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STOCHASTIC WAVE EQUATIONS WITH
POLYNOMIAL NONLINEARITY'

BY Pao-Liu CHOw
Wayne State University

This paper is concerned with a class of nonlinear stochastic wave
equations in R¥ with d < 3, for which the nonlinear terms are polynomial of
degree m. As an example of the nonexistence of a global solution in general,
it is shown that there exists an explosive solution of some cubically nonlinear
wave equation with a noise term. Then the existence and uniqueness theorems
for local and global solutions in Sobolev space Hj are proven with the degree
of polynomial m <3 ford =3,and m > 2 ford =1 or 2.

1. Introduction. Wave motion is one of the most commonly observed phys-
ical phenomena. The progression of water waves and the propagation characteris-
tics of light and sound are familiar everyday experiences. As mathematical models,
wave motions are usually described by partial differential equations of hyperbolic
type. In the deterministic case, they have been studied extensively for many years
due to their wide-spread applications to engineering and sciences. In recent years,
nonlinear wave or hyperbolic equations have attracted a great deal of attention,
spurred by modern problems such as sonic booms, bottleneck in traffic flows, non-
linear optics and quantum field theory (see, e.g., Whitham [13] and Reed [11]). For
many problems, such as wave propagation through the atmosphere or the ocean,
the properties of media fluctuate randomly due to the presence of turbulence. More
realistic models must take the random fluctuation into account. Such cosideration
led to the introduction of stochastic wave equations in 1960’s. Many problems in
linear stochastic wave propagation and applications can be found in [1]. However
there are relatively few papers dealing with nonlinear stochastic wave equations.

In the deterministic case, solutions to nonlinear wave equations with certain
polynomial nonlinearity tend to develop singularities in finite time, physically
manifested as shock waves or explosion (see, e.g., Reed [11] and John [3]). This
means that these solutions exist only locally. It is therefore of interest to study the
effects of random perturbation on the solution behavior of such equations. The
existence of explosive solutions, or lack of it, to some nonlinear stochastic wave
equation was first investigated by Mueller [7]. He considered the wave equation
perturbed by a power-law type of state-dependent white noise. Regarded as a
stochastic equation of It type, the existence of a long-time or global solution
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was proved under a nearly linear growth condition on the state dependence in the
noise term. For a stronger nonlinear noise term, though unproven, it is plausible
to anticipate an explosive solution. Motivated by Mueller [7], we raise a different
kind of question: For a wave equation with a polynomial nonlinearity, how does
a random perturbation affect the solution behavior. In general there exists only a
local solution. So it is of interest to find suitable conditions to ensure the existence
of a global solution, or no explosion in finite time.

To be specific, the paper is mainly concerned with the existence of local and
global solutions to a class of stochastic wave equations in R? with dimension
d < 3. In particular let us consider the stochastic equation of the form

Pu=Vu+ fu)+ow)dWt,x), xeR? t>0,

(1.1
u(0,x) =g(x), u(0,x)=~h(x),

where 9, denotes the partial derivative in ¢, V2 the Laplacian; W (¢, -) is a Wiener
random field, which will be defined precisely later, and the initial data g and
h are given functions. The nonlinear terms f(u#) and o (u) are assumed to be
polynomials in u. When o = 0, equation (1.1) reduces to a classical wave equation
with a polynomial nonlinearity

(1.2) 32u=vV>iu+ f(u),

which is known to have an explosive solution when, for instance, f(u) is cubic
in u (see Reed and Simon [11], page 311). Under a mild random perturbation,
one can show the persistence of such an explosion in a probabilistic sense (see
Section 3). In the light of the above result for equation (1.2), we were led to the
consideration of the polynomially nonlinear equation (1.1). To avoid an explosive
solution, similar to the deterministic case (see Reed [10], page 9), it is necessary
for equation (1.1) to satisfy a certain energy inequality. The main results of the
paper are given in Theorems 4.1 and 4.2 concerning the existence and uniqueness
of local and global solutions, respectively, to a somewhat more general form of
equation (1.1). Instead of pointwise solutions as considered by Mueller [7], we
shall seek solutions in a Sobolev space.

The paper is organized as follows: In Section 2 we give some basic definitions
and a key lemma pertaining to the energy equation for a linear stochastic wave
equation, a proof of which is provided in the appendix. To exhibit the non-
existence, in general, of a global solution, we present a cubically nonlinear
stochastic wave equation in Section 3 and show that it has an explosive solution
in a probabilistic sense (see Theorem 3.1). In Section 4 we consider a class
of stochastic wave equations with a polynomial type of nonlinear terms. The
existence and uniqueness of local and global solutions are proved in Theorem 4.1
and Theorem 4.2, respectively. The proofs rely on a Hj-Lipschitz truncation
technique and the aforementioned energy inequality.
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2. Preliminaries. For x € R?, gand heC Oo(}Rd), denote the gradient of g
by

(Dg)(x) = Dyxg(x) = (3x,8, - -+, 0x,8)(X),
with 0y, = aixi’ and set
Jh = (h,0xh,...,0h).

