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We develop the filtering theory in the case where both the signal and
the observation are solutions of some stochastic differential equation driven
by a multidimensional fractional Brownian motion. We show that the clas-
sical approach fails to give a closed equation for the filter and we develop
another approach using an auxiliary process-valued semimartingale which
solves this problem theoretically.

1. Introduction. We pursue the study, initiated in Coutin and Decreuse-
fond (1997), Decreusefond and Ustiinel (1998), of the fractional Brownian mo-
tion, in particular of the stochastic differential equations driven by such a pro-
cess. We here address the following filtering problem [see Kleptsyna, Kloeden
and Anh (1996a, b) for a related problem]. Assume that on some probability
space (Q), 7, P%), X, a signal, and Y, an observation of X, are given as the
solutions of the system (the notations will be precised below)

M ¢ ) ¢ . .
X{;:xf)+2/0 Ky (¢, s)bl"(Xs)der/O Ky (t,s)a" (X )dBi,
i=1

t d ¢ ) .
Yf:/o Ku(t, 9)hH(X)ds+ Y /OKH(t,s)Tk”(Ys)dBL
j=M+1

we aim to compute 7,(f) =g En[f(X})|Ys, s <] for any sufficiently regu-
lar f.

The usual strategy, extensively developed for X and Y semimartingales,
thatis, H; = 1/2,1 =1,...,d [see, e.g., Pardoux (1989), Zakai (1969)], con-
sists of constructing a new probability measure, later denoted by P, called
the reference probability measure, a Pz Brownian motion carrying the same
filtration as the observation process and such that, under Py, it is independent
of the signal process. The second step is to show that the optional projection
under P% can be transformed to a Pz conditional expectation to obtain an
equation for ,(f). The tools used are the Girsanov theorem, some results
on weak solutions of stochastic differential equations, the It6 formula and two
technical lemmas; see Property (P) and Lemma 3.2 below. The extension of the
1t6 formula to our setting is a tedious but rather straightforward extension
of the work done in Decreusefond and Ustiinel (1998) [hereafter designated
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DU (1998)]. As a consequence, its statement and proof are postponed to the
Appendix. Actually, what is new in this part is the theorem on weak solutions
of SDEs driven by a multidimensional fBm (see Theorem 3.1) and the proof
that the observation process carries the whole information about the direct-
ing processes (see Theorem 3.2). Since martingale theorems cannot be used,
several key computations are made within the framework of the Malliavin cal-
culus. As a result of this preliminary work, the Zakai and Kallianpur—Striebel
equations for X are established.

Unfortunately and not very surprisingly, it turns out that these equations
are not closed in the sense that the filters are not given as solutions of
stochastic partial differential equations as for standard diffusions [see Ustiinel
(1986)]. Actually, the time derivative of the filter depends here on the whole
sample-path of the signal. It is thus somewhat natural to work with function-
als depending on X from its very beginning. This is the objective of the second
part of this paper where we consider a ¢([0, 1];R¥)-valued, {Z,%, t € I}-
adapted semimartingale for the filters of which we can obtain closed equa-
tions.

The paper is organized as follows: the next section is devoted to some pre-
liminaries on fractional Brownian motions; in Section 3, the filtering problem
is posed and the Kallianpur—Striebel equation for the observation process is
established. The infinite-dimensional approach is studied in Section 4. The
Appendix contains the statement and proof of the It6 formula and the exten-
sion to the multidimensional setting of the results of Coutin and Decreusefond
(1997) [hereafter designated CD (1997)] on existence and uniqueness of strong
solutions of stochastic differential equations driven by a fractional Brownian
motion.

2. Preliminaries.

DEFINITION 2.1. For any H € (0, 1), the one-dimensional fractional Brown-
ian motion (fBm) of index H (called the Hurst parameter), {WH; ¢ ¢ [0, T}
is the unique centered Gaussian process whose covariance kernel is given by

\%
RH(S, t) _ EH[WthI{] déf 7H(SZFI + tZH _ |t _ S|2H),
where
def I'(2—2H)cos(mH)

Vi mH(1—2H)

There exist at least two approaches to define a stochastic calculus with
respect to the fractional Brownian motion. The main problem is to give a
sense to something like fot u,dWH. The Riemann sums approach consists of
considering processes u such that

(1) >ou, (W —w)

tiem
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converges in probability when the mesh of the subdivision 7= {0 =¢; <--- <
t, =t} tends to 0. When H > 1/2, this can be done using different properties
of the fractional Brownian motion sample-paths.

Since for H > 1/2 the fBm is a Dirichlet process, (1) can be given a sense
using the approach developed by Follmer (1980).

Since the fBm has 1/H bounded variation, one can use the work of Bertoin
(1989) in which it is proved that (1) converges whenever u has 1/B8-bounded
variation with B8+ H > 1 and B > 2. In the same vein, one can also cite
the papers Dai and Heyde (1996), Lin (1996), which consider more specifically
the case of the fractional Brownian motion. Young (1936) and more recently,
Lyons (1994), have extended these results so that they are now applicable to
the fractional Brownian motion of Hurst parameter less than 1/2.

Using the Hélder continuity of the sample-paths of W, when H > 1/2,
Feyel and de la Pradelle (1996) also prove that (1) converges when u is -
Holder continuous with 8 + H > 1 [see Feyel and de la Pradelle (1996)].

One could also mention the works of Ciesielski, Kerkyacharian and Roy-
nette (1993), where a pathwise stochastic integral is defined through the no-
tion of Besov spaces.

The approach we use here, valid for any H < (0,1) and which has been
set in DU (1998), rests on the fact that W is a Gaussian process so that we
have at our disposal the so-called Malliavin calculus framework (or stochastic
calculus of variation). For an introduction to this theory, we refer to Nualart
(1995), Ustiinel (1995); for details specific to fBm we refer to DU (1998).

We summarize the notations and results of DU (1998) in the multidimen-
sional case. Let d € N*and I = [0, T], W = C(I, R?) be the real separable Ba-
nach space of continuous R%-valued applications , null at time 0, equipped with
the supremum norm. W* denotes the strong topological dual of W. Hereafter
H=(H,,...,H,)isfixed in (0, 1)? and P is the unique probability measure
on W such that the canonical process {W, = (Wi, i =1,...,d), t € [0, T]}
has independent coordinates which are one-dimensional fBm of Hurst in-
dex H; for i = 1,...,d. The canonical filtration is & = {7 = o{W,,
u <tyv Ay, t €I}, where #5 stands for the set of null sets of (W, Pg).
The Cameron—Martin space (also called the reproducing kernel Hilbert space)
of this process, denoted by -#, can be identified [see DU (1998) for the one-

veey

@) hi(t) = /Ot K, (t, )k (s)ds = K, (h)(2),

where A’ belongs to L2(I) for i =1,...,d and for any H € (0, 1),

(3) Kgy(t,r)=

(t—r)H-12 /1 1 1
2 2 2

t
F——H,H——,H—i——,l——)l r).
F(H-‘r%) r [O,t)()

The Gauss hypergeometric function F(a, 83, v, z) [see Nikiforov and Uvarov
(1988)] is the analytic continuation on C x C x C\{-1,-2,...} x {z € C,
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Arg|l — z| < 7} of the power series

Jio ()r(B)r ok

izo (Vek!
Here («); denotes the Pochhammer symbol defined by
def I'a+k
(@)o=1 and (a), & % a(@+1)---(a+k—1)

The norm on 7 is given by
def
1713 = Z 1K 5 (A1)
i=1

Hereafter, the same symbol denotes an integral operator and the kernel defin-
ing it. For instance, in the last equation, K }{li is the inverse of the operator
K .. From its very definition we know that

Fl/2-H

(4) KH(t, T‘) m/ H 1/2(u

32 duly 4(r) for H>1/2

and that [cf. Samko, Kilbas and Marichev (1993), Theorem 10.4]
(5) Kyf = DH2HPH 120 for H <172,

(6) Kyf =1L xR 2120 for H > 1/2.

