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ASYMPTOTIC LOSS PROBABILITY IN A FINITE BUFFER
FLUID QUEUE WITH HETEROGENEOUS
HEAVY-TAILED ON-OFF PROCESSES!

BY PREDRAG JELENKOVIC AND PETAR MOMCILOVIC
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Consider a fluid queue with a finite buffer B and capacity ¢ fed by a su-
perposition of N independent On—Off processes. An On—Off process consists
of a sequence of alternating independent periods of activity and silence. Suc-
cessive periods of activity, as well as silence, are identically distributed. The
process is active with probability p and during its activity period produces
fluid at constant rate r. For this queueing system, under the assumption that
the excess activity periods are intermediately regularly varying, we derive
explicit and asymptotically exact formulas for approximating the stationary
overflow probability and loss rate. In the case of homogeneous processes with
excess activity periods equal in distribution to t¢, the queue loss rate is as-
ymptotically, as B — oo, equal to

ABz(rO—c)<N><pP[te> B D (1 +o(1)),
m ro—c¢

where m is the smallest integer greater than (¢ — Np)/(r — p), rog =
mr + (N —m)p, p =rp and Np < c; the results require a mild technical
assumption that (¢ — Np)/(r — p) is not an integer. The analyzed queueing
system represents a standard model of resource sharing in telecommunication
networks. The derived asymptotic results are shown to provide accurate
approximations to simulation experiments. Furthermore, the results offer
insight into qualitative tradeoffs between the overflow probability, offered
traffic load, capacity and buffer space.

1. Introduction. Increased utilization in communication networks is achieved
through sharing of network resources (e.g., link capacity and buffer space) among
different user sessions. The benefits of sharing common resources are counterbal-
anced with potential increase in congestion and degradation in quality of service
(QoS) perceived by individual sessions. Therefore, understanding the tradeoffs
between the offered traffic load, perceived QoS measures, link capacity and
buffer space is essential for the efficient design and provision of network switching
elements.

The fundamental switching components used for sharing bandwidth and buffer
space are network multiplexers. An established baseline model of a network
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LOSS PROBABILITY IN A FLUID QUEUE 577

multiplexer is a single server queue with a constant capacity and finite buffer fed
by a superposition of user sessions. Individual sessions are modeled as On—Off
processes, since a session can be either active, in which case it transmits data at
a specified rate, or silent. The primary performance measures of this queueing
system are the stationary overflow probability and loss rate. The analysis of a
related infinite buffer queueing system dates back to [2, 7, 32].

Most of the early work on the multiplexing problem focused on On-Off
processes with exponentially distributed On and Off periods (e.g., see [2]). How-
ever, repeated empirical measurements in modern telecommunications networks
demonstrate the presence of heavy-tailed subexponential characteristics in network
traffic streams. Early discoveries of the self-similar nature of Ethernet traffic were
reported in [23]. Long-range dependence and subexponential properties of vari-
able bit rate (VBR) video streams (e.g., MPEG) were explored in [16, 20, 22].
Evidence and possible causes of heavy-tailed characteristics in World Wide Web
traffic were presented in [9]. In this paper, we provide an additional confirmation
of the existence of heavy tails in network traffic. We have measured the distribution
of file sizes on five file servers in COMET laboratory at Columbia University. The
empirical distribution of 350,000 surveyed files is presented on a log—log scale in
Figure 1. We find that the tail of the measured distribution is well matched by a
Pareto distribution with parameter o = 1.44; see the dashed line in Figure 1. This
suggests that the corresponding ftp (file transfer protocol) traffic is heavy-tailed.

The analysis of queueing models with multiplexed heavy-tailed renewal arrival
sequences (e.g., On—Off processes) is difficult primarily due to the complex
dependency structure in the aggregate arrival process [14]. This stems from the
fact that a superposition of renewal processes, in general, is not a renewal process.
An intermediate case of multiplexing a single long-tailed arrival sequence with

Tail of the distribution

File length, bytes

F1G. 1. Log-log plot of the empirical distribution of file sizes on five file servers in COMET
laboratory at Columbia University: the tail of the empirical distribution (solid line) is well matched
by a Pareto distribution ax™% with a = 1.44 (dashed line).
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exponential processes was investigated in [1, 4, 19, 31]. An infinite limit of On—Off
processes, the so-called M /G /oo process, represents an instance of an analytically
tractable model since it has both a renewal and Poisson structure. Recent results
and additional references on both fluid and discrete time queues with M /G /oo
arrival processes can be found in [4, 10, 15, 18, 19, 25, 28, 30, 33].

On the other hand, the understanding of multiplexing a finite number of heavy-
tailed On—Off arrival processes is quite limited; for general bounds see [6, 11]. In
this paper we derive explicit and asymptotically exact results for the stationary
overflow probability and loss rate in a finite buffer queue with heterogeneous
heavy-tailed On—Off arrival processes. The starting point of our analysis are the
results from [17]. Very recently the complementary results for the infinite buffer
model were derived in [35].

The rest of the paper is organized as follows. In Section 2 we define the
fluid model and introduce the preliminary results. The main results of this paper,
Theorems 3.1 and 3.2, are presented in Section 3. In Section 4 we illustrate
the accuracy of our results with simulation experiments. Concluding remarks are
stated in Section 5. The last section contains some of the more technical proofs.

2. Preliminary results.

2.1. Fluid queue definition and sample path bounds. Consider a fluid queue
with a constant capacity c, finite buffer B and arrival process A(¢). Informally, at
time ¢, fluid is arriving at rate A(¢) and is leaving the system at rate c. When the
queue level reaches the buffer limit B, fluid arriving in excess of the draining rate ¢
is lost. We use Q8 (r) € [0, B] to denote the queue content at time ¢.

In this paper we only consider right-continuous piecewise constant proce-
sses A(t) with almost surely (a.s.) increasing jump times To=0< Ty <Th <---.
Then, for any initial value QZ (0) the evolution of Q2 () is given by

0B(t) = (QB(T) + (¢t — T)(A(T,) — )" A B,
te (T, Tht1l, n >0,

2.1)

where (x)* = max(0,x) and x A y = min(x, y). When necessary, we use the
notation Qi’c = 08 to mark the explicit dependence of 0B (t) on A(r) and c.