For any integer k > 1, the Euclidean norm on R¥ is denoted by | - |. In particular
we have
1/2

d
|Dg| = {Z |aXig|2}
i=1

and
|Jh| = {|h]? + | DRP} 2.

The Laplacian V? is defined as usual by
d
i=1
Introduce H = L2(R9) with inner product

(g.h) = / g(h(x) dx

and norm | g|| = (g, g)l/Z. Let H, = H;(R%) be a Sobolev subspace of H with
norm
172

||h||1={/|Jh|2dx}l/2={/(|h|2+|Dh|2)dx} ,

which will also be written as || J||. For g € L?(R?) with p > 2, the L?-norm of g
will be denoted by |g|, with [g]> = [|g]|.

Let (2, ¥, P) be a complete probability space for which a filtration {¥;, ¢ €
[0, 00)} of increasing sub o-fields F; is given. Let W(¢,x), t > 0, x € RY, be
a continuous Wiener random field defined in this space with mean zero and
covariance function r(x, y) defined by

EW(@t, x)W(s,y) = As)r(x,y),  £,5>0, x,y eR?,

where (t A s) = min{z, s}, and conditions on r(x, y) will be given later. Let o (¢, x)
=o(t,x,w), fort >0, x € R? and w € Q, be a continuous predictable random
field such that

T
/ az(t, x)dt < o0 for each x € R? as.
0
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Then the stochastic integral
t
2.1) M(t, x) :/ o(s,x)dW(s,x), >0, xeR?
0

is well defined, in the sense of Kunita [4], as a continuous martingale with spatial
parameter x. Alternatively the above integral can be defined as in [12]. The mutual
variation of M (t, x) is given by

22)  (MC,x), MG, y) = /0, q(s,x,y)ds, t>0, x,yeR,
where g will be called the covariation function given by
(2.3) qt,x,y) =r(x,y)o(t,x)o(t,y).
Let Q; be the covariation operator with kernel g so that
(Qrg)(x) =/q(t,x,y)g(y)dy-

Assume that the trace of Q; satisfies

2.4) Tr Q; =/q(t,x,x)dx = /r(x,x)az(t,x)dx < 00.

Then M; = M (¢, -) can be regarded as a continuous H -valued martingale with its
covariation given by (see Metivier and Pellaumail [5], Chapter 6)

2.5) (M) = / 0, ds,
0
or,forg,h e H,

t
(M...9). (M) = [ (Qig. ) ds.
Now consider the Cauchy problem for a linear stochastic wave equation
2u=c*Viu—yru+ ft,x)+ M, x),
M(OJC):g(x), alu(()’x):h(x)’

where ¢ and y are real parameters, f(¢,x) = f(¢, x, w) is a predictable random
field; M(t, x) is defined by (2.1) and the initial functions g and A are given. In
a Hilbert space setting, let u; = u(t, ), f; = f(t,-) and so on, and rewrite the
equation (2.6) as a system of It6 equations:

[du, :U[dt,

(2.6) {

(2.7) dv, = (¢*V? =y udt + frdi +dM,,

up=g, vo=~h.

As in the deterministic case, the energy equation and inequality will play an
important role for stochastic wave equations. Unlike the parabolic case, the general
It6 formula does not hold for equation (2.7). However the energy equation for

system (2.7) is known to be valid, as stated in the following lemma.
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LEMMA 2.1 (Energy equation). Suppose that f; is a continuous predictable
H-valued process, and M, is a continuous H-valued martingale with covariation
operator Q, such that

EsupTr Q; < o0.
t<T
If g € H|, and h € H, then the system (2.7) has a unique pair of solutions u;
and vy, which are continuous processes on [0, T] with values in Hy and H,
respectively. Moreover the following equation holds:

t t
e(uy) =e(uop) —I;Z/O (vg, fs)ds+/0 Tr Qs ds

(2.8)
+2/ (v, dMy),  1€[0,T],
0
where
(2.9) e(ur) = v 1?4 I Dug|* + v 2 u ||

This lemma follows from a more general result first proved by Pardoux [8]. His
proof is based on a nonlinear regularization technique by regarding equation (2.7)
as the limiting case of a nonlinear stochastic wave equation with a monotone
dissipation. It seems of some technical interest to give a more direct proof based
on the method of smoothing. Such a proof will be provided in the Appendix.

3. Example of explosive solution. As an example of explosive solution,
consider the cubic nonlinear stochastic wave equation in R¢ for d < 3:
8,214 =V — yzu + s+ o(t,x)o;W(t,x), t>0,
u(x,0)=g(), Ju(0,x) =hx), xeR

where A > 0 and the remaining parameters and functions are similar to that in
equation (2.6). Here the martingale M (¢, x) is given by

3.1

!
M(t,x)= / o(s,x)dW(s, x)
0
with the covariation function

q(t,x,y)=r(x,y)o(t,x)o(t,y).