These formula together with some results of Samko, Kilbas and Marichev
(1993) are the tools to show the properties of K z really needed for our consid-
erations. Actually, most of this work and related ones [CD (1997), DU (1998)]
can be done for a wide class of Gaussian processes. It is sufficient that the
covariance kernel R has a triangular square root K; that is,

%) R(t.5) = [ " K(t, K (s, r)dr,

(8) K(t,s)=0 ifs>t,

which satisfies properties similar to those below.

THEOREM 2.1. For any H € (0,1), K g satisfies the following properties:

(i) Ky is a Hilbert-Schmidt operator on L?(I;R) and maps continuously
L?(I) onto a dense subset of W, namely IH+1/2(L2(I; R)).
(i) There exists a constant cg such that for any t, s in I,

Ky(t,s) < CHS*|H71/2\(t _ 8)7(1/2,H)+.
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(iii) Forany H > 1/2 and any 0 <y < H —1/2,

(t — s)H-1/2-7 <1 1 1

t
IV(Kg(, t)= F|\-—-H H,——,H+ - — ,1——)1 s
o+ (Kg(-,8))(2) rH+L—7) Y S 10,(8)

2 2 2
and
|17 (K (-, )(@0)| < cgp. s V2 forany t, sel.

(iv) t — Ky(t, s) is (H — 1/2)-Hoélder continuous for H > 1/2 and any s.

(v) Ky =4o Ig1K g is a continuous map from I(1+/27H)+(L2(I)) onto the
H =def Lo+ H 0

space I(()Ij_l/Zy(LQ(I)).
NotAaTION 1. For any A > 0,
Hol() = {£: 1 = Rl F oy = sup I (6) = F@I(¢ =) < oo}
and for any [, the integrals

(@) = [ FOG =01 5z,

(@ = s [ -t lde x<b
b~ - F(a) x ’ = U

where a > 0 are, respectively, called right and left fractional integrals of order
a. When a < 0,

I f def %(Igf"f) where n = —[a].

PrOOF OF THEOREM 2.1. Equation (7) is actually the definition of K.
Equations (5), (6) and property (i) follow from Samko, Kilbas and Marichev
(1993), Theorem 10.4. The upper bound (ii) has been proved in DU (1998).

For H > 1/2, (v) is a direct consequence of (6). For H < 1/2, from (5)
and Lemma 10.1 of Samko, Kilbas and Marichev (1993), which stands that
for any u € L2(I) [respectively, v € L?(I;s'~2H ds)] there exists & € L2(I)
[respectively, o € L?(I)] such that

- 1/2—-H 1/2—-H - ~
xH 1/2]01 u= I()i xH l/Zu

and

I%{I*lxl/Z*Hv _ x1/27HI%§715

b

respectively. It follows that

—~

, _ CH o1 H-1/2 g, H-1/2
(KHf) :Igfl 1,12 HI%+2H(IO+ / f):x1/2 H(Io+ / f),

again by Lemma 10.1 of Samko, Kilbas and Marichev (1993).
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By (4) and Fubini’s theorem,
I, (Ky(-, 9))(t)
sl/2—H

_d o1y H-1/2 H-3/2
= =15, (—r =15 [ (u— )32 du 1 y(s) ) ()
sl/2—H d

- FE =TS )E(f (t—r)™" / wH=12(y — )H=312 qy dr)(t)

st/2- H(l Y)~ ! H-1/2 H-3/2 1-
TT(H-1/2T(1—y) dt </ (u =8y —u) yd”>(t)
s'/2H / H- 1/2(u )H73/2(t —u)"du
~T(H - 1/2)T(1— )
_(t—s)Hr 1 1 t
= F(T%_’Y)F<§_H’H_ §,H+§_751_;>1[0,t)(8)

and the first part of (iii) follows. The second part is a consequence of the regu-
larity properties of the hypergeometric functions [see, for instance, Nikiforov
and Uvarov (1988)]. As a corollary, for any s > 0 and any 0 < y < H — 1/2,
the function ¢ — K (¢, s) belongs to I}.(L>°) and by Besov space embeddings
[see Samko, Kilbas and Marichev (1993), Feyel and de la Pradelle (1996)] it
also belongs to Hol(H — 1/2) and

|Ky(t,s)— Kgy(r,s)| < es HA12(¢ — g)H-1/2
and thus property (iv) is proved. O

The definition of the so-called divergence and hence of our integral needs
the definition of the Gross—Sobolev derivative.

DEFINITION 2.2. Let X be a separable Hilbert space. For an X-valued
smooth cylindric functional F of the form F(w) = f(l;(®), ..., ,(w))x, where
f belongs to the Schwartz space on R", /4, ..., [, to W* and x to X, the Gross—
Sobolev derivative of F, denoted by VF, is defined by

vnm-ZZ

]111

1(@), .., (@) Ry () @ x ey,

where {e;, j =1,...,d} is the canonical basis of R? and for any [ € W*, 1/
is the jth component of /, that is,

d
(w)=Y l({w,e,)gpa).

j=1
For any p > 1 and any k& > 0, the Sobolev space D,, ;, z(X) is the completion

of the set ./ of cylindric functionals with respect to the norm,

def
IF N8 = IF Lo + 1V Flasll e,
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where | - |yg stands for the Hilbert—Schmidt norm. For any £ <0, D, ;, z(X)
is the strong dual of D,, _, 7(X). The space Dy (X) = Nps1, -0 Dp, », a(X) is
the space of test functions and the space D_.,(X) = Up>1, k<0 Dp, , a(X) is the
space of distributions. It is well known that V can be extended as a continuous
operator from D, , 5 into D, ,_; p(#), for any p > 1 and any k.

NOTATION 2. By VF, we mean the inverse image of VF by the map K g
where

Kg: LX(L;RY) > v 2 Q7
i=1
u=(u; 1,...,d)> (Kg,(u;), 1,...,4d).
Moreover, for any one Gross—Sobolev differentiable random variable ¢, for any

e LO%(K), we set

def
Voo = (Ve, ) 4.

Recall that for any u and v in Dy 1(#'), the trace of VuoVuv is defined by

trace(VuoVv) = Y (Vi u, 1) # (Vs U, o) s

n,m=>0

where {f, = (f},..., f%), n > 0} is an orthonormal basis of #. Expanding
the scalar-product in &# as the sum of scalar products in /%, we obtain

(9) trace(VuoVv)= Y (lgdj (v}{iui, fﬁnbf;)(li (V;'{lvi, ff;);fi).

n,m=0\i, j=1 i, j=1
We say that a process u belongs to Dom, 65 when there exists ¢ such that
forany F e D, ; g,
[E[(VF, u) 41| < cllFllz» w)
and we define dzu by

E[(VF,u),] = E[F - szul.

NoOTATION 3. Here and hereafter, we denote by p* the conjugate of p, that
is,1/p*+1/p=1.

Here 65, called the divergence operator, is a continuous operator from
D, ¢, g(#) into D, ;_; . Since in the case of the standard Brownian mo-
tion (d = 1, H = (1/2)), the divergence coincides with the Skohorod integral,
which itself is an extension of the It classical stochastic integral, it is some-
what natural to use the notion of divergence to define a stochastic integral
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with respect to the fractional Brownian motion. Henceforth, we set for any
(not necessarily adapted) process u = (u?);_; 4 € L2(W x I, R%),

.....

1 def
/ uogWy = dg(Kgu),
0

where

Kgu® (Kgu;, i=1,...,d).

