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CONVERGENCE OF MARKOV CHAIN APPROXIMATIONS TO
STOCHASTIC REACTION-DIFFUSION EQUATIONS!

By MICHAEL A. KOURITZIN AND HONGWEI LONG

University of Alberta

In the context of simulating the transport of a chemical or bacterial
contaminant through a moving sheet of water, we extend a well-established
method of approximating reaction—diffusion equations with Markov chains
by allowing convection, certain Poisson measure driving sources and a
larger class of reaction functions. Our alterations also feature dramatically
slower Markov chain state change rates often yielding a ten to one-hundred-
fold simulation speed increase over the previous version of the method
as evidenced in our computer implementations. On a weighted L? Hilbert
space chosen to symmetrize the elliptic operator, we consider existence
of and convergence to pathwise unique mild solutions of our stochastic
reaction—diffusion equation. Our main convergence result, a quenched law
of large numbers, establishes convergence in probability of our Markov
chain approximations for each fixed path of our driving Poisson measure
source. As a consequence, we also obtain the annealed law of large numbers
establishing convergence in probability of our Markov chains to the solution
of the stochastic reaction—diffusion equation while considering the Poisson
source as a random medium for the Markov chains.

1. Introduction and notation. Recently, the problem of assessing water
pollution has become a matter of considerable concern. For proper groundwater
management, it is necessary to model the contamination mathematically in order
to assess the effects of contamination and predict the transport of contaminants.
A large number of models in the deterministic case have been developed and
solved analytically and numerically [see Jennings, Kirkner and Theis (1982);
Marchuk (1986); Celia, Kindred and Herrera (1989); Kindred and Celia (1989);
Van der Zee (1990); Xin (1994); Barrett and Knabner (1997, 1998); Chen and
Ewing (1997); Dawson (1998); Hossain and Miah (1999) and Hossain and Yonge
(1999)]. Based upon Kallianpur and Xiong (1994), we consider a more realistic
model by introducing some randomness in a meaningful way. We assume that
the undesired (chemical or biological) contaminants are released by different
factories along the groundwater system (or river). There are r such factories
located at different sites «1, . . ., k in the region E = [0, L] x [0, L>]. Each of the

Received June 2000; revised September 2001.

1Supported by NSERC, PIms, Lockheed Martin Naval Electronics and Surveillence Systems,
Lockheed Martin Canada and VisionSmart through a MITACS center of excellence grant.

AMS 2000 subject classifications. Primary 60H15, 60K35; secondary 60F15, 60J27, 60G55.

Key words and phrases. Stochastic reaction—diffusion equations, Markov chains, Poisson proc-
esses, quenched law of large numbers, annealed law of large numbers.

1039



1040 M. A. KOURITZIN AND H. LONG

factories releases contaminants at the jump times of independent Poisson processes
Ni(t), ..., N-(¢t) with random magnitudes {A{, j=1,2,...} which are i.i.d. with
common distribution F;(da). Upon release, the contaminants are distributed in the
area B(k;,e) ={x:|x —«ki| <e} C (0, L) x (0, Ly) according to a proportional
function 6; (x) satisfying

0;(x) >0, suppb; € B(kj,e) and 0;(x)dx =1.
B(ki,¢)
We assume that 6; is bounded and continuous on B(k;,&) (i =1,2,...,r). For
example, we can take

1
0;(x) = EIB(K,',E) (x),
which is the uniformly distributed function in B(k;, €) as used in Kallianpur and
Xiong (1994), or (letting | - | denote Euclidean distance)

1 -1 1
0; (x =</ ex {—7}d2> ex {——} x eE,
= Pl — kP L Py

which is a smooth function with decay along radial lines in B(k;, €). Once released,
the contaminants diffuse and drift through the sheet of water largely due to the
movement of the water itself. Also, there is the possibility of nonlinear reaction of
the contaminants due to births and deaths of bacteria or adsorption of chemicals,
which refers to adherence of a substance to the surface of the porous medium in
groundwater systems.

We define and abbreviate

fxr+h,x) — f(x1,x2)
h 9

0 .
0 f(x1,x2) :=— f(x1,x2) = lim
0x1 h—0

(x1+h,xp)€eE

ad
hi=—, A:=0+03, Vi=@1d).
dx2

The stochastic model described as above can be written formally as follows:

%u(r,x) = DAu(t,x) =V - Vu(t, x) + R(u(t, x))

(1.1) rooo
+ Z Z Al-j(w)Qi(x)lt:T;(w), x €[0,Ly] x [0, L],

i=1j=1
subject to
dru(t, L1, x2) = 01u(t,0,x2) =0, dou(t,x1, Lr) = dhu(t, x1,0) =0,
u(0, x) = uo(x),
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where u(t, x) denotes the concentration of a dissolved or suspended substance,
D > 0 denotes the dispersion coefficient, V = (Vi, Vo) with V| >0, V, =0
denotes the water velocity, R(-) denotes the nonlinear reaction term, {tij , ] €724}
are the jump times of independent Poisson processes N;(t) (i =1,2,...,r) with
parameters 7;, and ug(x) denotes the initial concentration of the contaminants in
the region [0, L1] x [0, L>]. Here, we adopt the Neumann boundary condition
which means that the contaminant concentration is constant across the boundary
of the region [0, L{] x [0, Ly]. All the random variables A] and r (or N;(1))
are defined on some probability space (2, ', P). Moreover, we assume R : [0, 00)
— R is continuous with

R
R(0)>0 and sup (w)
us01+u

< 00,

and forsome g > 1, K > 0aswellasall u,v e R,
(1.2) |R(u) — R(W)| <K|u—v|(1 +ul 4 vq_l), IR(w)| < K(1+u?).

These assumptions amount to nonnegativity at 0, linear growth for the positive
part of R, a local Lipschitz condition and polynomial growth. We will interpret
solutions to (1.1) as mild solutions defined below (see Definition 1.3).

REMARK 1.1. Kurtz (1971) introduced the stochastic particle Markov chain
method of approximating differential equations. Arnold and Theodosopulu (1980),
Kotelenez (1986, 1988) and Blount (1991, 1994, 1996) studied Markov chain
approximation for a chemical reaction with diffusion provided that the nonlinear
reaction term is a polynomial with a negative leading coefficient. Our assumptions
on R are much weaker.

Let us define a differential operator A = DA — V - V with Neumann boundary
conditions in both variables. We take the initial domain Dg(A) of A to be
{f € CHE):91 £(0,x2) = 01 f(L1,x2) = 02 f (x1,0) = 2 f (x1, L2) = 0}, where

C?(E) denotes the twice continuously differentiable functions on E. Letting
p(x)=e 21 and ¢ = 2VD’ we can rewrite A as

w=0f s (5e) o
B (x) 9x1 piE dxy axg '
For convenience, we define a Hilbert space H as follows.

DEFINITION 1.2. (H, (-, -)) is the Hilbert space L*(E, p(x) dx) with norm

Il = {/E fz(X),o(x)dx}l/z.
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(A, Do(A)) is symmetric on H and admits a unique self-adjoint extension
with domain D(A) ={f € H:|Vf|,Af € H and 91 f (0, x2) =91 f(L1,x2) =0,
d2 f(x1,0) = 92 f (x1, L2) = 0}. We define a random process © (¢, x) by

N;(®)

O1,x) =) 6;x) Y. Al (),
i=1 j=1

and find (1.1) can be rewritten as

(1.3)  du(t,x) =[Au(t,x) + R(u(t,x))]dt +dO(, x), 1(0) = uyg.

We consider a pathwise mild solution of our stochastic partial differential equation
(SPDE) (1.3). Let T (¢) be the Cg-semigroup generated by 4.

