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We prove that certain (discrete time) probabilistic automata which
can be absorbed in a “null state” have a normalized quasi-stationary dis-
tribution (when restricted to the states other than the null state). We also
show that the conditional distribution of these systems, given that they
are not absorbed before time n, converges to an honest probability distri-
bution; this limit distribution is concentrated on the configurations with
only finitely many “active or occupied” sites.

A simple example to which our results apply is the discrete time version
of the subcritical contact process on Z¢ or oriented percolation on Z? (for
any d > 1) as seen from the “leftmost particle.” For this and some related
models we prove in addition a central limit theorem for n~1/2 times the
position of the leftmost particle (conditioned on survival until time n).

The basic tool is to prove that our systems are R-positive-recurrent.

1. Introduction and principal results. Let {X,},., be a Markov chain
on a countable state space S, with an absorbing state s,. We shall deal ex-
clusively with the discrete time case in this paper, but we believe that all the
results and proofs have analogues in the continuous time case. We shall write
Sy for S\ {s¢}. As usual, we denote the probability measure governing X,
when conditioned to start at X, = x by P,.. Then for any probability measure
von S,

P,=)> v(x)P,=vP
xe8

is the measure which governs X, when the initial distribution is v. Let E, and
E, denote expectation with respect to P, and P,, respectively. The transition
probabilities are

It is convenient to introduce the restriction P of P to Sy x Sy. Because s is
absorbing, we then also have

(P)y(x,y) = P{X, =y} = P"(x,y) forx,yeS,.
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Throughout we assume that

(1.2) Dis irreducible; that is, for all x, y € S, there exists an
’ n = n(x, y) with P*(x, y) > 0.

The absorption time is
(1.3) T =T(sy) =inf{n > 0: X, = sy}

and we assume that absorption is certain. This means that for some x € S,
(and hence all x)

(1.4) P AT < oo} =1.
The fact that s, is absorbing means of course that

(1.5) X,=sy foralln>T and P"(sy,x)=8(sp, %), n > 0.

A normalized quasi-stationary distribution for X is a probability measure v
on S, which satisfies the invariance condition

(1.6) vP" = r(n)v,

where, necessarily,

(1.7) r(n)= Y vP"(y)=P{T > n}.
€S,

Note that these distributions are conditionally invariant, in the sense that
PAX,=y|T >n}=v(y) forall yeS,.

A normalized quasi-stationary distribution v, is called minimal if

(1.8) E, T =inf{E,T: v a normalized quasi-stationary distribution}.

The interest in normalized quasi-stationary distributions arises from the fact
that if for some initial distribution v on S,

PV{XnZy}

. PAT= )

- w(y),  y€So

for some probability distribution w on S,, then w is necessarily a normal-
ized quasi-stationary distribution. [See Seneta and Vere-Jones (1966), Theo-
rem 4.1]. If the limit in (1.9) exists, we shall call it a Yaglom limit, because
Yaglom (1947) proved the existence of this limit for subcritical branching pro-
cesses (when v is concentrated on one point x). Such a limit w is also called
a conditional limit distribution in the literature. There is an extensive litera-
ture discussing the existence of normalized quasi-stationary distributions and
the Yaglom limit; see Ferrari, Kesten, Martinez and Picco (1995) for some ref-
erences. An additional recent reference is Roberts and Jacka (1994). Recently,
Ferrari, Kesten, Martinez and Picco (1995) gave a necessary and sufficient
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condition for the existence of a normalized quasi-stationary distribution for
chains X, which satisfy, in addition to (1.2) and (1.4), the condition

(1.10) lim P,{T <t} =0 for all fixed ¢ < co.

This of course means that for all ¢ < oo and ¢ > 0, P, {T < ¢} < ¢ for all
but finitely many x. [Actually Ferrari, Kesten, Martinez and Picco (1995) deal
with the continuous time case, but their results carry over to discrete time;
see Kesten (1995), Theorem A, for a statement of the discrete time result.] Un-
fortunately, (1.10) is rarely fulfilled for chains X, which describe interacting
particles which also have a spatial position or which can be of infinitely many
types. The absorbing state is the state in which no particle is present. Typi-
cally in such models, the probability of absorption in unit time from any of the
infinitely many states in which only one particle is present is bounded away
from O—infinitely many states, because the single particle can have infinitely
many positions or types; the above phenomenon occurs if the probability for
a particle to die in one time unit is uniformly bounded away from 0. A simple
special example (which was, in fact, the principal motivation for this paper) is
the subcritical contact process or oriented percolation on Z¢ as seen from the
“leftmost” particle (with state space S a certain collection of finite subsets of
7% containing {0}, plus the empty set). Our aim here is to prove the existence
of a normalized quasi-stationary distribution and a Yaglom limit for a class
of interacting particle systems and probabilistic automata which includes ori-
ented percolation on Z¢, d > 1. This will be done by proving those chains
R-positive-recurrent. (A more detailed description of some of these examples
and the role of the leftmost particle is given before the statement of Theorem
2 below; full details are in Section 4.) Pakes (1995) investigated some other
examples in which (1.10) may fail.

We remind the reader of some basic facts which hold solely under the as-
sumption (1.2) [see Vere-Jones (1967)]:

(1.11) The period p := g.c.d. {n: ﬁ”(x, x) > 0} is finite and is the same
for all x € S;

S, can be decomposed into p disjoint subclasses S o, ..., So, ,—1
so that P(x,y) >0 only if x € Sy ;, y € Sy ;1 for some 0 <

(1.12) J < p— 1 (here and in the sequel we take S, ; =S, ;, when
J1 = Jo(mod p); the S, ; are referred to as the cyclically moving
subclasses or periodic subclasses);

(113) if x € SO,i and Yy € SO,j’ then 1/R = limn%oo[ﬁnp“'j_i(x, y)]l/np
exists and the value of R is independent of x, y, i and j;

(1.14) 1<R<oo.
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The chain X, and D are called R-recurrent if for some x € So,

(1.15) 3" R P"(x, x) = oo,
n=0

and it is called R-positive-recurrent if, in addition, for some x € S,

(1.16) lim sup R"”? P"(x, x) > 0.

n—oo

Again (1.15) and (1.16) either hold for all x in S, simultaneously or for no x.
If (1.15) and (1.16) hold, then there exist functions f: S, — (0, 00), w: Sg —
(0, 00) which satisfy

(1.17) P f(x)= Y P'(x,y)f(y)=R"f(x), x€8, n=0,
y€8,

(1.18) pP'(y)= Y w(x)P*(x,y) = R"w(y),  y €Sy n=0,

x€S,

(1L19) ¥ fou(x)=1, 0=j<p-1, X f(xux)=p

x€8 ; xe8,

and for x € S, ;, y €S, ;forsome 0 <i, j<p—1,

(1.20) lim R P i, y) = f(x)u(y).

The functions f and u are uniquely determined up to multiplicative constants
by (1.17) and (1.18). Equation (1.18) does not say that w is a (multiple of a)
normalized quasi-stationary distribution, because }, g, w(x) may diverge. In
order to obtain a normalized quasi-stationary distribution and for the Yaglom
limit relation (1.9) we need

(1.21) 3 wu(x) < o0

xeS,

[see Seneta and Vere-Jones (1966), Theorem 3.1]. It is an important step in
our proof to show that (1.21) indeed holds under the conditions of Theorem 1
below, which is our principal result.

THEOREM 1. Assume that the Markov chain {X,},- satisfies (1.2) and
(1.4) as well as the following conditions:

there exist a nonempty set %, C Sy, an gy > 0 and a constant
(1.22) C, such that for all x € %, and all n > 0, P {T > n, but
X; ¢ foralll<l<n} <Ci{(R+¢g)™",

there exist a state x, € %; and a constant Cy such that for

(1.23) all x e #yand n >0, P AT > n} < CyP, {T > n}
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and

there exist a finite set %y C Sy and constants 0 < ny <
(1.24) oo, C3 > 0, such that for all x € %,, P,{X, € %, for some
n<nyt>Cs.

Then X, is R-positive-recurrent, so that (1.17)—(1.20) hold for p = period of P
and some strictly positive functions f and u. Moreover, (1.21) is satisfied and

~ m(x)
(1.25) wx) = =——"—"—, x €8Sy,
ZyeSO /*"(y) 0
defines a minimal quasi-stationary distribution for X .. Also, if Sy ¢, ..., So, p-1
are the cyclically moving subclasses as in (1.12), and x € S ;, then
(1.26) lim  R'PAT >n}=f(x) Y ()
n=j (mod p) €8Soij

and for x € Sy ;, ¥y €Sy, j»

p(y)

1.27 lim P{X,=y|T>n}=——""—.
( ) n—oo { | } ZUESO’J- /J“(U)

n=j—i (mod p)
Finally, for each x € S, there exist an n(x) > 0 and a Cy(x) < oo such that

1

1.28 P{X,,=x, but X, #xforl<s<np—1} <Cy(x)————.
REMARK 1. Equation (1.27) can be easily generalized to give convergence
of finite-dimensional distributions. That is, for 0 < s; < --- < s5;, x € S ;,
Y1 € So! JEREED Yy € SO, i it holds that
nlglgo Px{XLsran-i-j,—i =Yr 1=<rc< l|T > I.Sanp+ jl - L}
-1

_ )
= 2vesy |, u(v) El[f(y,),u(yr)]_

(1.29)

REMARK 2. A consequence of (1.29) and (1.19) is that for all ¢ > 0 and

0 < s < 1, there exists a finite set S(e, s) C S such that for all x € S,

lim Px{XLsnj €S(¢g,8)|T>n}>1-e¢.

n—oo
In other words, when conditioned on no absorption until time n, then the
chain X, tends to spend “most of its time near s,.” This contrasts with some
of the examples in Ferrari, Kesten, Martinez and Picco (1995). For example,
let X, be the absorbing random walk on Z_ with 0 as absorbing state and
which moves from x > 1 to x + 1 or x — 1 with probability p and ¢ =1 — p,
respectively, with 0 < p < 3. Then {n""2X, }o-,<; conditioned on T > n
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essentially behaves like a positive Brownian excursion (scaled so that it has
length 1). In particular, for fixed 0 < s < 1,

Px{P?Lan < s\/ﬁ|T > n}

can be made small uniformly in n, by taking ¢ small. Thus X conditioned on
T > n spends most of its time far away from the absorbing state 0.