For simplicity, o, r, g and & are all assumed to be sufficiently smooth nonrandom
functions (see the conditions to be given in Theorem 3.1). Rewrite equation (3.1)
as a system of It6 equations in # = Hy x H:
dl/t[ = V¢ dt,

(3.2) { dv, = V2u, dt — y?u, dt + 2 dt + dM,,

up=g, vo=h.
As to be shown later on, the Cauchy problem (3.2) has a unique continuous (local)
solution u; € Hy and v; € H. The following lemma will be needed later on.
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LEMMA 3.1. Suppose that the system (3.2) has a regular solution fort < T
as mentioned above. Define

(3.3) ¢ (t) = SEllu|*.

Then ¢ is twice continuously differentiable and its first and second order
derivatives are given by

¢'(t) = E(ur, vr)

3.4) t

= (g, h) + E/o losl1? = ¥2llusll® = | Dug |* 4 Allu?|} ds
and
(3.5) ¢" () = E{llv* — y*luc|* — 2 Dug || + Alu?|?).

PROOF. From the equations in (3.2), we have

dllull* =d(us, ur) =2(uy, vy) dt

and
t t 2
<u,,v,)=<g,h>+/0 (us,dvs>+/0 v 12ds,
which yield
@' (1) = E(us, vy)
3.6)

t t
=<g,h>+E/0 ||vs||2ds+E/0 (g, dvy).

The last integral can be written as

t t
E/ <us,dvs>=E/ (g, V2ug) — 2 lug |2 + Allu2(2) ds
(3.7 0 0
=E/O (=1 Dus > = 2 lus |? + A1) ds,

where (-, -) denotes the duality pairing between H; and its dual H', and use was
made of an integration by parts, which can be justified as in the deterministic case
(see Mizohata [6], page 318). Upon substituting (3.7) into (3.6), formula (3.4)
follows. A simple differentiation of (3.4) yields equation (3.5). [

With the aid of this lemma, we will show that, under certain conditions, the
solution of the nonlinear problem (3.1) or (3.2) may become unbounded in finite
time in a probabilistic sense. To state the result as a theorem, let C’g denote the set
of CK(R%)-functions with compact support and let e(u;) be the linearized energy
function as defined in (2.9).



NONLINEAR STOCHASTIC WAVE EQUATIONS 367

THEOREM 3.1. For the Cauchy problem (3.1) in R? with d < 3, suppose that
the following conditions hold true:

(i) up=ge C' N L* and vo = h € H such that (ug, vy) > 0.
(i1) The covariance function r(x,y) and the function o(t,x), for t > 0,
x,y € R?, are given such that

0 0
doo :=/ /q(t,x,x)dxdtz/ /r(x,x)o*z(t,x)dxdt < 00.
0 0

(iii) A > 2[goo + €(u0)1/l|&%II%, where e(uo) = ||R]|* + ¥ 2l glI* + c*| DglI*.

Then either the solution u; explodes in finite time with a positive probability or
else the mean-square solution E|u;||? tends to infinity within a finite time interval.

PROOF. Introduce an increasing sequence of stopping times 1,, defined by

T, = inf{t > 0:||us|| > n},
and let
Too = lim T,
n—oo

which may be infinite.
First consider the case P{toc = 00} =1 or P{teoc < T} =0 for any T > O.
Define the function

(3.8) F,()=¢ %) fora>0.
Compute its first two derivatives:
(3.9) Fl(t) = —a¢~ @D ()¢ (1)
and
/ 2
(3.10) Fl(1) = a¢—(“+1><z){(a +1) e OF _ ¢”<z)}.
@(1)
By Lemma 3.1,
¢'(t) = E(ur, v) < |Ellu |PEllv 12}
or
[¢' ()] 2
(3.11) 50) <2E|vl".

In view of (3.5) and (3.11), equation (3.10) yields
(3.12) FJ(t) <ap™ TV 0)Gy (1),
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where
(3.13)  Go(t) = R+ DEv 1> + E{y?lluc > + c*| Dus || — xllu?]?}.

By applying Lemma 2.1 to equation (3.2) with f, = Au;, we obtain
A A
Ellu P = e(uo) = S + E{ S 1P = S 1Dul = v )

(3.14) ‘
Tr Q ds.
+/0 rQsds

After substituting (3.14) into (3.13) and simplifying the resulting equation, it gives
Ao !
Gut) = =Ca+ D{Z | — e(uo) — [ Tr Q. ds
1
— 20 E (I Dugll + y* udl) - *(5 - oe)E||u%||2.
Therefore, if we choose o € (0, %], then, by conditions (ii) and (iii) of the theorem,
the above equation and (3.12) imply that

(3.15) F/(t)<0 fort>0.