Following is a list of useful properties of &5, all excerpted from DU (1998).
1. The process

®) | [ K Dics.a 0, = (R (8 D). e ]

is nothing but the d-dimensional fractional Brownian motion {(Wi, i =
1,...,d), tel}.
2. The process

def i t
®) BB e 1) = | [ Ao a@imsa 20 Wer te 1]

is a standard Brownian motion constructed on (W, (.%;);~¢, Pg). Moreover,
B and W have the same filtration.
3. In fact, we have for any adapted processes u € Dom 65,

¢ d .t JB
P3 SgW,. = ' dB:.
( ) /0 usogWws g/(; U s
It is thus justifiable to use the notation f u,dB, instead of 6 7( K gu). When

u is anticipating, [ u,dB, has to be understood as a Skohorod integral.
4. As a consequence, for u adapted and u € L2(W x I, R?%), the process

d t . .
tis Z/O Ky (s, r)ul dB!
i=1

is a martingale for any s and thus the Burkholder-Davis—Gundy inequality
entails that for all p > 1, there exists C,, > 0 such that
p/ 2:|

COROLLARY 2.1. Let H € (0,1) and u be adapted processes such that for
some p > 1/H,

(P4) E[

d. ot R L t d .
> [ Kutosniasi] | = c B[S Ky oot s
i=1 i=1

E[sup |us|p] < 00,

sel

and (Z,, t € I) be the process defined by

t
(10) Z, = /0 K (¢, $)u, dB,.
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The process Z admits a version with Holder continuous sample-paths of any
order less than H.

PrOOF. Using Property (P4), we have

P/21|

E[|Z, - Z,|"] < cpEH/I|KH(t, u) — Kg(s, u)[*ju,* ds

< chHE[sup |us|p]|t 2
sel
The result follows by the Kolmogorov criterion. O

LEMMA 2.1. Let H € (0, 1) and choose p € (1, 2). Set

7 def LP(I; xPH3/2-2 ) and /P = LV (I; PP (H43/2)-2) g0,

Furthermore, let u be an RN -valued, adapted process such that
E[u|Z] < +oo,
where p* is the conjugate of p.

(i) The operator 7 =46 1 (1)+oK ;{1 is a continuous bijective map from

AP into IR AE).
(ii) The process {Z, = fé Ky(t,s)u,dB,, t € I} belongs to /" and =
F(Z) has a modification equal to [ju,dB,, dt ® dPg a.e.

PrOOF. From Samko, Kilbas and Marichev [(1993), page 188], it is
known that K% maps £ into I\ ""*(/?) and is a bijection. It follows
that .# = (I;*K%)*! is a continuous bijective map from (£ )* = £ onto
(L2 (2R = 17277 (4P and the first point follows.

Moreover, using Property (P4),

¢ q
/ Ky(t, s)u, dBSI tqp1((H+3/2)2)dti|
0

q/2
f—ap (H+3/2)-2) dt}

< E[/I‘/(:KH(L s)?u?ds

< cE[sup |us|q] / gmap  (H+3/2)=2)4aH gy 4 oo
I

sel

since p < 2 and H € (0, 1). For any I {{_1/ 2(‘,/15}7 )-valued cylindric functional

G, using stochastic integration by parts and ordinary Fubini’s theorem, we
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have

E[(/(Z)’ G)zéf*H(jg*),I{f”Z(jg)]

—E((Z. /*(G)>/,;*,/;]

—E /I /O " Kt $)u, V. (7 (G))(E) dsdt}
_g| /1 u, f Kt ) (S (T.6)(0) dtds}

—E /I uSK}{/*(VSG)(s)dS} :E[ /1 usl}(vsG)(s)ds}

:E/I/O uSVSGdsdr] :E[/I/O usstG(r)dr]

Hence dPgz ® dt almost everywhere; we have

t .
S (Z)(t) = /0 u, dB, or equivalently Z, = (K zol;} ( fo uSst>(t). O

3. Application to the filtering theory. As mentioned in the introduc-
tion, our purpose is to study the conditional law, {m,, t € I}, of a signal
process {X;, t € I} given the past of an observed process {Y;, ¢t € I'}, namely
m(f) = E[f(X,)|o(Y,, s <t)] for any regular function f when X,Y are so-
lutions of the following system of equations: for any [ € {1,..., M} and any
ke{l,...,N},

M . ¢ . .
X§=x3+2/0 Ky (2, s)b“(Xs)ds+/0 Kp (¢, s)a" (X,)dB.,
i=1

S
(So) t ¢, | |

Yi=[ Ku(t, k" (X)ds+ 3 [ Ky(t,s)r™I(Y,)dB],

0 j=M+1"0

where d = N + M, for any i € {1,...,d}, {Bi, t € I} is the Brownian
motion mentioned in properties (Py) and (P3) and for any i € {1, ..., M}, any
je{M+1,...,d},anyle{l,..., M}, any ke {1,..., N}, b>¢, a>?, h* and
7k J are regular deterministic functions.

HypPOTHESIS I. For technical reasons (see Theorems B.1 and 4.1), we
assume hereafter that for any i € {1, ..., d},

lel/2 and HZHM+1="'=H(1-

REMARK 3.1. A Ky(t, s) factor in the stochastic integrals is mandatory to
have meaningful equations, since W, = fot K (¢, s)dB,. It is also necessary in
the drift part of Y in order to apply the Girsanov theorem; see Theorem 3.1. In
opposition, the K y(t, s) term in the drift part of X is just here to symmetrize
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the role of X and Y. Existence and uniqueness of such a system of equations
are a straightforward generalization of the work done in CD (1997), hence we
postpone its development to Section 4.

Let (W, 7,(%, t €I),Pg), the canonical probability space defined in the
introduction. Consider the following d-dimensional fbm-SDE:

M . ¢ . .
Xj=xh+ Y [ Ky (t.9)p" (X, ds+ [ Ky (¢ 9)a"'(X,)dB,,
i=1

(S1) .
vi= Y [ Ku(t,s)r/(Y,)dB],
j=M+1"0

where we have the following hypothesis.
HypoTHESIS II.  Here x) belongs to R, the RM-valued applications b’ =
@HM,, at = (abHM,, and the RV -valued map 7/ = (7% /)Y, are bounded,

twice differentiable with bounded derivatives for any i = 1,..., M, and any
j=14+M,...,d.

Theorem A.1 and Hypothesis I ensure the existence of a unique pair (X, Y)
of continuous adapted processes strong solution of (S;).

HyYPOTHESIS III. Then A: RY — RY belongs to C;(R"Y, R") and there ex-
ists a constant A > 0 such that 777(y) > AIy, for any y € RY.

DEFINITION 3.1. Let P}}J be the probability measure on (W, .7) defined by

dP"
H def not
dPH . ( Tl‘/t) t
where
¢ d ) ) ¢
Lt=exp[/ > (UY)A(X,) dBI - [ ||71<Ys)h<Xs>||2ds]
0 0

j=M+1

NOTATION 4. Consider the processes

Wi=W:! fori=1,..., M,

L . d t .

Wi =W/- > [ Knts)r (Y )" ANX,)ds,  j=M+1,....d.
r=M+1"0

THEOREM 3.1. Assume that hypothesis 11 and 111 hold:

(i) The law of the Ré-valued process {(Wi, i = 1,...,d), t € I} under
the probability measure P% is the same as the law of the canonical process
{(W, i=1,...,d), t eI} underPg.
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(ii) The process {(X;,Y,), t € I}, under the probability measure P, has
the same law as the process {(X,,Y,), t € I} strong solution of (Sy).