Theorem 1 has some value only if its hypotheses can be verified without
too much trouble for a reasonable class of examples. The hypothesis which
looks the most troubling is (1.22). The next theorem shows that this actually
follows directly from known results in many instances of so-called probabilistic
cellular automata, which are similar to the subcritical contact process. We

begin with a Markov chain {)? 2tn=0 ON a countable state space

(1.30) S = §d, « Which is a subset of the collection of all functions
’ x: 24— {0,1,...,k — 1} with x(z) # 0 for only finitely many z.

Here k > 2 is some fixed integer. Note that Z¢ can be replaced by other
lattices and this should indeed be done to treat the usual oriented percolation.
For simplicity we restrict ourselves here to the state space (1.30). Let the state
0 with all components equal to O be the absorbing state. Thus

(1.31) P{X,=xX,=0}=80,x), n=>0, x€S.

The space S and the transition probabilities have to be such that

(1.32)  the transition probability matrix is irreducible on §0 =8 \ {0}.

(It is for this reason that S may have to be taken only as a subset of
{xe{0,1,...,k— l}Zd: x(z) # 0 for only finitely many z},

rather than the full set.) We further impose the following fairly common con-
ditions on the transition probabilities:

Translation invariance: P{X’l =y u|)?0 = xQu} =

(1.33) P{)?l = y|)?0 = x} for all u € Z%, where the state x @ u is
specified by (x ® u)(z) = x(z + u), z € Z%, and similarly for
you;

(1.34) Independence of coordinates: Conditionally on X 0rc-ns X ns

the coordinates {X' we1(2): 2 €29} of X »+1 are independent;

Finite range: There exists some p < oo such that the con-
(1.35) ditional distribution of X, (2), given X, depends only on
X, (2) for [|2' — 2|3 < p.
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It is trivial to check that the discrete time version of the contact process
and oriented percolation (see Section 4) satisfy (1.31)—(1.35) for k = 2. In
analogy with the terminology for that chain we shall call sites z with x(2) =0
(# 0) vacant (and occupied, respectively) in state x. It is convenient to think
of a particle sitting at each occupied site, the particle having one of the types
1,...,k — 1. The chain X, then describes motion, birth, death and change of
type of a finite system of partlcles

Theorem 1 will not apply to X itself. As illustrated by oriented percolation,
we cannot expect the limit in (1.27) to have a nonzero value because the occu-
pied sites of X, will wander all over the space 7% (even under the condition
{T > n}). Also condltlon (1.24) will fail because particles cannot jump in fixed
time n, from far away to a site which is occupied in one of the finitely many
states in %,. Theorem 1 will only apply to the relative positions of the occu-
pied sites. To make this precise, let £(n) = {fl(n) ., &,(n)} be the occupied

sites at time n, that is the sites in Z¢ with Xn(§ (n)) # 0. Here v = v(n) is
random. If no sites are occupied at time n, we take v(n) = 0, &é(n) = ¢. If
v > 0, the order of the &;(n) is arbitrary, except that we take &; to be the
first among &, ..., £, in the lexicographical ordering on Z¢. We call &,(n) the
leftmost occupied position at time n. Finally define

0, ifv(n)=0
an{ (n)

(1.36) -
X, ®(-&,(n).
Thus X, (z) = j precisely when )?n(z + ¢:(n)) = j. From the translation in-
variance (1.33) it is not hard to see that {X,},., is again a Markov chain
(this is the only place where translation invariance is strictly needed). The
state space S of the X-chain is of the same form as that of X. Only X,(0) # 0
whenever X, # 0, and X ,(2z) # 0 can only occur at a z, which comes after 0
in the lexicographical ordering of Z¢. The absorbing state for X, is again 0.
Here are some final definitions. For x € S or x € S,

|x| = number of occupied sites in x
(1.37) 4
= number of z € Z% with x(z) # 0.

The use of the same symbol | | for points in S and in S will not lead to any
serious confusion, since in both cases |x| represents the number of occupied
sites. For similar reasons we shall use T for the absorption time of X and of
X. The process {X .} is called strongly subcritical if

(1.38) n?sup P {X,(z2) #0} > 0 asn — oo.
xS
Z:Zd

THEOREM 2. Let X be a Markov chain on the space S of (1.30) whose tran-
sition probabilities satisfy (1.31)—(1.35). Let X, be defined by (1.36). Assume
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that {)Z' .} is strongly subcritical. Then for each vy > 0 there exists a K < oo
and a Cy = Cs(y) < oo such that for all x with |x| < K,

(1.39) P AT > n, but | X;| > K forall 1 <l <n} < Csy", n > 0.

Clearly (1.39) gives us (1.22) with %; = {x: |x| < K} by taking y < R™!, say
v = (R + 1)7L. Thus, Theorem 2 reduces checking (1.22) to checking that our
process is strongly subcritical. For some processes it is known that if they die
out w.p.1 [i.e., satisfy (1.4)], then they are automatically strongly subcritical.
In other examples it should be possible to use a Peierls argument or simple
comparisons with other chains to show that the chain X, is strongly subcrit-
ical, at least for certain choices of the transition probabilities. (See also the
discussion at the end of Example A in Section 4.) Condition (1.24) is usually
innocuous; as illustrated in the proof of Proposition 1, it just depends on proba-
bilities of particles disappearing being bounded away from 0. Condition (1.23),
which is trivial for the contact process or oriented percolation (see Remark 8
in Section 4), turns out to be nontrivial in general. We verify it in Section 4 for
some chains of the form described above. For the special case of the discrete
time contact process or oriented percolation, all hypotheses are verified in this
same section.

Finally, in Section 5 we derive a central limit theorem for the absolute loca-
tion of the occupied sites in the X-chain. The conclusion of Theorem 1 tells us
that X,,, conditioned on {7 > n}, has a limit distribution. Thus, for X, as in
(1.36), this tells us that the number of particles and their distances to the left-
most occupied position &;(n) are tight (under the condition {7" > n}). However,
the absolute position of the occupied set, by which we simply mean &;(n) itself,
will not be tight without normalization. In fact our last theorem shows that
£1(n)/+/n is usually asymptotically normally distributed and independent of
X, (still under the condition {7" > n}). This result follows almost immediately
from standard central limit theorems for recurrent Markov chains, by means
of the strong recurrence result (1.28).

THEOREM 3. Let {X,} be defined by (1.36) for a chain X . with rates sat-
isfying (1.31)—(1.35). Assume that (1.22)—(1.24) are satisfied. Then there exist
an M € R? and a d x d matrix S, such that

§1(n) —nM

(1.40) Jn
distribution to N(0, 3).

conditioned on {T > n} converges in

More generally let p be the period of (the restriction to S, of) X. and let
80,05 ---» S0, p—1 be the cyclically moving subclasses in S [cf. (1.12)]. Then, for
0 <sy <sy<--<s;, x€8y; y1 €80 j,-->Y €Spj,and yi,...,v €
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R, wEZd,asn—>oo,

P{ &(lsn)p +;]/;T;, i) —s,npM <y Xpniprs =y L7 <1 l
|
(1.41) Xo=x, £(0)=w, T > LSszp+J'z—i}
w(y) o
— P{G, <v,, 1=r=li} [Tyl

ZUGSOJZ w(v) r=1

where {G,};~¢ is a d-dimensional Gaussian process with mean zero, Gy = 0
and covariance function

E{G,G} = (sAnt)S

(G* is the transpose of the column vector G). In particular this result is valid
for the subcritical discrete time contact process (site or bond version) on Z¢
with M =0, 3 = o2 x (identitymatrixofdimensiond) for some o > 0.

If 3 is the zero matrix, then (1.41) means that for all £ > 0,

pllelomlp i =i oMl _, 5
n r

ptj,—i = Yro 1§r§l|

Xo= % £(0)=w, T> [sn)p+ji— i}

-1

() EAVER)

7 Tues,, ml0)

REMARK 3. Note that the condition X = x, £(0) = w fixes the full state
of XO If Xy =x and &;(0) = w, then Xo(z) =x(z —w).

REMARK 4. Some more information on M and X is given in (5.12), (5.13)
and succeeding lines.