DEFINITION 1.3. A process u(t), t > 0 is a mild solution to (1.3) in H if it
satisfies

(1.4) u(t) =T ug + /Ot T(t—s)R(u(s))ds+ /Ot T(t —s5)dO(s).

For any separable Hilbert space V, Cy[0, T] and Dy[0, T] denote, respec-
tively, the V-valued continuous and cadlag functions £ such that i(¢) € V for all
0 <t < T. For cadlag functions &, we define

[0, =0,
h(T-) = 4 lim h(s), 0<t<T.
s/t

We shall use the notation C, C(w), C(N, 1), C(T) and so on, for finite constants
(depending on w, resp. N, I, etc.), which may be different at various steps in the
proofs of our results in the paper.

In this paper, we discuss unique pathwise Dg[0, T']-valued solutions and
Markov chain approximations (i.e., distribution convergence) to SPDE (1.3). These
results are vital for application of filtering theory to pollution dispersion tracking
problems in the sense that the original signal can be replaced with a tractable
Markov chain approximation. [The reader is referred to Kushner (1977), Di
Masi and Runggaldier (1981) or Bhatt, Kallianpur and Karandikar (1999) for
justification about this substitution of signal for calculation purposes.] In this
manner, Monte Carlo and Kallianpur—Striebel based methods of filtering become
more feasible. Our Markov chain approximations employ improved rate schemes
over previous works of Kotelenez (1986, 1988) and Blount (1991, 1994, 1996),
resulting in far more efficient computer implementation of approximate solutions
to (1.3) and even a more general allowable class of reaction functions R in (1.3).

The contents of this paper are organized as follows. In Section 2, we shall
construct the Markov chain approximations to our pollution model (1.3) via the
stochastic particle method and the random time changes approach. In Section 3,
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we shall state and prove our main results establishing that there exists a pathwise
unique solution to (1.3) as well as a Markov chain approximation that converges
in probability to the solution of (1.3) for each fixed path of our Poisson source.
This later part is our quenched law of large numbers. As a corollary, we also
establish the annealed law of large numbers while considering the Poisson source
as a random medium of the Markov chains.

2. Construction of Markov chain via stochastic particle method. The
Markov chain approximation discussed in this paper is motivated by the stochastic
particle models of chemical reaction with diffusion studied by Arnold and
Theodosopulu (1980), Kotelenez (1986, 1988) and Blount (1991, 1994, 1996).
In their models, the operator 4 is replaced by the Laplacian and only the
internal fluctuation caused by reaction and diffusion was considered. They proved
that a sequence of Markov chain approximations converges to the solution of
deterministic models weakly (in the distribution convergence sense). In our
models, we have two kinds of randomness, which are the external fluctuation
coming from the Poisson sources and the internal fluctuation in implementing
the reaction and diffusion. We also feature a new method of forming the Markov
chain approximations that is more efficient for computer implementation. Before
defining the stochastic particle models, we prepare some preliminaries concerning
the differential operator 4 and its discretization. Basic calculations will bear out
the following lemma whose proof is omitted.

LEMMA 2.1. The eigenvalues and eigenfunctions {(A,, ¢p)}
of A are given by

hp=hy +Ao,,  ¢p(x)=¢, (x)¢,,(x2),  p1.p2€No,

p=(p1.,p2)eNp)?

2

T

A(1)=0, Al = D(p1 ) —Dcz, p1 €N,
Ly

2
2=0, 22, = D(pﬂ), meN;

o (x1) = T— 62cL1 ¢0(9€2)—\/i

[ 2

¢p1 (x) = L_ sm{ plliTle +oap, } exp{cx1}, p1 €N,
2
L,

TX
cos{p2 2}, p2eN,

¢> (x2) =

Py .
where a,, = tan~!(— ) =125
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Now, we divide [0, L1) x [0, L) into LN x Ly N cells of size 4, x

ki—1 k kh—1 k
Ikﬁ[l —l)x[z —2), k= k1, ko),

1.
e

N 'N N 'N
ki=1,2,...,L{N, ky=1,2,...,LyN.

Let HY = {¢ € H:¢ is constant on each I;}. To facilitate the removal of the
discrete gradient as we did in the continuous limit case, we define the uncommon
discrete gradient in the first variable

NS = DN =) £ (345 ) < fo

+DN?(e/N — 1)[f(x) - f( - eﬁlﬂ

and the usual discrete Laplacian
Anf(x) = NZ[f<x + %) + f(x - %) — 2f(x)}

+N2[f<x + %) +f(x . %2) —2f(x)}
= ANy, J(xX) + Ay, f(X),

where e; = (1, 0) and e> = (0, 1). Now, we look at the discretized approximation:
AN = DAy — VI‘\,/I . We define the following discrete gradients:

§inf(x)=N:f<x+2€—li,>—f(x—%)],

Vi F@ =N 7(x+5) = 700

and

Vi f(¥) = N:f<x — %) — f(x)} i=1,2.

In order to take the boundary conditions into account for the discretized
approximation scheme, we extend all function f € H" to the region [—%, L+

%] X [—%, Ly + %] by letting

1 1
f(xl,xz)=f<X1+N,X2), X1€[—N,0), x2 €0, Ly];

1 1
fx1,x) = f(xl - N’XZ)’ x| € [Ll,Ll + N)’ x2 € [0, LaJ;

1 1
f(xl,X2)=f<x1,X2+N), x1 €10, Lq], X2€[—N,0>;
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1 1
f(xl,n):f(xl,xz—N), x1 €0, Lq], sz[LZ’LH_N)

and denote this class of functions by Hé\cl. Then, Hé\cl is the domain of 4" . Basic
calculations will give the following lemma whose proof is omitted.

LEMMA 2.2. (i) AN with domain H}fz is self-adjoint and can be represented
as

1~ -
AN F () = D[;Vle (pFwa) + ANxz]ﬂx)

- _D{%[vgﬂ( ( + ﬁ)v;xlf)m

+ Vle (P( 2N>Vlef)(x)}

[vm(vmf)(x) + VNX2(V1§X2f)(x)]}-

2.1

.(ii)bThe eigenvalues and eigenfuntions {)\g ,(l)év };1;1(1:!/7;11!;52:1\(/0—’ é)) for AN are
given by
=N anN @) =g, N e (x),
AN =0, ALV =2DN?cos 2T
LN

2, pa7
)\.0 N = 0, )ij’zN = 2DN2<COSLZ—N - 1) (pZ 7é 0),

2c [1
I,N _ 2,N _
(f)o (x1) = m, ¢0 (x2) = L_z,

1N i 4c P17tk N\ cki/N
: E sin + S| ;
p (1) co Va — e 2¢/NYL|N < LN O‘Pl)" (41

LyN—1

1 —cos(pa/(L2N)) . pamka

‘b%EN(XZ): Z (—\/ 7 sin LN
ko=0

= DN* (N &™) (p1#£0),

+

sin(par/(LaN)) cos PzJT/Q) L (1)
VL2(1 —cos(pat /(L2N))) LN ) 7

_ N o . .
where ¢ = W b ap, € (=%, 0) is given by

Iy _1< e=/N cos(p1mt /(L1 N)) 28 )
=tan — tan s
P 1 —e</Ncos(pyw/(L1N)) LN

o
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and 1y, (x1), 1x,(x2) are the indicator functions on [%, %), [%, %), respec-

tively.

REMARK 2.3. Substituting cos(x) ~ 1 — % for small |x| and e¢/N 4+ e—¢/N —
2~ ;—22 for large N into the formula for )»2’ , we find that )»2’ ~ Ap for large N
and %, % small. Applications of Taylor’s theorem yield %l)» ol =< |)»]1¥ | <|Ap| for
N > m, which will be used in proving Lemma 3.6 and Theorem 3.1. Moreover,
one finds that limy _, o kg =Ap.

