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Abstract The solution of the Langevin equation driven by a Lévy process noise
has been well studied, under the name of Ornstein-Uhlenbeck type process. It is
a stationary Markov process. When the noise is fractional Brownian motion, the
covariance of the stationary solution process has been studied by the first author with
different coauthors. In the present paper, we consider the Langevin equation driven by
a linear fractional stable motion noise, which is a selfsimilar process with long-range
dependence but does not have finite variance, and we investigate the dependence

structure of the solution process.
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1. INTRODUCTION

In this paper, we consider a stochastic process { X (¢),t € R}, which is a stationary

solution of the Langevin equation
t

(1.1) X(t):X(O)—)\/ X (u)du + N(t)
0

with a stationary increment noise process {N(t),t € R}, where A > 0. When such
a stationary solution uniquely exists, we call {X(¢)} an Ornstein-Uhlenbeck process
driven by a noise process {N(¢)}. When {N(¢)} is Brownian motion, {X(¢)} is so-
called (classical) Ornstein-Uhlenbeck process, which is a Gaussian Markov process.

We say that {N(t)} is Lévy process if it has independent and stationary incre-
ments, is stochastically continuous and N(0) = 0 a.s. When {N(¢)} is a stable Lévy
process, {X (¢)} is called the stable Ornstein-Uhlenbeck process, which was already
studied in [5] and more deeply in [1]. It is also a Markov process. When {N(t)} is a
general Lévy process, the stationary solution { X (¢)} is called an Ornstein-Uhlenbeck
type process, and its distributional properties were also well studied. (See [12] Section
17.)

Our concern here is what will happen if the noise process has dependent incre-
ments. In Gaussian case, the solution process { X (¢)} of (1.1) with fractional Brownian
motion as {N(t)} is studied in [3]. In this paper, we take a (non-Gaussian) linear
fractional stable motion as a noise process, and investigate the dependence property

of the stationary process {X(¢)}.

2. ORNSTEIN-UHLENBECK PROCESSES DRIVEN BY STATIONARY INCREMENT
NOISE PROCESSES

We first define Ornstein-Uhlenbeck processes driven by stationary increment noise
processes. We follow an idea in [13].

Let Dla, b] be a set of all functions ¢ : [a,b] — R such that they are left continuous
and have right limits. Let f € R,,,([a,b]) be a set of all functions f : [a,b] — R such
that the Riemann integral f: o(t) f(t)dt exists for any ¢ € Dla,b|.

Proposition 2.1. ([13]) Let {N(t), t € R} be a stationary increment measurable
process with N(0) =0 a.s. and A > 0. If {N(t)} satisfies conditions:

(1) {N(B)} € Ru(0.1]),

(2) E[ log* ‘fol etN(t)dt‘ ] < 0o



and

(3) E|log" NI | < o0,

then

(2.1) X(t) = N(t) — )\/t e MNEIN () du, tER,

—0o0
15 a stationary process well-defined in the sense of convergence in probability and the

unique solution of the Langevin equation (1.1) with a noise process {N(t)}.

Remark 2.2. In their proof of Proposition 2.1 in [13], they show that
lim,, o0 ffn e* N (u)du exists a.s., but it is not clear that lim,, . ffnfh e N (u)du
has the same value for all ~ > 0, which is needed for the stationarity of {X(¢)}.

However, we can show that

lim e™N(u)du =0 in probability

n—oo —n—h
under our assumptions as follows, and this is enough for our purpose. Actually we
have

n 0
/ M N (u)du = e_)‘”/ N (v —n)dv

—n—h —h

— e /0 eM(N(v—n) — N(=n))dv + e_’\"N(—n)/ eMdv

=:I1(n) —|j I(n).

By the stationary increment property of {N(v)},
0
Ii(n) < e)‘"/ e N (v)dv,
—h
which converges to 0 a.s. as n — oo, where < denotes equality in distribution, and
thus ;(n) — 0 in probability. For I5(n), it is shown in [13] that Y >°, e "|N(—n)| <

oo a.s. and thus Ir(n) — oo a.s. as n — oo.

Remark 2.3. In their paper [13], they do not explicitly mention the uniqueness of the
solution, but it is easily seen as follows. Suppose X;(t) and X,(t) are two solutions

We thus have
(=A)"
(n—1)!