PROOF. (i) Set 2(x) = YN | h*(x)e,, s andlet {t,, ..., ¢,,} be fixed in [0, 1].
Consider the d - m-dimensional square integrable martingale

A (/ Ky (t;,s)dBs 1=1,...d, j:l,...,m)
0
and the R%™-valued process
Alrtn & (/ Ky (t;, )R (X,)ds; I=1,...d, j= 1m)
0

The classical Girsanov theorem for multidimensional Brownian motion stands
that Z%-+tn — Ati-tn has under P” the same law as Z'» has under Pg;
in particular,

E,[f(Z0tn — Alvein)] = E[f(Zin)],

for any r and any bounded f from R™ ® R into R. Take r = max(tq, ..., t,,);
it follows that

E\[fG.... W, = K (h'oX)(t;),... ) =E[f(.... Wi ,....)],

where E,, denotes the expectation under P’ and the first point follows.
(ii) For any ¢t € I, (X,, Y,) is the end value of the (Pg, .7 ) semimartingale
{(X(r),Y(r)), r € I} defined by

M ) M ) )
Xi(ry=xb+ 2 [ K (tsp" (X)ds+ Y [ Ky (1 9)a" (X,)dB,
i=1

i=1

Yi(r)= > / Ky(t,8)m™® (Y )dB] for any [ and k.
j=M+1 0

The classical Girsanov theorem stands that {(X,(r),Y(r), r € I} is a
(P%, ) semimartingale with the following decomposition:

M r . M r . .
Xi(r)=xb + Zfo Ky (t,s)b"(X)ds + 2/0 Ky (t,s)a" (X )dB.,
i=1 i=1

r d r . ~ .
vir) = [ Ku(t, k' (X)ds+ Y [ Kpu(t,s)I(¥,)dB],
0 j=M+1"0 (

where

. ) ¢ .
B/ =B} _/ (rHY (X)) ds for j=M~+1,...,d
0
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are independent standard Brownian motions. Taking r = T, we see that
{(X,,Y,), t € I} is a weak solution on (W, 7, P};-I) of the system (S;) with
directing processes {B’,B/; i =1,...,M, j=M+1,...,d}. Since pathwise
uniqueness holds for (S,) by Theorem A.1, by a straightforward generalization
of Proposition 3.20 of Revuz and Yor (1994), we obtain the uniqueness of the
solution in law of the system (S;) and the second point follows. O

We recall now the usual notations which we use hereafter.

NOTATION 5.

Y =0{Y,, s<t}, tel, &=V %,
FY =0{W/, s<t, j=M+1,....d}, tel, 7" =Vyon7’,

o) =Eo[f(X)L|#],  m(f) = EB[f(X)|Z].

Here {0, t € I} is the so-called unnormalized filter and {m,, ¢t € I} is the
normalized filter; they both operate on bounded continuous real-valued func-
tions and the well-known Kallianpur—Striebel formula holds; for all ¢t € I Pg
and P% almost everywhere,

o(f
m(f) = 20
oy (1)

LEMMA 3.1. Let U and V be two processes and o € R; suppose that U =
I5. (V) then U and V have the same filtration up to the evanescent sets of
(W,Pg).

PrROOF. By symmetry it is sufficient to show that for any ¢ € I, U, is
o{V,, s <t}-measurable. When « > 0, it is clear that U, is almost surely the
limit of

1 t—1/n ael
T /0 (t— )1V, ds

as n goes to +oco. Each of these integrals (i.e., for n fixed) can be approx-
imated by a Riemann sum involving values of V up to time ¢ — 1/n and
hence is 0{V,, s < t}-measurable and so does U,. When « < 0, by definition
of I¢,

dr
U,=——Igm"(V)(¢
= 2 L5 (V).
where n = —[a]. Since any derivative can be computed as the limit of left-

sided increments, it follows that U, is ¢{V,, s < t}-measurable for any
tel. O
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THEOREM 3.2. If hypotheses 11 and 111 are fulfilled, then the o-field {%;,
t € I} is identical to the o-field {7,Y, t € I} up to the evanescent sets of
(W,Pp).

PrROOF. Denote by {%Y, t > 0} the o-field generated by the sample-paths
of ¥ =4t X% pr01 Jg7(Y,)/dBi. Since Y = #~1(Y), by Lemma 2.1 and a
previous lemma, it follows that & = .7 Y Moreover, by construction, we have
ZY =0o{Bl,s<t, j=M+1,...,d} hence by Kallianpur [(1980), page 219],
we know that 7Y =.7Y and the proof is thus complete. O

We now construct a regular version of the conditional probability of Py
given the filtration 2/, which, following Pardoux (1989), enables us to treat
{Pg,(%,, t € I)} as a conditional expectation. Denote by p* and p* the
projections

pX: RM+N — RM pY: RM+N — RN
X=(20, e Xppyeens Xg) > (X1, 0y Xp)s X (Xprp1se.0s Xg).
Set P%(w, -), the probability measure on (W, .7) defined by
P7(w,) = (") Pa)() ® 8,7()»
where (p*)*(Pg) is the image by the application p* of the probability measure

Py, and §, is the Dirac measure at y. We denote by E[-|2'] the expectation

under P%(w, -). As a consequence of the Fubini theorem, for any adapted,
continuous process, dominated in L', {H,, t € I}, {E[H,| %], t € I} is a con-
tinuous version of the optional projection of H given the filtration {%;, t € I}.

LEMMA 3.2. Let A = (A',...,AM) be such that Ky (A") belongs to
Dy 1(H#;) for any i € {1,..., M} and C be an (, t € I) adapted, continuous
process such that [, E[|C,|?] ds is finite. We have, Py almost everywhere, for
all t € I,

t . .
(11) E[/O A;dB;@}:O, i=1,...,M,

t X t .
(12) E[/O CsngL@]:/OE[Cs@]ng, j=M+1,....d.

PROOF. Since % = 77 is the filtration of a standard Brownian motion, (12)
is a consequence of Lemma 2.2.4 of Pardoux (1989). As to (11), the problem is
originating from the fact that A is not supposed to be adapted. Nevertheless,
fix i € {1,..., M} and remark that it is sufficient to show that for all g €
L%(I,RY),

N
E| [ ALdBl exp( [ 3 £/ dBI ~ dlalgmm ) | =0
=1
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Using properties (P3) and (P,), we have

def
A = exp(/ > g'(s)dBI™M - 2”g“L2(0t RN))

Jj=1

t . .
- 1+/ AE Z g/(s)dBItM.

0 -

Hence, Formula (21) of Theorem 3.7 of DU (1998) yields to
N ¢
i iA8| _ i i g J J+M
E[/IASdBSAT} _JZ—lE[/IASdBS /OASg (s)dB! }

=E[(A, B) ]+ E[trace(VAoVB)],

where

N _
A, = Kp(A')(s)e; and B, =Y Ky (h/A")(s)e;.y.
j=1

It is then clear that (A, B), is zero and by (9), we have
trace(VAoVB)

:Z Z ((vkk KH (A ))ew n) ((VJBZ f )4”/ e]a gn>

k=1 [, j>M m,
d d o
=2 Z( K, (A, (V'B', ft) ), =0,
IsM m=0 k=1
since VB! =0 forany i < M. O

THEOREM 3.3 (Zakai equation). Assume that Hypotheses 11 and III are
fulfilled. The unnormalized filter solves the following equation for all f €
CZ(RM;R), Py almost everywhere for all t € I:

()= Fe+ LY Eh[ L F Ky 6o 0| | ds

i=1l=1

+
Mx
Ms

+

Mx
Mz

> M

/ [ ax&x (XKl (aoX - V‘Xk)(s)|?&}dr

~
Il
—
~
Il
,..