REMARK 5. A central limit theorem for oriented percolation (in a Fourier
form) was proven before by Nguyen and Yang (1995). They used lace expan-
sions, which only work in high dimension and seem to be restricted to oriented
percolation. It would be difficult to extend their method to the more general
class of processes described before Theorem 2. On the other hand, Nguyen and
Yang also treat the critical oriented percolation in addition to the subcritical
one. Our method does not apply at all to the critical case.

For the more difficult case of ordinary, unoriented percolation, a related—
but slightly different—central limit result was first proved in Campanino,
Chayes and Chayes (1991).
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REMARK 6. It is not difficult to extend the limit theorem (1.41) for the
finite-dimensional distributions of {£;(|sn])//n}so conditioned on {T' > n}
to a full invariance principle (of the &; coordinate only, though).

2. R-positive-recurrence. In this section we shall prove Theorem 1 for
general absorbing Markov chains. Equations (1.2), (1.4) and (1.22)—(1.24) will
be in force throughout this section.

Here is a brief outline of the proof. Fix a state y,. Condition (1.22) [in
conjunction with (1.13)] says more or less that, conditionally on T' > n, the
chain cannot stay away from %; too long. This will be used to show that
in fact X, will visit %; at a time near n, with a probability bounded away
from 0. By (1.24), X, will then also visit %, and even y, at a time near n,
with a probability bounded away from 0. We will actually show that even the
probability for X, = y, and X, = y, is on the average (over % € [0, n]) not too
small, still under the condition {T" > n}. A little renewal theory then shows
that X, must be R-positive-recurrent (see Lemma 5). As already stated, Vere-
Jones’ results then show that there exist f and u satisfying (1.17)—(1.20). One
can therefore introduce the honest transition probability matrix

Py~ BRI o

f(x)
This is positive-recurrent. From the fact that {X, = y,} has not too small a
probability, we will obtain that P, {T' > n} is of the same order as P"(y,, yo)-
Using P* and a Markov chain X* with this transition probability quickly leads
to (1.21), (1.26) and (1.27).

To prove (1.28) we appeal to the hypothesis (1.23). Specifically, this is used
to show that the function f is bounded on %;. This will allow us to reduce
(1.28) to fairly standard exponential bounds or large deviation estimates for
the chain X* (these no longer involve R).

The above steps are separated into various lemmas. The R-positive-
recurrence and (1.17)—(1.20) are proven in Lemma 5; the fact that the & of
(1.25) is a minimal quasi-stationary distribution is in Lemma 7. Finally, (1.21)
and (1.26)—(1.28) are proven in Lemmas 6 and 8. We carry out the proof only
for the aperiodic case (p = 1); the extension to general p is routine.

Throughout D; will stand for a strictly positive, finite constant whose value
is of no significance to us; the same symbol D; may represent a different
constant in different proofs, but we will not vary the value of D; in a single
lemma. Also C;, Cs, ... will be constants in (0, o), but they maintain the same
value throughout this section.

We begin with a simple reduction, based merely on the irreducibility as-
sumption (1.2), which is not strictly needed, but which simplifies the formulae.

LEMMA 1. For any fixed y, € S, we may assume that %, consists of y,
only and that the x, of (1.23) equals y,. (In particular we may assume that
%, contains y.)
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Proor. Fix y, € Sy. By the irreducibility of P and the finiteness of Us
there exists an my < oo and a D; > 0 such that for all y € %,,

(2.1) P*(y, yo,) > D; for some 0 < k < m,,.
Then, by (1.24), for x € %;

P {X, =y, for some n < ny+ mgy}

o
>y > PJ{X, first visits %, at time j, X ; = y}
J=0 ye,

x P, {X}, =y, for some k < m;}

o
> D, > P,{X, first visits %, at time j} > D,Cj.
Jj=0

Thus, by replacing C5 by D;C5 and n by ng+ m,, we may assume (1.24) valid
with %y = {y,}.

Next we compare P, {T' > n} and P, {T > n} for arbitrary x,, y; € S,.
These two probabilities will be of the same order. Indeed, there exists a k£ =
k(x1, y1) so that

Pk(yh x1) > 0.
Since X, = x; € Sy implies T > k, we also have

P, {T > n} > P*(y;, %) P, {T > n—k}

(2.2)
= Pk(yh xl)le{T > n}

In particular, if y, is any fixed state, then the inequality in (1.23) will continue
to hold (with a suitable change in C,) if we replace x, by y,. However, (1.23)
in its original form required that x, € %;, and y, may not belong to %;.
In the latter case we simply add y, to %; and verify that (1.22) and (1.24)
remain valid after this enlargement of %;. To verify (1.22) we note that the

irreducibility of P shows that if yo does not belong to %, then there exists
some %k > 0 and some y € %, such that

PAX), =y, X; ¢ % for1<l<Fk}>0.
Moreover,

Py{T>n+k, but X, ¢ %, forall1 <l <n+k}
>P{X,=y0 X, ¢ % for1 <1<k}
x P, {T > n, but X; ¢ %, forall 1 <l <n}.
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The first factor in the right-hand side is strictly positive, and the left-hand
side is at most C{(R+¢&y)~". Thus (1.22) also holds for x = y, (after a suitable
change of C;). Now adding y, to %; can only help for the inequality in (1.22).

Equation (1.24) holds automatically, because if the inequality holds for x €
%, and for x = y,, then it holds for x € %, U {y,}. O

From now on we assume that %, is a singleton, say %, = {y,}, and that
this y, belongs to %; and that x; in (1.23) equals y,.

LEMMA 2. There exist a constant Cg>0 and, for all xe%,, an ny=n(x) <
oo such that

(2.3) > P A{X) = yo|T > n} > Cqn, n > nj.
k=0

PRrROOF. For n, as in (1.24) and k2 < n — n, one has

o

Z Px{Xk+z = yolT > n}
1=0

1 o
S — P* P! P {T —k
= Px{T - n} ugl (x’ U)E) (u’ y()) yO{ >n }
P{T >n—-k}

> C5C3' Y Ph(x,u)

uew;

=C3Cy P {X, € %|T > n}.

P T ~ny [Py (123 and (1.24)

It therefore suffices to prove that for some D; > 0,

(2.4) > P A{X, € %,|T >n}> Din, X €U, n>ny.
k=0

Now, let 0 < 0y < 07 < --- be the successive times at which X, visits %; and
define

An) = max{j: o; < n}.

We shall take X, = x € %; so that o, = 0 and A(n) will be well defined,;
A(n) + 1 will be the number of visits by X, to %; during [0, n]. We define

;, = o-field generated by X, ..., X;.
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Then, conditionally on Z,j, 0;;1 — 0; has a defective distribution, which
satisfies on the event {o; < oo, X(,j =y} with y € %4,

Pir<oji1-0j< O°|93_,-}

=P {r<o <o

(2.5) yir < o1 < oo}
=P {X, ¢ for1<l<r, but X, returns to %, for some & > r}

<P AT >r,but X; ¢ % for1<l<r} <Ciy(R+sg)"

[by (1.22)]. Consequently, for any 6 > 0 with e’ < R + &, on the event {o; <
oo},

o0
> " P o —0; =17}

r=1

oo
<e’+(E"-1)Ye"Pir<o;,—0,< 00|y, }

r=1

< Dy(6)
for some 1 < Dy(6) < oo. It follows that

P_{jth return to %; occurs at time r}
= Px{a-j = 7‘}
(2.6) J-1
< e”’Ex{ exp(Z 6(o; 1 — (ri)>; o< oo}
i=0
< e [ Dy(6)].

We use this to prove that for some a > 0 (independent of x € %;) and n4,

(2.7) P {A(n) <an|T > n} < 3, X €U, n=nyq,

which in turn will imply

> P {X,e€2|T>n}
£=0

= E {number of visits by X, during [0, n] to 2;|T > n}
> E {An)|T > n} = anP {A(n) > an|T > n} > ian.



590 P. A. FERRARI, H. KESTEN AND S. MARTINEZ
Thus (2.4), and hence the lemma, will follow from (2.7). However, for x € %;,
by a standard last exit decomposition,
P {A(n)<an, T > n}
= Z Z ZPx{A(n)=J’ O\x(n) =T, Xr=y7T>n’}

0<j<an r=0 ye%
n
= Z Z pr{Uer’ szy}
0<j<an r=0 ye%,

2.8) xP AT >n—r, but X; ¢ %, forl<l<n-r}

< Y Y PAfoj=r}Ci(R+e) ™" [by (1.22)]

0<j<an r=0

<Ci ¥ X e'[Dy(O)(R+e) """

0<j<an r=0
< Dy(O)Do(O)" (R + 56) " IR + s0)e "7
r=0

Now choose 6 > 0 such that e’ = R + %ao, and then « > 0 so small that

[Dy(0)]7e ™" < (R + 3eg) .
We then find that the left-hand side of (2.7) is at most
(2.9) Dy(0)(R + 3¢0) '[P AT > n}] "

On the other hand, for x € S, there exists an n; < co such that

(2.10) P{T > n} = P"(x,x) > (R n 820) . n=ny,

by virtue of (1.13) (recall that we took p = 1). Equations (2.8)—(2.10) show
that if n; is chosen large enough, also

nznl,

(2.11) P {A(n) <an|T > n} < D4(6)< R+ /2 ) <1

R +3g,/4 2’
as desired. O
The preceding lemma showed that there is a reasonable chance for the

“average” k that X, = y,. We now show that {X, € %, for some % “close to
n”} has a high probability (all this conditioned on {7 > n}).