In the case of A(¢), that is, {(T,+1 — T»), A(T,)}, being stationary and
ergodic, and EA(¢) < ¢, by using Loynes’s construction [26], one can show that
recursion (2.1) has a unique stationary and ergodic solution. Furthermore, for all
initial conditions Q2 (0), the distribution of Q& (r) converges to that stationary
solution as ¢t — oo. Unless otherwise indicated, we assume throughout the paper
that all arrival processes are stationary, ergodic and that the corresponding queues
are in their stationary regimes. Let O and A be random variables that are equal
in distribution to Q8 () and A(7), respectively.

The main focus of this paper is the asymptotic evaluation, as B — 00, of the
overflow probability P[Q® > B — K], for finite K, and long time average loss
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rate A8 defined by

t
AB 2 lim l ABw)du,
t—=oo t Jo

where AB(1) £ (A(t) — ¢)1{QB(r) = B} indicates the rate at which the buffer
is overflowing at time ¢. We define the loss probability P® = AB/EA as the
long time average fraction of fluid that is lost. Since there is a one-to-one
correspondence between the loss rate and loss probability, we use those two
terms interchangeably. An equivalent representation of A%, which will be used
for computational purposes, is A® =EAZ(¢). Similarly, the notation Ai’c =AB
will be used to mark the explicit dependence of AZ on A(t) and c.

Next, we prove two useful sample path bounds. The first bound formalizes
an intuitively expected notion that multiplexing reduces the aggregate queueing
workload. Let A, (¢) and ¢,, 1 <n < N, be arrival processes and service rates,
respectively, with A(¢t) = Zf:’zl A,(®) and c = Zfl\’:l Cn

PROPOSITION 2.1. If Q5 (1) < YN, Q" (1) for t = 0, then the inequality
holds for all t > 0.

PROOF. Let0=Typ<T; <T» <--- a.s. be the jump points in A(¢). Then, by
the assumption and (2.1), the statement of the proposition holds for any ¢ € [0, T1]:

N +
o5 < ( (05" (0) +1(An(0) — cn))) AB
N N
Z 20) +1(An©0) —ca)) T AB =Y 000,

n=1 n=1

where the last inequality follows from

N + N N
2.2) (an> AB§<Zx;>ABgzx;AB.
n=1 n=1

n=1

Now, assume that the proposition holds for any ¢ € [0, T;], kK > 1. Hence, by the
inductive assumption, (2.1) and (2.2), for any ¢ € (T}, Tr+11,

+
ohm < (Z QR (T) + (t — Ti) (An(T2) —cn))) AB

n=1

N
Z )

and, therefore, the result holds forall t > 0. O
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Next, we consider a stochastic process Q% (¢) defined by the initial condition
0%>4(0) and

024 () = (QXA(T) + (t — T (c — A(Ty)) ™,
t € (Ty, Tys1l, n > 0.

(2.3)

Note that Q%°4(¢) corresponds to an infinite buffer queueing process with constant
arrival rate ¢ and service rate A(7). We use QSO’A(t) to upper bound the amount of
free buffer space, B — 08 (1), in the original system defined by (2.1).

LEMMA 2.1. If B — Qﬁ’c(t) < QSO’A(t) for t =0, then the inequality holds
forallt > 0.

PROOF. The proof is by induction and very similar to the proof of Proposi-
tion 2.1. From (2.1) for all ¢ € (T,,, T;,+1], n = 0,

051 = (05°(T) + (t = T)(A(T,) — ¢)) A B,
and, therefore,
B— 08ty <(B— 0BT+t —T)(c— AT) .

The preceding inequality and the same arguments used in the proof of Proposi-
tion 2.1 imply the statement of the lemma. [

2.2. Fluid queue with a single On—Off arrival process. The results of this
subsection characterize the asymptotic behavior of a finite buffer fluid queue fed by
a single On—Off process. These results will be used for deriving our main theorems
in the subsequent section.

A stationary On-Off process A(f) consists of a sequence of alternating
independent On and Off periods. During the corresponding On and Off periods the
processis equalto A(¢) =r and A(¢) = 0. Successive On as well as Off periods are
identically distributed and equal in distribution to t and v, respectively. Random
variables T and v have finite first moments and the process is in On state with
probability p = P[A(¢) =r] = Et/(Et + Ev). The average rate of the process is
p = rp. For a detailed construction of such a process see, for example, [11].

Excess (or residual) random variables play an important role in the analysis
of renewal processes. For a nonnegative random variable X with finite mean,
the excess distribution F¢ is defined by F°¢(x) = (EX)~! f(f P[X > uldu, x > 0.
A random variable X¢ with distribution F¢ is called the excess variable of X.

Throughout the paper, for any two real functions f(x) and g(x), we use the
customary notation f(x) ~ g(x) as x — oo to denote lim,_,, f(x)/g(x) = 1.
Definitions of the classes £, 4, LR and R, of heavy-tailed distributions can be
found in the Appendix.

The following proposition provides the asymptotic characterization of the
overflow probability when the excess On periods are subexponential.
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PROPOSITION 2.2. Ifr >c> p and t° € &, then as B — o0,

P[Q? =B]~pIP’[re> B }
r—c

PROOF. In [17] it was shown that A® ~ p(r — ¢)P[t¢ > B/(r —¢)] as
B — o0. Since A =E[(r — ¢)1{Q® = B}] = (r — ¢)P[Q® = B] the statement
holds. O

The next result characterizes the workload Q% = QZO’C in an infinite buffer
system.

THEOREM 2.1 [19]. Ifr >c> p and ¢ € &, then as B — o0,

00 p c__B
P[O >B]N(1_p)EP[T > }

r—=c¢

Note that quantities P[Q® = B] and P[Q%° > B] are asymptotically propor-
tional. We use this fact to obtain the following bound.

PROPOSITION 2.3. Ifr >c¢; > p,i=1,2,and t¢ € AR, then for 1 > & >0,

. PO} =z (1 —#&)B] _
im sup e
B—o0 ]P)[Q 2 > ¢B]

PROOF. Using sample path arguments it is easy to show that Qﬁ’c is
stochastically dominated by QZO’C, and therefore

PO = (1-e)B] _PIOFT = (1 - £)B]
P[22 >eB] T PO =B]
Next, Proposition 2.2 and Theorem 2.1 yield

. P[OY " > (1 —¢)B]

lim sup Bc

B—o00 IP[Q 2 — B]
_U=ppr. P[z¢ > (1 —&)B/(r —c)]
—— limsup

T (=P B> Plz¢ > B/(r —o)] ’
where the last inequality is implied by Lemma A.1 of the Appendix. [

The last proposition is the main technical result of this section. In order to
alleviate the reading process we postpone the proof until Section 6.