X, (t) — Xolt) = /0 (F — w2 (X, (1) — Xo(u))du



for n = 1,2,.... Since ((n — )H7H(=N)"(t — w)"!' — 0 uniformly in u € [0,¢] as
n — oo, we get X (t) = Xa(t).

3. STABLE PROCESSES AND LINEAR FRACTIONAL STABLE MOTIONS

Throughout this paper, {Z,(x),x € R} denotes a symmetric a-stable Lévy pro-

z'OZa(l)]

cess with Ele = ¢ " 9 € R. Linear fractional stable motions are defined as

follows.
Definition 3.1. Let 0 < a <2, 0 < H <1, a,b € R, |a| + |b] > 0. {Apa(t),t € R}
is linear fractional stable motion, if

Bualt) = [ (afie= )t = ]

+b [(t —z)f e (—;E)I_{fl/a} )dZa(x),

where u; = max{u,0},u_ = max{—wu,0} and 0° = 0 even for s < 0. When a = 2,

it is fractional Brownian motion.

The following are some known facts on linear fractional stable motions, (see [6]

and [7]).

Proposition 3.2. Linear fractional stable motions are symmetric a-stable selfsimilar

processes with stationary increments.

Proposition 3.3. Let 0 < a < 2.

(1) IfH > 1/a, {Aga(t)} has a continuous version.

(2) If H=1/a, {Ana(t)} is an a-stable Lévy process. Hence, almost all sample
paths are right continuous and have left limits.

(3) If H < 1/a, all sample paths of {Ap.(t)} are nowhere bounded.

Since {Ap(t)} is an a-stable Lévy process when H = 1/a, the problem was
studied in [1]. When H < 1/a, the dependence structure of {Ap ,(t)} itself is studied
in [2]. We can consider the Langevin equation (1.1) with a noise {Apy ()}, H < 1/a.
However, we cannot expect the existence of the solution of (1.1) with a noise whose
sample paths are nowhere bounded. For, if such a solution exists, then it should has
an expression like (2.1), where the noise process should be integrable in some sense,
but it cannot be expected. Therefore, in the rest of this paper, we always assume

that 1/a < H < 1, < 2, which necessarily leads us to the case 1 < o < 2.



For later use, we mention here two propositions on stable integrals.

Proposition 3.4. ([11]) Let 0 < a < 2, S C R and let f(z) be a measurable function
on S. If [¢|f(z)|*dx < oo, then the stable integral [ f(x)dZ,(x) is well defined, and

E {exp {i@/sf(x)dZa(a:)H :exp{—yeya/s|f<x>yada;}, beR.

Combining Theorems 11.3.2 and 11.4.1 in [11], we get the following.

Proposition 3.5. Let 0 < o <2, T, S C R and let f(u,z) be a measurable function
onT x S. If

(3.1) /T
then
/T(/Sf(u,x)dZa(x)> du:/s</Tf(u7$)du) iZ.(r) as.

A necessary and sufficient condition for the validity of (3.1) when 1 < a < 2 is

(3.2) A(/g\f(u,x)]adx) " < oo

When a stochastic process { X (t), t € R} is stationary Gaussian, we can describe

du <o a.s.,

/5 F(u, 2)dZ0 ()

its dependence property by its covariance function E[X (¢)X(0)]. However, in the
non-Gaussian stable case, we cannot use the covariance function. Instead, we use the

following. For a stationary process {X ()}, let
(3.3) r(t) :=r(0y,60z;1t)
= B expli(6: X (1) + 6,X(0))}
—E[exp{z’el)((t)}}E{exp{wﬂ(m}], 01,05 € R,
and
I(t) := 1(61,05;1)
= —logF [ exp{i(6, X (t) + QQX(O))}]
—i—logE[eXp{ielX(zﬁ)}] + logE[eXp{z'HgX(O)}], 61,05 € R.
The following relationship between r(t) and () is valid:
r(61,09;t) = K(6,,09;1) (6_1(01’92;t) —-1),



where

K(61,00:1) = E[exp{wl)((z)}} E[exp{z'egX(O)}]

=F [ exp{ié’lX(O)}] E [ eXp{ier(O)}}
=: K(01,6,) =: K,

say. Further, if I(t) — 0 as t — oo, then r(t) ~ —KI(t) as t — oo, namely, r(t) and
I(t) is asymptotically equal. If {X(¢)} is Gaussian, —I(1, —1;¢) coincides with the
covariance function and thus r(t) is comparable to it. (For the details about these
notions, see [11].)

