ — 0 uniformly on (u; x) and I'y(u, dv; x) =
I'(u, dv; x) independent of €.
C2. The operator

Ve(X)p(u) =¢~! /Rd [o(u + ev) — o(u) — eve' )T (u, dv; x)

is negligible on B!,

sup  |lve(x)epll — 0 as & — 0.
peCl(RY)

C3. Assumption A holds.

Then the stochastic evolutionary system £°(t), t > 0, defined by relation (34),
converges weakly to the averaged stochastic system U (t A E )

()= U@AD) ase— 0.

The limit process U@), t >0, is defined by a solution of the evolutionary
equation

d A A D ~ A

S U0=al®m.x0),  UVO)=0,
on the time interval 0 <t < 2. [E‘ is the stoppage time of the merged Markov
process X(t), t > 0].

The averaged velocity is determined by

&(u;k):/ i (dx)a(u; x), 1<k<N, a(u;0)=0.
Ey

REMARK 4. There is no change in the result if we consider a dependent on &
measure of random jumps in the form 'z (u, dv; x) = '(u, dv; x) + 1 (u, dv; x).
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REMARK 5. The operator y,(x) is the jump part after extraction of the drift
part due to the jumps of the process n®(:, -).

The following corollary gives particular results of Theorem 1, in the four cases
described in Section 3.

COROLLARY 1.

1. The stochastic integral functional (8) converges weakly as follows:

N
/ta(xe(s/e))ds:/ a(x(s))ds ase — 0,
0 0
where
ak) = /;E i (dx)a(x).
k

In the particular case where N = 1, the stochastic integral functional converges
weakly,

/ta(xg(s/e))ds =a-(tAT) ase— 0, a =/ m(dx)a(x).
0 E

2. The dynamical system defined by (10) converges weakly to a dynamical system
with a simplest switching process x(t), t > 0, instead of the initial one x*(t),
t>0.

3. The storage jump process with Markov switching defined by the generators
of (12) converges weakly as follows:

EE()=>VEAL)  ase—0,

where the averaged process V(t), t >0, is determined by a solution of the
evolutionary equation

%V(r) =a(V(@),%@),  V(0)=0.

4. The compound Poisson process with Markov switching defined by the genera-
tors of (13) converges weakly as follows:

N4
58(1)=>/0 a(x(s))ds ase — 0.

Of course functions a and a given in cases 1 and 4 are different functions from
those given in Section 3.

The following theorem concerns averaging result for the evolutionary sys-
tem £%(¢) in the double merging scheme (33). For an ergodic double average of
integral functionals see [16].
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Define ¢ the stoppage time of the process )%(t), by
;= min{s :)%(t) =0}.

THEOREM 2 (Double average). Let the switching Markov process x%(t),t > 0,
satisfy the conditions of the double merging scheme (Lemma 2). Let the stochastic
system be represented as follows:

t
£ =£°(0) + fo 7 (ds: x° (s /%),

where the processes n°(t; x), t >0, x € E, are given by the generator of (2). Let
conditions C1-C3 of Theorem 1 be true.
Then the weak convergence

Sg(t):ﬁ(tAé) ase— 0

takes place. The limit double averaged system Ut),t>0,is defined by a solution
of the equation

d » A ~ 2 ~ N
EU(t):&(U(t),)e(t)), U(0) =0, &(u;1)=k§ﬁka(u;k).

The stoppage time ;A' has an exponential distribution with the parameter

A=gqgp (see Lemma 2).

REMARK 6. A result analogous to Corollary 1 can be obtained for the double
merged process x (), t > 0, in the cases of stochastic integral (8), of the storage

jump process with Markov switching (12) and of the compound Poisson process
with Markov switching (13) [17].

6. Diffusion approximation scheme. The split state space E® = E U {0} is
considered for simplicity with N = 1. So, the supporting Markov process x(¢),
t > 0, defined by the generator of (24) is uniformly ergodic on E with the
stationary distribution 7 (dx).

The main assumption in this section is that the balance condition says that the
stationary average of the fast motion is equal to zero,

(35) a(u) = /E w(dx)a(u; x)=0.

We consider here the following additive functional

t
£5(1) =£°(0) + /0 7 (ds; x°(s/€2)).
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THEOREM 3 (Diffusion approximation). Let the processes n®(t; x), t > 0,
x € E, be defined by the generators (2) with the drift velocity

(36)

ae(u; x) =& La(u; x) 4 a) (u; x)

and let the measures of random jumps be

(37

e(u,dv; x) = 8_1F(M, dv; x)+T'1(u, dv; x).