LEMMA 3. For every m > 0 and x € %; there exist my = my(x, n) and
ng = no(x, M) < oo such that

(2.12) PA{X,¢% foralln—my<l<n|T>n}<n, n > ns.



QUASI-STATIONARY DISTRIBUTIONS AND RATIO LIMIT 591

PrOOF. Take n;(x) asin (2.10). Then for any x € %, y € Sy and p > ny(x)
P AT > n} > PP(x,x)P {T > n— p}
2.13 -p
(213) 2<R+820> PAT >n— p}
and for m > ny(x),

P {T > n, last visit to %; by X, occurs before time n — m}

n—-m-1
= > PAX,e%,X; ¢ % forr<Il<n,T>n}
r=0
n-m—1
= > Y P, yPA{X,¢%forl<l<n—-r,T>n-r}
r=0 yew,
< Y > P"P(x,y)Ci(R+ &)™ " [by(1.22)]
p=m+1 yewu,

<C; Y PAT>n—-pHR+¢g)?

p=m+1

(because X, _, =y € %; implies T > n — p)

<D R+ (0/2)
- 1 R + 80

Thus, for any n > 0, we can fix my = my(x, ) such that for all large n, say
n > ny(x, n), (2.12) holds. O

) P AT >n} [by (2.13)].

We now combine Lemmas 2 and 3 to get our first real recurrence statement.

LEMMA 4. There exist constants C; > 0 and ng < oo such that for n > ng,

(2.14) Y P, {Xp=yoand X, = y)|T > n} = Cyn.
k=0

ProOF. We start from (2.3) with x = y, € %;. We now take n = C4/4 and
subtract from (2.3) the following consequence of (2.12):

P {X, ¢ foralln—my<l<n|T>n
Yo
k=0

<n(n+1)=< %Cen, n > ny(ye, m) +2
[mo = my(yg, m)]- We obtain that for n > n(yq) V (na(y9, 1) + 2),

(2.15) gPyO{Xk =y, and X; € %, for some n —my <1 < n|T > n}

=

Cen.

DO =
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The value of X, is still unspecified in (2.15) and we must now make X,
itself equal to y,. First we note that there exist an r and a D; > 0 so that

(2.16) Pi(y,yy)>D; forall ye % andr <qg <r+m,.
This is so because, by (1.13), there exist an s and a Dy > 0 such that
Pi(yqy, v9) = Dy for all g with s < g < s+ ng+ m,.

Thus for y € %, s+ ng < q <s+ng+ my,

L)
Pi(y, yo) > Y P{ first visit to y, occurs at time YPT " (yo, ¥o)
1=0
o
> Dy ) P { first visit to y, occurs at time [} > DyCj.
1=0

This is (2.16) for r = s+ ny and D; = D,Cj;. Finally, (2.15) and (2.16) show
that

Z Pyo{Xk = Yo, Xn+r = yO}
k=0

n n

=Y Y Y P,{X,=y, first visit to %,

k=0 l=n—my, ye
(2.17) at or after time n — m,
is at time [ and X; = y} P"*" (1, y,)

>D; ) P,{X, =y X,€% forsomen—m,=<Il<n}
k=0

> %DICGnPyO{T > n} > %chGn/PyO{T >n -+ r}.

Short of replacing n + r by n, this is (2.14) with C; = %DICG and ng =
(nyvngvr)y+2. 0O

LEMMA 5. The transition probability matrix Pis R-positive-recurrent and
there exist strictly positive functions [, u: Sy — (0, 00) which satisfy (1.17)—
(1.20). Up to multiplicative constants, f and w are unique.

PROOF. Define
gnZPyO{Xn:yO’ Xr¢y0f0r15r§n_1}

and

L=) g,R"

n=1
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Then, by Vere-Jones [(1967), Theorem C], L < 1, and P is not R-recurrent is
equivalent to

(2.18) L<1.

We begin by proving that (2.18) is not consistent with (2.14). To see this, note
that (2.14) implies

(2.19) > P*(y4, y0)P" (50, y0) = CnP, {T > n}
. k=0
> C7nP"(30, ¥o), n>ng

(again because X, = y, € S, implies T' > n). Next introduce i.i.d. random

variables Y,Y,Y,, ... with the distribution

P{Y =n}=g, =g,R", l1<n<oo,
(2.20) { ;

P{Y =00} =1-1L.

[This is really a distribution by the definition of L and (2.18).] Under (2.18)
the mass of this distribution on oo is strictly positive. Now set

and observe that

ﬁk(y()a yo)ﬁn_k(ym Y0)
P"(y0, ¥0)
_ R PH(yy, y0) R P"*(y5, 30)

R Pn(yq, yo)
_ P{k equals some T';} P{n — k equals some T}

PyO{Xk = yOan = yO} =

P{n equals some T';}

= P{k equals some T';|n equals some T';}.

Therefore, (2.19) shows that for n > ng,

n Dk pn—Fk
Con < Z P (yOaﬁ’O)P (¥0> Y0)
=0 P (y0, ¥0)

= E{number of T in [0, n]}n equals some T';}

1 1
< §C7n +(n+ 1)P{number of T; in [0, n] exceeds §C7n|

n equals some Tl}.
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However, for any 1 > 0,

P{n equals some T;} = R”ﬁ”(yo, ¥o) = (1 —n)"
for large n, by virtue of (1.13). Therefore

P{number of T in [0, n] exceeds ;C;n}
(2.21) > 2C;P{n equals some T} > 1C,(1 — )"
for all large n. This, however, is impossible if

L¢2% <1 —q,

because

P{number of T, in [0, n] exceeds C;n}

< P{Y; <oofor j<iCin+1} < LOm2

This is the required contradiction and we conclude that L = 1 and that Dis
R-recurrent.

Next we show that P is R-positive-recurrent. Multiply (2.19) by s"R™ and
sum over n. If we write

U(s) = Z ﬁn(yo» Yo)s"R",
n=0
we obtain
(2.22) U?(s) > C;sU'(s) — Cq(ng + 1)2R™, 0<s<1

[the C;(ng + 1)?R™ is needed because (2.19) holds only for n > ns]. Now the
R-recurrence of P simply says that

U(1) =Y R"P"(y,, yo) = 0.
0

Therefore, for % <t <1 and some D; < oo,

1 1 ) 1 LU'(s)
U@~ U@ iU /t g2(s) 5= D= 0)
Consequently,
1

and necessarily

lim sup R”ﬁ”(yo, ¥o) > 0,
n—oo
which gives R-positive-recurrence.
The existence of f and u which satisfy (1.17)—(1.20) and their uniqueness up
to multiplicative constants is now guaranteed by Vere-Jones [(1967), Theorem
4.1 and Corollary on page 375]. O
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LEMMA 6. The f and w of Lemma 5 satisfy (1.21), (1.26) and (1.27).

PROOF. Assume that (1.21) fails, so that
> m(y) = oo.
€8Sy
Then, by (1.20) and Fatou’s lemma
liminf R"P, {T > n} =liminf ) R"P, {X, =y} = f(yo) > m(y)=oo.
n—o00 n— 00 yes, yes,

This, however, is not posible, since (2.14) implies that for n > n,

n 1 n

n+1Sn+1k§)Py°{Xk=y0’ X, =0T > n}

< P"(y0, ¥0) _ R"P"(y¢, y0)
- P,(T>n) R"P,{T >nj}

N f(y0)u(yo)
R"P, {T > n}

Thus (1.21) must hold.
Equation (1.26) now follows from the dominated convergence theorem. In-
deed, by (1.18),

7

[by (1.20)].

u(x)P(x, y) < pP"(y) = R™"u(y)
so that

R"P(x, y) < Zgi .

Thus, by (1.20),

lim R"P{T >n}=lim Y R"P"(x,y)=[(x) ¥ u(y).

n—00
€S y€S

Finally, (1.27) is immediate from (1.26) and (1.20). O

LEMMA 7. The measure [, as defined in (1.25), is the unique minimal nor-
malized quasi-stationary distribution.

Proor. Clearly g(S,) = 1. Moreover, by (1.18),
EP"=R§,
so that w is a normalized quasi-stationary distribution.

To show the minimality of i, observe that for any normalized quasi-
stationary distribution », (1.6) implies

r(n+m)=r(n)r(m) and r(n)=I[r1)]"
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and hence, by virtue of (1.7),
PAT > n} =[P, {T > 1}]",

EﬂH=§IHT>n}=H—PAT>HTI
n=0

Thus, in the set of normalized quasi-stationary distributions the expected ab-
sorption times are ordered in the same way as P, {T > 1}, and a normalized
quasi-stationary distribution i is minimal if and only if P, {T > 1} is mini-
mized for v = . However, (1.6) implies that r(1) = ﬁV{T > 1} [cf. (1.7)], so
that it suffices for the lemma to show that

(2.23) r(1)=R! for any normalized quasi-stationary distribution v.
However, (2.23) follows from (1.13) and

22(Y)
v(x)

P'(x, ) < [r(D)]"

[cf. (1.6) and (1.7)].

Finally, there is only one minimal normalized quasi-stationary distribution
because the solution of (1.18) is unique, up to a multiplicative constant [see
Vere-Jones (1967), Theorem 4.1]. O

LEMMA 8. Inequality (1.28) holds.

