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ON INVARIANT MEASURES OF DISCRETE TIME FILTERS
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The classical results on the ergodic properties of the nonlinear filter
previously have been proved under the crucial assumption that the signal
process and the observation noise are independent. This assumption is quite
restrictive and many important problems in engineering and stochastic control
correspond to filtering models with correlated signal and noise. Unlike
the case of independent signal and noise, the filter process in the general
correlated case may not be Markov even if the signal is a Markov process.
In this work a broad class of discrete time filtering problems with signal—
noise correlation is studied. It is shown that the pair process (¥, 7 ;) jeN, IS
a Feller-Markov process, where (Y;) jeN, is the observation process and 7
is the filter, that is, the conditional distribution of the signal: X ; given past
and current observations. It is shown that if the signal process (X ;) has an
invariant measure, then so does (Y .7 j). Finally, it is proved that if (X j)
has a unique invariant measure and the stationary flow corresponding to the
signal process is purely nondeterministic, then the pair (¥}, ;) has a unique
invariant measure.

1. Introduction. Stochastic nonlinear filtering is one of the central areas of
application of stochastic processes. The basic object of the study is a pair of
stochastic processes (X j, Y;) jen,, where (X ;) is called the signal process and (Y ;)
the observation process. The central problem in nonlinear filtering is the study of
the measure valued process (i) which is the conditional distribution of X ; given
o{Yy:k € No; k < j}. This measure valued process is called the nonlinear filter.
In the classical setting of nonlinear filtering, the signal is taken to be a Markov
process with values in some Polish space E and the observations are given via the
relation

(1.1) Yi=h(X;)+nj,

where (n;) is an 1.i.d. sequence of R? valued random variables, referred to as the
observation noise sequence, and 4 is the observation function which is a map from
E — R?. The study of ergodic properties of the nonlinear filter has generated
significant research in recent years [5, 9, 6, 10, 8, 1, 7, 2]. The pioneering work in
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this direction is by Kunita [5]. In this classic paper Kunita used the uniqueness
of the solution of the Kushner—Stratonovich equation, in the classical filtering
model with independent signal and noise, to study the Markov properties of the
filter. It was shown that if the signal is Feller—Markov with a compact, separable
Hausdorff state space E, then the optimal filter is also a Feller—Markov process
with state space P (E), where P (FE) is the space of all probability measures
on E. Furthermore, [5] shows that if the signal in addition has a unique invariant
measure p for which (4.6) holds, then the filter has a unique invariant measure. In
subsequent papers Kunita [6] and Stettner [9] extended the above results to the case
where the state space is a locally compact Polish space. In all the above papers [5,
6, 9] the observation function 4 is assumed to be bounded. In a recent paper [2] we
extend the results of Kunita and Stettner to the case of unbounded 4 and signals
with state space an arbitrary Polish space. The proofs in [2] are of independent
interest since unlike the arguments in [5, 6, 9] they do not rely on the uniqueness
of the solution to the Kushner—Stratonovich equation.

The analysis in the above-stated works is greatly simplified by the assumption
that the signal process and the observation noise are independent. In general,
however, the assumption of signal-noise independence is quite restrictive and
many important problems in engineering and stochastic control correspond to
filtering models with correlated signal and noise. In this work we show that the
techniques developed in [2] can be used to study Markov and ergodicity properties
for the nonlinear filter for quite general models with correlations as well. For the
sake of exposition we restrict ourselves to signals and observations evolving in
discrete time; however, similar techniques can be used to study the continuous
time problem.

In the classical setup [5, 9, 6, 2] if the signal is a Feller-Markov process, then so
is the filter. The first obstacle in the study of the correlated case is that, in general,
even if the signal is a Markov process, the filter need not be Markov. To see this
problem consider the following elementary filtering model. Suppose that the signal
(Xn)nen, and the observations (Y,),cn, are given as follows:

Xp=Xn 1+ Y1+, neN,
Yn:Xn+nn, nEN(),

where (§,)nen and (9,)nen, are ii.d. standard scalar normal random variables.
Suppose that X has a density with respect to the Lebesgue measure. Denote by pj,
the filtering density, that is, the conditional density of X,, given Y,, = (Yo, ..., Yn).
For random vectors Z, Z, let fz,)z, denote the conditional density of Z; given
Z,. Then