The quantity r(¢) was used in [2], where the authors studied the dependence struc-
ture of linear fractional stable motions. The quantity r(¢) is also found in [8], where
a necessary and sufficient condition for the mixing property of stationary infinitely
divisible processes was proved in terms of r(¢) implicitly. (See also [9].) Therefore, it
is reasonable to use r(t), or equivalently, /() in measuring the dependence property
of our stationary process {X(¢)}.

We want to say that a symmetric a-stable stationary process {X ()} has long-

memory, if r(t) in (3.3) satisfies

(3.4) > Ir(n)] = o

The concept of “long-memory” is still used in different ways. Historically, the long-
memory is measured in terms of correlations when processes have finite variances. (See
[4] and [11], Section 7.2.) In such a case, the condition (3.4) is well understood for
long-memory, especially for the increments of fractional Brownian motion. However,
Samorodnitsky ([10]) recently points out that correlations provide only very limited
information about the process if the process is “not very close” to being Gaussian. In
case when the variance is infinite, the situation is more chaotic. As we have mentioned
above, a “correlation like” quantity r(¢) is taken as one candidate for measuring the
dependence in [2] and [11], Section 7.10, and we are following their idea in the present
paper. Once we adopt this quantity, it might be natural to call the process to have

“long-memory” if it satisfies (3.4), even if the process has infinite variance.



4. LONG-MEMORY STABLE ORNSTEIN-UHLENBECK PROCESSES

We are now going to investigate Ornstein-Uhlenbeck processes driven by non-
Gaussian linear fractional stable motions as noise processes. Recall that we are re-

stricting ourselves to the case 1/a < H < 1,a < 2, and therefore 1 < a < 2.

Theorem 4.1.
t

(4.1) X(t) =Apa(t) — )\/ e_’\(t_“)AH@(u)du

—00

15 the unique stationary solution of the Langevin equation,
t
X(t) = X(0) — /\/ X (w)du + Apa(t).
0

Proof. 1t is enough to show that when H > 1/a, {Ap(t)} satisfies Conditions (1),
(2) and (3) in Proposition 2.1.
Condition (1): By Proposition 3.3, when H > 1/a, Ap,(t) has a continuous
version. For any sample path of such a version, ¢(t)Ay,(t) is integrable over [0, 1].
Condition (2): Let us write Ay (t) = [*° f(t,x)dZ4(z). Then, we have

/01 etAH,a(t)dtH < nZ:oP <log / etAHﬂ(t)dt‘ > n)

S (Lo

(by Proposition 3.5)
> e") .

_ z%p ( ‘/ ( F(t a;)dt) 7. (x)

Since [ ( f LE(t, x)dt) dZ,(z) is symmetric a-stable and the tail of its distribu-

tion has the power order of —a, we have, with some C; > 0,

E [logJr

o

etAH,a@)dtH =0 Y (") " <00,

n=0

1

E {log+

Condition (3): We have

E[logﬂAHa } ZP(logmHa( )|Zn>

_ZP(|AHQ \>e)

(as above)



o0

= Cy Z(en)_a <00,

n=0

for some C5 > 0. This completes the proof. 0

We want to investigate the behavior of r(t) = r(6,602;t) as ¢ — oo in (3.3).

However, since {X (¢)} is stationary,
P(X(t)e A, X(0) € B) = P(X(0) € A, X(—t) € B),
and thus r(01,0q;t) = r(02,6,;—t). Therefore, the study of r(6y,602;t), t > 0, as

t — o0, is essentially the same as that of r(0,6y;t), t < 0, as t — —oo. Since the
calculation for ¢ < 0 as t — —oo is a bit easier in our setting, we will show a result
on the behavior of r(6;,60s;t), t <0, as t — —o0.

The following is our main theorem in this paper.

Theorem 4.2. Let 1 < o < 2,H > 1/a and let {X(t)} be the stochastic process in
(4.1). Then ast — —o0,

(4.2) r(t) := (04, 09;t) ~ —KC|t|*HD)
where
(4.3) K = exp{ — (161" + 162]%)

0
/ (H — l)ae’\“(u - x)H_é_ldu

«

(/.
+/_x (H — L) (z — )14y

- a
[e9) 0 1 L
+/ '/ (H — 2)be™(z —u)¥ o du
0 —00 aQ

«

dz

d:c)}
and
1 “ > 1 1 «
(4'4) C=X\" (H - —) / ( ‘91(1(33 - 1)H_E_1 + ezaxH_E_l‘
1

o
a)daﬁ

016(1 — x)H*ifl + foazt !