(13)
OtE | LS E (X Ky @t oX -9 og(L)) o) | # | ar
(X)Kp,

~
Il
-
~
Il
—

+
™M=
M:

d
> / E;[L (T (Y )h(X,)) f(X,)|%]dB],
=1 j=M+1
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where
Vi log(L,) = Z Zf( Ly, )k J—(X Wi XLaBitM
J,k=11=1
1 N M ) )
a9 5 X YL@y eyt
2. u
Jyk,m=11=1
mpk
x M(XS)V,iXi ds.
ﬁxl

COROLLARY 3.1 (Kallianpur—Striebel equation). Assume that Hypotheses
II and 111 are fulfilled. For all f € C2(RM;R), the normalized filter solves the
following equation: PH almost everywhere for all t € I,

)= )+ 2 Y [ B 2L x,) K, 0 o X)(0) | | ds

i=1l=1

MMM ., A f oo o
+L=Xil:2ik2::1/(; E[ﬁngxk(XS)KHi(a oX .V-Xs)(s)lgy] dr
(15) M M
F L3 [ B LKy (00X VgL | @ | dr
i=1[=1

[ Bl YD) F(X,) | #1dB,

+
M&
M
M=

~
Il
—
~
Il
—
<.

=M+1
wherefor]—M—i-l,... d,

Z / l(YS)k’fhk)ds:/O 7 (7 (Y )BT Rt dY

k=M+1

are independent (P, (%,, t € I)) standard Brownian motions and Y = .#(Y).

PROOF OF THEOREM 3.3. As a consequence of Theorems A.1 and A.2 and
Lemma A.5, X satisfies the hypothesis of Theorem B.1. Following Lepingle
and Mémin (1978), {L,, ¢ € [0, 1]} is a square integrable adapted process,
dominated in LP(W) for all p > 1 and

L= exp( S [ oRE ) aB - [ 1 YR, >||2ds)
i=M+1

Moreover, L, is at least once Gross—Sobolev differentiable [see Nualart (1995)]

and for any i € {1,..., M}, Vi log L, is given by (14) since V/Y = 0 for any
Jj <M and any s € I.

Let (g,, n > 0) be a sequence of bounded real-valued functions twice difer-

entiable with bounded derivatives such that suppg, € [-n — 1, n + 1] and

8nli=n,n) = Idg|[_s, »)- It follows from the boundedness of i, Jh/dx and 71
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that {g,(L,), ¢t € I} fulfills the hypothesis of Theorem B.1. Applying the It
formula (see Theorem B.1), we obtain

f(X,)gn(Ly)

RyIPRNE S [ —(X )&n(Lo) Ky, (810 X)(s) ds

i=1[l=1

+ZZ/ ab (XK, (—foX gnoL>(s)dBl

i=1[l=1
e [ b 2f -
+Z”ZMZlf ’ (XS)KHi<axl(9xkoX - gnoL -VSX,)(s)ds
(16) . J N
ZZ/ l"(Xs)K’;}_(—foX gyoL -v;L,)(s)ds
i=11=1 "\dx;

by [ E DR Y )V FX gL, B

Jj=1

+5 Z / gL Y Dh(X,, Y,)) 2 ds

— flro)+ 3 AL,

i=1
Since f is bounded and {L,, ¢ € I} is uniformly integrable, for any ¢ € I,
E,[f(X,)g,(L,)|#%] converges in L'(W) to E,[f(X,)L,|#]. Since f is con-
tinuous and bounded L (X)) is an {;, ¢ € I} adapted, continuous process,
upperbounded by a random variable belonging to L1(Py), {E,[f(X,)L,| %],
t € I} is a continuous version of {o,(f), ¢t € I}.

For any [, i, k; a>?, b>! and df /dx, are bounded; hence by Lemma 3.2, one
can exchange the conditioning and the integrals in the first two summands of
(16). We obtain that E,[A%"|%] = 0 and by uniform integrability of L, A"
converges in LY(W) to

/ —(X )L K’y (b0 X)(s) ds.
Moreover, by Lemma A.5, for any i € {1,..., M},
Vi Xk = ZLk J(s u)abi(X,),

and according to (26), for any g € [1, 2],

E,[|ViX*] < cu=9".
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It follows from Lemma A.5 and (6) that for any q € [1,1/(3/2 — min; H;)) C

[1,2],
[ XK (FEoX (- g0 VX o) |

t
Eh[
0

- Eh[ /t ﬁ(X )(Id — g,)(Ly) Ky (ab o X - VIXE)(s) dSH

< csup(Eh[lleq Lir, 1=my]"9)

t t » 1/q
N (/0 Sq(Hi—l/z)/s (1 — 5)1H~3/2)y~aHi =YD, [ XF(9] du ds)
= CSup(Eh[|Ls|q*1{\Ls|2n}]1/q)
S

y ( ft a(H;-1/2) /t(u _ 5)dHi=3/2) ~al(Hi=2)+H) gy g g)1/a
0 s

. t B 1/q
< csup(E,[|L | l{lezn}]l/q)</O s (¢ — )1 Hi=3/D+1 ds)
S

and the last integral is convergent because of the hypothesis on ¢. Thus, A?’ .
converges in LY(W) to
M M M 2
i w [ 9°F
> Y [at oK (5oL

i=11=1k=1

oX LV;’X{@)(S) ds.

The term A*”" is handled similarly after the observation that

t gh!
ViL, =L, Z Z / e (X WXk (Y ,)dB]
k=1j,1=M+1"%
t hi ! ) )
[ )XY d

We have Pz almost everywhere for all ¢ € I,
. 4.n ¢ ¢9f , g
(17) lim E,[A}"%]= / E; | L5 (X) Ky (a0 X V! log(L,))(s)|# |ds.
n—00 0 i

As to A% ", it is a martingale directed by a standard Brownian motion and the
usual proofs [see, e.g., Pardoux (1989)] can be used. It follows that Pz almost
everywhere, for all ¢t € I,

(18)  lim E,[A?"%]= Zf E,[(r XY (X)) L f(X,)|#]dBi™™.
Jj=1

Finally, Af’ " is easily seen to converge to 0 in L!(W) by uniform integrability
of {L,,sel}. O
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Since there is no anticipative term in (13), the proof of (15) is identical to
the corresponding proof in Pardoux (1989). The second part of Corollary 3.1 is
a consequence of Lemma 2.1.

4. Infinite-dimensional approach. The conclusion of the previous sec-
tion is that all the potential technical problems due to the lack of martingale
properties can be overcome, thus the impossibility of establishing closed equa-
tions for the filters originates from the nature of the problem itself. On the
other hand, there is no anticipative term in the equations we obtain; hence,
it is reasonable to hope that something can be done if we filter functionals,
which depends on X up to time ¢. Consider now the process X defined by

(19) x,(t):x0+2/0 Ky (4, s)bl(Xs)derZ/O Ky (4, s)a'(X,)dB..
i=1 i=1

Denote by W the Banach space of continuous R”-valued functions equipped
with the sup norm. For any a > 0, let V,, be the Hilbert space I3, (L%(I;R))
whose norm is given by

def | 7_g
£, = 1102 FllLezmm-

LEMMA 4.1. Theprocess Xisa{o(Bi, i=1,..., M, s <t), t € I}-adapted
W-valued process.