Pn(X) = cfx, 1Y, (X)) [y, 1Y, 1, Xu=x)(¥n),

where c is the normalizing constant. Next, denoting the standard normal density
by ¢, we have fy,|v,_,,x,=x)(Yn) = ¢ (¥, — x) and

Ixa1v, -, (X) =/Ran|<Yn_1,Xn_1=y)<x)ﬂn—1<y) dy.
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Next note that fx, |y, ;, X, ;=y)(X) = ¢(x —y — Y, _1). Combining the above
observations we have that

(1.2) pu(6) = B (Y, _x)mex Y= Yoo D) pno1 () dy.

Thus the filter update formula for p,, unlike the case of independent signal and
noise, in addition to using Y, and p,,_1, involves Y;,,_;. This destroys the Markov
property for (pn)neN,. since from (1.2) it follows that E ([ g(x)p,(x) dx | Y,—1)
equals E(fp g(x)pn(x)dx | pp—1, Ys—1), where g is an appropriate test function.

In view of the above problem it is natural to consider instead the process
(Y, m,), where m, is the conditional distribution of X,, given Y,,. We show that
for a quite general class of discrete time filtering models (see Section 2 for the
precise setup) (Y,, ) is Feller—Markov. The proof, as in [2] for the independent
signal-noise case, uses a change of measure technique. The change of measure
is such that, under the new measure X, (¥,) and (§,) are mutually independent
and the observation sequence has the same distribution as that of the observation
noise sequence under the original measure. The key step in the proof of the
Markov property is the filter update formula analogous to (1.2). This is obtained
in Proposition 3.1. The Markov property for (¥}, ;) (Corollary 3.4) is then a
consequence of Theorem 3.3. We next show that the above Markov process has
the Feller property. This is done in Theorem 3.5.

In Section 4 we study the problem of existence and uniqueness of invariant
measures for (Y;, ;). We show, in Theorem 4.4, that if the signal process has
an invariant measure, then so does the above pair process. Our final result is
that if the signal has a unique invariant measure and it satisfies Assumption 4.7,
then the pair (Y;, ;) has a unique invariant measure. The key steps in the
proof are Theorem 4.4 and Proposition 4.8. Once these are proved the result
follows immediately upon taking limits as m — oo in the inequality (4.7) and
noting that the two extreme terms in the limit inequality are identical in view of
Assumption 4.7.

We now list the common notation used in this paper. For a complete separable
metric space S, let BM(S) be the class of real valued bounded measurable
functions on S, let Cp(S) be the subclass of BM(S) of continuous functions on S,
let B(S) be the Borel o-field on §, let (S) be the space of probability measures
on (S, B(S)) endowed with the weak convergence topology and let M (S) be the
class of positive finite measures on (S, B(.5)) with the weak convergence topology.
For f € BM(S) and v € £ (S) we denote [ f(x)dv(x) by v(f). The probability
measure on S which is concentrated at the single point x € S is denoted by 4§, .
The indicator function of a set A is denoted by x4. If Z is an S valued random
variable on some probability space (2, ¥, P), then the law of Z will be written
as PoZ™!.
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2. The filtering model. Let (2, ¥, P) be a probability space. Let the filtering
model be given as

Xp=AXu—1,Yn-1,80), neN,
Y, =h(Xy) + nn, n € Ny,

where X, takes values in a Polish space E and Y, takes values in R4 In the above
model, (§,),>1 is an i.i.d. sequence of E( valued random variables with law 1,
where E is another Polish space and (7,),>0 is an i.i.d. sequence of R9 valued
random variables with a continuous and bounded density function g(-). We assume
that (Xo, (§,)neN, (Mn)nen,) are mutually independent. We denote the distribution
of X by po. The maps 4:E — R? and #4: E x R? x Eqg — E are taken to be
continuous.
The basic object of interest is the J (E) valued stochastic process