PROPOSITION 2.4. Ifr >c > p and ¢ € {R, then

Emli P[Q® > ¢B]
mimsup —5——— =
el B—>oop ]P)[QB = ]
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3. Main results. This section contains the main results of this paper stated
in Theorems 3.1 and 3.2. The theorems describe the asymptotic behavior of
a finite buffer fluid queue fed by N independent On—Off processes. Without
loss of generality, assume that they belong to M < N different classes with
class i containing n; statistically identical On—Off processes, >  n; = N. The
processes are enumerated as A;;(¢), 1 <i < M, 1 < j < n;, and the aggregate
arrival process is denoted by A(f) = f‘il Z;”:l A;j(t). Process A;j(t) is the
Jjth process of class i with On periods equal in distribution to 7;;. Its peak rate,
average rate and probability of being On are equal to r;, p; and p;, respectively.
Random variables 7;;, 1 < j < n;, are equal in distribution to 7;. For convenience
we define vectors r = (r1,...,rym), p = (P1,..., o) and n= (ny,...,ny). To
distinguish between scalar and vector quantities, vectors are denoted with bold
letters.

Our proofs require the following minor technical assumption. Similar assump-
tions can be found in [15, 24] and, most recently, in [35]. For vectors x and y by
X-y=x1y1 + -+ xpyym we denote their scalar product.

ASSUMPTION 3.1. The capacity of the queueing system satisfies n - r >
c>n-pand

M
cé¢im-r+m—m)-p: m€®[0,ni]}.

i=1

REMARK 3.1. (i) The first part of the assumption states that the queue is stable
and that overflows are possible.

(ii) If the second part of the assumption is not satisfied, by choosing an
arbitrarily larger or lower capacity one can obtain a lower or upper bound on
the queueing performance, respectively. The assumption ensures that the queue
is not critically stable during periods of time when some of the processes have
long On periods.

Before stating and proving our main results we introduce two preparatory
lemmas. The first lemma derives an asymptotic expression for the overflow
probability in the case when all processes need to be in the active state for a long
period of time in order to have a buffer overflow. Throughout the paper we use
P"[.] to denote (P[-])™.

LEMMA 3.1. Ifn-r—ri+pi<c<n-rforalll <i <M,thenforall B>0
and 0 <e <1,

M M
. eB

[Trren |z >

i=1

] < ]P)[QIIZ’,C > SB] < 1_[ P [Qﬁglc—nm-i-ri > SB].

i=1

n-r—c
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If in addition t{ € 8 for 1 <i < M, then as B — oo,

Qgc— HPHZ]P’”Z[I > B }

n-r—c¢

PROOF. Assume that at time ¢ = 0 all the considered queues are empty. For
all 1 <i <M, 1< j<n;, Proposition 2.1 yields

01 (0 = 04 T + 04T ()
=00 ),

where the equality follows from the fact that A(z) — A;;j(t) <m-r —r; for all ¢
and, therefore, QB ") =0, 1 > 0. Since (3.1) holds for all 4, Jj, then

3.1

B,c B,c—n-r+r;
0, =\ Qu; (),
LJ

which, by applying the operator IP[- > ¢B], using the independence of A;; and
passing ¢t — 00, yields in stationarity

P[Q}* = eB] <m»m Q4 " = eB].

Obtaining the lower bound is straightforward from evaluating the system in
stationarity at (say) ¢ = 0; for simplicity the time index is omitted:

M n;

ot zen) 220l zen. (Va0 =r 55> 5 ]

i=1j=1

M eB
:P|:m m{Al‘j:r,‘,‘L’{;>n }i|
i=1j=1

‘r—=c¢

M
B
= l_[ nl]P)nl |:T > ¢ i|
bl n-r—c
By setting ¢ = 1 in the preceding upper and lower bounds and combining it with
Proposition 2.2, we obtain the second statement of the proposition. [

To state our second preliminary lemma and the main results, we need to
introduce additional notation. Let & = ®f~‘i1[0, n;] and &, = f‘il[O, 17". An
element e € &, is of the form e = (ey,...,ey), where €; = (¢;1,...,€y,) €
[0,1]%. Let |e;| = Z ejj and |e| = (|e(|,...,|ey]). Note that if e € &,,
then |e| € &.

j=1
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DEFINITION 3.1. The minimum overflow set is defined as
(Oé{meé‘:c<m-r+(n—m)-p<c+rl~—,ol~, Yi:m; > 0},

and the detailed minimum overflow set O, = {e € &, : |e| € O}.

REMARK 3.2. (i) Informally, the motivation behind this definition comes
from the fact that only a few On—Off processes with long On periods are
causing the most likely buffer overflows, while the remaining processes exhibit
their average behavior. Hence, an element of @ indicates how many processes
from each class need to have long On periods in order for a buffer overflow to
occur. Correspondingly, the detailed set (9, contains binary vectors which denote
particular overflow scenarios.

(ii) The definition of O, is analogous to the definition of the minimal setin [11].

Similarly, we define an underflow set U of the combinations that do not cause
an overflow

UEme&m-r+m—m)-p <c}

and the corresponding detailed underflow set U, = {e € &, : |e| € U).

Next, let {X;;} be a set of independent random variables. The variables with
the same first subscript are equal in distribution. For every element e € &,, let us
define the following partial sum:

M n;

Se 2 Z Z(l —eij) Xij.

i=1j=1

At this point, we are ready to state our last preparatory lemma.

LEMMA 3.2. IfXj1 € dR forall1 <i <M, then as x — 00,

]P’[ A\ Se>x} =0< > ﬁ]}bmt‘ [Xi1 >x]>.

ec@,UU, me@i=1

PROOF. Define D;(x) for 1 <i < M as the number of indices j satisfying
X;j > x/N; that s,

n; X
D,-(x) £ ZI{XU > N}
j=1
Observe that, forallm e O U U,

(3.2) :F){Diu)mi}}ﬂ{ A\ Se>x}:®,

i=1 ec@,UU,
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since, on the preceding events, we can define e¢;; = 1{X;; > x/N} such that
le;| =m,; and e € O, U U, which, by the definition of S, yields, for x > 0,

Next, (3.2) implies
M
p[ A Se >x} SIP’[ U N =m,~}},
ec,,UU, m¢ouU i=1
which, in conjunction with
P[D;(x)>m;]=P U m {Xi'>£} <<ni>Pmi|:X,'1>£i|
- . N TN T \my N/
de[0,17% : |d|=m; j:d;=1
yields
n;
u{ A Se>x} )3 1‘[( )]pm[ . N]
ecO,UU, m¢OUU i=1
The lemma follows from the preceding inequality, Lemma A.1 of the Appendix
and the definitions of @ and U, which imply that for every m ¢ @ U U there
exists k € O such that m; > k; for alli and m; > k; for at least one j. [

At last, we arrive at our first main result.