Oé)dx

O1b(1 — )15t 4 Oyb(—x) A

1
Opazt—a—1

Ora(x — 1)H’§’1

o [

f1b(1 — x)H—%—lla -

e (m-3) [

«

_1_
Opaz a1

[0}




—|01b(1 — z)F !

C = [oab(—a)E

a)dw.

Theorem 4.3. Let 1 < a <2 and H > 1/a. Then {X(t)} in (4.1) has long-memory
in the sense of (3.4).

Proof. Since a < 2 and H > 1/«, we have a(H —1) > 1 —a > —1. Thus by (4.2),
> ono ()] = oo. O

5. PROOF OF THE MAIN THEOREM

In the following, for notational convenience, put § = H — 1/a. To prove our
main theorem, Theorem 4.2, we start with stating a lemma, the proof of which will

be given in the last section. Recall that ¢ < 0.

Lemma 5.1. We have

(5.1) /t Ae A=) </u la(u — )7 — a(—2)°|" dm) " du < 00,

— 00 [e.9]

t 0 1/a
(5.2) / Ae AW (/ |b(z — u)’ — a(—x)ﬂa dx) du < 00
and
t 00 1/
(5.3) / Ae A=W (/ |b(z — u)’ — bx’g‘a dm) du < 0.
—o0o 0

From (4.1) and the definition of {Ap ,(¢)}, we have

X(t) = Apalt) — / t Ae AW ( / ' (a(u —z)? — a(—z)") dZa(x)) du

—00 —00

- / L e ( / (b — 0 — a(—a)?) dza(@) du

—0o0

_ /_ ; e~ AW < /0 h (b(x — u)” — ba) dZa(x)) du.

Here we apply Proposition 3.5 to change the order of three integrals above. Condition
(3.2) in Proposition 3.5 can be verified by Lemma 5.1, and note that the second
integral becomes the sum of two integrals. Thus we have

X(t) = / (a(t — z)° — a(—2)") dZ,(z)

—00



;- )
_/_;(/;aww o) du— a (1 — e (= ﬂ)dza@:)

_ /_ ; ( /_ OO bACM) (1 — )P — ae_’\(t_’”)(—m)ﬁ) dZq ()
_ /t ’ ( / ; BN (& — )P — a<—x)ﬁ) dZ,(x)
_ /0 ” ( / ; bAe ) (3 — )Pl — bxﬁ) dZ(x)

_ /_ ; (a(t — ) - / e w2

_/_Oo bre M= (5 — u)ﬁdu) dZ ()

) t
—l—/ (b(aj — )7 — / bre MW (g — u)ﬁdu) dZ,(z),
t —00
and hence

(5.4) X(t) = /_ ; < / Bae0 (4 — 7)1 dy

/ Bbe M=) u)ﬂ—ldu> dZ,(z)

N /t ( / BN u)ﬁ—ldu> AZ.(x).

We first calculate K. By (5.4) and Proposition 3.4, we have

K = E[exp{i@lX(O)}] E[GXP{Z'HQX(O)}}

0 0 T o
:exp{ / /Hﬁae’\“( )ﬁldu—i-/ 018be (x — u)? " du| dx
/ ‘/ 018be™ (z — u)’'du| dx
—/ / 0sB3ae™ (u — x ﬁ_ldu—i—/ 053be™ (x — u)’'du| dx
/ ‘/ 028be™ (x — u)’'du dx}
:exp{ (161]* + 102|%) </ Ay x)ﬁ_ldu+/ Bbe* (z — u)’tdu

10

«

dx



o) 0
+/ ‘/ Bbe M (x — u) " tdu
0 —00

dx) }
This is K in (4.3).
We next calculate I(t). By (5.4) and Proposition 3.4 again, and by a standard

calculation, we have
I(t) = —log E[exp{i(é’lX(t) + %X(o))}}

+log E [ exp{i6, X (t) }] +log & [ exp{i92X(0)}]

t t T
:/ (‘/ 0, Bae M~ (u — )’ 'du —i—/ 91ﬁbe’)‘(t’“)(x —u)du

— 00
«

0 T
+/ 0y8ae™ (u — )’ Ldu + / 05 8be™ (x — u)’du

[0}

t X
/ 016@6_)\@_“)(“ — )" du + / 0, Bbe =) (z —u)tdu
)dm

«

0 T
/ 03 B8ae™ (v — )’ du + / 028be™ (2 — u)’~du

0 ¢
+/ (‘/ 0,8be N (2 — w)P 1y,
t —00

0 T
+/ 0y Bae™ (u — ) Ldu + / 05 8be™ (x — u)’du

—0o0

«

t
—'/ 018be M) (2 — u)P L,

0 T
/ 0sBae™ (u — z)°Ldu + / 05 8be (x — u)’du

>da:

00 t 0 «
—l—/ (‘ / 61 3be 2 (2 — w)Pdu + / 05 8be™ (x — u)’du
0 —00

— 00

t a 0
—'/ 018be 2 (2 — w)Pdu| — ‘/ 028be™ (2 — 1)’ du

)dw.

/ elﬂae)\t(u—l)(x _ u)ﬁ—ldu + / Glﬂbe”(“‘l)(u _ l‘)ﬁ_ldu

1 T

Here by change of variables x = xt, u = ut, we have

o =1 [

+/ 03 B3aeM(z — u)? " du + / 0586 (u — 2)°du
0 T

«

«

/ b18ae* " (@ — u)’ " du + / 6186 (w — )7~ du

1 x

11



)dx

o

/ 03 8ae" (x — u)?du + / 02,3be M (u — )7 du
0 T
1
+|t|aH/ (
0
+/ 03 B3aeM(z — u)? " du + / 0586 (u — 2)°du
0 T

/ 0186 (y — )P Ldu

1

/ 01 3be M=V (y — ) Ldu

1

«

— )dx

0 oo oo
Ht]aH/ (‘/1 91ﬁbe’\t(“_1)(u—x)ﬂ_1du+/ 058be™ (u — 2)°du

0
)dx

/ 03 B3aeM (x — u)?du + / 0586 (u — )7 du
0

«

07

- / 02,3be M (u — )7~ du

0

/ 01 86N (y — )P Ldu,

:HPH[mmﬂmw+gwwW“ﬂﬂa@P—WMt@WMw
+HPHA(m@w)+mt@P—WMtﬂP—wma@PMx
S [ (bfe) + b0l = )~ 0) )

where

f(t,z) = / 0 Bae™ =V (z — u)’Ldu +/ 0,8beM Y (y — ), x> 1,

1 x

g(t,x) = / 03 8aeM (x — u) " du —|—/ 053be M (v — )7 du, x > 0,
0

h(t,x) = / 0,66 MV (4 — )P du, z < 1
1
and

k(t,x) = / 05,3be (v — )7 du, = < 0.
0
Thus

(5.5)
lim [t|*C=(¢)

t——00
o)

— lim [ (f () + gt o) — [t ()] — [tg(t, 2)|")da

t——o00 1

12



+ lim (|th(t,l’) + tg(t7x)|a - |th(t,l‘)|a - ‘tg(tax”a)dx

+ tim [ (t(t ) + th(t,2)|” — [th(t,2)[* — |th(L,2)]*)da.

In order to apply the dominated convergence theorem, we need the following lemmas.
Lemma 5.2. For 1 < a <2 and for any r,s € R, it holds that
[+ | = Jr|® = [s]*] < alr|ls|*™" + (@ + D)r|*.

Lemma 5.3. There exist constants K1, Ko, K3 and K4 such that for any t <0,

(5.6) tf(t,x)| < Ki(z— 1)1, for anyz > 1,
tg(t, z)| < Kyx®t, for any x > 0,

(5.7) th(t,z)| < Ks(1 — )’ for anyx < 1

and

thk(t,z)| < Ky(—x)°7, for any z < 0.

Lemma 5.4.

1
(5.8) 1tlir_n tf(t,z) = X@ﬁ@(g; —1)%1,
1
tli{ﬂ tg(t,x) = Xﬁgﬁaxﬁ_l,
. 1 41
(5.9) thlin thit,z) = Xﬁlﬁb(l — )
and

1
1tlim tk(t,x) = Xﬁgﬁb(—x)ﬁ’l.
The proofs of these lemmas will also be given in the last section.