T(A)=P(X, € A| 7)),  AcB(E),

where for a sequence of random variables {Z,,} we denote by ?mz’ i the o-field
generated by {Z,,, Zu+1, ..., Zx} for m < k. It will be convenient to work with
the following canonical spaces. Denote by (R?)No the space of all sequences
y!' = (¥Hnen, in RY. Also, denote by (Eo)N the space of all sequences y? =
()/nz)neN in Eg. Endow the above spaces with the Borel o-fields, corresponding
to the pointwise convergence topology, 81 and B, respectively. Denote by Q1
the probability measure on ((RHNo B,) under which the canonical coordinate
sequence is i.i.d. with probability density function g(-). Also, denote by Q>
the probability measure on ((Eo)N, B5) under which the canonical coordinate
sequence is i.i.d. with law p1. Now for fixed v € (E) consider the probability
space

(@, F' R)=(E x RHY x (Eg)", B(R) ® B) ® B1.v® 01 ® 02).
A typical element of €’ will be denoted by y = (3°, y?, y2), and (,Bfl) fori=1,2
denotes the canonical processes on (', F’) given as B, (y) =y,,. With an abuse of
notation, ,3,{ also denotes the canonical coordinate process on (RHNo | B,). Now

we define a sequence (6,) of E valued random variables on the above probability
space as follows:

Ou(y) = AOGu—1,BL_1, BD(),  neN,
fo(y) = y°.

For n € Ny, define 4, = o {6, ﬁ;; Jj <n; i =1, 2}. One of the key representation
formulas in nonlinear filtering is the so-called Kallianpur—Striebel formula
(see [4]), which we now present in our notation. Define, for 0 <m <n < oo,

(2.1) Lua)=]]LY )

i=m
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and for j >0, L;(y)=Lo,;(y), where

1
J50) ig(,Bi _h(ei)).
M= @D

1 2

Note that with respect to the filtration {3"({5 GV 5’0’? iV 3"09’0}, L is an R,-martingale
with mean 1. Furthermore, if the probability measure I§v on (', £') is defined as
dR, .
dR,

then R,0({6,, By bneng) ™' = Po({Xo, Yalneny) ™.

For B e B(E),v € M(E) and j € Ny define
LB = [ [ anl,0)L0)d0:07dvi").
0

Finally, define for v € M(E), B € B(E), Aj(v,B)=TI;(v,B)/T"j(v, E). For
notational convenience we sometimes write I';(v,-) and Aj(v,-) as I';(v) and
A j(v), respectively. Then the Kallianpur—Striebel formula in this notation states
that

2.2) Aj(po)(Y.(w)) =m; a.e. o [P].

L, on 4,, n € Ny,

3. Feller-Markov property of the filter. In this section we prove that
(Y, mj), 550{/].) jeN, 1s a Markov chain with a Feller semigroup. The proof of the
Markov property for this pair process is similar to the proof of the Markov property
of the filter process, in the uncorrelated case, presented in [2] and so some details
are omitted. We also refer the reader to [3], where a different proof for the Markov
property is given. The key step in the proof is establishing the semigroup relation
in Proposition 3.1 below.

We begin with the following notation. Define for/ € Ny the map 8 11 4.t (R9HNo 5

(RN by
[BL DD =rk;, =20,y e ®DN.
For B e B(E),v e M(E) and j € N define

B0 B = [ [ @)L 0)d0arD v,

Set l:‘o(v, ) =v. Also, for j,k e Ny, k < j,let

Te (0. BYy ) =T (v, B)(Biy. (¥ ).
Finally, define for v € M(FE), B € B(E),
Ty, j(v, B)

Ag.j(v, B) == .
’ T4 (v, E)
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PROPOSITION 3.1. Forve M(E), Be B(E)and j,k €Ny, k<],
3.1) T, Yy =T j(Te)¥H, B)yhH  ae y' (011

PROOF. Equation (3.1) holds trivially if j = k so henceforth we assume that
1
0 <k < j. Note that both the left- and right-hand sides in (3.1) are 3’0”3 j-measur-

1
able. Define, for A € 3‘“0’? I

G B= [ T B,
We need to show that
(3.2) G(A,B>=/(Rd)NOfk,j(rkw)(yl),B)<y1>xA<y1>dQ1<y1>.