PrROOF. We saw in Lemma 1 that we can take x, equal to any state and
that this may be the same state as y,. We therefore only have to prove

(2.24) g,=P,{X, =y but X, #y,forl1<r<n-1} < Dy(R+mno)™"

for some D; < o0, my > 0, under the assumption that (1.23) holds with x,
replaced by y,. Now introduce a Markov chain X7 with state space S, and
(honest) transition probability matrix

RP(x, y)f(y)
fx) °
Analogously to Section 1, write PZ for the distribution of X*-paths conditioned

on X = x. It is well known and easy to check that the R-positive-recurrence
of X, implies that X* is positive-recurrent.

We shall first prove that for some o > 0, 1; > 0 and D, < oo,

P(x, y) = x,y €8S,

(2.25) P {X; € %, for fewer than an values of r in [0, n]} < Dy(1 —n1)".

Note the similarity of (2.25) to (2.11). The principal difference is that we now
use the measure P} , instead of the measure P,, conditioned on {T' > n}, of
(2.11). Even though this will not be needed in the sequel, we point out that
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there exists a general relationship between the measures P, conditioned on
{T > n} and PZ%. The latter is a limit of the former in the following sense:

lim P {X;=x1,..., X}, =x3|T > n}

. P, {T >n—Fk}
Z’}E’l" P AT > n} PAXy =2y, Xy = 24}
Rk};((xk)) PAXy =21, Xy =x} [by (1.26)]

e ) f)
f(xp-1)  f(x)
=P {X]=x,..., X} =x,}.

Px{Xlle,...,Xk:x}

Returning to the proof of (2.25), we have

P {X} € %, for fewer than an values of r in [0, n]}

(2.26) -y ¥ BT p (lan + 1)t visit by X. to %,
m=n+1 ye% f( ) ’

occurs at time m and X,, = y}.
Moreover, by (1.26) and (1.23), we have for some D3 < oo,

f0) _ . PAT=n}
f(yo) ~nom Py {T > n} =

Therefore, the left-hand side of (2.26) is (for large n) at most

(2.27) <Ds forall y e 2.

o0
2D; > > R™P, {lan + 1]-th visit by X, to %, occurs at time m,
m=n+1 ye%

X,=y,T>m}

(again because X,, = y € %; implies T' > m)

oo
<Dy ) Y P,{lan+1]thvisit by X, to %; occurs at time m,
m=n+1 ye%

= y|T > m} [by (1.26)]

<D, ) P,{X, €% for fewer than (an + 2) values

m=n+1
of rin [0, m]|T > m}
= (R+s/2\"
=05 m§+1<R+380/4> [by (2.11)].
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This proves (2.25) with
€o

M= YR 1 3¢y

The second ingredient for the proof is the following simple estimate, which
holds uniformly for y € %; and % > 0:

P {X} =y for some & <1 < k+ny|X}, = y}

1 . .
mEzo{number of rin [k, B+ ny] with X7 = y| X} = y}
0

ng )
PY)i(y,
n0+1j§0( ) (35 ¥0)

(2.28)

AL [sup f(y)]_1 ZO Pi(y, o)
j=0

ng + 1 YEU

> ¢, L (20) [sup F(»)] ™" [by (1.24)]

3
ny + 1 yew,

> Dg>0 [by(2.27)]

for some constant Dg > 0. If 0 < ¢j < o < --- are the times of the successive
visits by X* to %, and
I = o-field generated by X3, ..., X7,
then (2.28) implies that
P {X} equals y, for some o <r < U;+n0|9‘:;}

> P, {X} equals y, for some o <r <o} + n0|=9‘;;}

> Dy.
This in turn shows that
(2.29) P {X;# yoforall 1 <r <o} <(1—Dg)"D/(ntD),

Finally note that

&n, =Py {X, =yobut Xy #y,forl<r=<n-1}

= X P(yo,x)P(x1,x2) - P*(x,1, ¥o)

X5 X 17 Y0

= R" Z P(yo’xl)"'P(xn—l’ yO)angna

X15es X 17 Y0

so that (2.24) is equivalent to

R n
2.30 »<D .
(230) g =D 500)
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This follows for suitable 1y > 0, D; < oo from (2.25) and (2.29) by observing
that

&, < P, {X; € %, for fewer than an values of r in [0, n]}
+ P, {X} # yo up until the anth visit of X* to %;}
< Dy(1—my)" + (1= D) lent-2/CrwD), 0

We have now proven all statements in Theorem 1.

3. Cellular automata. In this section we discuss Markov chains of the
type discussed before Theorem 2 in the Introduction and prove Theorem 2.
As we shall show, the main reason for the validity of Theorem 2 is that the
number of occupied sites in its chains does have a very strong downward drift
when this number of occupied sites becomes large. This is made precise by the
estimate (3.2) below.

_ PrROOF OF THEOREM 2. We shall occasionally write X (n, 2) and |)? (n)| for
X,(2) and |X,|, respectively, for typographical convenience. We remind the
reader that the range p is introduced in (1.35). Because X, is strongly sub-
critical, there exists an n, > 1 such that for all x € S, z € Z¢,

(3.1) P {X(ny, 2) # 0} < 1(2p + 1)<
We claim that this implies
(3.2) E {|X(ny)|} < Llx| forall xeS.
To see this, write
(3:3) 1 X(ng)l= X Iy, 2],

zez?

where I[n, z] is the indicator function of the event {)? (n, z) # 0}. Now the
distribution of X(n, z) depends on x only through the values of x(v) with
v € Z% such that v — z|| < np (where || | is short for || ||5). For n = 1 this is
just assumption (1.35), and it easily follows for general n by induction on n.
Consequently, if x(v) = 0 for all v with ||v — z|| < np, then

(3.4) P{X(n, 2) # 0} = Po{X(n, 2) # 0} = 0,

because the state 0, with all components equal to 0, is absorbing. It follows
that if vy, ..., v, are the sites in 74 with x(v) # 0, then a.e. [P,],

|«|

(3.5) X(n)l<Y X Ilng 2l

J=1 zeﬁ(v_i, nyp)
where

B(v,r)={z e 7% |z —v|| < r}.
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Taking expectation with respect to P, in (3.5) gives

|«|

EJX(n)l<Y Y  PAX(ny 2)#0}

J=1 zeﬁ(vj,nw)
< |x||B(0, nyp)|3(2p + 1)"¥ng? [by (3.1)]

1
< 3lxl.

This establishes (3.2).
Now for any integer m > 1 and |x| < K,

PA|X(jny)|>Kforl<j<m, T>mny}

1 > S . .
< = EAlX(mny)l"; | X(jny)| > K, 1< j<m}

<=
r m—1 X . 1 r -
GO T O R - K 12 ]
K im0 1 X(nglr

< sup Ex<|X~(n4)|r>[sup Ey<|X~(n4)|r>}m_l.

lx|<K || ly|>K ly|”

By (3.5),
| X (ng)] < 1X(0)|(2p + 1)n§
so that
}'Z r
(3.7) sup E(H”“)'> < (2p+1)4ndr.
|x|<K ||
We next fix r such that
) r/ny

(3.8) (3) <y

[where v is the number appearing in the right-hand side of (1.39)]

show that for all large K,

(3.9) sup Ey<|X~(n4)|’) < <§)r

ly|>K |y|r

. We shall



QUASI-STATIONARY DISTRIBUTIONS AND RATIO LIMIT 601

Now observe that the absorption time T is the same for the two chains {X,}
and {X,}. Also | X, | = |X,]|- Therefore, if (3.9) holds,

sup P {T >n, but |[X;| > K forall 1 <[/ <n}

xe8S,|x|<K
= sup P {T > n, but |)?l| > K foralll <l <n}
xe§,|x\§K
< sup P {|X(jny)|>Kforalll<j<|n/ng}
xe§,|x\§K

< (2p + D% ndr(2) 7Y by (3.6), (3.7) and (3.9)]
< Csy" [by (3.8)]

with
Cs = (2" @2p+1)nd

(which is independent of n, K). Thus (3.9) will imply (1.39) and we now turn
to the proof of (3.9).
By (3.3),

E|X(n)I'= Y. EfIlng, z]--I[ng 2,1}

21500y

(3.10) = X [[E.llny, 2]

Ly {Ex{l[m, ol Iing 2]} - f[ExI[n4,zi]}

i=1

Also, by (3.2),

2

(...
Il ~
_

Blline, 2] = { B, T 1lng, 21} < (3l
Moreover,
| , |
Bl 2l T 2,0 = ] Eulng. =] < 1
i=1

so that (3.10) shows

5 (XK@l

T <2774 x| (number of r-tuples zy, ..., z, with
x

(3.11) r
E{I[ng. z1]- I[ng. 2,1} # [1 EoI[na. zil).

i=1
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We claim that for any subsets E;, ..., E, of 7%, which satisfy
(8.12) d(E;, E;)=inf{||z' -2"||: 2 € E;,2" € E;} >2np for i# j,

the families {5(: (n, z): z € E;} are independent under P,. In fact, for n = 1
all X(1,z2), z¢€ 7%, are independent under P, by (1.34). For general n our
claim follows by induction, by means of (1.34) and (1.35). Indeed if the result
istrueforn=1,...,kand Eq, ..., E, satisfy (3.12) with n = k 4 1, then for
any bounded functions f;, depending on {X(k+1,2): z€ E;}, 1 <i <r, the
Markov property and (1.34) imply that

(3.13) E{ljf} - E{E{ljf

%, - Ex{lﬁEx{fiu?k}}

(note that the E; are disjoint). Furthermore, by (1.35), E {f ip? xt = g; for
some bounded function g; of the X ,(v) with v € E’, where
E,={veZ% |v-z| < p for some z € E;}.