PROOF. Now X is clearly {ZX , t € I}-adapted. Moreover, for any r € I,
by the techniques used above, for any p > 1,

E,[|X.(8) = X, (s)IP] < e(t — S)pmini H;

and the Kolmogorov criterion ensures that X, belongs to W. O

THEOREM 4.1. Let F: W — R be twice V -differentiable for some 0 < a <
min;(H; — 1/2) such that D, F and D2F are continuous from W into V, and
V,®V,, respectively. If X is given by (19) then

M i )
F(X) = F(xo) + 3 [ (DF(X,), Ky (- )b'(X,),, ds
i=1
d t . .
+ Z /(-) (DCYF(XS)’ KHi('a S)al(Xs))V“ dB;
i=1

M . .
+3Y [((Kp (90 (X)) DEF(C)(K (- 8)a'(X ) ds
i=1

Here x, is identified with the constant element of W equal to x, everywhere.
Note that the scalar products in V, can be explicitly computed using Theo-
rem 2.1(iii).
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Proor. Let {v;, 1 <i < M} be an orthonormal family of V, and 4 be a
W-valued standard Brownian motion. One can always consider that

M _
X, (t) = xo + Z/O Ky (4, )b'(X,)ds
(20) ML=1
n z/ Ky (t,8)d (X,) ®v; d%,.
i=1"0

By Theorem 2.1(v), for any s and almost any w,
t> Ky (t,s)b'(X,) and ¢ Ky (¢, 5)a (X,)® v,

belong to V, and V, ® V,,, respectively. Moreover, by the very definition of the
V, norm,

Eh[/z 1Ky (- )b (X dsi| - Eh[//IXI|IO+‘*(KHi(.,s))(t)bi(Xs)|2 dtds]
< 0[1 s 2Hi=121 dg « 400,

by Theorem 2.1(vi). Consequently, we also have

B [ 1K (-9 (X) 8 01l o, 5| = B [ Ko (.9 (X, ds] < 4o
Hence the two maps,
s> Ky () s)b'(X,) and s+ Ky (, s)a'(X,) ®v;,

belong to L2(V,) and L%(V, ® V,), respectively. The space V, is densely em-
bedded in W; hence (¢, V,, W) (where ¢ denotes the embedding from V, into
W) is a Wiener space and we are in position to apply the It6 formula for
Banach-valued processes given in Kuo (1975). We get

M )
F(X) = F(xg)+ X [ (DJF(X,). K (- 9b'(X,), ds
i=1

+/0t<<§: Ky (- 8)ai(X,) ® vi)*D“F(XS)’ d,%'s>

i=1

+1 /Ot trace(( % Ky (- s)a'(X,)® vi>*D§F(Xs)

=1

X ( % Ky, (8)a(X,)® uj>> ds.

=1

Since v; is orthogonal to v; and #(v;) = B, the result follows. O
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Define the infinite-dimensional filters by
def def
0(F) = E)[F(X,)L,|%;] and 7,(F) = E[F(X,)|%;] = 0,(F)/5,(1).

THEOREM 4.2 (Infinite-dimensional Zakai equation). Let F: W — R be
twice V -differentiable for some 0 < @ < min;(H; — 1/2) such that D, F and
D2F are continuous and bounded from W into V, and V, ® V,,, respectively.
Assume that Hypothesis 11, I11 hold; we have

5(F) = Flag)+ Y [ 3(F % (¥ phop,)) dB
j=M+1

@1 +Z/ ((D.F, Ky (- s)bop,)y )ds

+3 Z/ (K g, (- s)a'op,)* DIF (K (-, 8)a'opy)) ds,
where p,(x) = x, for any x € W.

PROOF. Applying the standard integration by parts formula for semi-
martingales, we have

FOOL, = [ FO)dL,+ [ LdF(x,)

because the independence of the two sigma fields o{B’, 1 < i < M} and
o{B’/, M +1<d < d} implies that (F(X), L), = 0. We thus obtain

LF(Xt)—F<xo)+Z / ADLF(X), K ()b (X)), d
+Zf JADF(X,). Ky (- 5)a'(X,)), dB

t3 Z/ LKy (-, s)a' (X)) DaF(X ) (K g, (-, s)a' (X)) ds

i=1

s / F(X,)Ly(r (Y )h(X,))’ dBY.
J=M+1

It remains once again to commute the conditional expectation with the
integrals. Since D, F and o’ are bounded,

(DuF(X,), Kp (-, 8)a (X)), |

1/2
< sup | D, F(x)ly, |a’ ||oo(/ 67 K (- s)<t>|2dt)

1/2—H
< sup | D, F(2)|v, lla']| "
xeB
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by Theorem 2.1(iii). Thus,
/IEh[I(DaF(Xs), Ky (-, 8)a'(X,))y,[*]ds < +oo

so that we can apply Lemma 3.2. The other terms are handled similarly and
the proof is complete. O

It is then routine to prove the following.

COROLLARY 4.1 (Infinite-dimensional Kallianpur—Striebel equation). With
the hypothesis of the previous theorem, we have

M )
F(F) = F(xo) + Y [ #((DoF. Ky (- )b'op,)y,) ds
i=1

My . )
22 +3 % [ #((Eu, (o 9)aTop,) D2F()(K (- s)aop,)) ds
i=1
+ /Ot('ﬁ-s(F ! 7-_1(Ys)hops) - 'ﬁ-s(F) : ﬁs(T_l(Ys)hops)) dYs

We have obtained a closed equation for 7(F); it thus remains to solve it,
and the original problem is solved observing that

m(f) = m(fop,), thatis, m, = p;m,.

Numerical procedures to derive an approximation of 7,(F') are the subject of
our current investigations.

APPENDIX A

Multidimensional stochastic differential equations. In this section
we extend the results of CD (1997) in the multidimensional case. By an fBm-
SDE, we mean an equation of the form,

d t . t . .
(E) Xﬁ:xl—i-Z{/ Ky (2, 8)b(s, Xs)l’lds+/ Ky (¢, s)o(s, Xs)l"ng},
ia 0 i 0 i

where 4% and ¢! are deterministic functions for i = 1,...,d and I =

1,...,m, ! € R, and {Bi, tel, i =1,...,d} is the Brownian motion
mentioned in properties (P2) and (P3). Set

H°= sup |H;,-%, Ay={p=>1, pH°<1}anda,=(1— pH")™"
A d

By a solution of the differential equation (E), we mean a R™-valued adapted
stochastic process X = {X,, ¢ € I} such that

(23) (t— E[| X, |?]) e U L*(I) < L.

a>ag



1080 L. COUTIN AND L. DECREUSEFOND

THEOREM A.1. Let b and o be L-Lipschitz continuous with respect to their
second variable, uniformly with respect to their first variable: for all t in [0, T];
forall x,yin R™, andanyi=1,...,d,l=1,...,m,

6818, 2) = b (t, )| + |oh (t, x) — oy < Ll x—y .

Assume also that there exist x, and y, in R™ and a3 > aq, a, > 2a, such that
forany l and i,

(H1) bhi(, xy) € L(I,R™) and o"(-, y,) € L% (I,R™).
The differential equation (E) has a unique solution. Moreover, for this solution
and for any p € Ay N[2, +00),

(¢~ E[|| X, |”]) is bounded on I.

Whenever b and o satisfy the hypothesis of Theorem A.1 with o > 2 and the
boundedness of o as supplementary conditions, the solution of (E) has almost
surely continuous sample-paths.

The proof is based on a standard Picard approximation scheme [as in CD
(1997)] where the Gronwall lemma is replaced by the following lemma.