From (2.1) we have that L ; = Ly Lj1,; and thus using the definition of I'; (v, B)
we have that

G(A,B) :/(

ki)Yo /E £ L) xa()(F Or. B ... B)) ARy (),

where, for (x, yol, e, yjl_k) € E x (R,
Feeoydee v} 0= [ [ 0Ly d 020/ dbi(r)
0

and the last step follows on observing that, under R,, {87 145 )seN, 1s independent
1 1
of { \7709’ Y 550”3 j} and L (y) xa(y D is {5509’ eV ?0’? j }-measurable. Also observe that,

forve P(E),
(3.3) [P0 Ay 0 ave) = BY Y,

Using the definition of 'y (v) once more we have that

G(A, B) :/(

Rd )N()

xatH( [ FerBl BT, dn ) d 017

= J i FAO DR TOIOD. BY A 01, O

Using the above semigroup property we have the following result, the proof of
which is similar to that of Theorem 4.3 of [2] and thus is omitted.

PROPOSITION 3.2. Letv € M(E) be arbitrary and let k, j € Ng, k < j. Let
v ‘RY x M(E) — R be such that

Eg,|[¥(B}.T;(v))| < oc.
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Then
1 B! 1
Eg, (v (8], Tj) | # ) = w1 (B, Te(v),
where, for z € R and v € M(E),
(3.4) Vi(z,v) =Eo, [V (8], k() (z, Bi1)]-

We now introduce the probability measure on (R?)No under which the canonical
sequence {8 Jl.} has the same law as the observation sequence. Given A € P (FE)

define Q 5 € P((RYHNoy by the relation
d Qs !
=% T\ E Fy ., jeNp.
o =Ti0~E) oA jeNo

It can be easily verified that 0, is the probability measure induced by {Y;} on
(RHNo that is, on = Po({Yj}jeNo)_l. Thus in view of (2.2) we have that

~ -1 -1
(3.5) 0po({B], AP0} jary,) = Po(1Y],7}jeny) -

The Markov property of (Y}, ;) is a consequence of relation (3.5) and Theo-
rem 3.3 below.

1
THEOREM 3.3. Leth € P(E). Then ((,31-, Aj(D)), 3‘“0’3-) is a Markov process

on (RHNo B, Q,\). Furthermore, for ¢ € BM(RY x P(E)) and j,k € Np,
k < j, we have that

Eop, [¢('311" Aj) | 530/,811] =¢1(Bi. Ar(h)).
where ¢1:RY x P(E) — R is defined as follows. For (z, 1) € RY x P(E),
6122 =g, [0(B]_t, Aj 4G BT 4, E), B4 |

1
PROOF. Fix j,ke Ny, k< j,andlet A € }vo/?k' Let ¢ be as in the statement
of the theorem. Then we have that

(3.6) | 98} 8,00 d0. = [ v(g}.T )01,

where ‘R? x M(E) — R is defined as follows. For (z, v;) € R x M(E),
Vi
V1 (E)

Ve =9(z s i E).
Applying Proposition 3.2 we have that

(3.7) [ w8} T, a0 = [ w(pl TG agn.
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where 1 is as in (3.4). Next, as in the proof of Theorem 4.4 of [2], it follows that
(3.8) [ (BT a0 = [ 1Bl 1) d0s.

where for (z,v) € E x M(E), fi(z,v)= IQEZE)”) Finally, using the definition of
Y1 and ¥ we have that

i) =B, [¢(B]_s Aj ()@, BT+, E)z, B11)]

(3.9)
= ¢1(z, D),
where D= v&) and the equalities in the above display follow upon noting that,

for m € No, Tu (D, ) = [ (v, )/v(E) and Ay (D, ) = A (v, -). The result now
follows on combining (3.6)—(3.9) and noting that I'y (1) = Ax(A). O

As an immediate consequence of the above theorem and (3.5) we have the
Markov property of (Y, ;).

COROLLARY 3.4. {(Y;, 7)), 3:0%}]'20 is an R4 x P(E) valued Markov pro-
cess on (2, F, P) with an associated semigroup {T,,} given as follows. For
¢ € BURY x P(E)) and (z, 1) € (R? x P (E)),

(Tnd) (@ 2) =Eq, [¢(Br, An()(@, L) TG, E)G, Bl .
We now prove the Feller property of the above Markov chain.
THEOREM 3.5. (T},) is a Feller semigroup.