The E satisfy (3.12) with n = &, so that by the induction hypothesis the g;
are independent under P,. Thus

117} = {11 ) =11 Bded =TT BABL1Z0 = (1 B7.
1 1 1 1 1

Thus the families {f #4+1(2): z € E;} are independent, as claimed.
The above independence property shows that

Ex{I[n47 21] e I[I’L4, Zr]} = H ExI[n47 Zi]

i=1
as soon as | z; — zj|| > 2nyp for i # j. Furthermore, by (3.4), I[n4, z;] = 0 a.e.
[P,] unless z; lies within distance n,p from the set
(3.14) {v ez x(v) # 0}.
Thus

E {I[ng, z1] - I[ng, 2,1} = [ E I[ny, 2,] =0
i=1
unless each z; lies within distance nyp from the set (3.14). Since the set in
(3.14) has cardinality |x|, the number of r-tuples z,, ..., z, which lie entirely
within distance ngp of the set (3.14) and have | z; — z|| < 2n4p for some i # j
is at most

[2nap + 1Y 2|1 2 (dngp + 1%

This is therefore an upper bound for the number appearing in the right-hand
side of (3.11) and, consequently,

X(ny)l" 1
| (n4)| 52—r+7r2(4n4p_’_1)dr.

e |%|
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Equation (3.9) is now immediate for

r?(4nyp + 1)V

"> Gy~

4. Some examples. We shall now use Theorem 2 to give some specific
examples to which Theorem 1 applies. These examples therefore have nor-
malized quasi-stationary distributions and the limit relations (1.26) and (1.27)
hold for them. All examples are of the form described before Theorem 2, and
we allow only the values 0 or 1 for X,(2) [i.e., k = 2 in (1.30)]. By the trans-
lation invariance (1.33) and the independence property (1.34) the model is
completely specified by the probabilities

(4.1) P{X,(0)=1|X, = x}

(where 0 denotes the origin in Z%), and this probability depends only on x(z)
for ||z]| < p [by (1.35)]. Note that we have an obvious partial order on S, 5: x' >

x” if and only if x'(z) > x”(z) for all z € Z?. We now impose four further
conditions on the probabilities in (4.1):

(4.2) P{}Z'l(()) = 1|)Z'O = x} is increasing in «x;
(4.3) P{X,(0)=1/X,=x} <1forallx e S, ,;

P{XI(O) = 1|X0 =x} =0ifx(z) = 0 for all z € B(0, p), but
(4.4) P{Xl(zo) = 1|X0 = x} > 0 for some z, if x(z) = 1 for some
z e B(0, p);

for any disjoint subsets Ay, ..., A, of B(0, p) = {v: [lv| < p},
it holds that P{X 1(0) = 1|X0(z) =1 in B(0, p) exactly for
the s in USA;} < 1 - [, P{X;(0) = 0|Xo(2) = 1 in
B(0, p) exactly for the z’s in A;}.

(4.5)

Condition (4.5) says that the chain starting with only the sites in [J] A; occu-
pied lies stochastically below the maximum of s independent chains, the ith
of which starts with only the sites in A; occupied, 1 < i < s. In order to obtain
the required irreducibility (1.2) or (1.32), we shall restrict the state space S
to

0 U collection of states which can be reached by X, when

(4.6) starting at X, = §(0)

[6(0) is the state with only the component at the origin equal to 1 and all
others equal to 0]. We shall prove the following result.
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ProPOSITION 1. If (1.31)—(1.35) and (4.2)—(4.5) hold and if{)?n} is strongly
subcritical, then {X,} las defined by (1.36) and restricted to the space S of
(4.6)] satisfies all hypotheses of Theorem 1. It therefore has a minimal normal-

ized quasi-stationary distribution @, and the limit relations (1.26) and (1.27)
hold as well as the bound (1.28).

Before proving the proposition, we give some very specific examples.

EXAMPLE A (One-dimensional nearest neighbor chains). These chains have
d=1p =1, and Xn(z) takes on only the values 1 and 0. Thus, given

Xn, the distribution of X,Hl(z) depends only on Xn(z —-1), Xn(z) Xn(z +1)
(remember that z € Z now). In fact we_shall assume that it depends only
on the number of 1I’'s among X, (z — 1), X, (z), X,(z + 1). The distribution of
X .1 is therefore completely specified by the four probabilities

;= P{)?n+1(z) = 1|X'n} on the event
{exactly i of the values )?n(z -1), )?n(z), )?n(z + 1) equal 1},

0<i<3.
In fact, to make 0 absorbing we must take
(4.7) my = 0.
Equations (4.2)—(4.5) will then hold if we take, in addition to (4.7),
(4.8) O<m <my<mg<l,
(4.9) 7wy <1 —(1—m)%=2m — 72
and
(4.10) mg <1—(1—m)(1—my) = + 79y — T Ty
Indeed (4.2)—(4.4) hold by virtue of (4.8). As for (4.5), E(O, 1) ={-1,0,+1}
and the only possible disjoint choices for A, ..., A, are
(4.11) s =2, A, ={-1}, A, = {0},
or
(4.12) s=2, A, ={-1}, A, ={0,1},
or
(413)  s=3, A ={-1} A, ={0}, A;={1},

or equivalent choices obtained from (4.11)—(4.13) by permuting {—1, 0, 1}. Con-
dition (4.5) is void for s = 1. For the situations in (4.11) and (4.12), (4.5) is
guaranteed by (4.9) and (4.10), respectively. For the case in (4.13), (4.5) re-
quires

Ty = 1_(1_ 771)37

but this is easily seen to be a consequence of (4.9) and (4.10).
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We do not have a sharp criterion for this chain to be strongly subcritical.
However, this chain lies stochastically below oriented site percolation with
d =1, p = 3, discussed in the next example. Thus if 75 is sufficiently small,

then {)? .} is strongly subcritical.

ExXAMPLE B (The discrete time contact process or oriented percolation). We
describe here a discrete time analogue of the contact process. As will be appar-
ent from the description below, this model can also be viewed as percolation on
the vertex set Z? x {1, 2, ...} with an oriented edge from y x {n} to z x {n+1}
if and only if y and z are adjacent on Z¢. The usual oriented percolation is
essentially the same model but with Z¢ replaced by another lattice; we shall
not consider that, though. Again we take a nearest neighbor process on Z¢,
that is, with p = 1. The probability in (4.1) depends only on the number of 1’s
among the x(v), with v in B(0, 1) \ {0} = {v: v adjacent to 0 on Z¢}. We do
allow d > 1 now, though. There are two versions of this model.

(i) Site version. This version corresponds to the threshold contact process.
We take P{X (0) = 1|X0 = x} p if at least one v adjacent on Z? to 0 has
x(v) =1, and P{Xl(O) = 1|X0 = x} = 0 otherwise. Equation (4.2) is obvious
and so are (4.3) and (4.4) if 0 < p < 1. We shall not check (4.5) formally, but
this is almost obvious from the following percolation construction. Color all
sites of Z% x {1, 2, ...} white (black) with probability p (1 — s respectively),

independently of each other. When X o = x is given, define X for n > 1 re-
cursively by the following rule. If the site at z x {n} is black, then X 2(2)=0
[i.e., z is vacant at time n]. If z x {n} is colored white and at least one of its
neighbors is occupied at time n — 1 [i.e., X,,_;(v) = 1 for some neighbor v on
Z% of z], then z is also occupied at time n. If z has no occupied neighbor at
time n — 1, then z is not occupied at time n, irrespective of the color of z x {n}.

It is known [see for instance Durrett (1988), Section 5a] that this chain has
a critical probability p. = p.(d, site) € (0, 1) such that for p < p, the process
becomes extinct, that is, (1.4) holds for any starting configuration with finitely
many occupied sites. Moreover, if we write 8(z,) for the state x with x(z) =1
if and only if z = z(, then

(4.14) Ps,){T > n} — 0 exponentially in n

whenever p < p. [the probability in (4.14) is independent of zy]. This can

be seen by redoing Menshikov’s proof for the usual unoriented percolation

[as given in Grimmett (1989), Section 3.2] or by using Aizenman and Barsky

(1987) together with Hammersley’s theorem [Theorem 5.1 in Grimmett (1989);

the latter’s proof in the oriented case is quite easy]. For a proof of (4.14) in a

more complicated situation, see also Bezuidenhout and Grimmett (1991).
Equation (4.14) implies that

(4.15) for p < p,, {)? .} is strongly subcritical.

