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1 Introduction

This paper presents a natural extension of the (ASCLT) due to Brosamler [1], [2] and Schatte
[27]. In the last few years the Almost Sure Central Limit Theorem (ASCLT) has emerged as
an area of probability theory in which an intensive research activity has taken place. In this
context we should in particular mention the work of Lacey & Philipp [17], Berkes & Dehling [3],
Csorgo & Horvéth [6], Rodzik & Rychlik [26] and Touati [29].

The aim of this paper is to establish the Large Deviations Principle (LDP) for a generalized ver-
sion of the (ASCLT) for Martingale Additive Functionals (MAF’s). This result can be regarded
as an extension of the (ASCLT) for (MAF’s), proved by the second named author (see Madouia
[21]) as well as an extension of the (LDP) for the (ASCLT) for i.i.d. random variables, proved
by the first named author (see Heck [14]). For a slightly weaker version of the (LDP) for the
(ASCLT) for i.i.d. random variables see also March and Seppélédinen [22].

1.1 Notation, terminology and data

X ={0F,(Py)recr ,F = (Fi)ken, (Xk)ren} denotes the canonical version of a homogeneous
Markov process indexed by N (non negative integers) with values in a measurable space (E , £);
F being its natural filtration and P, its law starting from z.

We denote by II the transition probability of the Markov chain X and by (Rp),e)o,1[ its resolvent:
(1-1) Ry(z,A) =E, ( S opht 1{Xk€A}> = > pF I (2, A) for 2 €E, A € &.
k=1 k=1

Using Duflo’s [10] and Meyn & Tweedie’s [23] terminology, we call a set C € £ a small set for
the Markov chain X, if there exists a probability measure v on £ (with v(C) = 1), pp €]0,1]
and b €10, 1[, such that:

(1-2) V (z,A) € EXE, po Rpy(x,A) > b 1c(x) v(A).

From now on, the expression "X is a positive recurrent Markov chain” means that X has
a small set C, with the following properties (1-3) and (1-4)

(1-3) E, ( lirrln_)sotép (X, € C)) =E, (kgo Ix,ecy = +oo> =1, Vz € E,

(1-4) sup E, (T¢)<oo with Te =inf {k > 1, X;, € C}.
BAS
In this case there is a probability measure p, invariant under II, such that X is Harris recurrent:
(1-5) V A € € with u(A) >0, E, ( @ Xy € A)) = 1.

We shall say that X is Riemannian recurrent of order k, for each k € N, if (1-3) and



(1-6) sup E, (T)<oo for each k€ N

hold.

Conversely, the existence of an invariant probability measure p for X satisfying (1-5) implies the
existence of a small set satisfying (1-3) and (1-4), if we assume that the o-algebra £ is countably
generated (cf. Duflo [10], Meyn & Tweedie [23]).

We remind that an additive functional (AF) A = (Ag)ren of X is an F-adapted process,
vanishing at 0, such that:

(1—7) Ak»Jrl =AL+A; 00, (PV— a.s.) VEk,l €N,

for any initial law v. Here (0))ren are the standard translation operators on (Q , F).

A martingale additive functional (MAF) , M = (My)ren of X is an (AF) which is also an
(F, P,) martingale, for any initial law v or equivalently

(1-8) E,(Mg) =0,VkeN, Vz €E.
Next, we will use the following notation and terminology.

(1-9) Co(]0,1]) is the space of continuous functions from [0,1] to R vanishing in 0.

(1-10) M;(Cp(]0,1])) is the space of probability measures on the Borel sets of Cy([0,1]), en-
dowed with the topology of weak convergence.

(1-11) N = N (0,1) denotes the Gaussian law with mean 0 and variance 1 on R.

For a €]0,1] we introduce the function

(1-12) Ja: Co([0,1]) — Co([0,1]) with Va(w)(t) = 2.

Using these functions 9, we call a measure Q € M1 (Cy([0,1])) Y-invariant if Q = Qo ! for all
a €10, 1]. Furthermore, for two probability measures 7, p on a measurable space, we denote by
H(n|p) the relative entropy of 7 relative to p, i.e.

dn
In [ — |dp :ifn <K p,ie. if nis abs. continuous w.r.t.
(1-13) H(nlp) = / (dp) SN ! ’
00 . else.
Now we define the rate function H : M1(Co([0, 1])) — [0, 00| as follows:

(1_14) oy (Q) _ { lalﬁ)l mH (Q o ‘[ml} 71’W o ’[a,l] 71‘) o if Q is Y-invariant

00 : else

where W is the Wiener measure on Co([0,1]) and |[,;; denotes the restriction operator. That H
is well defined has already been shown in Heck [14, 15].



1.2 ASCLT for MAF of a recurrent Markov process

The second named author proved the following general version of the (ASCLT) (see Madouia

[21)).
Theorem A Let X = ( Q, F,(Py)ace s F = (Fi)ken,(Xk)ken ) be a positive recurrent Markov
chain. Then every (MAF) M of X satisfying the assumption:

(1-15) E,(M?) <oco, VkeNVz €E and E,(M?) =0% €]0,00]

satisfies a functional ASCLT (FASCLT) under P, for all initial states x. More precisely, P, -
almost-surely for every x, we have the following properties:

(FASCLT) The random measures (W, )pen+:

converge weakly to W, the Wiener measure on Co([0,1]), where L(n) = Y. k! and (V,)pen-
k=1
1s defined by:

(1-17) Un(t) = oy n7 2 {Mpy + (nt — [nt]) M1 — Mpg) } - O

2 Main results

Our results are stated for (MAF), M = (My)gen of the Markov process X which satisfies the
assumption (2-1) below.