LEMMA A.1. For any p > 1, consider

KP(t,s) ¥ sup |K g (t, 5)|7,
=1,....,d

i=1,...,

def
Ks-rl(t’ S) =

t
/ KP(¢, u)KP (u, s) du.
Set

H'=max(1/2- H;)* and H =min(H;-1/2).
J J
R1. For p € Ay,

t
supsup | |Kg (t,s)|?ds < +oo.
-+ Jo i

tel i

R2. For p € Ay, the resolvent series,

+00 +00 t
> KR = 3 2" [ Ki(ts1)dsy
n=1 n=1 0

< [ Kf(srsp)dsyo- [ K (5,0, 8,) ds,

converges for all z € C. More precisely, if T > 1,

(KP1)(#) < ¢ [] B(U(1+ pH )+ 1— pH’, 1— pH")T/HPH).,
j=1
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R3. For any ¢ € Lip =not Ua>a, L*(1),

a>a

t > /Ot K7 (¢, s)p(s)ds is bounded with respect to t on I.
R4. For any a > 0,
/: K3(t,u)(u—s);“du < B(1—a, 1—2H")s72Ho(¢ - g)-et1-2H
when o =0, we have

t
[ K3(t,u)du < B - 2H, 1 - 2H") (¢ — 5)! 2410,

PrROOF. By homogeneity and according to Theorem 2.1(ii), for any 8 and
any i,

t
|| 1K a2, 9)7s" ds < eqB(L— p(1/2 ~ H))", = plH,; ~1/2| + 1)

£\ B+ p(H,~1/2)
X( ) TB-p(Hi=1/214+(1/2-Hy) )+1

T
Since |¢/T| <1 and T > 1, using

t
/ K 5 (t, 5)|PsP ds
0 12

<chB(B+1-pH’, 1- pH')

X exp((ﬂ +1+ pmin;(H; —1/2))In¢

— pmin;((H; —1/2)+ |H; —1/2|+(1/2— H;)")In T).

Notice that p € Ay entails that 1 + pmin;(H; — 1/2) > 0; thus (R1) follows
by taking 8 = 0. By induction on n, we get
KR(1)(¢) < ¢ 1 B(J(1+ pH ) +1—- pH®, 1— pHH)T/O+PI),
j=1
for any ¢ € I. By the usual criterions of convergence of series, one sees that
o 2"(K#1)(t) converges for all z provided that
1-pH'>0 and p(H°+ H') <2

By the way, since 1/2 — H; < |H; — 1/2|, both conditions are satisfied when p
belongs to Ag. Point (R3) follows from Hoélder inequality and (2). As to point
(4), according to Theorem 2.1(ii),

¢ ¢ 1 0
/ Ki(t,u)(u — s);“du < f (t —u) 20 20 (y — s);“du

¢ 1
< S*ZHO/ (t—u) 22 (u - s);“du
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and the result follows by a change of variable. When « = 0, one can obtain a
finer upper bound, bounding u—2H° by (u — 8)—2H°. 0

THEOREM A.2. Let b and o be once continuously differentiable with respect
to their space variable, with bounded derivative, and satisfy (H1); assume fur-
thermore that o is bounded. For any t € I, the value at t of the solution of (E)
belongs to Dy 1. Moreover, for any & € #,

d
<vxaaf:§JKﬁmea~w%%x,fM
i=1
d . .
35 [ Ky 05 S, XV, €, du

d
Z / Ky (t, u) (u X )VXE, &), dBI.

PROOF. It is a straightforward generalization of the proof of Theorem 4.1
of CD (1997) The method consists of showing that the terms of the Picard
sequence constructed in the definition of the solution of (S,) form a bounded
sequence of Dy ;. According to Ustiinel [(1995), Proposition 3, page 37], X thus
belongs to Dy ; and the expression of VX is easy to derive. In order to control
the Dy ; norms, the Gronwall lemma is replaced by (R2) and (R3).

THEOREM A.3. The equation

d
=Y Ky (Ky(t,)o"cX)e,
iz1

d m
(24) + 3 /KH<tu> k(uX)§edu
J:
d m j .
+ Y Z/ K (6 0) " (u, X, )éte dB],
i, j=1k=1
where {e4, ..., e,} is the canonical basis of R, has at most one solution in the

set of #-valued processes which satisfy
t — E[[I&]%] € LY.

THEOREM A.4. For any [l = 1,....mand i = 1,...,d, set Vé’i(t, s) =
Ky (t,s) and
d m

Vi) =2 % [ K (tw)

j=1k=1"%

+ZZ/KHaw

Jj=1lk=1

(u X )VEi(u,s)du

(u X,)VEi(u,s)dBi.
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Consider the R™*™-valued process

def

Ly(s,t) = Jio V. (t,s).

n=0
Ly is the unique solution of the system of equations,

J .
(v, X,)L*(u,s)du

d m ¢
Lbi(t,s) =Ky (t,8)+ Y Z/ Ky (t, u) -

j=1k=1"%
(25)
d m 3
+2 % [ Ku(tw)

Jj=1k=1"%

Jbl-
Jx

dot
(?xk

5

J . .
(u, X,)L*(u,s)dB]

such that (t — E[|L(t, s)|2]) belongs to L*. For any t, s € I, we have

(26) E[|Ly (¢, 8)|?] < c(t — s) 2H s72n,
where
2H?!

THEOREM A.5 (Variation of the parameter formula). Assume that the hy-
potheses of Theorem A.2 hold and that H; > 1/2 for all i € {1,...,d}. The
following representation formula holds:

i i o [f Lt i -
(VX &), = 3 [ Lyl 90" (XK es) ds.
k=1
PROOF. Since H; > 1/2, H' =0 and vy = H°, we have

o~ [F Lk ki -1 ’ < foLk 2 2
> [ Lyt 9ot (XK s | e SB[ Ly dsiel
k=1 k=1

il

¢ 0
<c[ s ds|l.

Hence, t — Y70, [y Ll{,l_k(t, s)o’ (X ) K5 &(s) ds belongs to LY and is a true
solution of (24). According to Theorem A.2, it is equal to VI X!, O

APPENDIX B

Ito formula. We prove a multidimensional version of the It6 formula
which is slightly different from DU (1998) in the one-dimensional case. Ac-
tually, it turns out that X does not fulfill the integrability hypothesis of The-
orem 5.1 of DU (1998) but satisfies some strong regularity properties which
are sufficient to prove the It6 formula. The proof here follows the same lines
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as the proof of the anticipative It6 formula in Nualart (1995). We say that a
process X fulfills hypothesis IV if the following holds.

HypPOTHESIS IV. X is a continuous process, belonging to Dy ;(+#") such that
(s#°'V,X,, t € I) is a uniformly continuous process in L2(W), uniformly with
respect to s.

Note that according to Theorem A.5, when Hypothesis I holds, the solution
of (E) satisfies IV.

THEOREM B.1. Assume that Hypothesis I holds. Let X = (X'),_;
given by

,,,,,

l e ‘ 1,1 ‘ l,i i ! l,i i
X =x0+i§{/0 Ky (¢, 5)bl ds+/0 Ky (t,5)a" st+/Ocs st},

where B! are the Brownian motions mentioned in properties (P2) and (P3),

, bbi and cb' are adapted processes, at, b>' are bounded and cb? be-
longs to L2(W x I), for any i and any I. Assume furthermore that X fulfills
Hypothesis IV and that for any i, L,

(28) [/ / Viali[2(sr)l-2Hi drds} < toc.

For all f € C2(RM,R) with bounded derivatives, we have for all t € I Py
almost everywhere,

f(X,) = f(Xo)+ZZf (X VK, (6" 7)(s) ds

i=1l=1

+ Z Z/ LK’ (—oX)(s)dB’

i=1l=1
d M

IS P

i=11[, k=1

ﬁxl&x (X)) Ky (al’inXf)(s)ds

ey LX) (X dE,

i=1]=1
d M

1 l,i i,k
TS Wx (X,)ek ‘et ds.

i=11, k=1

REMARK B.1. One should remark that the null set out of which the pre-
vious It6 formula holds depends on ¢; hence when a formula for processes is
wanted, one should verify that both sides of the equality are continuous with
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respect to ¢t. Before we start the proof it is useful to recall two expressions
which follow immediately from the definitions of Ky and I Him1y 2,

KHi(t—}—a,s) — KHL-(t? S)

t+a
29) =t [ a2 = )™ du Ly, (s)
t+a
+ S1/2-H,-/ uHim12(y _ ) Hi=3/2 gy 1 rag(5),
s

T(H; - 1/2)I;7 Y 2(f(w))(s)

- / fu)(u—s)T32 du

. R tni1
= Z 1[0, tn](s)/t fw)(u— 8)Hi_3/2 du
n=0 n

tn
+ l[tnvtnﬂ](s)/s f(u)(s— u)Hi—3/2 du.

for any subdivision of [0, £].