Let TN (¢) = exp(.AN t). Then, ¢11,V are eigenfunctions of TN (¢) with eigenval-
ues exp{)\g t}. Now we describe the stochastic particle systems. Let [ = [(/N) be

a function such that /(N) — oo as N — oo. I~! can loosely be thought of as
the “mass” or the “amount of concentration” of one particle. We let ng(¢) de-

note the number of particles in cell k at time ¢ for k = (k1,ky) € {1,..., L1 N} X
{1,..., Lo N} and also, to account for our Neumann boundary conditions, we set
N0k, (1) =n14, (1), NL N+1,E) =00, Nk (1), kp=1,...,LoN,

N ,0) =ng, 1), ng L,N+1 () =ngg LN (@), ky=1,...,LiN.

Then {n;(t)} is modeled as a Markov chain with transition rates defined below.
First,

ng—ng£1 atratelRi(nkl_l) forke{l,...,LiN} x{1,...,LyN},

where ny — ni+1if Rl ') > 0and ny — np—1if R(mpl~') <0, Rt =R VO

and R~ = —(R A 0). Next, we recall ¢ = 2‘/—11) and define the following drift—

diffusion mechanism:
(ks Nkte,) = (Mk — 1, Nige, + 1) atrate (DNze_C/NnkJre1 — DN?%“/Npp)~,
(ng, Nige)) = (Mg + 1, np ., — 1) atrate (DNze_C/N;1k+el — DNzec/NnkfL
for all k = (k1, ko) with k1 € {0, 1, ..., L1N}, kp €{0, 1, ..., LoN + 1},
(ks Nite,) = (Mg — 1, njye, + 1) at rate (DNznk+32 — DNan)_,
(Nks Nite,) = (Mg + 1,04 ge, — 1) at rate (DNznk+32 — DNznk)Jr

for all k = (ky, ko) withky € {0,1,...,LiN+ 1}, ko €{0,1,..., LyN}.
We shall write & y(ng) = DNZe_C/Nn,rﬁLel — DN?%e/Nyy and S.n(ng) =
DN?nyye, — DN?ny.

REMARK 2.4. Suppose R(x) =b(x) —d(x) =Y., cix' be a polynomial
for x € R, with ¢, < 0 and b(x), d(x) being polynomials of degree less than or
equal to m with nonnegative coefficients satisfying d(0) = 0. Then, the previous
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works apply to the case V =0, r = 0 and the usual diffusion mechanism as used
in Arnold and Theodosopulu (1980), Kotelenez (1986, 1988) and Blount (1991,
1994, 1996) would be

ny — ng + 1 at rate lb(nkl_l),
ny — ng — 1 atrate ld(nkl_l),
(k> Nkte;) = (Mg — 1, Nge; + 1) at rate DN2ny, i=1,2

for all k in the ranges indicated above. In our new scheme we slow these rates
down significantly by comparing the number of particles in adjacent cells and
birth to death rates. This makes computation far more efficient and simplifies
implementation.

Finally, we incorporate the Poisson sources into the approximations. Let

. ki—1 Kk kry—1 ko .
K’N:{k:[T’N)X[T’N)CB(Ki’S)}’ i=1,2,...,r
Then, we add source contamination according to
(idey = (a + O (R A] (@) +0.5 ]} v
attime‘rij, i=12,...,r, j€Z,.

Now we use the aforementioned transition rates to construct our model in the
probabilistic setting. However, rather than immersing ourselves immediately in
the mathematics of model building we note that the same random numbers
would be supplied by the computer for the Markov chain approximation re-
gardless of the values of [ and N. Naturally, more numbers would be uti-
lized for large [, N, but the most salient point is that any realistic modelling
scheme should exhibit a dependence between models with different values of
[, N. We provide one such scheme and note that different schemes will yield
different implementation algorithms and different precise rate of convergence re-
sults such as central limit theorems and laws of the iterated logarithm. We let
{Nk}z2, be an increasing sequence in N such that Ny — oo as k — oo. For
any N € {Ny}72,, there exists a unique n € N such that 2l o N <27 We

recall that the Alj , ‘rij are defined on (2, #,P), note that the Poisson processes

in our Markov chain mechanism should be independent of {A{, ‘L'ij} and let

(2, F,P) be another probability space on which is defined independent stan-
(L1N,LyN)

. k,R k,R k,1 k,1 k,2 k,2
dard Poisson processes {X+’N, X_’N, X+,N’ X_’N, X+’N, X—,N}k:(kl,kz):(l,l)’

{X{{F,IN’X]:IN’]c = (0, kz)},fjivl and {Xi,zN,le?N,k = (h,O)},ﬁ'ﬁ’l (see the

Appendix for a computer-workable construction). From the two probability spaces
(R, F,P) and (2, F, P), we define the product space

(Q0, Fo,PO)=(Qx QFQF,P xP).
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In the sequel, || denotes the greatest integer not more than a real number . We
let
-1

(2.2) np (0) = {l</lkp(x)dx> /Iku(O,x)p(x)de,
ke{(1,1),....(LiN,LN)}.

Then, following Ethier and Kurtz [(1986), pages 326-328], for k € {(1, 1), ...,
(L1N, LyN)}, we let

t
n (1) =n} (0) +X’_‘g§v<l fo RT(nY (s)z—l)ds>
—Xli”lf\,(l /ZR_(n,iV(s)l_l)ds>
. t
+z[ o[ st onas) - xEy ([Tt )as)|

i=1

ZZ:[ k- I (/8 (nd_ o)) ds)

i=1
_Xli_illl</ ‘SijN(”lly—ei(S))dSﬂ

+ZZLZ¢9 (k)A] +05]1,_ Il kek-
i=1j=1

(2.3)

Equation (2.3) provides a very explicit and powerful construction of our Markov
chain approximations to (1.3). Equation (2.3) can be implemented directly on a
computer. However, to exploit the mathematical richness of our representation,
we avail ourselves of the following lemma. In preparation for the statement
of this lemma, we define Q = [1°°_,Q2,,, where 2, = Dy Nmx<1aNm [0, 00)
and RE1NnxLaNm (A} is the one-point compactification of RE1NnxLaNm [gee
page 165 of Ethier and Kurtz (1986)]. Set F = ®°°_, B(£,,), which is the
o-algebra generated by open sets under Skorohod J; topology and countable

products. For each w € 2, we let {9?/ Y50 be the smallest right continuous
filtration such that

{Xﬁj,(l/ R (n (s)I~ 1)ds)
(L1N,LyN)

. t
wn([mvorenas) o= =12

k=(1,1)
LoN

t
{Xﬁizlv</0 S(IT,N(”IiV(S))dS)a o=+,— k=0, kz)}

ko=1
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and
LN

t
{’Q’i:ﬁ;(/o 53,N(n;iv<s))ds), o=+ - k:(kl,O)}k 1
=

are adapted to {§"“} C F.