To see this note that as in the lines following (3.3), X »(0) depends only on
x(v) with ||v| < n. Furthermore, by the above description, X, (0) = 1 occurs
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if and only if there is a path vy = 0, vy, vy, ..., v, on Z% such that v, x {n — &}
is colored white for 0 < 2 <n — 1 and x(v,,) = 1. Therefore,

PAX,(0)=1} = Y Py, {X,(0)=1}
(4.16) lofl<n

and this tends to 0 exponentially fast in n. Thus for p < p, all conclusions of
Theorem 1 hold for this chain.
(ii) Bond version. We now take

P{X,(2)=1Xy=x}=1-(1-p)’

if z has exactly j occupied neighbors in state x. In terms of independent
colorings we can describe this model as follows: put an edge or bond between
vx{n} eZ?x{0,1,...} and z x {n + 1} if and only if v and z are adjacent.
Color all edges independently white (or black) with probability p (or 1 — p,
respectively). Then X, ;(z) = 1if and only if it has a white edge to an occupied

neighbor at time n, that is, if X .(v) = 1 for some v adjacent to z for which the
edge between v x {n} and z x {n + 1} is white. Again this chain has a critical
probability p, = p.(d,bond) € (0, 1) such that for p < p. all conclusions of
Theorem 1 hold. We skip the details.

REMARK 7. A closely related problem to (1.27) for one-dimensional oriented
subcritical percolation is the following question: Is there a limit distribution
for the configuration of occupied sites at time n, as seen from the leftmost
occupied site, when in the initial state all sites in {0, 1, 2, ...} are occupied?
In this case it is not necessary to condition on {7' > n} because T' = oo
almost surely for any initial state with infinitely many occupied sites. This
question was investigated by A. Galves, M. Keane and I. Meilijson (private
communication). Our results do not apply directly to this problem, but we
hope that they will nevertheless be useful.

REMARK 8. For the discrete time contact process it is almost trivial to ver-
ify (1.23) if we take %; = {«x: |x| < K} for some K and x, = §(0). Indeed, for
any x € %4,

P {X, is not absorbed by time n}
(4.17) = P_{one of the |x| initial particles survives until time n}
< |x|Pso{T > n} < KPs){T > n}.
The next lemma shows how to generalize this estimate under (4.2)—(4.5).
LEMMA 9. Let {{)? bnso: U € Z} be a family of independent Markov

chains, each of which has the same transition probabilities as {X,}, but_ Xv
has initial state X” = 6(v). If (1.31)—(1.35), (4.2) and (4.5) hold, then {X 1
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starting from X 0 = X, is stochastically smaller than the process {Y ,} defined
by

(4.18) Y,(2) = max{X?(z): x(v)=1}.
In particular, for any A C Z2,

PAX,(z2)=0forall ze A} > P{Y (z) =0 for all z € A}
(4.19) = JI P{Xi(2)=0forall zc A}.

v with
x(v)=1

PROOF.  Equation (4.19) is proven by induction on n, together with a cou-
phng of X and all the X V. For n = 1, (4.19) is immediate from (4.5) with
={v;}, if vy, ..., v, are the sites for which x(v) = 1. Indeed, by (1.34),
PA{X(z)=0forall ze A} = [] P.{X.(2) = 0}.

zeA

Moreover, by (1.35), Px{X 1(2) = 0} depends only on which v’s in B(z, 1) have
x(v) = 1 and, by (4.5),

PAX,(2)=0}> [] Psu){Xi(2)=0}
v;€B(z,1)

z H P&(vi){}?l(z) = 0} = P{Yl(Z) = O}
i=1

(4.20)

Now the Y,(z), z € Z¢, are also independent when X, = o = x is given [by virtue
of (1.34)]. Thus (4. 20) gives (4.19) for n = 1. It i is now easy to couple all the
X 1, ve 7%, and X 1- One merely chooses the X v v e Z%, independently of
each other, with their prescribed distribution. These X ! determine Y ;. One
now takes Xl(z) = 0 for all z with Y(z) = 0 and takes Xl(z) = 0 (respec-

tively, 1) with probability
P{X,(2) =0} — P.{Y(2) = 0}
1- P {Y(z) =0}

(respectively,

PAX\(z) =1}
1-P {Y,(2)=0}

when Y,(z) = 1. These choices of the X 1(2), z€Z%, are conditionally in-

dependent (given x and all the X v e Z%). One easily checks that the

X,(2), z € Z%, are independent under this construction and, therefore, have
the correct dlstrlbutlon Moreover,

X.(2) <Yi(2), zezZ’



608 P. A. FERRARI, H. KESTEN AND S. MARTINEZ

Now assume that (4.19) has been proven for n=1,...,k and that we have
also constructed joint versions of all X ,, X!, v e 7%, 0<n< k, such that

(4.21) X, (2)<Y,(2), zeZ' 0<n<k.

Let C, = {wy,...,w,} be the collection of sites for which )?k(w) =1 A
fortiori Y (w;) = 1 for 1 < i < r and hence we can choose a v; such that
x(v;) =1, )Z'Zi(wi) = 1. The v;,1 < i < r, are not, in general, distinct. Call
w; ~ w; if v; = v;. Then C; breaks up into disjoint equivalence classes,
say Aq,.. A Thus w; and w; belong to the same subclass if and only if
Vi =1U; We now apply (4 5) with these A, or rather with A; N B(z, p) for fixed

z. Spemﬁcally, we first use
P {X;1(2) =0forall zin A|X,} = [ Pg {X,(2) = 0}.
zeA
Then, by (4.5), for fixed z,

Pg {Xi(2)=0} >

13

P{Xl(z) = 0|Xo(w) = 1 in B(z, p) exactly
1

for the w’s in A; N B(z, p)}.
Finally, on the event {)?Z‘(w) =1lforweA;},
P{X(2) = 0| X,(w) = 1 in B(z, p) exactly for the w’s in A; N B(z, p)}
= P{X},,(2) = 0| X} (w) = 1 in B(z, p) exactly
for the w’s in A; N B(z, p)}
> P{X} ,(2) = 0|X}} [by (4.2)].
Thus, on the event {)Z'k(w) =1on C, =Jj A;}, which is contained in
M{X} (w)=1for w e A;},
i=1
and under (4.21), it holds that
P, {X,,1(2) =0 for all zin A|X,, X}, v e 2
= [1 [T P(Xin(2) = 01X}

zeA i=1

=1 P{X},(2) =0forall ze A| X'}

> P {Y,.1(2) =0 forall z € A|XY, v e Z%).

As before in the case n = 1, we can now couple X ;,; and X} »+1 such that (4.21)
continues to hold for n = k£ + 1. Equation (4.19) for n = k£ + 1 is immediate
from (4.21) forn <k +1. O
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PROOF OF PROPOSITION 1. We have to check (1.2), (1.4) and (1.22)—(1.24)
for the chain {X,} defined in (1.36) [on the space S of (4.6)]. For the set %,
of (1.24) we shall take the singleton {6(0)}, that is, the state which has only
one occupied site (which is automatically the leftmost particle and therefore
shifted to the origin in X,). For %; in (1.23) we shall take the set

(4.22) u(K) :={x €Sy =S8\{0}: |x] < K}

for some large K, yet to be determined. Also, x, will be taken equal to 6(0).
Now first observe that from any state x € S the transition to x; in one
step is possible. This (and several of the succeeding statements) is proven

somewhat more simply in terms of the chain X . than in terms of X, itself.

Indeed, if vy, ..., v; are the occupied sites of a state x € §, then with z, as in
(4.4),

PA{|X,|=1}> P {X,(z) =1 only for z = v, + 2y}
= PAX (11 +20)=1} [| PAX:(2)=0}

2#01+2
Now for some constant D; > 0,
PAXi(v1+20) =1} = Dy

for all x with x(v;) = 1, by (4.2) and (4.4). Also Px{)?l(z) = 0} = 1 when
z ¢ B(v;, p) for some 1 <i <[ [by (1.35) and (4.4)]. For z € B(v;, p),

P {X,(2)=0}=1-P{X,(2)=1}> Dy >0
for some constant D, independent of x and z [by (1.33), (1.35) and (4.3)]. Thus
(4.23) P{|X,|=1} = D, D>,
This proves the irreducibility condition (1.2). It also proves (1.24) (with ny = 1)

for our choice of %; and %,, because the estimate (4.23) depends on [ = |x|
only; the right-hand side is at least

(4.24) D, DXV

for any x € ,(K).

Condition (1.%), the certainty of absorption, follows directly from the as-
sumption that X, is (strongly) subcritical and the fact that X,(z) = 0 auto-
matically for all

z ¢ UE(U’ np),

where the union is over the finitely many v with X o(v) # 0 [cf. proof of (3.4)].
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Condition (1.23) follows from Lemma 9. Indeed, if x(v) = 1 exactly when
ve{vy,..., v}, with [ < K, then by (4.19),

PAT >n} = Px{}?n(z) =1 for some z}
< P {Y,.(2) =1 for some z}

1
<> Ps, {X,(z) =1 for some z}
i=1

< lPS(O){T > n} < KP5(0){T > n}.

Finally, condition (1.22) for any sufficiently large choice of K is guaranteed by
Theorem 2. O

5. A central limit theorem. Finally we prove Theorem 3. We shall prove
(1.41) for a single time only; that is, we take, [ = 1 and s; = 1. The general
case follows then easily by induction on I, from the Markov property. Also,
as before, we restrict ourselves to the aperiodic case (except when we prove
M =0, 3 = o?x identity matrix for the discrete time contact process, which
has period 2).