Let the following conditions hold.

DI.

D2.

D3.

D4.

The drift velocity functions a(u; x) and a(u;x) belong to the Banach
space B.
The operators

2
oo =& [ Lotueten) = o —evg' 0~ 0% |Fw dvio

are negligible on B2, that is,

sup  |lve(x)epll — 0 as & — 0.
peC2(RY)

The switching Markov process xt(t), t > 0, is defined by the generator (3)
with the stochastic kernel
P*(x,B)=P(x,B) + & Pi(x, B),

where the kernels P(x, B) and Pi(x, B) satisfy assumptions A1-A3 of the
phase merging scheme (Lemma 1).
Assumption A holds.

Then, under the balance condition (35), the weak convergence

E() = EWAL) ase— 0

takes place. The limit diffusion process é (t), t >0, is defined by the generator

(38)

Low) =bw)g' (u) + Bw)¢" (u).

The drift coefficient is defined by

b(u) = a1 (u) + b1 (u),

where

&1(u)='/]5n(dx)a1(u;x) and El(u)=/;En(dx)a(u;x)Roa;(u;x).

The covariance function is defined by

é(u)=2/En<dx>[a<u;x>Roa<u;x>+co(u;xn,
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where
Co(u;x)z%/ v T (u, dv; x),
R4

where v* is the transpose of the vector v, and Ry is the potential operator of Q
(see [13]),

ORy=RoQ=TI—1.

The following corollary gives particular results of Theorem 3 in the four cases
given in Section 3.

COROLLARY 2.

1. The stochastic integral functional (8) converges weakly,
t A A
/ ag(xg(s/SZ))ds:S(t/\;) as e — 0.
0
The limit process E(1),1>0,isa diffusion process with generator (38), where

b(u)zfll:/En(dx)al(x) and B(u)z/;n(dx)a(x)Roa(x).

2. The dynamical system (10) converges weakly to a diffusion as in the above
theorem.

3. The storage jump process with Markov switching defined by the generators (12)
with

a(u;x):/ vI'(u,dv; x) and al(u;x)=/ vl (u, dv; x)
E E
converges weakly as follows:

(/e = ECNL) ase— 0,

where the limit process é (t), t > 0, is a diffusion process with generator (38),
where

B(u)z/En(dx)b(u;x), é(u):/En(dx)Co(u;x),

b(u;x}z/ vl (u, dv; x), Co(u;x)z%/ v (u, dv; x).
R4 R4

In cases where d > 1, Co(u, x) is a matrix function.
4. The compound Poisson process with Markov switching defined by genera-
tors (13) weakly converges,

ES(t)e) = EUNL)  ase— 0,
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where the limit process EW),1>0,isa diffusion process with generator (38),
with drift

ai =/E7f(dX)a1(X), a1(X)=/RdvF1(dv;x),

and covariance function
B= /E m(dx)[ao(x) + Co(x)], ao(x) = a(x)Roa(x),

Co(x) = %/Rd vo*I(dv; x).

A diffusion approximation in a phase double merging scheme (Lemma 2) is
realized by the following theorem.

THEOREM 4 (Diffusion approximation in double merging scheme). Let the
switching Markov process x¢(t), t > 0, be defined by the generator (3) with the
stochastic kernel

P%(x, B)= P(x, B) + ¢Pi(x, B) + ¢*P,(x, B),

where the kernels P(x,B) and Py(x, B), k = 1,2, satisfy the conditions of
Lemma 2. The processes n°(t; x), t > 0, x € E, are given by generators (2) with
characteristics (36) and (37).

Let conditions C1-C3 of Theorem 1 hold. Then, under balance condition (35)
the weak convergence

A

£°(0) + /Ot 0 (ds; x5(s/6%) = E(t AE)  ase— 0

takes place. The limit diffusion process é (t), t =0, is defined by the generator

(39) Low) =b)¢' ) + Bu)g" (u).
The drift coefficient is defined by

b(u) =& @) +bi w),
R N
b =Y manh, o= [ mdom ).
k

kb1 (u; k), by (u; k) = a(u; k) Rod, (u: k).

o>
=
<
N—
Il
=
SN
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The covariance function is defined by

o3>
—

N
u) =y fxBru),
k=1

Be(u) = a(u; k)Roa(u; k) + Co(us k), Colu; k) = / 71 (dx) Co(us; x).

Ey

Here, the operators Ry and Iéo are the potential operators for Q and QO,
respectively.

COROLLARY 3.