LEMMA 2.5. (i) n™ (1) = {n} (t)},ELl(I;/”lL)zN) is well defined up to (possible)
explosion time T = inf{z: nf(tN) = A}, and for each w € 2 there exists a unique
probability measure P® on (2, ) such that

04 P(ae S_E:nN’"l @) €A ... n""i (@, w) € A))

=P (&€ Q: D, €Al ...,0m; €Aj)
for all A; € B(D RE1Nm; xLoNm; U{A [0 o), i=1,...,j;j=1,2,.... Moreover,
we have that for each B € ¥, v — P“(B) is (R, F)-measurable, and w —>

Jo f (o, &)P*(®) is F -measurable for each bounded measurable function f.
(i1) We have 15 = 00 and fort > 0,

! !
nN(t,x)an(O,x)-i-/ ANnN(s,x)ds+l/ R(n" (s, )7 ") ds
0 0

(LIN.L2N) (LiN.L2N)
(2.5) + Y O oum+ Y (ZV g+ ZN g () 1)
k=(1,1) k=(1,1)
(LiN,LyN) 2

+ Y IR 0=, 01k,

k=(1,1) i=1

where nN (1, x) := n,iv(t), Y x € I, 1x(-) denotes the indicator function on I,

R (t)—ZZLlG (k)AJ +0.5]1,, ,1k€KN,
i=1j=1

and

ZN e ()= XNR (z/ R (nl ()~ 1)ds> 1/ RT(nY ()i ") ds
z,?,’R,_a):—x’iff\,(l/ R—(n,é’(s)z—l)ds>+l/0 R™(nY ()™ 1) ds
. t
AROED (/ 5y (n () ds) ’ij(/O S;N(n,é’(s))ds)

—/ 8i.n (nf) (9))ds, i=1,2,
0

are L2-martingales with respect to {9?/ *®Y under probability measure P,
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REMARK 2.6. Since the proof of Lemma 2.5 is largely standard but technical,
we just sketch the basic ideas here. For the proof of part (i) of Lemma 2.5, we can
use Fubini’s theorem, Theorem D of Halmos (1950) and monotone convergence
theorem to show that P is o -additive and w — P® (B) is measurable for each
B € F . Then, the monotone class theorem gives us the final claim. For the proof
of part (ii) of Lemma 2.5, we can employ a stopping argument, Holder’s inequality,
the linear growth of R, Burkholder’s inequality and Gronwall’s inequality to
show that for p > 1,

Ew[supmN(t), 1>P] <C(N,T,l,w).
t<T

This is enough to justify all the statements.

Note that P® is the probability measure for the quenched results. However,
to use the quenched results within the annealed ones we need to know that
w — P?(B) is measurable for each B € . We can write

Po(dwo) = P?(d&)P(dw), wo = (0, D).

To get the density in each cell, we divide n}z{v () by [ and consequently the
description of the stochastic particle model can be given by

LN LN N(t)

(2.6) G E

ki=1ky=1

Ix(x).

Now we set
(L1N,LyN) (L1N,LyN)
ZWo= Y 'zl o ZWNo= Y 7'z 0,
k=(1,1) k=(1,1)
=2 o+ 28N @),
(L{N,L,N) 2

Vo= Y Srlztm-zY, o)k

k=(1,1) i=1

and
rNi(0) .

N,y =33 Y 7 Gk Al (@) +0.5] 1k ().
i=1 j=1 rekN

Then from (2.5), it follows that
t t
ul'N () = u"N (0) + / ANUMN (s) ds + / R(u"M (s))ds

+ 200+ 28N )+ 2N ) + e o).

2.7
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By variation of constants and (2.7), it follows that ul N (1) = ul"N (¢, wy) satisfies

ulN 6y = TV ()utN (0) + /l TV (@t —)R(u"N (s)) ds
0
(2.8) +/0 ™t —s)dzg’f<s)+/0 TV —s5)dZhY (s)

LN, LN "N LN
+'/0T (t—s)dZ) (s)—i—/OT (t—5)dO"" (s).

In this section, we have constructed the Markov chain via stochastic particle
model. In the next section, we shall prove the laws of large numbers for u’" .

3. Laws of large numbers. For f:E — R, let || f|lco = sup,cg | f(x)]. We
need the following.

HYPOTHESES. For each fixed w € 2 and q as defined in (1.2), we suppose
that:

() I1E@ N (0)% o < C(w) < co.
(1) (N,I(N)) is any sequence satisfying [(N) — oo as N — oo.
(i) [N (0) — ug|l — 0 in probability P*.
(i) [[u"N(0) oo < C(N, 1, ®) < 00.
(V) lluolloo = co < 00.

We note that u/V(0) defined by (2.2) and (2.6) satisfies (i), (iii) and (iv) in
the Hypotheses. However, we do not necessarily assume that u’-V (0) is given
in this way and any u’"(0) satisfying the Hypotheses will be fine. Through
Hypothesis(ii) our dependence on (I, NV) is reduced to dependence only on N and
we will write u™V for u!™)-N_ Now we have the following quenched law of large
numbers.

THEOREM 3.1. Under the Hypotheses, there exists a pathwise unique solution
u to (1.3) and

(3.1) sup lu™ (¢, w,) —ut,w)| — 0 in probability P® as N — oo.
t<T

When N;(t) and Aij are considered to be random variable (i.e., @ is no longer
fixed), the Markov chain u*" evolves in this random medium. We can show
that there exists a unique Dg[0, T']-valued mild solution to (1.3) by reducing
our local Lipschitz condition to a global one (through temporary modification
of R), using Picard’s successive approximation, and stopping. Consequently,
(0, w) — sup, 7 luN(t, &, w) — u(t, w)| is jointly measurable. As a corollary of
Theorem 3.1, we have the following annealed law of large numbers.
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COROLLARY 3.2. Under the Hypotheses, there exist a unique mild solution u
to (1.3) and

sug lu™ @) —u@)| — 0
t<

in probability Py as N — oo.
PROOF. Applying the quenched result in Theorem 3.1 we have

wa(sup 1™ ¢, ) — ue, w>||) = 100,

t<T

for any bounded, continuous function f.Now, by dominated convergence theorem,
we obtain

Eof(sup 1 1) — u<r>||) = £ 00).

t<T

This implies that sup,_; lu™ (r) — u(?)|| — O in distribution or equivalently in
probability Py. [

Before proving Theorem 3.1, we prepare some preliminary lemmas. For
convenience, we introduce the projective mapping PV : H — HV,

-1
= _pNp_ (-
(3.2) IN=P f—;(/lkp(X)dX> /ka(X)p(X)dx L ()

and set pf () = e~V (), p () = /N py (), where py () = 3 N2 [ p(x)
X dx - 1;(-). The following lemma is used in Lemma 3.4 and Lemma 3.5.

LEMMA 3.3. Suppose 4N (0)|loo < C(N, 1, w) < 00 and f € H, then

t ~
Beyz. @), £)?) N_zzEw fo (R (), Fv> - pw)ds,
w 1 w ! N ~2
BUUZY 0. 11 =555 [ IR ). 73 - ow)ds

and
1 ~
EC[(Z (1), £)?] N—E /Za, fruN(s))ds

where for f € H,
a1 (£, u™ () = (N2 (e72/N — 1)2e2/V 72 o, Du™ (5))

+2N (N — D)V, ) el DuM (s))



MARKOYV CHAINS APPROXIMATION 1053
+ (e Ny T Pl O, DU (s)),
ar(fouN () = (N2 (@2 — 122N 752N pu(5))
+2N @V = D(Vy,, fv) fvpl, DuM ()
+ (2N (Vi ) pN (), Du (s)),

a3 (f,u™ () = (Vi , Fn)on (), Du™ (s))
and _
ag(f,u"(9)) = (Vy, IN) N (), Du™ (5)).