PrOOF. Let A € N*, and Il =4¢ {¢,, n =0, ..., A} a subdivision of [0, ¢]
with ¢, = 0 and ¢, = ¢, the mesh of which is [II;| =ger SUP;—o,__a—1(¢iy1 — &;)-
We have

A-1

F(X) = f(Xo)= ) f(X,,.,)— f(X,)
n=0

According to the Taylor expansion, we can write

A-1 M
f(Xy) = f(Xo) = ZZ—Z(X (X, — Xi)
n=017=1
A1 M
+,§nk21/ Terd (X +(1-wX, )du
X(X I—Xin)(Xfm—an)
A1, M
SY (Tt syt
n=0\ =1 k,1=1
We first deal with the first-order terms ST’ g
n d f)f i
S1' = X T (X)) [ (K (b 9) = Ko (b )5 ds

i*l

(?f L i
+ l; ﬁ—xl(th)/l(KHi(tnﬂ, s) — Ky (t,,8))a;' dBy

f i ) i 302 Lin
(X [ dB = Y Y B

j=1li=1
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STEP 1. We show that if we set
31 &t = Z By ”—/ T (X8 s [ (112 Hipli () ds,

then P a.e. o”ll LA goes to 0 when the mesh of the subdivision |II,| goes to 0,

because, observe that
/ &f (X ) H; 1/2] *1/2( 1/2— szl ‘)(s)ds
0
_/ 1/2— H,bl lIH 1/2< (Xs)sHi1/2>(u)du.
&xl

According to (29),

I'(H, —1/2)B:"*
— 1/2—H,11,i
Z / (X sV Hipl /t

+/n+1 &f (X ) S/2- Hlbl z/ uHrl/Q(u_s)Hi73/2dudS.
tn

" uHi_l/z(u — s)Hi_B/2 duds

n

Applying (30) to the function

A-1
fw=-x 7

n=0

(X, )2y, (),
we obtain
-1
i irH-12( m- af
i = [l (o 2 g0 ) ds

Since (X, s € I) is a continuous process, b and Jf/Jx; are bounded, for all
s €[0,1],

H;-1/2
2w S 2 )0
converges in L'(W) and almost everywhere to
Ilfi—l/Z uHi71/2ﬁ(X) (S)
t (?xl u

when the mesh of the subdivision II* goes to zero. Since b is bounded, by
dominated convergence, the first point is established.
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STEP 2. We prove that Y27} Bl LM goes to

t .
81/2 Lal lIH -1/2 (?f (X )uHifl/Z (S) d B!
0 (9.’)(51 “ §

M t . 2 L.
=% [l ttal g (ST e ) o),
k=10

&xl&xk

in L2 when the mesh of the subdivision IT* goes to zero. Since a and df /dx; are
bounded, the properties of the Skohorod integral [see, for instance, Nualart
(1995)], allow writing

j—f<th) / K s, (tn1105) — K (1, 9)lab (X, d B}

— [ S XK (1.9 = K (6,500 (X,) B

Z / (X)X K (b0 = K (6, 5)]a (X,) s,

Proceeding as above, we obtain

A-1 A-1
Lin _H. i Hi—1/2 f _ ;
> B; Zflsl/z SR <Z (?_M(th)l[tn,tnﬂ](u)uHL 1/2>(3)d3s

n=0 n=0
1/2-H; 1,i 1Hi-1/2 (i = af H,-1/2
+/Is ighifhi=2 (i Z 7 (X0 et ) (5) .

n=0

Set

1

; CH. Li Hi~1/2 af

EQ/Sl,l,Azsl/Q Hla‘ls‘,LIf / (Z e (X ) s tro] (u)uH 1/2)(8)
n=0

ot = s Higli ‘1/2( or (Xu)uHil/Z)(s).

o7xl

For the stochastic integral, recall that
]

(32) _ E|:/t |%l,i,A _ 'Q{sl’i|2 dsi|
0

E['/t(yl,i,A _ Mz,i)dBi
0 S S S

[ ] TS = AV = or s
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Since a’’ is bounded, we have

t ot
E &/l’i’A—Ml’izds} < |ab? o s172Hi gs
1 iPds| < lat i [ f
6|

H;-1/2 e[ | of
I~ < -1/ [Z{(?x (X ty ) — _(X )} £, ,tnﬂ](u)i|>(s)
Recall that for g € L*°(I) and H; > 1/2,

H;— L L
(33) 17212 g) ()] < el glloo(t — $)2 7 < ]l @lloos

since H;, — 1/2 > 0, for any i. Considering that JF/dx; is bounded, it follows
by dominated convergence that

2
]ds

E[/ |yl isA —b@/;’i|2ds} — 0as |TI4 — 0.
I

Since a is adapted, the trace term in (32) (i.e., the rightmost summand) can
be decomposed in the sum,

// (sr)1/2 Hlal va 1, LIH 1/2({3uHi71/2)(8)
[0, £]2
x IV (Vi uHi12) () dr ds
+/ /(sr)1/2 H,al Lal tIf 1/2(VL§A H; 1/2)(8)

x IV (VAU () dr ds,
where
A-1
af
X

Denote by C; and Cz the two summands of the last sum. By the Cauchy-
Schwarz inequality, (33) and (28) and Fubini’s theorem,
}1/2

£ AR \Y
[C1]] = cllellooll € oo |://0,t2| @
1/2

xE[//\IH 1/2 A yHi—1/2 (r)| drdS]

t st 2 1/2
_ \Hi=3/2i s H,~1/2
50E|:/0 fo (/r (u—r) Vi, u du) drds}

t ot ¢ 1/2
< cE[/O /r(t—r)Hi_l/zfr Vi g8 2u2Hi Y (y — r)Him3/2 gy drds] .

Moreover,

X, ) - fl <Xu>}1[tn,tn+1]<u>.

A-1
E[|V;¢, ] < ¢ Y EIViX,, — ViX, !y, 0, (w0,
n=1
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hence according to Hypothesis IV, (33) and the dominated convergence theo-

rem, one concludes that C; tends to 0 in L'(W) with the mesh of the subdivi-
sion. On the other hand, by the Cauchy—Schwarz inequality again,

‘ 1/2
E[|Cy|] < E[ [ e\ s O Gl dsdr} ;

thus the same majorizations can be used again and it follows that C, converges
to 0 in L!(W). Following the same reasoning, one shows that

t .
/O 31/2_Hiai’ llgi—l/z(géuHi—l/Z)(s) ds
goes to 0 in LY(W) and thus completes the proof of the second step.
STEP 3. One can prove by the standard semimartingale techniques that
A-1 ) d ¢ 07}(‘ ) )
34 chin — ——(X,)c;" dB!
(34) > 3 [, gy (Xodes ' dB,
when the mesh of the subdivision IT* goes to 0 in L2(W).

STEP 4. We deal now with the second-order terms. Since a"' and b’ are
bounded, following CD (1997), the processes {f(;f Ky (¢, s)bbids, t € I} and
{Js Ky (t,s)ak?dBi, t € I are Holder continuous in L2, and they have null
quadratic variation. The only terms which do not go to 0 when the mesh of
the subdivision IT* goes to 0 in L2(W, Py) are of the form

Az_llft"“ ”dBi[t"“ ikdBi/l P X, +(1-wX, )
5 c; c; u u .
n=0 ? tn ° * tn ’ : 0 ﬁxkaxl tn tn+1

As in the classical It6 formula, they converge to

M
Ly [ (x kit as
1, k=1 0 &xl&xk

when the mesh of the subdivision IT* goes to 0, in L1(W). O
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