1. The stochastic integral functional (8) converges weakly,
t 2 2
/ af (xé(s/e3) ds = E(t A C) ase— 0.
0

The limit process E(1),t>0,isa diffusion process having generator (39), with

@‘»
||I

R N
b= Y anw. k= | mdxai.
k=1 Ey

Od»

)= Z]TkBk, ék chl(k)IéocAl(k).

2. The storage jump process with Markov switching defined by generators (12)
weakly converges,

E(t/eH) > E(GAL)  ase—0,

where the limit process é (t), t > 0, is a diffusion process with generator (39),
where

b

0. B =anC(u k), é(u;k)=/ A (dx)C (u; x).
Ej

3. The compound Poisson process with Markov switching defined by by genera-
tors (13) converges weakly,

E()eH) > E(AL)  ase— 0,

where the limit process é(t), t > 0, is a diffusion process having generator (39),
with

o>
If
L
o>
1
[]=
=SB
~
(@
Py
»
bl

C (k) :/E Ae(dx)C(x).
k
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7. Reward of stochastic system per operating time. A function of particular
interest in applications is the reward of operating time, that is, £% o ¢¢, where ¢°
defined in the previous section is the stoppage time of the switching Markov
process x°(1).

Let us define the mean reward of operating time by the following relation:

(40) W (u) :=E[£°(£*)IE°(0) = u],
and the limit reward by
(41) W) = lirr(l) Weé(u) = E[U($)|U(O) =ul.

Then we have (see Example 4),

W) = A /Oo e MU@)di
0
42) —ut / Z e My ar
0

_ /Oooe_[”&(U(t))dt.

The functional limit reward is

() =E[® U ()|U(0) = u]

(43) —A /Ooo Mo W) dr

~ o0 A
= A/ e MA,dt D),
0

where the semigroup A; is defined by
Arpu) :==pU 1)),
and U (¢) is a solution of the equation
d .
EU(I)=a(U(t)), U =u.
The generator of this semigroup, denoted by A, is defined by
Ag(u) :=a(w)¢' (u).
Thus
(44) d(u) = AR @ (u),

where Rj is the resolvent of the semigroup
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or
(A—A)R; =1
The following equation is verified by the functional reward:
45) a)® () — Ad(u) = Ad(u).

An initial value can be

~ ~ 00 N
®(0) :A/ e Mawdydr,  U)=o0.
0

8. Proofs of theorems. We will prove only Theorems 1 and 3. The proofs of
other theorems are similar.

8.1. Proof of Theorem 1. The proof of Theorem 1 will be realized by the
following approach. First, we will establish the convergence of generators of some
Markov processes by a singular perturbation of the linear operator technique.
Second, we will prove the compactness property of the stochastic processes
by proving the compact containment condition and the submartigale condition.
Finally, we will establish the convergence results by applying Theorem 8.10 of [7]
adapted to our conditions.

The generator of the coupled Markov processes £°(t), x°(t/¢), t > 0, in
Theorem 1 is

L =e"'0+ Q1+ T(x)+y:(x) + E°(x),

where operator Q is defined in (24), operator O in Remark 3, operator [ (x) is
defined by I'(x)¢(u) = a(u; x)¢’'(u), operator E¢(x) is defined by E¢(x)¢(u) =
0% (u; x)¢'(u), and operator y,(x) is defined in condition C2 of Theorem 1. All
the above operators are bounded ones. Of course, the operator y, (x) + E®(x) is a
negligible one on B!.

Let Rg be the potential of the operator Q, that is, Rg = [Q + mn-! — 1.

Let fg(Rd X EO) be the space of measurable bounded functions ¢(u, v) with

compact support and twice continuously differentiable on the first argument.
LEMMA 3 ([13]). The asymptotic representation of

(46) [e7'0+ Q1 + T ()¢ (u, x) = L§ +£O°(x),

with ¢f (u,x) = 9, m(x)) + 91 (u, x), § = Gu,v) € Co®? x EO), is real-
ized by

L(x)= 01+ (x),
where contracted operators Ql, [Ar(x) are defined by

MO M= and T ) =0 (x)I1
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and
47 @1 = Ro[L — L(x)]eg,
(43) O°(x) = (Q1 +T(x))Ro[L — (Q1 +T ()]

hence, ©Ff (x) is a bounded operator independent of €.

Let us consider the function ¢g:R — [1, +00) defined by ¢o(u) = V1+u?;
thus ¢ (u) =2u/ 1+ u?. Hence,
(49) oo ()| <2 < 2¢0(u), o ()| <2 < 2¢0(u), ueR.
We obtain first the following inequality:
Lopo(u) = £~ Qo) + Q190(u) + T (x)go(w)
(50) = ag (u; X)) < 2|ae (u; x)|o(u)
< Cawo(u).