PROOF. In as much as the proofs of the three parts follows the same steps,
we just show the first part. Now by the independence we have that the quadratic
covariation [le_",[g’ Xl_f”]ff] =0 for k! #+ k2 = (k?, k%). Moreover, s — nljc\f(s) is
cadlag and hence [cf. Billingsley (1968), page 110] almost surely bounded on
[0, T], so fOT R+(n/1(\f ()Y ds < oo almost surely. Therefore, by two applications
of Theorem I1.22 in Protter (1990), we find that

X (1 [T R N sy Yy d xR (1 [T R sy d
N naOI ) ds A ), Xy (2 ()™ )ds A -
(3.3) 0 0 v
k'R k%R
= [X+,N’ X+,N](l I R+(n]ivl I dsynd 3 R+(n;(\;(s)l_')ds)/\v =0

and by the Kunita—Watanabe inequality,

KR (1 ot N, y—1 KRR, " pt( N =1
X1y l/ R (nkl(s)l Yds A - X1y l/ R (nkz(s)l )ds A -
3.4 " 1/2 ' 1/2 '
k'R k2,R
= ([X+,N]1f(§ R+ (n) (s)z—l)ds> ) ( X+,N]1f(§ R+(n£]2(s)l_1)ds> ’

which is Iﬁw—integrable by Cauchy—Schwarz inequality and Lemma 2.5. Hence,
letting v — 0o, and using (3.3), (3.4) and dominated convergence, we have that

E([Z) g o ZB g 1 J) =0 VK £k 1>0.

Therefore, by the bilinear property of quadratic variation and the fact that
(Zg+ (1), f) is a L2-martingale, one has that
Bz, @0, £7) =B [ 21 2 1 1] |
(3.5) } . !
=Y I Ik, fPECIZY R e
k

We let 7;(¢) = lfé R+(n,1€\’(s)l_1)ds. By Lemma 2.5, we know that 7i(¢) is
nondecreasing in ¢ and {X/j_”lf\, (7x(¢))} is a pure-jump {9?’ *“}-semimartingale with
jump size 1. It follows that
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E1Z{ g 41 =B (X5 ()], =B (x} ) ()

(3.6) l

_fo R (Y (517! }
{l./o (ng ()77 ds

Now, by (3.5) and (3.6), we have
E[(ZN: (1), £)?] :Zl_z(lk,f)zlﬁ“’{l/ot R*(n,iv<s)l—1)ds}
k

1~ B
=y /()(R+(“N(S)),fN2'pN)ds. 0

For convenience, we put
t t
(37) Yre(t) = / TNt —5)dZR, (), Yr(1) = / TNt —5)dZY (s)
0 0
and
!
(3.8)  Yp(r) :/ TNt —s5)dZN(s),  Y(@)=YN(@)=Yr() + Yp(r).
0
If J € {D, R}, then by variation of constants we have
t
Ys(t) :/ ANY(s)ds + 2V ().
0

Welet Yy ,, Z; p denote (Y, ¢11,V), (Zy, ¢11,V) and use (3.7)—(3.8) to conclude that
ANY(s), d);v e HV, so it follows trivially that

([[4V7s00ds.8))= [ ANV, 01 ds.

Indeed, we have by Lemma 2.2, the previous equation and Itd6’s formula,
respectively,

t
(3.9) Y,,,,(z):/o NV, p(s)ds + Zg (o),

t t
(3.10) Y},,(t):%j}’/() Y}J,(s)ds+2/0 Yyp(s=)dZsp(s) + Y (8Z1,p())".

s<t
Using (3.9), (3.10) and Lemma 3.3 with f = oN, stopping (3.10) to reduce
the local martingale and utilizing monotone convergence, Fatou’s lemma and

Gronwall’s inequality with an interchange of integration, one gets the following
lemma.
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LEMMA 3.4. Assume that ||u™ (0)|ec < C(N, [, w) < 00. Then:

(a) IE@(YDOW;,V) < (ND)7TIE® [§ X0 i (@) ul () exp{2al (¢t — 5)) ds.
(b) B(Yr(1), ¢} )2 =(N?D)~'E® [« |R|<uN<s>> <¢>N>2pN>exp{2xg (t—s)}ds.

© (Yp(1),dN)? < A@N)(1), where A@N) (1) =2 [§ Yp, p(s—)dZp, p(s) +
> s<(8Zp, p(s))2 is a submartingale satisfying

~ e [ 4
a0 = B | Yoy ) ds
(d) (Yr(?), ¢;,V)2 < B((,bf,v)(t), where B(qﬁg)(t) is a submartingale satisfying

~ - t
E“B(¢)) (1) = (N*DT'E® /0 (IRI(™ (). (¢))pw)ds

Next, we need to estimate the moments of u” (). Motivated by Lemma 3.2 of
Kotelenez (1988), we have the following lemma.

LEMMA 3.5. Foreach fixedw € Q and2p > 1,

sup B (¥ ()7 | oo = € 1 |E @M ©) 7 o, 0) < o0,

where C is decreasing in [.

PROOF.  Setting & = (/on (k) "' 14(-) with oy (k) = f,k p(x)dx, from (2.8)
and the fact that [y TV (r — )dZR_(s) — [§ TN — )R~ (™ (s))ds <0, we
obtain that

uV (2, x) < (TN (1)u™ (0), &) %
</ TNt — )R (uM (s)) ds, sk> N
1
3.11 V@ —s)dz¥
(3.11) +/ t—$)dZY, (s). sk> —

1
Vo (k)
LN . N -1
+ /0 TV (t —5)dO" (s, w), (on(k)) 1k>

<
+</0 TN(z—s)dZ%<s),$k>
<
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for x € Ir. Therefore, for 28 > 1 and x € I, one has that

(MN(t, x))zﬂ < 52,3—1 =|<TN(t)MN(O), %.k>(O_N(k))—1/2|2ﬁ

+‘</ZTNt—)R+(N ))d > L
A (t—s u(s))ds, & \/T(k)
F YR (0, ) (o (0) P + 1Y D (), &)1 (on (k) 7

A

Using Tonelli’s theorem, Holder’s inequality, the linear growth of R™(-) and
Minkowski’s integral inequality, we find that

(3.12)

+ WOZ TVt — 5)dON (5, ), (on (k)" 1k>

28
I'Ew

</Ot TN (@ — )R (u (5)) ds, €k>

1
Von(k)
<1 [T R Y 0), TV - 9o ) ds

<! /0{ fE(E‘”IRWN(s, X)) TV (1 — )& (x)
2B
x ont) N P peydx| s

l ~

1/2 2b
X (16 = 6 o () Pptydx) - ds

l ~
<t [(1+ supl B )7 )

0 v<s

x (TN (1 = )1, &) (on (k)% ds
28 281 (! S N\ 2B
<Ct** +Ct /supHE ™ )™ . ds.
0 v<s
Similarly, we can show that

314 BUrN @u? 0), &) (on ©) P < BN 0)7) ..
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Now, following the arguments in the proof of Lemma 3.2 in Kotelenez (1988), for
fixed r > 0 and J € {D, RT}, we define £L2-martingales by

< [ NG - vz ), sk>(aN<k>)‘”2, s<1,

Lj(t, k), s >t.

Then, by Lemma 3.3, the predictable quadratic variations of L p+(s, k) and
Lp(s, k) are given by

1 Ky
G15) (L (0N = s /0 (R (™ W), (TN (1 — v)&) o) dv

and

Lj(s, k)=

1 s 4
G16)  (Lp( k) = fz s /0 i:Zlai(TNa—v)sk,uN(v))dv.