PROOF. Let ¢ € Cp(RY x P(E)). We need to show that Ti¢ € Cp(RY x
P(E)). Let (z;, L) be a sequence in R x P(E) converging to (zg, Ag) as
m — oo. Then, for m € Ny,

(T19) G 2om) =B, [ (Bl A1 Gom) @ms BLD)T1 Gy B s B -

To study the convergence of the above expression as m — oo we write it as an
expectation over a more convenient probability space.

Let (21, #1, P1) be a probability space which supports E valued random
variables {X (’”)}meNO such that the law of X is A,, and X converges a.s. to
X as m — oco. Let (22, F>, P») be another probability space which supports
independent random variables &; and n; which are mutually independent and
where & is Eq valued with law 1 and 1 is R? valued with density g. Define
the probability space

(Q F*, PH=(Q1 x 2, F1 @ F2, PI Q@ P2)



1104 A. BUDHIRAJA

and random variables on this space:
X" = AKX zm, £1);
xg" = xm.

Also define the random variable

Lo - 8 = h(X™))
g(m) '

Finally define M (E) valued random variable f‘fm) as follows. For B € B(E),
PP (B =Ep[xp(X{™)L™ | 1],

where Ep+ denotes the expectation with respect to the probability measure P*,
and define AY") (-) to be the normalized measure. Then in this notation,

(3.10) (T1) @m» *m) = Eps[p(n1, AT (E)].

Next note that by continuity of A we have that X i(m) converges a.s. to X fo) as
m — oo for i =0, 1. Thus using the continuity of g we have that L™ converges
a.s.to L© asm — oo. This, along with the fact that g is bounded, implies that, for

all f € Cp(E), lz‘fm)(f) converges almost surely to f‘io)(f) as m — o0. Thus in
particular, l:‘im) (E) converges almost surely to f‘io)(E ) and [\gm) converges almost
surely to 1~\§0) as m — 0o.

Also note that Ep*(l:‘im)(E)) =1 and so l:‘im)(E) is a sequence of nonnegative
random variables with mean 1 which converge a.s. to l:‘io)(E) as m — oo and
therefore also in L', that is,

~ Lepy <
3.11) FE L TOE) asm— oo

Combining (3.10) with the above observations we have that

(Th¢)(@ms Am) — (T19)(z0, 2o)
as m — oo. This proves the theorem. [
4. Ergodicity properties of the nonlinear filter. In this section we obtain
conditions for existence and uniqueness of (7;,) invariant measures. As in the

uncorrelated case the ergodicity properties of the filter process depend crucially
on that of the signal process. We begin by noting that, for n € N,

X, = eA‘(Xn—la h(Xn—l) + -1, "i:n)
= eA*(Xn—lv NMn—1,8n),
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where A* is a continuous map from E x R? x Ej to E. Hence {Xn}n>0 1s a time
homogeneous Markov chain. Denote the semigroup of the Markov chain (X;,) by
(Sy,); that is, for f e BM(E),x € E andn € N,

(S /)(X) =E(f (X,)| X0 =x).

One basic assumption in many results of this section is the following.
ASSUMPTION 4.1. There exists a unique (S,,) invariant measure /.

We begin by showing that if there is an (S,,) invariant measure, then (7},,) also
admits an invariant measure. The proof will use the following lemma, whose proof
is standard and thus is omitted.

LEMMA 4.2. Let S be a Polish space and let ({y)n>0 be an S valued time
homogeneous Markov chain with a Feller semigroup (7). Suppose that for some
v € P(S) the measure vT, defined as

VT, () = /S (To ) (X)(dx).

converges weakly to vg as n — 00. Then vy is (7;,) invariant.

Now let  be an (S,,) invariant measure. To show that there exists an (T,;,)
invariant measure we show that there exist probability measures mﬁ') on R? x
P(E), i =1,2, such that mi’)Tn converge weakly as n — oo. To introduce these
measures we find it convenient to work with a different probability space.

Note initially that (X, 7, &41)nen, 1s an E x R? x E( valued Markov chain
and 1 ® g ® w1 is an invariant probability measure for this chain, where u, €
P (R?) is defined as follows. For A € B(R?),

pe(A)= /Ag(z) dz.