By Lemma 5.2 with r = tg(t,x),s = tf(t,z) and Lemma 5.3, we have
[tf(t,x) +tg(t,x)|* — [tf(t, x)|* — |[tg(t, z)|"
< aftg(t,2)|[tf(t, )" + (a + Dltg(t, z)|*
< aKorP N (K (2 — 1PN 4 (a0 + 1) (K
— oK VOV (g — 1)@ D00 4 (o 4 1) KgatPD,

Note that (« —1)(8—1) > —1 and (S — 1) < —1, which we are going to use below
frequently. Thus the above function of z belongs to L'(1,00).

13



When 0 <z < 1/2, by Lemma 5.2 with r = th(t,z), s = tg(t, z) and Lemma 5.3,
we have
[th(t, z) +tg(t, x)|" — [th(t, )|* — [tg(t, z)|"
< afth(t, )[ltg(t, )" + (a + 1)|th(t, )|
< aKs3(1 —2) N Ky ) 4 (o + 1)(K3(1 — x)7 1)
= aKéa_l)(ﬁ_l)Kg(l — )81 (o 4 1)K (1 — )5,
which belongs to L'(0,1/2).
When 1/2 < z < 1, by Lemma 5.2 with r = tg(t,z),s = th(t,z) and Lemma 5.3,
we have
[th(t, x) + tg(t, x)|* — [th(t, z)|* — [tg(t, z)|*
< aftg(t,@)|[th(t,=)|* + (o + 1ltg(t, z)|*
< alorP TN K1 — )P 4 (a4 1) (KpaP 1)
= aKQKéa_l)(ﬂ_l)azﬁ’l(l —z)@ VD 4 (o 4 1) KgzB-Y),
which belongs to L'(1/2,1).
By Lemma 5.2 with r = th(t,z), s = tk(t,z) and Lemma 5.3, we have
[th(t, x) + th(t,x)|* — [th(t,x)|* — |tk(t, )|
< alth(t,z)||tk(t, z)|* " + (a + 1)[th(t, )|
< aK3(1— o) (Ky(—2)" 1) + (0 + 1) (K5(1 — 3)7 )"
= aK" Y (1 — 1) (=)@ DD 1 (a4 DES (1 — )20,
This belongs to L'(—0c0,0).

Altogether, by applying the dominated convergence theorem to (5.5) and by
Lemma 5.4, we have

lim [to T ()

t——o00

=35 [ (ralo = 17 4 faax U~ Bral - 1P - fpaaa ) do
1
1
—l—)\_aﬁo‘/ (1016(1 — 2)°7 1 + foax® 1> — [0:b(1 — 2)°7H* — 602”1 |*) dx
0

0
+/\‘aﬁ°‘/ (1616(1 — )71 + Oob(—2)7 ™ — |01b(1 — )™ — |02b(—2)"1|*) da,

which is C in (4.4). Thus I(t) — 0 as t — oo, and hence
r(t) ~ —KI(t) ~ —KC|t|*H~1)

14



as t — oo. This completes the proof of Theorem 4.2.

6. PROOFS OF LEMMAS

Proof Lemma 5.1. (5.1) can be proved as

. u 1/a
/ Ne—At—w) (/ ‘a(u _ :L’)ﬁ _ a<_$)5|adx) du

-/ " e ( /  Jatu+ u)® - a(uy)?| <—u>dy) "

t o0 1/
= / e M=y H dy (/ ‘a(y —1)f - ayﬁ‘ady) < 00,
—00 1

and (5.2) and (5.3) can also be shown similarly. The proof is thus completed. O

Proof of Lemma 5.2. We consider two cases when r, s > 0 and when r > 0,s < 0.
(1) When r,;s > 0. Since (r + $)* —r* — s* > 0, it is enough to show that f(r) :=
—(r+s)*+ars® '+ (a+2)r*+s* > 0. Using an inequality 7~ +s*1 —(r4s)*~! > 0,

we have

f0)=0, f(r)=—alr+s)* " +as" "+ ala+2)r*" > 0.

(2) When r > 0,s < 0. Since |r + s|* —r® — |s|* < 0, it is enough to show that
f(r)=|r+s|*+ar|s|* ! +ar*—|s/* > 0. When r + s > 0,

f0)=0, f'(r) =alr+s)* 1 +a(—s)* "t +a*r* !t >0,
and when r + s < 0
£0)=0, f'(r)=—a(=r -5 +a(=s)*t+ a2 > 0.
This completes the proof. 0

Proof of Lemma 5.3. We first note that 6, ' f(t,z) = 0y 'g(t,z—1) and 6, 'h(t,x) =
05 'k(t,z — 1). Thus it is enough to prove (5.6) and (5.7).