Also, setting ¢ = 0 in equations (3.8) and (3.9), and invoking condition (i), we see
that

(3.16) Fo(0) = ¢~ (0) = (Slluol®) ™ >0
and
(3.17)  FL(0) = —a¢~“TD(0)¢'(0) = —a(Llluol?) ™" (uo, v) < 0.

The inequalities (3.15)—(3.17) show clearly that the function F(¢) is monoton-
ically decreasing to zero at time Ty < T, with T, = —F,(0)/F_(0). Hence, by
definition (3.8), we conclude that

lim ¢ () =1 lim E|ju,|?* = oo.
HTO¢>() 7 lim [l |l

Now consider the case: P{t, = 00} < 1, this means, of course, that P{1, <
oo} > 0 or the solution u,, as a process in H, becomes unbounded in finite time
with a positive probability as asserted. [

This example shows clearly that, for stochastic wave equations with a polyno-
mial nonlinearity, a global solution does not exist in general. It will be seen that,
as in the deterministic case, the energy inequality is the key to the existence of a
global solution.
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4. Local and global solutions. We consider the following initial-value
problem

@1 : afu =c*Vu — yzu + fx,u)+o(t,x, Ju)osW(t, x),

u(0,x) =gx), Ju(0,x)="hx),

where f(x,-) and o (t, x, -) are some nonlinear functions of u and Ju = (u, Oy, u,
..., Ox 1), Tespectively.
As before, we rewrite equation (4.1) as a system in # = H| x H:

dl/t[ =V dt,
(4.2) { dv, = (2V? =y ugdt + f(u;)dt + o, (Juy) dWy,

up=g, vo=~h,

in which we set f(-,u) = f(u;) and o (¢, -, Ju) = o;(Ju;). To recast system (4.2)
as an Itd equation in J#, let Z; = (us, vy), F(Z;) = (0, f(uy)) and %:(Z;) =
(0, 04(Juy)), as column matrices, and set

0 1
(4.3) A= [szz_yzl 0}

which is a 2 x 2 matrix with / as an identity operator. Then system (4.2) can be
written as

Zy=1(g,h).

We know that A, with domain D(A) dense in #, generates a Co-semigroup of
operators e on H (see Pazy [9], page 220). Z; is said to be a mild solution
of (4.2) or (4.3) in the sense of Da Prato and Zabczyk [2], if it is a continuous
Jf-valued process that satisfies the integral equation

t t
45) Z,=e"Zy+ /0 IAR(Z) ds + /O eIAY (Z)dW,  as.

Suppose that f(-): H;y — H and o;(): HAtl L(H), where Ht! =

d+1
Hx @b x H, and L(H) denotes the set of all bounded linear operators on H.
For Ju € H?*+ and h € H, we define

[o:(Ju)h](x) = o (¢, x, Ju(x))h(x), xeR?,

If f and o; are uniformly Lipschitz continuous and of linear growth, then
the following lemma follows from the standard existence theorem (Da Prato and
Zabczyk [2], Theorem 7.4) for a stochastic evolution equation. In what follows,
C and K with or without subscripts, denote some generic constants of which the
meaning may vary from line to line.



370 P-L. CHOW

LEMMA 4.1. Suppose that the following conditions hold:
(1) Let f(-): Hy — H be such that

(4.6) £ @))> < Cr(1+ ul?)
and
4.7) If@) — fWH <Callu—u'ly  Yu,u’ € Hy,

for some constants C1, Cy > 0.
(i) Forany Ju € HYL the map o.(Ju): [0, T]1 — L(H) is continuous. There
exist positive constants C3 and C4 such that

(4.8) Tr[o, (Ju)Ro (Ju)] < C3(1 + [lu]?)
and
4.9)  Tr{lo:(Ju) — o;(Ju)IR[o,(Ju) — 0;(Ju')]*} < Callu — u'|3,

forany u,u’ € Hy, t € [0, T, where % denotes the adjoint.
(i) W; is a H-valued Wiener process with covariance operator R satisfying
Tr R < oc.

Then for ug € Hy and vg € H, the system (4.2) has a unique (mild) solution
(ug,v;) on [0, T] with u. € C([0,T], Hy) and v. € C([0, T], H). Moreover the
following energy equation holds:

t t
= 2 sy Js\Us d 2 sy Os J K dWs
e(u;) e(uo)t—l- /0 (vs, fs(us))ds + /(; (vs, o5 (Juy) )

(4.10)
+ [ Tiou(Jun Rof (Juolds.
0

PROOF. For Z = (u,v) € # = H; x H, without confusion, the norm of Z
will be denoted by

1/2

1Z1 = {llull? + )2} 2.