Let (2, ¥, P) be a probability space which supports the stationary flow corre-
sponding to the above invariant measure; that is, there exist sequences which we

denote as (Xn)nEZ’ (Mn)nez, (gn)nEZ such that
(lpn)nEZ = (Xn» ﬁn» gn—i—l)neZ

is a stationary Markov chain with the invariant law © ® u, ® @ and the same
transition probability function as that of (X,,, 17,, &1+ 1)nenN.
Define

Y, =h(X,) + fin, nel.
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Clearly (X 0 Y, )2
the probability measure valued processes n,(,f,)n, i=1,2,asfollows. For A € B(E),

e _ oo 18 a stationary Markov chain. Define for m,n € Z, m < n,

T (A= PRy € A|F,)]
and
7@ (A =P[X, e A F) VoK)

An application of the martingale convergence theorem shows that, for each fixed
1 (€]

nasm — —00, Ty, converges almost surely to w25, ,, where
1
io)on(A)_ (X €A —oon)

and ¥ _? 2 =0 Un=—oo . n) Also, using the Markov property of X and an

application of the reverse martlngale convergence theorem (cf. [2]) we have that,

()

2
for each fixed n, mp; , converges almost surely to nigo u» a8 m — —00, where

2
TR M= PRy e AIFI Vv FX )
and ¥ _Xoo’_oo =N o F2 X ,,- Furthermore since, for all &,

150(17", n,(,li?n)_l = 150(17"+k, nigﬁi-k,n—i—k)_l iM,(lllm

we have that the joint law of (¥, n'i()x, ») does not depend on n. Denote this law

by M®. We show in Theorem 4.4 that this probability measure, for i = 1,2,

is (7)) invariant. To show this it suffices to show, in view of Lemma 4.2, that

M,E’) = m(’)Tk for some m ) ¢ P(RY x P(E)). This is done in Proposition 4.3

below. Henceforth, denote the law of ¥, by uy, the law of (5(,1, 17”) by uxy and
v (D

the law of (Y, mn.5) by @1.

PROPOSITION 4.3.  Define, for F € Cp(R? x P(E)) and k € N,

M (F)= / (TeF) (2. 7)1 (dz, dr)
R x P (E)

and

MO [ TP souxrdx.d).

Then " = M fori =1,2.
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PROOF. Denote the expectation with respect to the probability measure P
by E. Then, for F € C,(RY x P (E)),

ey (D5 1
B[ F (Vi mg!)) | Yo =2, w5y = 7 | = El¢ Ve, m0) | Yo =2, m0 = 7]

=Tk F)(z, 7).
Hence
M (F) = B[F (T, 7§))]
= B(E(F (T, 7§ | o, 7))
= Joo Ty F(z, m)p1(dz, dm)
=" (F).
Next note that

”(5,212(‘15) = I~E(qb()zk) | _‘}770{7]( \% O’(X()))
= G(X(), ?0, R ?k),

where G E x (RY)* > R is given as follows. For (yo, yol, ey ykl) € E x (RHk,
1
Er, o[6 @0 Li(r) | ]

1
Er, o [Le () | 7]

= Ak (8,0) ().

G(VO’ V()l’ ey Vkl) =

Hence

o2 (@) = Ax (83 (To1.)(9).
Now

o ~
E[F(Ye, 7§3) | Yo =z, Xo = x]

IE[F(I?k, Ak(85,)(For)) | Yo =12. Xo =x]

B[E[ F(Vi, Ac(g,)(Foy) | o=z, Xo=1x, Ao(Bg,)]|To=2, Xo=x]

E[TkF(z, Ao(8)) | Yo =z, Xo = x]
Ty F (z, 6x),



1108 A. BUDHIRAJA

where the last equality follows on observing that Ag(8y) = 8. Hence

MP(F) = / (TuF)(z. 80)uxy(dx,dz) = M2 (F). O

THEOREM 4.4. Let u be an (S,) invariant measure. Then, fori =1, 2, M,Ei)
converges weakly to M® as k — oo. Furthermore, both MY and M® are (T,,)
invariant.

PROOF. Note that M,Ei) is the law of (17,,, n,Ei_)k’n). Also recall that, as k — oo,
(@)
)s

(I?n, z® ) —> (17,,, nii()x,,n) a.s., and hence in particular the law of ()7,,, Ty ko

n—k,n
(’), converges to the law of (fn,nilgovn), which is M® . Next, from

namely M
Proposition 4.3, M\" equals H,EI) and so H,E’) converges to M@ as k — oo.