Now, by Lemma 4 of [17], we get the following compact containment condition.

LEMMA 4 [17]. If

(51) PbeB, beB(E)
and
(52) E[1E°(O)]] < ¢ < +oo,
then the family of processes (34)
t
(53) EO=E0+ [ dsx6/) 12020,
0
satisfies the compact containment condition (see [7], page 129)
(54) lim sup]P’8< sup [£°(2)| > l) =0.
[=00¢50 0<t<T

For any nonnegative function ¢ € C§°(R), we get the following inequality:
ILf@ )| = 1Q19u) + T (x)p ()]
(55) < qou) + lag (u; x)||¢ ()|
S C(p.

Hence, similarly to Lemma 5 in [17], we get that the family of processes £°(¢),
t >0, e>0,is tightin Dg[0, T'] for every T > 0.
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The following convergence theorem is an adaptation of our conditions of
Theorem 8.10, page 234 in [7]. See also [17]. Let us define the state space
V=E"={0,1,..., N} of the merged process X (-).

An algebra A C D(E) is called separating, if, whenever P, Q € P (E) (the
set of all probability measures on E), and [ fdP = [ fdQ for f € A, we have
P = Q (see [7]).

THEOREM A. Suppose the generator L of the coupled Markov process &(t),
x(t), t >0, on the state space RY x V, has at most one solution of a martingale
problem in DI[0, 00), and that the closure of the domain D(L) contains a
separating algebra A.

Suppose the family of Markov processes £5(t), xé(t), t > 0,6 >0 on RY x E
defined by the generators L¢, & > 0, with domains D (L) dense in C(RY x E),
satisfies the following conditions.

C1. There exists a collection of functions ¢°(u,x) € C(RY x E), such that the
following uniform convergence takes place:

(56) lim @°(u, x) = p(u, m(x)) € C(RY x V)

and such that for every T > 0,

(57) lim sup E|p®(u,x®(1))| < +oo.

e=>00<s<T
C2. The uniform convergence of generators
(58) lim L (u, x) = Lo(u, m(x)),
e—0

takes place, the functions LF¢®
CR? x V).

C3. The family of probability measures (P?, ¢ > 0) corresponding to the switch-
ing merged processes (£4(t), m(x8(¢)), t > 0, & > 0) is relatively compact.

C4. The convergence in probability of the initial values holds, that is,

, € > 0, are uniformly bounded, and L¢ €

(£°(0), m(x*(0))) £ (£(0), x(0)) ase— 0,
with uniformly bounded expectation

supE[£E°(0)| < ¢ < +00.

>0

Then the weak convergence in Dpa [0, 00)

(E5(t), m(x®(2))) = (&£(2), X (1)) ase — 0,

takes place.
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Now we complete the proof of Theorem 1. It is easy to see that all the
conditions of Theorem A are fulfilled and thus that the weak convergence
stated in Theorem 1 holds. Namely, asymptotic representations (46)—(48) provide
conditions C1 and C2 of Theorem A. Now, by (55) we can prove easily
that (£°(t)) + Cyt,t > 0, is a nonnegative F,°-submartingale, with F° =
o(m®(u),x*(u/e),u < t). From this and the compact containment condltlon
(Lemma 4), we get condition C3 (see [29, 17]). A A

It is worth noticing that the limit process U (t A ¢) is a stopped process to time ¢
since the process x(-) has one absorbing state.

8.2. Proof of Theorem 3. The generator of the coupled Markov processes
E5(1), x%(t/€?), t > 0, in the case of Theorem 3 is
Lf =20+ 'T(x)+ Q1 + T (x) + Tox) + v (x) + By (x),

where T'(xX)pw) = a(u;x)¢'(w), T1(xX)pw) = aj(u; x)p'w), Fox)em) =
Co(u; )" (u), and Bio(u) = Bi(u; x)¢" (), with Bi(u; x) = 3 [pa vo*T1(u,
dv; x). Of course, the operator v, (x) + ¢B1(x) is a negligible one on B!

Let us define the operator Qo = Q1 +0T1(x) +To(x) —T(x)Rol (x), and the
contracted operator 0o by [TQyIl = QoTl. Then we have the following singular
perturbation result for generator L°.