In view of conditions (4.6)—(4.9), it is easy to verify that

4.11) IFDIP=11f@)? < Ci(+ ul®) < C1 (1 + 1 Z]%),

(4.12)  |[F(Z) = FZHIP =f@w) — f@)|* < Callu —u'|? < C211Z — Z'|?,

Tt[2;(Z)RE/(Z)] = Trlo; (Ju)Ro;* (Ju)]

@13 < C3(1+ ulP) < C3(1 + 1ZI%)
and

Tr{[Z/(Z) — Z(Z)R[Z/(Z) — Z,(ZNH]*}
(4.14) =Tr{lo:(Ju) — or(Ju")IR[o; (Ju) — o; (Ju")]*}

< Kllu—u'|? < C4|Z - Z')%
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Therefore the conditions for the existence theorem (Da Prato and Zabcyzk [2],
Theorem 7.4), are satisfied for equation (4.5). So it has a unique solution Z; =
(us,v;) as claimed. Now the energy equation (4.10) can be obtained easily by
making use of Lemma 2.1. [J

The next lemma quotes some well-known Sobolev inequalities (see Reed [10],
page 21), which will be needed later on. Recall that | - |, denotes the L”-norm and
C°, the set of C*°-functions on R? with compact support.

LEMMA 4.2. Foru,ve C3° and 1 <k <m, we have

[ulox < Cillull1,
1o )1? < Collul7 Vvl
for some constants C1, Cy > 0, where m =3 ford =3,and m > 1 ford =1 or 2.

In what follows, we shall state and prove the local existence theorem for
equation (4.1) with polynomial nonlinearities.

THEOREM 4.1. Consider the Cauchy problem for the stochastic wave
equation (4.1) in RY with d < 3. Assume that:

1) fx,u),xe R uelk, isa polynomial of the form

(4.15) faw=> " ajxul,

j=1
where m <3 for d =3 and m > 1 for d =1 or 2, and aj(x) is bounded and
continuous for j =1, ..., m.
(ii) The function o (t,x,s,y), fort >0,s € R, x and y € R4, is continuous.
There exist positive constants C1 and Cy such that with p <m,
4.16) |0, x,5,)> <Ci(1+ s/ +[y[>) Vr€l0,T], x,y R
and
|U(t’x’s7 y) _G(t7x7s/’ y/)|2
(4.17) <G +IsPPV 4 PP D) s — P+ [y — 1)
Vie[0,T], xeRY; 5,5’ €R; y,y e RY.
i) W(,x), t >0, x € R9, is a continuous Wiener random field with
covariance function r(x, y) such that
TrR =/r(x,x)dx <00 and rg= sup r(x,x) < oo.
xeR4

Then, for ug € Hy and vg € H, the Cauchy problem has a unique continuous
local solution u(t,-) € Hy with d,u(t,-) € H.
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PROOF. The main idea of the proof is to show that conditions (4.6)—(4.9) for
Lemma 4.1 are satistified locally, where the constants C; are replaced by some
Hj-bounded functions of u and u’. Then the existence and uniqueness of a local
solution will be proved by the method of truncation. For clarity the proof will be
given in the several steps.

Step 1. f: H;y — H is bounded. First rewrite equation (4.1) as the system (4.2),
where

m
fwy=fCu)y=>Y ajul.
j=1
Then, by Lemma 4.2, we get

m m
j J
If@)ll <ao Y llu | <ager Y llullf,

j=1 j=1
where ag = SUPLeRd, 1< j<m laj(x)].

Hence f: H; — H is bounded and, for u € Hy,
(4.18) Lf @)I” < byl Dl < brdlull) (1 + ),

i—1
where by (Jlull1) = (aoc1)* (X7 lully ™).
Step 2. f: Hy — H is locally Lipschitz-continuous. Similar to Step 1, we can
show that, for u, u’ € Hy,

(4.19) £ @) — f@HI* < ba(llully, llu'l[D)]lu —u|I3,

where by (r,s) is a polynomial of degree 2(m — 1) in r and s with positive
coefficients. For instance, consider the case d = 3 with m = 3. From (4.15) we
have

3
(4.20) If @) — fFDHIP < llu! — |
j=1

By invoking Lemma 4.2,

@21) lu® — w1 < Collu + /|1 |lu — o3
<2C(lull? + [l 1) lu — u'|13

and
lu? — w1 < (1 @? + u’ +u) @ —u))|?
(4.22) <8(llu @ —u) 1> + u? @ —u))|?)
< Ca(lullt + ' ID e — 1.

In view of (4.20)—(4.22), inequality (4.19) holds for d = 3. For d =1 or 2, it can
be verified in a similar fashion.
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Step 3. For Ju e H d+1 and t € [0, T], there exists a polynomial b3(r) with
positive coefficients such that
(4.23) Tr[o; (Ju)Ro; (Ju)] < b3(lull) (1 + llull7).

By making use of conditions (ii) and (iii) together with Lemma 4.2, we get

Trlo;(Ju)Ro (Ju)] = /r(x,x)az(t,x, u, Du)dx

<c /r(x,x){l + [ul?? + |Duf?} dx
2
< C{Tr R + rolulyh + rollulli}

2(p—1
< Ki[1+ [l )0 + ul}) for p<m,

which yields (4.23) if we set b3(r) = K{[1 + r2(P=D7, for some constant K > 0.
Step 4. For € [0, T], u and u' € Hy, there exists a polynomial b4(r,s) with
positive coefficients such that
Tr[o; (Ju) — o1 (Ju)IR[oy(Ju) — 0 (Ju')*]

(4.24) ,
< ba(llully, "1 llu —u'l1.