THEOREM 3.1. Lettf € IR for 1 <i <M and

. i\ jmipmi| e B
P(B) = ZH( ) [ti>m-r+(n—m)'/’_c]'

me@i=1

Then, under Assumption 3.1,
PlOY“>B-K Plo%“>B -k
lim liminf 194 o8 I_ = lim limsup 194 — ]
K—oo B—oo P(B) K—oo p_no P(B)

If, in addition, we assume m - r > ¢ for allm € O, then for any K > 0,

=1

P[Qi’cEB_K]NP[Q5’0=B]Nﬁ(B) as B — oo.

REMARK 3.3. (i) Informally, the double limit implies that P[Qﬁ’c >B—K]|~
13(B) for large K and B much larger than K. Hence, the result states that the frac-
tion of time during which the buffer is effectively 100% full is asymptotically equal
to P(B).
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F1G. 2. Ilustration for Remark 3.3(ii): the long On period is shown with a dashed line.

(i1) The heuristic for this result can be explained by the following straightfor-
ward example. Consider two i.i.d. On—Off processes with excess On periods in £ R
and r; < ¢ < r1 + p1. These assumptions result in the overflow set being a single
number m = 1. In this case, the most probable way the buffer overflows is when
one of the processes (say the first one) has a very long On period and the other
behaves on average, that is, fé A1p(u)du =~ pit. During that long On period, the
average amount of arriving fluid will be higher than the service rate, r; + p; > c,
and the buffer will tend to fill. After the buffer fills, its content will stay close to the
buffer boundary. When r < ¢, the queueing content will make small excursions
away from the boundary during the Off periods in the second On—Off process; see
Figure 2. In the proof we show that these excursions are almost surely finite and
uniformly bounded for all B.

(iii) In the last statement of the theorem the values of p;’s do not affect
the computation of the minimal overflow set. Hence, during the most likely
overflow event the arrival rate is always higher than the capacity and, therefore,
the buffer content O remains on the boundary B. This fact makes the asymptotic
approximation of the probability that the buffer is full P[Q® = B] feasible. Also,
due to the fluid nature of the model, P[Q® = B] represents the fraction of time
that fluid is being lost.

(iv) With additional assumptions on the ratios of tails of 7/ the minimum
overflow set (@ in the statement of the theorem can be replaced by a smaller
overflow set (g, which asymptotically yields the same value for P(B). For
example, if 77 € R, (see the Appendix), then Qg ={me O:a-m= /g -1}.

(v) Complementary results for the infinite buffer model were recently
obtained in [35].

PROOF OF THEOREM 3.1.
Upper bound. Let A, € € &, denote the sum of arrival processes A;; such
that €jj = 0,

M n;

(3.3) A 2D (1 —eij)Aij ()

i=1j=1

B,c—EAe¢—68 B,pi+8/N
) QAI

and for § > 0 consider queues Q" , assuming that they are
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empty at time ¢ = 0. For any e € @, U U, Proposition 2.1 yields
M n;

08 < 05T+ YD (= e N,

i=1j=1
and thus

M n;
G4 oFm= A (QBCEAE_B(t)vLZZ(l—eU)QBpl”/N(t))-

ec,UUy i=1j=1

Next, by selecting sufficiently small 8, such that all the queues in the preceding
inequality have their capacities greater than the average arrival rate, applying the
operator P[- > B — K] in (3.4) and then passing t — 0o, we derive in stationarity

P[05¢ > B — K]

ec,.UU, i=1j=1

Now, let us select § < Aecqy, (¢ — |e] - T — (n— |e]) - p), such that QBC EAe=d _

for all e € U... Then the preceding inequality and union bound yield, for O <e<l,

P[Q5* > B~ K]

§P|: U{QBC EAe— 6>8(B—K)}:|

M n;
+IP’[ A\ ZZ(I—e,J)QB'O’+5/N>(1—8)(B—K)i|

ecO,.UU,i=1 j=1
(35) Z Bc IEAe 6>8(B—K)]

ec,

M n;
HP[ A ZZ(l—e,]>QB“”/N>(1—s><B—K)}

ecO,UU,i=1 j=1

< (14o0(1)) ZH(”’)P’”' QR Mt > e(B — K],

me@i=1

as B — oo, where cp 2 c—m-r— (n —m) - p and the last inequality is due to
Lemmas 3.1, 3.2 and Proposition 2.3. Here, by recalling that t¥ € {4, one obtains
from Propositions 2.2 and 2.4 for all m € @ and i, such that m; > 0,

o PLOLY ™10 > (B — K)]
lim lim lim sup . =

506t pooo  P[QS ™ = B]
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which, by (3.5), Proposition 2.2 and Lemma A.3 of the Appendix yields, for any
K >0,

. PO > B — K]
lim sup

~ <1.
B—o0 P(B)

Lower bound for the first statement. 'The lower bound is obtained by observing
the queueing system in stationarity at (say) time ¢ = 0. For any ¢ > 0 and all
e € Oy, define an event indicating that all the processes A;;(¢) with ¢;; =1 are in
the active state at time ¢ = 0 and their On periods have lasted for an amount of
time larger than 7, 21+ e)B/(le|-r+ (m—|e|)- p—c),thatis,

(3.6) We2 () {4 =7, inf{t > 0:Aj;(—1) =0} > ze}.
i,j:eijZI

We point out that inf{r > 0: A;;(—¢) = 0} is equal in distribution to 7/ on event
{A;;(0) =r;}. In a similar way, we define a corresponding event Y, indicating that
processes A;;(t) with e;; =0 do not have long On periods at time # = 0, that is,

Te£ [ {Aij(0)=r, inf{t > 0: A;j(—1) =0} > te}.
i,j: e,'j:0
Now, Q%¢(~te) being nonnegative and Proposition 2.1 imply Q%°(0) >
QB ,c—le|-r "(0) on event We, where QB clel "(—te) = 0 and A, is defined by (3.3).