Note that by (2.3), the maximal jump size of L (s, k) is % Then, by Burkholder’s
inequality, we have

BelL, ¢, P < CRY[L, (. k))f
(3.17) < CE°[({L; (-, k) +17%1P
< CECL((L (., N 1+ CI7?P.
By (3.15) and (3.13), we find that

E[(L g+ NP

. s
(3.18) < CIPE®

/OZ(TN(t — RN (). &)on () ds

l ~
< Cl_ﬁ(l + %P +t2’3_1/0 supHE“’(uN(v))Zﬂ Hoods>.
A

Setting Ty (f) = Dle~“/N (V. )* + N (Vi ) + (Vi P+ (Vi )7
for f € H}f\C’, one finds that

4
Y ai(fuM () < CMN(s), f2)+ Cw™ (s), Ta(f)).
i=1

Therefore, by (3.16), it follows that
E[((Lp (-, )]

~ t B
(3.19) <CI PE® </0 (u (s), (TN (¢ — S)Sk)z)ds>

. B
+ Cl_ﬁE“’</Ot(uN(s), (TN (1 — s)ék)>ds) :
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Obviously, the first term on the right-hand side of (3.19) is dominated by the
same bound in (3.18) (up to some constant). For the second term on the right-
hand side of (3.19), by two applications of Minkowski’s inequality, and noting
that (T (f), 1) = (—2AV £, £), f € HY, and LLUDLTTE0]) (g 4N
x TN —s)f, TV —s)f), f € HY, we find that for g > 1,

t ~
5/(; [E (" (). Tn (T (¢ —s).s,%k))’s)]l/’3 ds
t E 1/8
S/O |:/E<Ew|uN(s,x)|/3 . |FN(TN(I —S)Sk)(x)|ﬂ> ,O(X)dx] ds

= N B Y ! N
< {1sup|E“(u" (s)) ||oo} -/O(FN(T (t — 5)&), 1)ds

s<t

A

~ 1728 ¢
supl BV 5) oo | [ -2V TV (200 = )60, ) s

IA

’

N 1/28
supl B (1) . |

that is,

~ 1 B N 1/2
(3.20) E“’(/O (uN<s),FN(TN(t—s>$k)>ds) f{sggllE‘“(uN@))z’glloo}

Combining (3.15)—(3.20), we obtain that
Bel1(Ype @), &)1 (on (0)~F + (YD (@), &)1 (on (k) 7]

- 1/2
(3:21) =C (l‘ﬁ [supHE‘“(uNw))zﬂ Hoo] +l‘2ﬂ)

t ~
+ cz—ﬂ<1 + 1% +t2’3_1/0 S‘ip”E")(MN(U))ZI8 Hoods>'
v<s
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Next, the contraction property of 7,V yields

K/Ot TVt —5)dON (w,5), (o5 (k)" 1k>‘

r Ni(t,w) ) )
=y ¥ <TN(t—tiJ(a))) > 176 (k) Al (w) +0.5] 1,
(3.22) i=1 j=1 kek !

(w(k))‘llk}

N;(t,w) )
<Y " (16illsoA] (@) + 171 =t 1, o).

i=1 =1
Combining (3.12)-(3.14), (3.21) and (3.22), we find that
sup|[E° (u )" |

= B 0|+
t ~
re1q +l"3>/ sup| B (u" ()|, ds
0 v<s
- 2 12
+cr7F <sup||E“’(uN(s)) ﬁ”oo) +cr
s<t

+CIPA+P) +c@,l, w)}.

Therefore, by Gronwall’s inequality and CI~#a!/? < 5+C 21=2F | we conclude
that

sup| B2 (4" ()7 o = C (1.1, [E (@ ©) |- ),

where C(-) is obviously decreasing in / and measurable in w. [

Next, we employ the technique of Blount (1991, 1994) to derive some crucial
estimates. Let M = (log N)? and consider 0 < n < V2N /M. For an index
pef0,1,2,....LiN — 1} ®{0,1,..., LoN — 1}, let |p| = (p? + p»)'/? and
let B, = {p:nM < |p| < (n + 1)M}. For n > 1, max,ep, |p|/ minyep, |p| <
(n+1)/n < 2. Thus by Remark 2.3, there exists C > 0 such that

N
max,cp A
PEbn p<C

; N =
minep, Ay

for n, N > 1. If | B,| denotes the cardinality of B,,, then |B,| < B,, where 8, =
CM2(n +1). Thus f,/N? < Clog N)2/N — 0 as N — oo and Y IV2V/Ml g <
CNZ2.
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LEMMA 3.6. (i) Let t° be an {9?/"”} stopping time such that sup,_p fluN
(t A ‘L'b—)|| < b < 00. Then there exist ly, Ng,a > 0 such that for n > 1, [ > Iy,
N > Ngandd € (0, 1),

P (sup< Z (Yp(t AT?), ¢§7V)2) > dzﬁn/Nz) < C(T)Nzﬁi/z(adzl/b)—ﬂi/z‘

=T \peB,

(i) sup,7 [Yp( A ‘rb)|| — 0 in probability P® as N — 0o for any b > 0,
where % is as in (i).

(iii) Assume that supy ||I~[§“’(u]\’(0))‘7||oo < 00. Then sup,_r [|[Yr(®)|| — O in
probability P® as N — oo.

(iv) sup, 7 YN ()| = 0 in probability P® as N — oo.

(v) Assume that supy IIIE")(MN (0)%]|0o < 00. Then the distributions of
{/o TN = $)Ru™N (s))ds) on Cyl0, T] are relatively compact.

PROOF. The proof of (i) is almost the same as that of Lemma 3.21(b) in Blount
(1991). The only difference is the covariance structure of Z g (t) as determined in
Lemma 3.3, but all the estimates in the proof of Lemma 3.21 in Blount (1991) are
still valid by changing some notation and constants. We omit the details here. The
proofs of (ii)—(v) are similar to those of Lemma 3.5, Lemma 3.6, Lemma 4.1 and
Lemma 3.7 in Blount (1994). We refer to Blount (1994) for details. Here we only
point out that for the proof of (iv), although we do not assume that R(x) < O for
large x as Blount (1994) did, we can still use (3.11), the linear growth of R and
Gronwall’s inequality to prove that

sup [u™ (t A o)

t<T

(3.23) < C(T)<||uN(0)|| + sup

t<T

/t TV —s)d@N(s,a))”
0

+CT 4+a+1+sup ||YR+(t)||),

t<T

where o = inf{z: ||Yp(¢)|| > a > 0}. The first two terms in (3.23) are bounded by
Hypothesis (i) and Lemma 3.7 (to follow), so we can apply (iii) and the argument
of Blount (1994) to establish (iv) here. [l

LEMMA 3.7. For each fixed w € €2,

sup
t<T

/lTN(t—s)d@N(s,w)—/tT(t—s)d@(s,a))”—>O as N — o00.
0 0
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PROOF. Basic calculation yields

H/t TN(t—s)d@N(s,a))—/ZT(t—s)d@)(s,a))H
0 0

r Ni(t,o
(3.24) <> Z B .o
i=1

r N, t,w) . .
+5° 3 Al @ | TV~ @)Y —T(t — tf (@)8:].

i=1 j=1

where

V=D G0,  i=12,...,r

kekN

By using the projection mapping P¥ defined in (3.2) and the contraction of 7 (¢),
we find that

| TN (c - Tij (@)6) =T (t - Tij (@)
=TVt =7/ @)0} = TV (t — 7/ (@) V6]
(3.25) + | TV (t — o/ (@) PN6; — T (1 — 7/ ()6
< 16N — PNo;|| + | TN (1 — t/ () PN — T (1 — 7/ ()6 |
= oY + Y ().
For CIDZIV, it is easy to see that
(3.26) oY < (16" — 6,1l + 11PN 6; — ;1.

which tends to zero as N — oo. On the other hand, by Taylor’s theorem, it is easily
seen that ANPNf — A f strongly in H for f € Dg(+) (the dense subset of H
defined in Section 1). Thus, by the Trotter—Kato theorem, we find that (I)év (t)y—>0
uniformly in [0, T']. Therefore, we have proved that

(3.27) Jimsup|[ 7 (1 - — 1t/ (@)6) = T (1 — ¢/ (@))6i ]| =0.