Similar to Step 3, by means of conditions (ii) and (iii), and Lemma 4.2, we deduce
that

Tr{o;(Ju) — o, (Ju")IR[oy (Ju) — oy (Ju)]*}
=/r(x,x)[o(t, x,u, Du) —o(t, x,u’, Du)]* dx

< szr(x,x){[l +1u 2P 1 PP Dy — /P 4 |Du — Du')?) dx

< Corofllu — u'I[f + lu?~ e — )P + /P~ — )|}
2(p—1 2(p—1
< Ka(1+ 1l + 11777 ) e = w13,
for some constant K»>0. It yields (4.24) with b4(r,s)=Ko(1 + r2—D 4+
2(17—1))
s .
Step 5. Existence of local solutions by Hj-Lipschitz truncation.
For R > 0, let ng(-): RT =[0, 00) - R be a C{°-function such that

1, for0O<s<N/2,
(4.25) nw () = {O, fors > N,
and 0 < ny(s) <1 for N/2 <s < N. For u € Hy, define Syu = ny(|lull1)u,
SN @) =nnlull) f(Syu) and o) (Ju) = ny (ull1)o: (J Syu). Instead of (4.2),
consider the truncated system

dl/t[ =1 dt,
(4.26) [ dv, = (*V? —yDurdt + N ) de + o N (Ju)dw,,
up=g, vo=nh.
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Then, by (4.18), we have
N @) =nn(lull) f(Syu) <br(ISnull) (1 + | Syull?)
<bi(N)(1 + ).

It can also be shown that, by (4.19) and (4.25), there exists constant b>(N) > 0
such that

(4.27)

@28)  IfNUu) = NI <ba(N)|lu —u'lly  foru,u’ € Hy.
Similarly, by taking (4.23), (4.24) and (4.25) into account, we can deduce that
(4.29) Tr[o,N (Ju)RoV* (Ju)] < b3(N)[1 + [lu]l7]

and

4.30)  Tr[oN (Ju) — o (Ju)|R[o) (Ju) — N (Ju)]" < ba(N)|u —u' |13
for some by(N) >0, u,u’ € Hj.

In view of (4.27)—(4.30) and condition (iii), Lemma 4.1 is applicable to the
truncated system (4.26). Therefore there exists a unique continuous solution Z tN =
(uiv, vtN) e # = Hy x H, for t € [0, T]. Introduce a stopping time ty defined by

ty =inf{t > 0: [[ulN |, > N/2}.

Then, for r < tn, u; = uiv is the solution of (4.1) with d;u, = U,N. As Ty is
increasing in N, let 7o, = limy_, » Tn. Define u;, for t < too A T, by u; = uf\’

if t < ty < T. Then u; is the unique local solution as claimed. [J

To obtain a global solution, it is necessary to impose further conditions on f
and o so that a certain energy bound can be established to prevent the unlimited
growth. To state the next theorem, it is convenient to introduce the function G (x, u)
defined by

m

4.31) G(x,u):_zfouf(x,s)dsz—z

j=1

) j+1
G+ 1)aj()c)u .

THEOREM 4.2. Suppose that conditions (1)—(iii) for Theorem 4.1 hold true.
In addition to conditions (1) and (i1), we assume that:

(1) Let m = (2k + 1) be odd and there exist positive constants o > 0 and X > 0
such that

(4.32) G(x,s)> (@ +rs%)s?>  VxeRY seR.
(i)’ Condition (ii) holds with p = (k + 1).

Then, for ug € Hy, vo € H and for any T > 0, the Cauchy problem (4.1) or
(4.2) has a unique continuous solution u; = u(t, ) € Hy with v, = o;u(t,-) € H in
[0, T'] such that
(4.33) E sup{e(u;) + lu 211} < cc.

t<T
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Before proving this theorem, we first establish the following technical lemma.

LEMMA 4.2.  Suppose that the conditions for Theorems 4.1 and 4.2 hold true.
Then the following local energy inequality holds:

Ee; (iney) + aElluinry |

(4.34) n t
< {e(uo) + Gug) + Ct} + K /0 Ee;(usney) ds.

for some constants C and K > 0, where

(4.35) en(u) =e(u) +Alu|§§ﬁ}§.