Finally from Lemma 4.2 we have that both M M and M@ are (T},) invariant. O

We now present the following consistency property of (7,,) invariant measures,
which is used in Proposition 4.8, which in turn enables us to establish the
uniqueness of the (7;,) invariant measure.

PROPOSITION 4.5. Let ® be a (T,) invariant measure. Suppose that
Assumption 4.1 holds. Then, for all f € BM(E) and ¢ € BM(RY),

4.1) / V(o) P(dy,dv) =/ Fopxy(dx,dy).
R x P (E) ExRd

PROOF. Denote the semigroup corresponding to the Markov chain (X, ;)
by (7,); that is, for F € BM(E x RY),

(T F)(x, ) =E[F (X, Ym) | Xo=x,Yo=y].

From Assumption 4.1 we have that pyy is the unique (7,) invariant measure.
Define ixy € P(E x R?) as follows. For A € B(E) and B € B(RY),

fxr(AxB)= [ w0y, dv).
BxP(E)
Note that with this notation the left-hand side of (4.1) equals fixy(f ® ¢). We
now show that fixy is (73,) invariant and thus equals @ xy. This will clearly prove
the proposition. To show that fixy is (77,) invariant it suffices to show that, for
arbitrary f € Cp(E) and ¢ € Cp(RY),

4.2) Axy(f Q@)= paxy(Ti(f ®¢)).
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Now note that
TI(fQP)(x,y) =E(f(XDp(Y1) | Xo=x,Yo=1y)

il . F(AG v, ) (21 + h(AG, y, u)))g(z1) dzdp (w).
XL

Hence xy (71 (f © $) = fru oz W(, 1) dD(y, v), where
Vo= [ Ay )er+h(A y.0)
x g(zr)dzrdpi(u) dv(x).

Next, recalling that @ is a (7;,,) invariant measure, we have that

ixy(f ® @)

@a) = oo, MDY BTy v

4.3)

= Eo,[¢(BHA W), BHHT1, E)(y, BH]D(dy, dv).

~ JRixp(E)
Finally note that

Eo,[¢(BHA (W, BHHOT1(v, E)(y, BD]

' ho
=5 [0 o0 S 51— ]
8D s — Ao, v, )
821 — 0, Y, U
= A 0 IS &)
4.5) Rde()xEd)(Zl)f( 0. y.) g(z1)

x g(z1)dz1dv(0p) d ey (u)
= Jatrroer ¢ (z1 + h(AWB0, y, u)))
x f (A, y,u))g(z1)dz1dv(Oo) dpi(u)
=W(y,v).
Combining (4.3)—(4.5) we have (4.2). 0

Let G be the class of all G € Cy, (R? x P(E)) which are bounded from below
and are such that, for all x € R?, G(x, -) is a convex function on P (E). It can be
shown that § is a probability measure determining class (cf. [6]).

The following extension of Jensen’s inequality, proved in [6], will be used in
the proof of Proposition 4.8.

LEMMA 4.6 [6]. Let m be a P(E) valued random variable on some
probability space (21, F1, P1) and let ¥, be a sub-o -field of ¥1. The conditional
expectation of w with respect to F>, denoted by El[mw | 53] is defined as a
P (E) valued random variable 7’ such that E[F () | 3] = F(x) holds for any
continuous affine function F on P (E). Let G € § and let X be an > measurable,
R? valued random variable. Then G (X, E[n | 7] < E[G(X,m) | F].
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Our basic condition for the uniqueness of a (7,) invariant measure is the
following.

ASSUMPTION 4.7. Forall f € Cp(E),
(4.6) lim f IS0 £ () — ()] dpe(x) = 0.
n—oo E

It is well known that this condition is equivalent to the statement that the o -field
FX )] (@)

o0.—oo 18 trivial. Note that if the above condition holds, then 7~ , = 724, ,

a.s. and so M1 equals M@ . The key step in showing that the above condition in
fact implies that there is exactly one (7},) invariant measure is the following result.