N—o0 t<T

Now (3.24) completes the proof. [

In the sequel, we always consider the Skorohod metric d on Dg[0, T] so that
(Dgl0,T],d) is a complete separable metric space [cf. Ethier and Kurtz (1986),
pages 116—-118]. For convenience, we let

vV (@) =TV ()u" (0) + /t TN —s)Ru™ (s))ds + YN (1),
0

and yN(t) = [§ TN (t — 5)dON (s). Then u (1) = v¥ (1) + y N (1).
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LEMMA 3.8. (i) For each fixed w, the distributions of {uN,vM)} are
relatively compactin (Dg[0, T], d)?.

ai) If {@Nm vV c {@™, vV} and W™Nm, vNm) — (@, v) in distribution on
(DglO0, T],d)2 as N, — oo, and (¢, v) is defined on some probability space
(Q*, F*,P*), then for 1 < B <2gq,

(3.28) supE*(p? (1, w), 1) < C(T, w) < 0.

t<T

PROOF. (i) follows from Lemma 3.6(iv), (v), Lemma 3.7, (2.8) and the fact
that sup, ¢ 17N ©u™ (0) — T (H)uo| — 0 in probability P by the Trotter—Kato
theorem and a subsequence argument.

(i) We first consider v (r) and notice SUP)<;<T [vVm (1) — vV (t—)|| =
Supg<;<7 |l YNn(t) —YNn(t—)|| - Oin probability as m — oo by Lemma 3.6(iv).
Therefore, by Theorem 3.10.2 of Ethier and Kurtz (1986), we find that v €
Cyl0, T]. Next, by Theorem 5.1 of Billingsley (1968) and Skorohod represen-
tation, there exist {0~ ()}, 0(¢) on some probability space (fZ, F , ]f”) such that
oNVm (1) = vV (1), 0(¢) = v(¢) in distribution, and 9" () — 0(z) in H a.s. for
eachr € [0, T]. Let y(¢t) = fé T(t —s)dO(s). By Lemma 3.7, yMn is determin-
istic when o is fixed and ¥V () — y(¢t) in H. Therefore, we have a™" (1) =
oNm (1) 4 yNm (1) — @(t) = 0(t) + y (¢) in H almost surely. However, this implies
that there exists a subsequence {N;} C {N,,} such that @Ni(t, x))P - (¢(t, x))P
a.e. x € E almost surely. Then, we can use Fatou’s lemma, Tonelli’s theorem and
Lemma 3.5 to conclude that

E* / PPt )p()dx =B / PP (1, x)p(x) dx
E E

=& [ Lminf(iVi (¢, x))’ p(x) dx

E j—o©

< liminf I@(ﬁNf(t,x))ﬂp(x)dx

J—7© JE

< Ly Ly supsup|[E® (u™ (t))ﬂHOO <C(T,w). O

m <T
Finally we are in a position to prove Theorem 3.1.

PROOF OF THEOREM 3.1. We use the notation directly above Lemma 3.8 and
find from the proof of Lemma 3.8 that v € Cg[0, T']. Then we can use Skorohod
representation followed by Lemma 3.10.1 in Ethier and Kurtz (1986) to find
D0, T]-valued random elements {0™"}, § on some probability space (Q, F , ]13’)
such that 9V» = vV § = v in distribution and

(3.29) sup 10V (1) = (@) = 0 a.s. P asm — oo.

t<T
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Then, it follows by Lemma 19 of Dawson and Kouritzinv (1997) that there are
Dyl0, T]-valued processes v{ﬁﬁ"”,m =1,2,...0,v and {Y¥ m =1,2,...} on
some probability space (€2, ¥, IP) such that

3.30) L@, 3V, 5", ) =L@, 9M,9,..)  on [] BDHO,TD,

meNy

'ijN"l va
(3.31) L =L forallm=1,2,....

?Nm YNm

Here, £(X) denotes the law of random variable X on a complete separable
metric space S. We define a measurable mapping Gy : Dg[0,T] x Dyl0, T] —
Dyl0, T] by

Gn (@, v)(t) = PVo@) — TN (1)(PY ¢ (0) + vV (0))
— /Ot TNt —)R(PNp(s) +yN(s))ds — PNy (r).

Thus, from fP‘”(GNm (vNm YNm)y = (0) =1 and (3.31), it follows that

GNm (ﬁNm , ?Nm) — l‘ij _ TNm (i‘}Nm (0) + me (0))
t ~
—/ TVt — )RV (5) + V7 () ds — VN 1)
0

=0 as. P

Then itVm = gNm + yNm satisfies

iNm (1) = TV (1)a™m (0) + /t TN (t — )R (™" (5)) ds
(3.32) 0

4 YN () + yN’" (t) as. P.

Using Lemma 3.6(iv), (3.29), (3.30) and (3.31), we find a subsequence {N;} C
{N,,} such that

(3.33) sup |3V (1) = 9(0)|| > 0 as.Pasj— oo
t<T
and
(3.34) sup [YVi@t)| = 0 as.Pasj— .
t<T

Recalling sup, . lyNi(t) — y (t)|| = 0 surely from Lemma 3.7, one finds

(3.35) sup 1aNi (1) — ¢()]| = 0 as. P as Jj — 00,

t<T
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where ¢ (1) = () + y (t). Now, we identify ¢. By (3.32), we have with ¢(0) = uo,

t t
@(t) :T(t)¢(0)+/ T(t—s)R(¢(s))ds+/ T(t —5)dO(s, »)
(3.36) 0 0

+EN, (0 + B () + 8y, (0),

where
t t
éN,(t):¢(t)—/ T(t —s)dO(w,s) — (ﬁNf(t)—/ TNf(t—s)d@)Nf(s,w)),
J 0 0

8, (0 = (T ("1 (0) = T(HF(O) + ¥V (1),
and
En. ()= /l TNi(r — s)R (N1 (s5)) ds — /l T(t—s)R(¢(s))ds
J 0 0

By (3.35) and Lemma 3.7, it follows that
(3.37) sup ||8N M) —0 as. P as j — oo.

t<T
By the Trotter—Kato theorem and (3.34), we have
(3.38) sup ||& || (t)|| —~0 as.Pas Jj — oo.

t<T

We let
Vi) = /t TNi(t — s)R(it™i (5)) ds g = /t T(t —s)R(¢(s)) ds
0 ' 0

and consider

B, 0= Y [@V 0,806 — (20), 6,))]

|pl<n

+ 3 @), ¢y’

|pl>n

— D (3D, dp) b
|p|>n
By applying the Cauchy—Schwarz inequality and Remark 2.3, we have, for | p| # 0,
CN; Nj, ,N;
1™ @), ¢ ") I

2

t .
:VO exp(hy’ (¢ = ))R@Vi (5)). by} ds
t . 1 .
= [ expy’ @ =) ds - [ (R 0). 6" ds

c 4
— [ (R@" (). 6" Vs

<
Ipl? Jo
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Thus,
ON . N;
3N, ép”)1

|p|>n

c [ N Nj\2
Sﬁ/(; Xp:(R(u (), ¢, ) ds

C t
< ﬁfo (1, R*(i"i (s))) ds.

Therefore, by Hypothesis (i), (1.2) and Lemma 3.5, it follows that for some
constant C(T', w) < o0,

2
v N Nj N, C(T, w)

(3.39) E|:su§) Z(gN’(I),Qf)pJWpJ i|§ .