Then since for all different e € O, events {We N Y} are disjoint, by Lemma 2.1
one obtains

P[0(0)> B—K]
> Y P[O5°(0) = B— K, Te, W]

ecOy
(3.7) > > PO (0) S K. Ye, W]
ecOy
> ( A\ P[Qg‘j(:ﬁr(O) <K, Te]) > PlWel,
ecOy ecOy
where QC |e‘ is defined by recursion (2.3) and the initial condition

o> Ae (—te) = B; the last inequality follows from the independence of A

c—|e|-r

and A — Ae. The preceding inequality and P[Ye] — 1 as B — oo lead to

]P) B,c > B _ K ]P) lp
liminf 194 — ] > liminf /\ P[ ?O"‘:rr(O) <K] hmlnfM
B P(B) B> weo, ~  P(B)
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At this point, by recalling the definition of W, counting the number of identical
elements in the above sum, using the fact that t¥ € 4R, Lemma A.3 and passing
¢ | 0 in the preceding inequality, we obtain

P[O%¢>B K
(3.8) liminf Q4" = |

TP ST 00, Ae
im in] 2(8) > llgribnfl}grgloréf N\ P[o 0) <K].

c—|e|-r
ecOy

Finally, using the standard queueing reflection mapping argument, quantity

szi"’:f,r(O) can be represented as

0
00 = sup fc—lel-nisi— [ Actwdul

—te<5<0

0
\% (B +(c— |e| -r)te — / Ae(u) du),
—te
where V denotes the maximum. Then the stationarity leads to

PO 4 (0) < K]

c—le|-r

(3.9) ZP[SUP{(C— le| -r)lsl—/SOAe(u)du} 51(]

s<0

fe
—]P’[te_l/(; Ae(u)du—EAef—lis(c—|e|-r—|—(n—|e|)'p)}

and by the facts that the supremum in the first term is equal to the workload in a
stable queue and that process A is stationary and ergodic one obtains

(3.10) lim infliminflligminf]P’[Qoo’Aer(O) < K] =1.
— 00

K—oo ¢l0 c=lel-

The preceding limit and (3.8) yield the lower bound for the first statement.

Lower bound for the second statement. Note that in this case We C {Qﬁ’(g) =B}
and, therefore, (3.7) simplifies to

PO} 0)=B]= Y PVl

ecO,

By dividing the preceding inequality with IS(B), taking liminf as B — oo,
recalling (3.6), using 7/ € SR and letting & | 0 we obtain the lower bound for
the second statement and conclude the proof of the theorem. [J

Our second primary result characterizes the asymptotic behavior of the average
loss rate.
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THEOREM 3.2. Letrm=m-r+m—m)-p.Iftf € LR for 1 <i <M, then
under Assumption 3.1, as B — o0,

ABNZ\(B)éZ(rm—c)]_[( )( [r> 5 ])m

me® -¢

REMARK 3.4. (i) Recall that the loss probability is computable from P? =
AB/EA.

(ii) A related result for a discrete time finite buffer queue with a Pareto-like
M /G /oo arrival process can be found in [24]. In their proofs the authors exploit
the Poisson decomposition property of the arrival processes, which does not hold
for the multiplexed On—Off processes. In addition, in [24] it is assumed that the
buffer overflows in a unique way.

PROOF OF THEOREM 3.2. Since the proof is very similar to the proof of
Theorem 3.1, we omit some details.

Upper bound. Letd > 0 be sufficiently small, such that the queues QB “ EAe_‘S,

B §/N
ecO,UU, QFr T
B,c— IEAe—B

have their service rates greater than the mean arrival

rates, and Q" = (0 for all e € U,. Then, recalling the definition of
Cm=cC—m r—(n—m)-p,(3.4)yields,for0<s<1,

B_E[(A-c)1{05° =B]]
< Y E[(A—alQR 5" = eB)]

ecOy
+<n'r—c>IP{ A Qﬁ;EA”‘SZ(l—s)B}
ec,.UU
M n; B i—6
< (1 +o(1)) Z(m-r+(n—m)-p—c)l_[(m‘i)]P’mf[QA;lCm+r’_ > ¢B),
me@ i=1

where the last inequality follows from the independence of arrival processes,
Lemmas 3.1, 3.2 and Proposition 2.3. By dividing both sides of the preceding
expression with A(B), taking limsup as B — oo, and then passing € 1 1 and
8 | 0, we obtain the upper bound.

Lower bound. Assume that all processes are in their stationary regimes. Note
that, for all 7 > 0,

T
B_EAB(0) = T—lE/ AP () du

Ae from

and recall the definitions of events W, Ye and initial condition for Q%° c—lelr
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the proof of the lower bound in Theorem 3.1. Then, by using B — Qi’C(O) <

A :
Qii‘ e|°1T(0) on event Ve, we derive

T
AB=T71 % E[/ 2B w)du1{0%°0)> B - K, e, we}}
0

ec

>77' Yy E[(—K +/OTA(u)du —cT)

(3.11) ecO,
x 1{Q% A (0) < K, e, \pe}}

c—le|-r

23 Le.
ecOy
Next, let 7o = /\gij:linf{t > 0:A;;(t) = 0}, that is, 7, is the first time after
t = 0 that one of the processes with a large On period is equal to zero. By the
independence of Ae and A — A, we lower bound L for every e € O, as follows:

Le>—(KT™' 4+ 0)P[Q% 0 (0) < K, Ye] P[W]

c—le|:
T
(3.12) + T—IEU Ae()du1{Q /. (0) < K, Te}]]P’[IIfe]
0
+lel -t T'EL(T A t) { W} IP[QX 45, (0) < K., Y],

where in the last term we used fOT (A(u) — Ae(n))du > (T A te)|e| - r. Now, for all
finite T, due to 7 € R C L for all i and the independence of arrival processes,
it follows that

. JENT A te)1{Wel]

lim inf

B—oo PV
Inequality (3.12), together with the preceding limit and P[Ye] — 1 as B — oo,
implies

> TIminfP[T < 1e|We] =T.
B—o0

... L _ o
1}Bnl10%fp[\;e] >(—KT ' —c+le| - r+n— |e|)-p)1};n_1)10réfIP’[QS<_>’“2ﬁr(0) <K]

—n-rlimsupP[Q%> 4 (0) > K].

c—le|-r
B—o0

Hence, by setting 7 = K2, in view of (3.9), for any § > O there exist large
enough K and Bj such that, uniformly for all B > Bs and e € O,