Proof of (5.6): We have
/ 01 Bate™ Y (z — u)*du + / 0,66tV (4 — ) du,

1 x

Lf(t2)] =

(z+1)/2
< / 61 Bate’ Y (z — u)Ldu
1

+ ‘/ 01 Bate™ D (1 — u)?du
(z+1)/2
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+

2z—1
+ / 0,66tV (4 — ) du

ZIF1+F2+F3+F4,

/ 01 8bteM Y (4 — ) du
2

r—1

say. We have

1\ P /2 1 _ 1\~
Fy < |618at| <$ 5 ) / eMu=1) 7., < X|a01|ﬂ (x 5 ) .
1

We have

T

Fy <10, at| e’\t(:‘_l)ﬂ/ (z —u)’'du
(z+1)/2

B B-1
rz—1 1 r—1
— 9 t)\t(x—].)/2< 9
ool (52) e < il (1)

since z(t) := [t|eM@=1/2 takes its maximum value 2/(A(xz —1)e) at t = —2/(A(z —1)).

Similarly, we have

2zx—1 1
Fy < |6, 0bt] MY / (u—2)du < /\—|b91|(:z; — 1)1,
- e
We finally have

Fy < 0,80t (z — 1)° /

2zx—1

oo

Mgy < %|b€1|ﬁ(x — 1)L
Altogether, we have
tf(t,x)|=Fi+ Fa+ Fs+ Fy < K(x — 1)°1.
Proof of (5.7): We have
th(t,z)| < |0.8bt| (1 — 2)°~1 /100 MDDy = %]b&llﬁ(l — )
and thus (5.7). The proof of Lemma 5.3 is now completed. O

Proof of Lemma 5.4. By the same reasoning mentioned in the beginning of the proof
of Lemma 5.3, we need to prove only (5.8) and (5.9).
Proof of (5.8): We have

(z+1)/2
tlim tf(t,x) = tlim 01Bate =V (2 — u)’Ldu
——00 ——o0 Jq
+ lim 01 Bate =V (z — u)P~du

t==20 J(z+1)/2

+ tlim 0,86t (4 — ) du,

T

(6.1) = fi+ fo+ fs,
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say. We have
0 8—1
fi=— lim 0, Bae™ (x _U 1) dv
t==00 Ji(z—1)/2 t
0 N v 8—1
= — lim l{t(x_l)/gsvgo}elﬁae v (I - ; - ].) dU,

t——oo |

where

v B-1 r—1 B-1
1{t($71)/2§v§0}€)\v (.CE — z — 1) < 6/\v ( . ) ’

which is integrable with respect to v over (—oo,0). Hence, by the dominated conver-

gence theorem,

0
1
(6.2) fi= / 01Bae™ (x — 1) dv = Xﬁlﬂa(x — 1)1,
As to fs,
(6.3) |fo] < lim Wlﬁat\emx_lw/ (z —u)’'du = 0.
t——00 (z+1)/2
We finally have, by a standard argument,
t(:l‘—l) v ﬂ*l
(6.4) f3= tli{ll Qlﬂb/ e (? +1— ZL’) dv = 0.

Thus, it follows from (6.1)—(6.4) that
lim tf(t,z) = \7'6,Ba(x — 1)1,

t——o0
which is (5.8).
Proof of (5.9): We have
2
lim th(t,z) = tlim 0,60tV (4 — ) du,

t——o00 1

+ lim 0136t (y — ) Ldu

t——o0 2

(65) = hl + hg,
say. We have
. 0 A v p-1
hy= tim [ 6 be ”(¥+1—$> dv
——00 ¢
. 0 A v p-1
= thm 1{t§v§0}01ﬂbe v (; +1-— {L‘) dU,

[e.9]

where

v p-1
l{tgvgo}e/\v <¥ + 1— .flf) S 6/\1)(1 - I’)ﬁ_l,
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which is integrable with respect to v over (—o0,0), and thus

0
1
hy = / 0,3be™ (1 — x)°tdv = X&ﬁb(l —z) L

o

hg = 0 is shown similarly as (6.4), and we thus have
Jdim th(t, ) = A0, 8b(1 — x)P 71,

which is (5.9). This completes the proof of Lemma 5.4. O
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