PROOF. Recallthat,fort <ty <T,u, = uf\’ is a solution of the system (4.2).
By means of Lemma 4.1, the following energy equation holds:

tATN INTN
e(Urney) = e(ug) +2 fo (vs. f(us))ds +2 fo (vs. 05 (Juug) dWy)

INTN
+ / Tr{oy (Juy) RoF (Juy)]ds,
0

or, by noting definition (4.31),

INTN

e(ut/\fN) + G(”l/\t/\/) = e(uo) + G(“O) + 2/(; (US7 os(Jus) dWV)

(4.36) o
+ / Trloy (Jus) Ro (Jus)]ds
0

where, by condition (i)', (4.31) and Lemma 4.2,
437 Gu)= / G(x,u(x))dx > /(a + Ay dx = ol + Alul3 )

and
m

A 2 - = i+1 S 41
16 (o) < Zm/mjnuov“dx <ap Y luol < Co Y ol < os.

j=l1 j=1 j=l1

By taking the expectation of (4.36), we obtain
Ee(uinzy) = e(uo) + G (o) — EG (uinry)

(4.38) +E f " Tloy (Jug) R (Juy)ds.
0

Now, in view of conditions (ii) and (ii)’, we have
Trloy(Ju)Ro (Ju)] = / r(x,x)o>(t, x,u, Du)dx
(4.39) e /r(x,x){l + 24D 4| Du P di

2(k+1
<{Tr R+ rolul3ty) + rollull}} < € + Kex (),
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for some constants C and K > 0. By taking (4.37)—(4.39) into account, we deduce
that

Ee;(uiney) + QE|[uiney 1> < Ee(uinry) + EG(Uinry)

INTN

= e(uo) + Guo) + E /0 Trloy (Jug)Ro (Jus)] ds

A t
< {e(uo) + Guo) + C1} + K /0 Ee; (itsney) ds.

This completes the proof of the lemma. [

With the aid of this lemma, we are ready to prove the global existence
Theorem 4.2.

PROOF OF THEOREM 4.2. Forany T > 0, we will show that u;x¢, — u, a.s.
as N — oo for any t < T, so that the local solution becomes a global one. To this
end, it suffices to show that Ty — 0o as N — oo with probability one.

Recall that, for t <ty < T, u, = ufv is a solution of the system (4.2). By
applying Lemma 4.2 with py () = Eej (u;ary) and noting o > 0, inequality (4.34)
yields

o (1) < fe(uo) + Gug) + Ct} + K /(;t pn(s)ds
which, by the Gronwall inequality, implies that
(4.40) pn(T) < fe(ug) + G(ug) + CT}eXT = Cr.
On the other hand, we have

pN(T) = Eey(uinry) = E{d(ty < T)ex(uey)}
2
> CE{lluny |3 4(ty < T)) = C(%) Pley < T},

where J is the indicator function and C > 0 is a constant. In view of (4.40), the
above inequality gives

P{ry <T} <4py(T)/CN* <4C7/CN?
which, with the aid of the Borel-Cantelli lemma, implies that

or limy_s o0 Ty = 00 a.s. Now we let uiv = U nry and denote its limit: limy_, o ufv
still by u;. Then u; is the global solution as announced. To verify the energy
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bound (4.33), we take the limit (as N — o0) in (4.36) to get the energy equation:

N N t
e(ur) +G(up) =e(ug) + G(ug) + /0 Trlos(Jus)Ro (Jus)lds

T
+2./0 (vs, o5 (Jug) dWy).

Similar to (4.38), the above equation yields

A t
Esupe; (ug) < {e(uo) + G(uo) + Ct} + E | Trlos(Jus)Ro; (Jus)lds

o<t 0

(4.41) = P
+ 2E sup (USa O's(-]us)de)'
o<t J0

By means of the Birkholder—Davis—Gundy inequality (Kunita [4], page 66), we
have

0
Esup | (vy,05(Jug)dWs)

<t J0

t 1/2
< CIE{/ (05(Jug)Ro ) (Jus)vs, vy) ds}
0

(4.42) . 12
< ClE{sup llve |17 Tr[oS(Jus)Raj(Jus)]ds}
0

o<t

1 !
<—Esup|lvgll* + C2E | Trlos(Jus)Ro (Juy)lds
4 o<t 0
for some constants Cy, C, > 0.
In view of (4.39), (4.41) and (4.42), there exist positive constants C3 and Cy,
depending on A, T, etc., such that

t
Esupey(ug) <C3+Cq | Esupe)(ug)ds.

o<t 0 6<s

By applying the Gronwall inequality, the above gives

E Supe}\(ul) S C3eC4T7

t<T

which implies the energy bound (4.33). [

REMARKS. (i) In contrast to the example given in Section 3 for an explosive
solution, suppose that f(x, u) = —(oxu + ) with o, & > 0, and 0 = g + orqu +
aru?. Then conditions (i) and (i)’ of Theorem 4.2 are met. The corresponding
Cauchy problem with d < 3 has a unique global solution as stated.