PROPOSITION 4.8.  Suppose that Assumption 4.1 holds. Let G € § and let ®
be a (T,,) invariant measure. Then, for all m > 1,

4.7) MPG) < / G(z,v)®(dz,dv) < MP(G).
R x P (E)

PROOE. Define P, € P(R? x P(E) x E) as follows. For A € B(R%), B €
B(P(E)) and C € B(E),

(4.8) P.(Ax B xC)= /

Ax

v(C)P(dz, dv).
B
Note that, from Proposition 4.5,

P.(R? x P(E) x C) = /ﬂ)(E) »(C)D R, dv) = u(C).

Next consider the space Q =R? x P (E) ) X E x QR")N x (Ep)N and endow it with
the natural product o -field denoted by F. Let P be the probability measure on
(2, F) defined as

P=P.@uiNeud".

The expectation with respect to the probability measure P is denoted by
[E. Similarly as in Section 2 a typical element of €2 is denoted by w =

(7, vo, 70, 71, 72). Define the canonical sequences B,ll (w) 57,’;, i=1,2,neN.
Finally define

= . - = —=2 = . —
Xy = AXu-1,Yao1,By). neN, Xo=7°,
Y, =hX)+B,. neN, To=v.

From (4.8) we have that, for f € C,(E) and ¢ € C;(R?),

E[f(Xo)p (To)] = / IGOOILIEN

R x

- / FOG M xy dx, dy),
E xRd
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where the last step follows from Proposition 4.5. Thus we have shown that Eo (Xo,
Yo)~' = Po(X, Yo)~!. This in particular implies that X and Yo — h(X() are
independent with laws p and ug respectively. Furthermore from (4.8) it follows
that

(4.9) P(Xo €|V, Yo)=70().
For n € N define # (E) valued random variables

7)) = P[Xpe-1Yo,.... 7y,

7P = P[X,e-|Y0,..., Y, Xo]
and

Tr()=P[X,€-1Y0,.... Y, Vo]
Note that, by construction,
Po({V, Xulnz0) "' = Po({¥a, Xuluz0)
and so, fori =1, 2,
Po(Y,, 7)™ = M,

Thus, from Proposition 4.3,

(4.10) E(G(V,.7")) =fRd gy 1O D1z d)
and
@.11) E(G(Tar®) = [ 0O s0mxr@r.do).

Also note that, for ¢ € Cj,(E),
7 (@) =E(¢X) | 7 v 0 (70))

= An(V0) (Y 0+-)(9)-

Next observe that

E[GY., 7)1 Yo=2V0=v]=E[G(Ys, Au(0)(Y0+.)) | Yo =2,V0 =]
=E[G(Yp, ) | Yo=2,m0 =]
= (TnG)(Z» V),

where the second equality above is a consequence of (4.9). Therefore

(4.12) E(G(Y,, 7)) = /RW(E)(T,,G)(z, V)P (dz,dv).
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Finally in view of (4.10), (4.11) and (4.12) it suffices to show that
(4.13) E[GY,. T ] <E[GY,..7")] <E[G(Y,..T?)].
Note that

E[7” Yo+ ¥u, V0] =7,

and therefore by the assumed convexity properties of the function G and Lem-
ma 4.6 we have that

E[G(Y,, 7 ) =E[E[GY .., 7T) | Yo,..., Y4, 0]]
>E[G(Y,, E[7? | Yo, ..., Y, Tol)]
=E[G(Y,., 7))

This proves the second inequality in (4.13). The first inequality is proved in an
identical manner on using the observation that E[ﬁ;‘ | Yo---Y,l=7, . O

‘We now come to our main result.

THEOREM 4.9. Suppose that Assumptions 4.1 and 4.7 hold. Then there exists
a unique (T,,) invariant measure.

PROOF. From Theorem 4.4 we have that there is at least one (7},) invariant
measure. Now let @ be an arbitrary (7},) invariant measure and let G € . Then
from Proposition 4.8 we have that (4.7) holds for ®. Taking the limit in (4.7) as
m — oo we have from Theorem 4.4 that

MDY (G) 5/ G(z,v)®(dz,dv) < MP(G).
R x P (E)

From Assumption 4.7 it now follows that M1 equals M‘® and so

M(l)(G):/ G(z, V)@ (dz, dv).
R x P (E)
Since G € § is arbitrary and § is a measure determining class we have that

® = M. This proves the theorem. [
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