Le> (1 —8)P[QX>4e (0) < K](rje| — ©)P[Wel,

c—lel-

which, when replaced in (3.11), yields

AP =q —8)( N POk 0) < K]) Y (rje] — OP[Wel.

ecO, ecO,
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By dividing the preceding equation with A(B) and taking liminf as B — oo we
derive

.. AB .. 00,Ae
lim inf S > (1—36) hBrglorlf<eé>*]P>[Qc_|e.r(0) < K])
.. Zee(‘)* (rje] — ©)P[We]
x liminf =
B—o0 A(B)

which after passing ¢ | 0 and using Lemma A.3 results in

. . AB . . . . 00,Ae
1]153n—l>lor§>f[\(3) > (1-19) hlgi%)nf%nilgof<e£> P[Qc—\e|~r(0) < K])

Finally, by setting first § | 0, recalling (3.10) and then setting K — oo the lower
bound follows. This concludes the proof of the theorem. [J

For the case of homogeneous arrival processes (M = 1), the expressions for the
loss rate and overflow probability admit the following simple forms.

COROLLARY 3.1. Homogeneous sources (M = 1). Let

w2 () (pp[fe g mr+(Nljm>p—CDm'

If pN <c <rN, ¢ € JR and there is an integer m > 1 such that 0 < mr +
(N—m)p—c<r—p,then

PlO%c>B_K P[O%¢>B_K
lim liminf 14 — 1_ lim limsup 104 — ]=1
K—00 B—00 P(B) K=o p_oo P(B)

’

and, as B — oo,
AB~ (mr +(N —m)p — c)ﬁ(B).

If in addition mr > c, then ]P’[QA]‘?’C >B— K]~ ]P’[QA]‘?’C =B]~ f’(B) as B— oo
forall K > 0.

Next, we allow for some of the multiplexed arrival processes to have lighter then
polynomial tails; we term these processes subpolynomial. A stationary, ergodic
and right-continuous process A(¢) is subpolynomial (A € 45) if for all c > EA(¢)
and B > 0 the stationary workload of the corresponding infinite buffer queue QZO’C
satisfies

lim BPP[O¢ > B] =0.
pim, BIPLOS 2 B]
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This is satisfied for a general class of exponentially bounded arrival processes
(see [12, 34]) as well as for some heavy-tailed processes, for example, On—
Off processes with Weibull On periods, P[t > x] = e_xb, O0<b<l1l, x>0
(see Theorem 2.1). Note that if Ay, A, € 85, then A; + A € 4P. This easily

follows from the well-known fact that onl’i'/:;cz is stochastically dominated by

QZOI’CI + Q(:;’Cz, ¢; > EA; (an infinite buffer equivalent of Proposition 2.1). Thus,
we will use Agp to denote the aggregate process of all arriving subpolynomial
processes. The following corollary yields the reduce load equivalence results for
multiplexing subpolynomial and intermediately regularly varying processes.

COROLLARY 3.2. Suppose that Agp € 8P and Assumption 3.1 is satisfied
with (c —EAgg) in place of c. If tf € AR for 1 <i < M, then

PlQ5¢, >B-K]
lim liminf B’” g’j;
K—00 B—00 ]P’[QA’C_ 2 > B — K]
PLQ%f4,, = B—K]

= lim limsup =1,
K—>00 B_ino P[QﬁvC—EAw >B— K]

and if, for some & > 0, IEA?JS‘S < 00, then as B — o0,

B,c ~ B,c—EAs»p
AA+AM> Ay :

PROOF. First, by stochastic dominance, for any ¢ > EAjp, ]P’[QZOJ >
B—-—K]> P[Qﬁ’;’ > B — K], and therefore, for any g > 0,

i B B, _Kl=
(3.13) Bli)mooB IP’[QAW >B—K|=0.
Then, by Proposition 2.1, forany 0 < § <c —EAgp and 0 < ¢ < 1,
s PlOR1A,, = B— K] B[O T = 2(B - K)]
' +P[QF AP > (1 - )(B - K)].

Next, recall the definition of P(B)= P(B,(),c =c—EAzp from Theorem 3.1.
Clearly, P(B) belongs to {R, and thus, there exists a finite o such that, for all
sufficiently large B,

A 1
(3.15) P(B) z 2

see equation (1.6) of [29]. Now, by dividing (3.14) with IS(B), taking limsup as
B — oo, using Theorem 3.1, (3.13) and (3.15), and then passing ¢ 1 1, § | 0 we
complete the proof of the upper bound.
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The upper bound for the loss rate is obtained by using the same approach and,
instead of (3.14),

ARia,, =E[(A+Asp —ol{Qh, = B}]
<E[(A+ Asp —)1{Q58FA7=0 > ¢ p)]
+E[(A+ Asp —1{QBEA2%0 > (1 —¢)B)]

Asp
<E[(A+EAsp —)1{05 47 7% > ¢ B)]
+ (EA — o) P[QBEAS?H0 > (1 —¢)B]

Ayp

+(EA) TV ELORM T = - e8]

where the last inequality follows from the independence of A and A, and
Holder’s inequality.

The proofs of the lower bounds can be done in the same spirit as in Theorems 3.1
and 3.2. These proofs only require that Agsp satisfies the strong law of large
numbers, which follows from the stationarity and ergodicity. To avoid repetition
we omit the details. [

4. Numerical experiments. In this section we illustrate through simulation
experiments the accuracy of Theorems 3.1 and 3.2, or more precisely Corol-
lary 3.1, in approximating the overflow probabilities and loss rates for finite buffer
sizes. Since the asymptotic results are insensitive to the distribution of Off periods
we choose their distribution to be exponential P[v > x] = e ™ x>0;0n periods
are selected from Pareto family P[r > x] =x7%, x > 1, o > 1. We select « in
the range of recently measured file sizes (o« = 1.44, see Figure 1). The asymptotic
approximation from Corollary 3.1 computes explicitly to

(4.1) ﬁ(B):(N)[ P (mr+(N—m)p—c)“‘1],

m aBa—l

where p = Aa/(Aa +a — 1) and p = rp. To ensure the accuracy of our simulation
experiments we select the length of the simulated sample path to be = 101,