(ii) Throughout the paper, for simplicity, the noise consists of a simple term
o W. The theorems hold true for multiple noise terms Zle o; W; with independent
Wiener fields W/s, provided that each o; satisfies the conditions imposed on o
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(iii) The existence theorems given here can be generalized to a class of second-
order stochastic hyperbolic equations with nonlinear terms of polynomial growth.
This type of problems will be treated in a separate paper. [

APPENDIX

PROOF OF LEMMA 2.1. We shall only prove the energy equation, which is
the key point of this lemma. The proof is based on smoothing equation (2.7) by
means of the Friedrichs’ mullifier p¢+ defined as

g5 () = (perg)(x) = /pe(x — g dy

where p, is a certain positive, even C°°-function with compact support in a
e-neighborhood of the origin such that [ p, dx = 1. We apply p,+ to equation (2.7)
to obtain the mullified system

duf = vy dt,
(A.1) dvf = (AV? = yhuf + ff +dME,
ug=g, vy=nh.

Since the mullified functions u?, v}, etc., are smooth (C°°) in x, we can apply the
It6 formula to (A.1) for each xeR? to get (Kunita [4], see page 92):

t
|ve (7, x)|> = |v(‘°")()c)|2 + 2/ Ve (s, x)(?V? = y2)u (s, x) ds
0

+2/(; vo(s,v) f (s,x)ds—i-Z/O vo(s, x)dM; +/0 q°(s,x,x)ds,
where
q° (@, x,y) =[(per) ® (pex)qi1(x, y) = / pe(x — &) pe(y —m)q(t, &, m) d§ dn,

and ® denotes the tensor product.

After intergrating the above equation over R?, by parts if necessary, and
evaluating integrals over [0, t] when possible, we arrive at the following mullified
energy equation:

t t
e(u?) =e(uo) + 2/ e, fHds +2/ (e, dM?)
(A.2) ' 0 0
+ /0 Tr Q¢ ds,

where Q7 is the covariation operator of M; with kernel ¢°(t, x, y). By some well-
known properties of the mullifier (p.+) (see Chapter 1 of [6]), as € — 0, we show
easily that Ee(u;) — Ee(u;) for each ¢ a.s. We can also prove that

-0

t t
(A3) E‘ [t ras= [ s
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and

—0 ase—0.

t t
(A4) E’/ Tr Q% ds —/ Tr Q; ds
0 0

To be brief, let us verify (A.4) only. Note that

t t
/ TrQﬁds—/ Tr QO ds
0 / 0

(A.5) =/0 /[qg(s,x,X) —q(s,x,x)]dxds

=/0t/{//ﬁg(é‘,n)[q(s,x—é,x ~ ) = qGs.x0)dsdn) dxds

where pg(x,y) = pe(x)pe(y). Similar to the proof of Lemma 1.3 (d) in Mizo-
hata [6], we can show that

(A6) 1%/{/ BelEla(s. x —E.x — 1) —q(s,x,x>|d5dy}dx ~0

for each s € [0, ¢] a.s. In view of (A.5) and (A.6), with the aid of the bounded
convergence theorem, we deduce that (A.4) holds true.

Now it remains to show that
=0.

(A7) m E’/Ot(vﬁ,de) - /(;t(vs,dMs)

li
e—0

To this end, we start with

t t
E‘ [ wgamp - [ <vs,dMs>‘
0 0

t
SE’/ (vi_USadMS) +E‘/ (Uf7d(M§_Mv))’
0

(A.8) ;
0

By means of Birkholder—Davis—Gundy inequality for martingales, we have
2 } 1/2

; 1/2
< ﬁ{E./o (05 (V8 —vy), v — vs)ds}

t
E’/ (vf — vy, dMy)
0

t
= {E’/ (vf — vy, dMy)
0

1/ . 172
52[EsupTrQ,} {E./() ||U§—Us||2ds}

t<T

which implies that

t
(A.9) E‘/ (v —vg,dM;)| -0 ase— 0.
0
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Similarly we have

E

f o v - M»)\
0

1/2 t 172
52{EsupTrAQf] {E/(; ||U§||2ds} ,

t<T

(A.10)

where AQf = %((M‘g — M)); and

TrAQf = /[(pg £ —1) ® (pe % —D)gr1(x, x) dx,

where ® denotes the tensor product and / is the identity operator.
Therefore,

EsupTr Qf < Esup

/ [pe % ®(pe * —D)qe)(x, x) dx

1<T 1<T
(A.11) + EstTp /[1 ® (pe x —1)qs](x, x)dx
—h+h
Explicitly we have
n=Esup| [{ [ 5etemtatx = &.x = = q(t.x — g, o de dn)
and
I =Etsg¥ /{/p(n)[q(t,x,x =) —q(t,x,x)]dn}dx :

each of which can be shown, similar to (A.6), to go to zero as ¢ — 0. In view
of (A.10) and (A.11), we get

t
lim EV (W8, d(ME — Ms))‘ —0,
e—>0 0

which together with (A.8) and (A.9) verify (A.7). By taking (A.3), (A.4) and (A.7)
into account, we set € — 0 in the truncated equation (A.2) to yield the energy
equation (2.8). [
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