=T |p|>n
Similarly, by Lemma 3.8(ii), we find that

2

- y C(T,w)

(3.40) E[sup Y (3. dp)dp }5 —.
=T pl>n "

It is easy to see that
CN; Nj, N
(&N, pp")bp” = (&(1). $p) )

t . . .
=/0 exp()»,lyj (t — s))(R(ith (s)),¢,1,vj>ds¢,l,vj
— [ explipt = )[R, #)ds,
t . . .
=/0 exp()»,lyj (t —s))(R(ith(s)), g’)ds(@[,vj —¢p)
+f0 exp(An) (t — )RV (). dp’ — ,)ds,
4 N; O N o
+/0 exp(rp’ (t — ) (R (s)) — R(¢(5)), p)dsdp
+/(; (exp()»,]:’j (t —5)) —exp(A,(t — ) (R(&(s)), p)ds ¢,
4y
=Y T, 7.
i=1

Note that for fixed p,

N; N; .
|)¥p1_)\p|+”¢p1_¢p”oo_>0 as j — oo
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and

N
sup(llgp” lloo + lIdpllec) < 0.
J.p

Therefore, by Lemma 3.5 and Lemma 3.8(ii), it follows that

I“E[sup ||1*fvf(z)||oo} S0 asjoooi=1,24
t<T

For f‘;v 7(t), we have by (1.2) and the Cauchy—Schwarz inequality,

vN.
sup [IT37 () [l oo
t<T

t .
| explup 1 = RGN () = RG)).6p)ds - [

=sup
t<T

< [TURGY 6) ~ RG6). gyl ds - 16

< ||¢p||oo/

< ~/§K||¢p||§o/0 1V (s) — (sl

R(i"/ (5)) = R(¢(s))])ds

(1,14 (i ()47 4 g2a=D ()2 g

T 12
5f31<||¢p||§0(/0 i f<s>—¢<s>||2ds)

T 172
x</0 (114 @ ()™ + “2<q—1>(s))ds) ,

which tends to zero in probability by (3.35), Lemma 3.5 and Lemma 3.8(ii). Thus,
we have

(3.41) sup ||8N |—0

t<T
in probability P. Combining (3.37), (3.38) and (3.41), we obtain

supHé[l\,j 0+ 5‘12\,], (1) + é?vj ()] =0 in probability P as j — oco.
t<T
It follows by (3.36) that

t ' y
o) =T )@ (0) +/(; T(t—s)R(¢(s))ds —I—/(; T —s5)dO(s, ) a.s. P.
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Therefore, almost sure convergence of "/ to a pathwise solution of (1.3) follows
from (3.35). We now show that the solution is unique. Let u(¢) be a pathwise mild
solution of (1.3). Then we have

u(t,x) =T@®u0,x)+ '/Ol T(t—s)R(u(s,x))ds + '/Ol T —s5)dO(s,x)

<T®u(,x)+ /Ot T(t— s)R+(u(s,x))ds +/Ot T —s)dO(s,x)

r Ni(t,o)

t .
s||u<0>||oo+a+c/0 lu@ locds +3° 3 16 lloAl @).
i=1 j=1

ui, up be two solutions of (1.3) such that u1(0) = u3(0) = ug. Then

By Gronwall’s inequality, it follows that sup, .7 [|u(?) [l < ¢(T, w) < 00. Now let

t
(3.42) uy(t) —us(t) =/(; T(t—s)[R(ui(s)) — R(ua(s))]ds.

By (1.2) and the above estimate, we find that there exists C(T, w) < oo such
that

t
lui () —u2()|l < C(T, w)/o lui(s) —uz(s)|l ds.

By Gronwall’s inequality, it follows that u(¢) = u,(¢) for any ¢t € [0, T']. But T is
arbitrary, so u1(t) = u;(¢) for any ¢ > 0. Convergence in probability for u then
follows from (3.31), the fact that ¢ = ¢ = u is deterministic, and the arbitrariness
of the original {N,,}>>_ ;. [

APPENDIX

Here, we give a computer-workable construction for the collection of indepen-

dent Poisson processes used in Section 2.
R R yy(L1,L2) 1 1 N T
Assume that {(XZ ;, XX )}, 20—y (X X2 ), = (i, j2), 1 =0,

Lol jp=1,...,La} and {(X3;, X2 )),j = (ji,j2), j1 =1,...,Ly;

j2=0,1,..., Ly} are independent standard Poisson processes on (2, ¥, P). Let

RI,j .RIj _RJIj _R|I,j . Ly, L 1,1,j

{(F;_m] ’1%—.,m]{ f—ij,mjv é-—,mj)’l =1,2,...,n;m=1,2,.. -};:l(jl?;‘z):(l,l)a {(§+,m],

el e i e . 1 =01, L jp=1,.... Ly} l=1,....n,
2,07 2,07 2,01, .21, . .. .

m=1,2,...) and {E5], 620 0T 2Ny, i e (G i = ..o, L,

Jj=0,1,.... Ly}, =1,....,n, m = 1,2,...} be independent Bernoulli trials

with p = % on (R, F,P). Now, we construct the Poisson processes that are used
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to build our model in (2.3). For convenience, we let SR A Sf ,l,;j , etc. Then

we will think of & ,,;4 as a one in the /th position and & +,l,; as a zero. Thus,
we have one-to-one correspondence using the binary expansion of cell k — (1, 1)
(1 <ky1 <N, 1<ky <N), forexample [for each j € {(1, 1), ..., (L1, L2)}],

k=1 < O1,..,1,1) < EFmighn=li gR2jeR1J
k=1 < (1,0,....01) <« gfm/gfntigfod
and we define the standard Poisson processes
xR @
RJN(t)_ Z gf:rlleRn 1] §+r%lng1] an;,Rn 1] ;,RZ];_I:IL,J"
m=1
XK @
XEIN 0y = Y ERER L gR2IgR LI (RaSgR L R RS
m=1

and so on. If j € {(1,1),...,(L1, L)}, we construct {X1 A NXI_]kNXiJkN

x> J N} for ke {(1,1),..., (N, N)} by using the same procedure as above. If j €

le le

{(0, 1),...,(0, Ly}, weonly construct {X ", tork e {(1,1),(1,2),.

(1,N)}. If j e {(1,0),...,(L1,0)}, we only construct {XZJN, 2JN} for
ke {1, 1),...,(N, D). Then, (X1, x®0V X290 ki ko =1,2,...,N,
ji=1,...,Li,p=1,2,..., Ly}, {XlJN, 1JNk1—1k2—1 LN, j1 =
0,jo=1,...,L,} and {X“N, “N ki=1,....Nko=1,j1=1,...,Ly,
j» =0} are 1ndependent P01ss0n processes for ﬁxed N . Next, to simplify notation,
we write X+N(t) for Xﬁj N x (t) for Xﬁj , where f = R, 1,2 and k =

(k1,k2) —((11—1)L1+J1 (12—1)L2+Jz)€{(1 1) (L1N LyN)}, 11 lz—
Iy Ny j = Gty o) € {1, 1),y (L1, L)Y, and write X5 (1) for X197,

N(z) for X"0N where k = (ki kz) := (i1 — DLy + ji. (is— DLs+ ja) €
{(0, 1) (0 LzN)} i = 1 lz =1,. N J = (J1,2) € {0, 1), ..., (0, L2)}
and X% N(z) for X7, X52 @) for X2 PN where k = (ky, ky) = (1 - 1)
Ly + J1 (i2 — 1)L2 + )€ {(1 0), . (L1N 0O} ir=1,...,N,ib =1, j =
(J1, j2) €{(1,0),...,(L1,0)}. In this manner, we have constructed the collection
of independent Poisson processes as used in (2.3).
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