EXAMPLE 1. Here, we select N = 10 i.i.d. On—Off processes with parameters
A=0.012, ¢ = 1.3 and r = 2, which yield p = 0.05 and p = 0.1. For the choice of
capacity ¢ = 5 we simulated the overflow probabilities for buffer sizes B = 100i,
i =1,...,10. The results of the simulation are presented in Figure 3 with “+”
symbols. The selected parameters render m = 3 for the asymptotic approximation
ﬁ(B), as defined in (4.1). Note that mr > ¢ and, therefore, we can use the
last statement of Corollary 3.1 to approximate P[Q? = B]. The accuracy of the
approximation, plotted on the same figure with dashed lines, is apparent.
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In this example we choose N =50, A =3.37 - 1073, a=1.5,

r =3, which imply p = 0.01 and p = 0.03. Now, for the same capacity c =5, we
readily compute m = 2, the asymptotic formula f\(B) =@mr+ (N —m)p —c) X
P(B) and repeat the same simulation procedure as in Example 1. The results of
the simulation and approximation are plotted with “+” symbols and dashed lines,
respectively. Again, the approximation matches well the simulated estimates even
for relatively high probabilities.
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Additional experimental validation of our asymptotic results can be found
in [21].

5. Concluding remarks. We considered a finite buffer fluid queue fed
by a superposition of heterogeneous heavy-tailed On—Off processes. Explicit
and asymptotically exact results were derived for approximating the overflow
probability and loss rate in the case when excess On periods are intermediately
regularly varying. The potential of using the obtained asymptotic formulas in the
nonlimiting regime was demonstrated with simulation experiments. The results
provide important insight into qualitative tradeoffs between the performance
measures and system parameters.

6. Proofs. This section contains the proof of Proposition 2.4. The proof is
based on the subsequent three lemmas which derive preliminary results on a
discrete time finite buffer queue, defined as follows. Consider two i.i.d. sequences
of positive random variables { X, X, } and {Y, Y,,}, n € N. Let W(f =0 and

(6.1) WE = (WE +Xps1) A B=Yup1) "

Assuming that P[X,, = ¥,] < 1, in Chapter IIL.5 of [8] it was shown that W,f

has a unique stationary distribution and that, for any initial condition W(f;, wh
converges to that stationary distribution. Let W5 be a random variable that is equal

in distribution to W5 in stationarity.

LEMMA 6.1. IfX° € JR and EX < EY, then

. P[W® > 5B]
limlimsup ———— =
811 oo ]P[Xe > B]

PROOF. Instead of proving the statement for W2 directly, we will consider an
easier-to-analyze queueing process V8 that stochastically upper bounds W2. Let
(v }o2 o be defined by VOB =0and

+
ani—l = (VnB + Xny1 — Yn+1) N B.

The above recursion is similar to (6.1) and under the nontriviality condition
PIX,=Y,]<1, VnB converges to a stationary distribution (see [8], Chapter I11.4);
again, let V2 be a random variable that is equal in distribution to VnB in
stationarity. Now, we show that W2 < VB for all n > 0. Clearly, this is implied by
W(f; = VOB = 0 and the next inductive step

WE = (WE+Xpp) A B—Yop1)"

+
= (VnB + X1 — Yn+1) ANB = Vnﬁ-l’
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where the inequality follows from
xAB—) <@xAB—-yABt<(x—-yT"AB,

for x, y > 0. Therefore, it will be enough to prove the statement of the lemma with
W2 being replaced by V5.

First, we restrict our attention to the case of {X,} 2, {V,};2, being lattice
valued and Y bounded. Without loss of generality we assume that X, and Y,, are
integer valued. Let qu L2 P[VE =i]and r;lB = qu/q(f forO0<i<B<oo,BeN
(B = oo represents the infinite buffer case). Lemma 1 from [17] yields, for all
B=>0,

B B
PIVE>sB1< > ¢fnf< > nf

i=|8B] i=|8B]
B .
< Y (f°+KPVE+X—Y>Blub),
i=|8B]

where K> is a positive constant, 0 < u < 1 if P[Y,, = 0]+ P[Y,, = 1] < 1, and
n = 0, otherwise. Next, the preceding inequality and Lemma 2 from [17] imply

1 K
PIVP 2 8B] < —PISB < V™ < Bl 4+ 1{u # 0} 2 o(P[X¢ > B)).
99 iy 22
Thus,
. P[VE >§B] L /. P[V*®=>=éB] . . P[V®=>B]
limsuyp ——— < —(hm sup ————— — hmlnf7>,
B—oo P[X¢> B] CI(()X) B—oo P[X¢> B] B—oo P[X¢> B]

which, by Pakes’s theorem [27] and X¢ € LR results in

o P[V? > 5B]
limlimsup ————— =
311 psoo P[X¢ > B]

This proves the result for lattice-valued X and Y, with Y being bounded. Next, we
use the technique from [17], pages 98-99, to extend the result to the general case
of nonlattice-valued X, Y with Y unbounded.

If Y is unbounded we can always choose a truncated service variable Y¢ =
Y, A d, with d being sufficiently large to satisfy the stability condition EX, <
IEY,? .Let Wf 4 be a process satisfying recursion (6.1) with the process Y,? in place
of Y,,. It is clear that the stationary workload for this queue W is stochastically
larger than the original workload W38, that is, P[W8 > §B] < ]P’[WB’d > §B].
Therefore, since the lemma holds for process W54, it is true for W5 as well.
When X and Y are nonlattice, we can approximate them with lattice-valued
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random variables X" and Y’. For any A > 0 such that EY — EX + 2A < 0, define
distribution functions for Y’ and X’ as

PlY' =iAl=PliA <Y <(+DA], =0,
PIX =iA]=P[(i — DA <X <iA], i>1.
From these definitions it follows that, for all x > 0,
P[Y > x + Al <P[Y' > x] <P[Y > x],
P[X >x]<P[X'>x]<P[X >x—A]
which implies that X’ — Y’ is stochastically larger that X — Y, EX' <EX + A <
EY — A <EY’, and
o o0
(6.2) / PIX' > uldu ~/ P[X > u]du as B — oo.
B B

Next, let {X;}7° | and {Y,,}°2 | be two independent i.i.d. sequences with probability
distributions equal to distributions of X’ and Y’, respectively. Consider a
queue W’ B \ith buffer B that corresponds to sequences {X',}°° , and {Y',}°,.