LEMMA 5. Under the balance condition TII (x)I1p = 0 and if Qo is an
reducible—invertible operator, the following asymptotic representation:
[e72Q + 7T () + Q1 + 12(0)](g + e91 +6°2) = Lo +£0°,

where [7(x) :=T1(x) 4+ [o(x), is realized by the vectors which are determined by
the equation

[01+T0—TRT(x)]¢ =1L
and
1 =—Rol (x)p,
2= Ro(L — Qo)¢,
= [ @) +&(Q1+To))]e2+ (Tox) + O1)e1

The proof of Theorem 3 is based on the following theorem.

THEOREM B. Let us consider the family of coupled Markov processes
(59) 5. x°(t/e?),  120,6>0,

a Markov process &(t), x(t), t > 0, of generator L with domain D (L), and an
algebra A C D (L) that separate points. Consider also the test functions

9" (u, x) = (u, m(x)) + egi (u, x), @ € A.
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Suppose that the following conditions are fulfilled:

C1. The compact containment condition for the family (59) holds.
C2. Forevery T € Ry, we have

(60) &113% E[ sup |(p8(§€(t),m(x€(t/82)))—(p(ég(t),m(xg(t/ez)))q=0

0<t<T

C3. and
(61) SUpE[IL¢®|loo,7] < +00,

e>0

where ||@loo,7 = supg<, <7 l@(E ), m(x(t/&%)))|.
C4. The convergence in probability of the initial values holds, that is,

(£5(0), m(x*(0))) > (£(0),£(0))  ase— O,
with uniformly bounded expectation

supE[£°(0)| < ¢ < +00.

>0

Then
(EE (), m(x*(t/e%))) = (£(t), £(t))  ase— 0.

PROOF. This is a compilation of our conditions of Theorem 9.4, page 145,
and Corollary 8.6, page 231 of [7]. O

Let us first prove the compactness containment condition for processes (59).

LEMMA 6. If sup,.oE|£°(0)| < ¢ < 400, then the family of stochastic
processes £4(t), t > 0, & > 0, satisfies the compact containment condition

(62) lim sup]P’8< sup |E°(p)| zl) =0.

[—00 .50 0<t<T

PROOF. Let us consider the test functions ¢g(u, x) = @o(u) + @1 (u, x),

where @o (1) = /1 + u?.

From the asymptotic representation
LfG(u, x) = Lo +60°¢o
and the definition of the operator o) := —Rol (x), we get
@1 = —Rol (x)go = I (x)¢p.
Hence,

o8 (u, x) = @o(u) + eg1 (u, x) = [1 4+ e (x) 9o (u).
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From the boundness of the operator Rg(x) and inequalities (49), we get

%) @o(u)| < Coo(u),

where C is a positive constant. And from this inequality we get

(63) (1 —eC)po < g (u, x) < (1 +&C)gpp.
Using the above inequalities, we can write the following relations:
P(po&* (1) = po(D))

=P((1 —eC)poE* () = (1 — eC)po (D)
<P(p5(E° (), x* () = (1 —eC)go())  [from (63)]

<2Eq5(£°(1), x° (1)) /o (D) (for e <1/2C)
<4E@o(E°(1))/po(l) [from (63)]
< 4Eqpo(£°(0))/¢o(l)

<4(1+E[E°0)])/¢o (D).

which goesto 0 as / — +oo. [

For the other conditions of Theorem B, we can work as follows. The separating
points algebra + considered here is fg(Rd x V).

We have
| sup [ (€7 (0,5°(1/67) = p(€” (0, m(x(/6%)
(64) ==
=¢E sup |o1(£5(2), x5(t/e%)| — O as e — 0.
0<t<T
On the other hand,
sup E[[|L¢®|lco,T]
(65) O<e<egg )
< sup E[IL¢llce,7]+ sup E[10°]lco, ] < +00.
O<e<egg O<e<egg

Now, by Theorem B, Lemma 6, relation (64) and inequality (65), the proof of
Theorem 3 is achieved.

8.3. Comments on the proofs of Theorems 2 and 4. The proofs of Theorems
2 and 4 are similar to the previous ones.

It is easy to get the corresponding generators of the coupled Markov processes.
There are the following:

LE=e204e"01+ 00+ T(x)+ v (x),
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for Theorem 2, and
Lf=e7Q0+e201+6 'Tx) + 02+ T1(x) + y:(x),

for Theorem 4.

9. Concluding remarks. Results obtained in this paper can be used in order
to develop numerical algorithmic settings for concret problems in reliability,
replacement and more general problems concerning hitting times and functionals
of type (1), (see, e.g., [6, 30]).

More general results concerning effects of the mode change of the switching
and switched processes can be obtained by a similar way. A useful generalization
is to consider semi-Markov switching process.

Acknowledgment. The authors are grateful to an anonymous referee for his
useful comments that improved the presentation of this paper.
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