For the proof we shall make use of an analogue of the P*-measure used in
Lemma 8. However, this time we need a measure on the space S := S\ {0},
which is the state space for X, minus its absorbing state. To define this we
must first lift the function f of (1.17), which is defined on S, to S,. To this
end let 7 be the projection from S, to S,. That is, if X¥(z) # 0 exactly for
ze{&1,...,¢&,}, then we take m(X) = X @ (—¢;), which has 7(X)(z) # 0 if and
only if z€ {0,& — &,..., &, — &}. If X, =X, then #(X) is the corresponding
state of X,,. We now define

f()=f(=(®), &€,
It is easy to see that for x = 7 (%),
Y P(X,=51X,=%)(3)
3765 ~ N
= E{f(X,)|X,=x}=E{f(X,)|X,=x}
=R™"f(x) [see(1.17)]
= R"f(%).
Thus if we define for C e S7*1,
P*{io, Xl"“?Xn (S C|XO Z:xv}
5.1 n ~ ~ ~ ~ ~
(5-1 = B bR R, 0%y =R (X))
f(x)

then P* defines an honest distribution on the space of paths §6Z*. (In order

not to overburden notation we shall refrain from attaching asterisks to the X
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as well, in contrast to what we did in Lemma 8. Note also that the measure
induced by P* on the paths of the X-process agrees with the P*-measure of
Lemma 8.)  _

Now fix X € Sy and y € S, for the remainder of the proof. Let x = #(X) € S,
and let B c Z?. Then

Plé(n)eB, X, =y|Xg=5% T > n)

_fe 1 [
= o) gy Fl6m € B, Xo = 31X = ZOIPAT > n})
: o ]
52 ~[f) X ww)| Z_pPlen) e B, X, = y|Ko = FF()
- weS, - f(x)

[by (1.26)]
r 1-1
=|f(») X ww)| P{é(n) e B, m(X,)=y|X,= X}

- weS, -

We now define 7 = 0 < 7y < --- as the successive times at which X, visits x
and write

(5.3) W, = (X

Ti1? XT:‘—1+1’ T

for the ith excursion between visits to x. We already remarked in Lemma
8, that under P*, X, is positive-recurrent, so that a.e. [P*] all 7; are finite
and the W, are well defined. Also by the strong Markov property, and the
translation invariance property (1.33), the shifted excursions

W;: @ (—é1(7;_1))
(5.4) = (X, ®(—&(rii1), X, 1 ®(=&(7,.9)),
L XL e(—6(), i=1,

are i.1.d. Define further

(5.5) A; =“length” of W, =7, — 7;_4,
(5.6) A, =“displacement” of W; = &;(7;) — &1(7;_1)
and
I'; = “diameter” of W; = max{|&;(n) — & (mi_)|: 7,1 <n <7}

These are functions of W; and, hence, (A;, A;, I';);-; are also i.i.d. Moreover
(1.28) shows that the distribution of A; under P* has an exponentially bounded
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tail, as follows:

=Y P = kX =7} = 3 P*{r = kX, = F)
=l py

5.7 s
(5.7) =Y R'P{X,=x, X, #x, 1<r<k-1X,=x]
k=l

<y C4(ij)k < Dﬂx)(Rﬁm)l.

k=l
In addition we claim that for some Dy = Dy(x) < oo,

To see this, note that if )?n has occupied sites at &;(n), ..., &,,)(n), then the

occupied sites of X, ; must all lie in

V(n)i

U B(&i(n), p)

i=1
[Ey virtue of (1.35) and (1.31); compare (3.4)]. Therefore the occupied sites of
X, for any 7,_; < n < 7; have to lie in

v(7; 1)

U E(fi(ﬁ&)a (7i — 7i_1)pP)

i=1

and
Iy =2(r, —7i)p+ max [1€-(1i-1) — &(7i)|
= 2Aip + max ”Ur - Us”a
r,s
where vy, vq,... are the occupied sites of the state x (because X s =

X, X,  =x)and v =v(r;_y). Thus (5.8) holds with Dy = max, |v, — U:||

Next we define
0(n) = max{i: 7; <n}.

Then

6(n)

£1(n) = £1(0(n)) + &1(n) — £1(0(n)) = £1(0) + 3 A, + £1(n) — £1(6(n))
1

and

[€1(n) — §1(0(n))| < T(0(n) + 1) < 2Ayn)11p + Dy.
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In addition,
1
—A, — 0 almost surely [ P*]
r

7

because the A, are i.i.d. and have all moments under P*. Also, by the strong
law of large numbers,

(5.9) @ — [E*{A;| X, =%} almost surely [P*],

again because the A, are ii.d. and 7, = Y.} A,. Thus
Aé)(n)-‘rl
Jn

The standard proof of the central limit theorem for Markov chains [Chung
(1967), Section 1.16] now shows that

& (n)—nM
NG

under P*, conditioned on X, = X, with

(5.10)

— 0 almost surely [ P*].

(5.11) = N(0,3)

E*{A| X, =
(5.12) M= 44414317:94—5§1,
E{\]| X, = x}

1 ~
— —EY{(A - MiA)(Ay - MA)IK, = R
E+{A\1|X, = x}
where A, ; and M; are the ith component of A; and M, respectively. Slightly
more explicit expressions for M and 3 can be given in the same form as
in Theorems 1.14.5, 1.14.7 and its Corollary in Chung (1967). Note in this
connection that

E*{number of indices 0 < n < 7; with X, = v|}?0 =X}

(5.13) 33, j) =

(5.14) = E*{number of indices 0 < n < 7; with X,, = v| X, = x}

_ f@u)
f(x)u(x)

because f(v)u(v) is the unique invariant probability measure for the X, chain

under P*. That is,

2 F@)m(x)P{X; = v[X, = x}
xe8y

(5.15)
— Rf(v) Y. u(x)P{X; = v|X, = x} = f(v)u(v)

xeS,

[by (1.18)] and (1.19) holds. We shall not pursue more explicit expressions for
M and 2 here; see, however, the end of this proof.
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In view of (5.11) we basically only have to prove the independence of X,
and [£;(n) — nM]A/n. The arguments for this are at least part of the folklore
and we shall therefore be brief. For ¢ > 0 we can choose n; such that for all
n > 2ng,

IPH{X, = y| X, =%}~ F(y)u(y)l

(5.16)
= |PHX, =y[Xo=x} — f(nuy)=e

and

(5.17) P{r(6(n —2n5) +1) = n —ns| X, =5} < .

Equation (5.16) is immediate from (1.26) and (1.27) after a translation to the
P*-measure. In (5.17) we have written 7(6(n — 2n5) + 1) instead of 7y,_g,,)4+1
for typographical convenience; the estimate (5.17) itself is straightforward re-
newal theory, since 7(0(n — 2n5)+1) is the smallest m > n —2n5 with X,, = «
[see Chung (1967), Theorem 1.14.2]. It is further easy to see by means of (5.8)
and Chung [(1967), Theorem 1.14.2] that for fixed ns,

lim P{|&(n) - &1(7(6(n — 2n5) + 1))| > a| Xy = F} = 0

uniformly in n > 2n5. Therefore,

(5.18) \/15|§1(n) — &1(7(0(n — 2n5) +1))] - 0 in P*-measure,

conditioned on )Z'l(O) =X, as n — oo.
Finally, a decomposition with respect to the value of 7(8(n — 2n5) + 1) gives
|P*{&(r(6(n — 2n5) + 1)) € B, X, = y|X, =7}
= P{&(r(0(n — 2n5) +1)) € B Xo = B} (1)()|
< P*{r(0(n — 2n5)+ 1) > n — ns| X, = &}
+ X P{r(0(n—2n5)+ ) =7, &(r) € BIX, =)

n—2ns<r<n—ns

(5.19)

X |PH{X = y[Xo = x} = F(y)r(y)l
<2¢ [by (5.16) and (5.17)].

Since £ > 0 is arbitrary, it is now not hard to obtain from (5.11), (5.18) and
(5.19) that

lim P*

n—oo

{51(”)—”1‘4
Jn
= P{G, < v}f(y)u(y).

Translating this back to the P-measure gives (1.41) for [ = 1, s; = 1 [by means
of (1.26) again].

<'YaXn=y|X0:E}
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The last statement of Theorem 3 is about the values of M and 3 for the
discrete time contact process. Since M and 3 are independent of the choice
of X [see Chung (1967), Corollary to Theorem 1.15.4 and Corollary 2 to Theo-
rem 1.16.1], we can take X = 5(0). It is then clear from the symmetry of the
discrete time contact process that M = 0 and 2,;; = 0 for i # j [see (5.12) and
(5.13)]. Also all 3; ;, 1 <i < d, must have the same value, say o2, so the only
nontrivial part of our claim is that

9 1
g = ~
E+{\| Xy =5(0)}
or, equivalently, that
P{A; 1 — MiA # 0|X0 =5(0)} > 0.
However, M; = 0 and one easily sees that
P*{A; 1 #0]1X = 6(0)}
= P*{r; = 2,01 =2/X, = 5(0)}

E*{(Ay; — MiA)?|X = 8(0)} > 0

> P{X, = 8(e;) + 8(—ey), Xy =06(2e1)| X, =5(0)} >0,

where e; = (1,0, ...,0). Indeed the event {)?(1) = 8(ey) + 86(—eq)} occurs if at
time 1 exactly the sites e; and —e; are occupied; similarly {)Z' (2) = 8(2e7)} is
the event that only the site 2e; is occupied at time 2. The description in Sec-
tion 4 of the discrete time contact process shows that these events have strictly
positive probability. Thus o2 > 0 and the proof of Theorem 3 is complete.
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