Then the newly constructed queueing process, W’ B dominates the original
queueing process in distribution

PIW? > 5B] <P[W'® > sB].
Finally, the preceding inequality and (6.2) imply

, PWB >8B] . PIW'8 > sB]
limsup ————— <limsup ——————,
B—o0 P[X" = B] B—o0 IP)[X/ = B]

which, by using the already proved lattice case and letting 6 1 1 yields the desired
result. This concludes the proof. [J

LEMMA 6.2. If X¢ is independent of WB, X¢ € 4R and EX < EY, then

L P[X® + W8 > ¢B]
limlim sup =1.
et Booo P[X¢ > B]

PROOF. Lete € (0,1). Forall § € (0, ¢/2) a simple argument leads to
P[X’ + W& > ¢B] < P[X® > (¢ — &) B]
+P[X¢+ W5 >¢B, X° < (¢ — §)B]
©.3) <P[X° > (¢ — 6)B]
1 (=8B

+ EX Jo P[W5B > ¢B — x]P[X > x]dx.
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Next, we bound the second term in (6.3) as follows:

éB
P(W? > ¢B — x]P[X > x]dx <EXP[W? > (¢ — §) B]
0

and
(e—8)B
/ P[W8 > ¢B — x]P[X > x]dx <P[W? > §B](¢ — 28) BP[X > 5§ B],
8B
which together with Lemma A.2 results in

0(8_5)3 P[WB > ¢B — x]P[X > x]dx

(6.4) B—o0 ]P)[Xe = B]

P[WB > (¢ —8)B
<EX limsup [ = (¢ )B]
B—00 P[X¢ > B]

lim sup

By dividing (6.3) with P[X¢ > B], taking lim sup with respect to B and using (6.4),
we obtain
. PIX°+ W8 >eB] PIX> (¢ = 8)BI+P[W” > (¢ — §)B]
lim sup <limsup .
B—o0 ]P[Xe = B] B—o0 ]P[Xe = B]

Hence, by letting § | 0, ¢ 1 1 and invoking Lemma 6.1 in the preceding inequality
the desired statement follows. [

LEMMA 6.3. Let X, Y° and W8 be mutually independent. If X° € 4R and
EX <EY, then
P[(WB+X)AB—Y*>¢B]

lim lim sup =0.
el B P[Xe = B]

PROOF. Lete € (0,1).Forall § € (0, &) we write
P[(WB +X)AB—Y¢>eB]<P[W? + X >¢B]
<P[W? > (¢ — §)B] + P[X > §B],

which, jointly with Lemmas A.2 and 6.1, leads to

L P[X® + W5 > ¢B]
lim lim sup
et Booo P[X¢ > B]

o PIX = 8B]+PIWP = (e - 8)B]
< limlim lim sup =0.
et 810 psoo P[X¢ > B] .

At this point we are able to provide a proof of Proposition 2.4.
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PROOF OF PROPOSITION 2.4. Let X,4+1 = (r —¢)Tp+1, Yutr1 = CVy4110n(6.1)
and assume that W2 is in its stationary regime. Then W2 represents the amount of
fluid in a queue with a single On—Off arrival process observed at the beginnings
of On periods. Thus, by evaluating 08() in stationarity at time (say) t = 0 we
derive (for simplicity of notation we leave out the time index)

P[Q® > eB]=P[A=0, (W? + (r —c)1) A B —cv° = £B]
+P[A=r, WE 4 (r —)1° > ¢B]
=1~ P)P[(WB + (r —¢)t) AB — v > ¢B]
+pPIWE + (r —)t° = ¢B].

Then, by dividing the preceding equality with P[(r — ¢)7¢ > B], applying the
operator limg4 limsupg_, ., and using Lemmas 6.2, 6.3 and Proposition 2.2 we
complete the proof. [J

APPENDIX: HEAVY-TAILED DISTRIBUTIONS

This appendix contains the definitions and some of the basic properties of
heavy-tailed distributions.

First, we introduce a family of long-tailed distribution functions. This is the
largest operational class of heavy-tailed distributions. Let X be a random variable
with distribution function F'.

DEFINITION A.1. A nonnegativer.v. X is called long-tailed, X € .£, if
1—F(x—
im L FETY gy er
x—>00 1 — F(x)

The following class of heavy-tailed distributions was introduced by Chistya-
kov [5].

DEFINITION A.2. A nonnegative r.v. X is called subexponential, X € 4, if

1 — F¥(x)
m —— =2,
X—>00 1_F(x)

where F2* denotes the twofold convolution of F with itself, that is, F2*(x) =
Joo F(x = y)F(dy).

It is well known that § C £ [3]. A survey on subexponential distributions can
be found in [13]. The class of intermediately regularly varying distributions {R is
a subclass of 4.
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DEFINITION A.3. A nonnegative r.v. X is called intermediately regularly
varying, X € R, if

o 1 — F(nx)
limlimsup ——— = 1.
Ml x—oo 1—F(x)

Regularly varying distributions Ry, which contain Pareto distribution, are the
best-known examples from SR (R, C LR).

DEFINITION A.4. A nonnegativer.v. X is called regularly varying with index
o, X € Ry, if

1)

F(x):l—xa >0,

where /(x):R; — R, is a function of slow variation, that is, limy_, o [(nx)/
I(x)=1,n>1.

We conclude the Appendix with three basic lemmas on £ distributions.

LEMMA A.1. Let X e {R and n € (0, 1). Then
1 — F(nx)
sup ——
xel0,00) 1 — F(x)

PROOF. Follows immediately from the definition. [

LEMMA A.2. If X° € JR, then
lim sup w < 00
x—o0o P[X¢>x]
PROOF. Forany § € (0, 1) by definition of F*¢,
xP[X > x] _ PX°¢ > 6x] xP[X > x]EX
P[X¢>x] = P[X¢>x] [;,P[X>uldu
- P[X¢ > éx] EX '
T PX¢e>=x]1-6
Hence, the result follows by Lemma A.1,

. xP[X > x] EX . P[X¢ > 6x]
lim sup < limsup ——— < oo. ]
xr—oo P[X¢>x] 1 -6 x500 P[X¢>x]

For any bounded nondecreasing function F' we say that F € JR if it satisfies
Definition A.3. Then the following lemma follows directly from the definition.
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LEMMA A.3. If Fy, F» € 4R, then the following hold:

(1]
(2]

(3]
(4]

(5]
(6]
(7]

(8]
(9]

[10]
[11]

[12]

[13]

[14]

[15]

[16]
[17]
(18]

[19]

(1) Fi1FedR;
(i) wiF1 +wrFr € AR, for wi, wy > 0.
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