E, (]Mll’g) <oo, VE>0;
(2-1)
E,(M}) = 0% €]0,00] .

For every (MAF) M satisfying the assumptions (2-1) we consider the processes (U,,), and the
measures (W, ),, defined as in Theorem A.

Theorem 2.1 Let X = ( O, F,(Py)eer , F = (Fi)ren, (Xg)ren ) be a Riemannian recurrent
Markov chain of order k, for every k €N | with a small set C. Then every (MAF) M of X
satisfying the assumption (2-1) satisfies the (LDP) with constants (In(n)), cn. and rate function
H w.r.t. Py for p— a.a. initial states x € E; i.e. for every Borel set A C M1(Co([0,1]):

(2-2) —infH < liminf @m(ﬂ% {W, € A})
A



n—0o0

< limsup ﬁ In (P, {W,, € A}) < —infH
A

for u— a.a. initial states © € E.

The results we present could easily be generalized to the continuous time parameter case. How-
ever for the proof of the continuous parameter case we would need rather technical oscillation
estimates very similar to those used in Heck [15] in order to reduce the continuous case to the
discrete time case. These lengthy technical estimates would increase the size of the paper con-
siderably without presenting any new ideas. Therefore we decided to restrict ourselves to the
discrete time parameter case.

3 The identification of an autoregressive process

In this section we shall apply our result Theorem 2.1 to autoregressive models. The latter
models have a great interest in mathematical finance (for example: risk management, derivative
securities like options, stochastic volatility,..., see e.g. Hull [16], section 19.6 ) .

On a probability space (€2, F,P) we consider a sequence 3 = (3,),cn+ of ii.d. real random
variables with mean 0 and variance o2 > 0; called white noise. To this sequence 3 and a given
random variable X we associate the first order autoregressive process (AR1):

(3'1) Xn+1 =0 Xn + 5n+1
or
(3'2) Xnp1 =a+0 Xy + Bat

where a and # are unknown real parameters. These parameters o and (3 are to be estimated.

In the following we shall assume that the random variables 3 satisfies the moment condition
(3-3) E(16:) < o0

for some § > 1.

For the (AR1), defined by (3-1), the least squares estimator of :

n -1 n
(3-4 a) 0, = ( X%_1> <Z Xr_1 Xk> for each n € N*
k=1 k=1

satisfies



(3-4b) 0, 0= (kil Xﬁl)l (kil Xjo1 5k> .

Under the hypothesis IE( 5%) < 00, (é\n) has the following asymptotic properties (see [10] for

more details).

(3-5) <§n> N is a strongly consistent estimator of the arbitrary unknown real parameter 6.
neN*
In the stable case (0] < 1), (é\n) satisfies:

36) Vi (Jn-0) = N (0,167

(3-7) limsup /3% 0, — (9‘ =v1-0? a.s. .

Under the hypothesis (3-3) and in the stable case, the following result hold under P, for all
starting state x :

(3-8) Wi =L)"Y kg = W
k=1 n—oo

where W9 € Cy([0 , 1]) is linear on [£, 1] and

(3-9) WO (E)=\/n (1—62) 'k (ék - 9) for each k € {1,...,n}

and ”=" denotes weak convergence.

The property (3.8) is a consequence of the FASCLT for the martingales obtained by Chaabane
[5]. It is also consequence of Theorem A above, if we assume that the noise (3 satisfy (3.3) and
the distribution of J; has a non vanishing density part. In fact, under these hypotheses, we
prove the existence of a small set for the AR(1) Markov chain X (see Lemma 4.8).

The next Proposition gives the LDP associated with the property (3-8).

Proposition 3.1 Let X = (X,,)ne N be the first order stable autoregressive process (AR1) satisfy-
ing (3-1) constructed from a white noise 8 = (B ), cn- With variance o? satisfying the hypothesis
(3-3) for all 6 > 1, such that the distribution of 51 has a non vanishing density part and an
unknown real parameter 0 €] — 1,1[. Then for all Xg = x # 0 the following result holds for the
least squares estimator.

(3-10) (Wz)n satisfies the (PLD) with constants (Inn), and rate function H w.r.t. P, ; i.e.
for every Borel set AC M1 (Co([0, 1])):



—infH < liminf oo (P, {W), € A})
A
< limsup %ln (}P’x {Wz € A}) < —infH. $
A

n—00 n

For the (AR1) model, defined by (3-2), we can estimate « and 0 by:

B 5 (5 %) (5]

2
n n
for each n € N*, with D, = (% > X%_1> — (% > Xk1> .

These estimators satisfy

( Dy, ((/g\n_0> = %Zn: Xk-1 (% Zn: 5k> - (% Zn: X106k | »
k=1 kil szl .
(3-12) { D, (@ —0a) - ( > Xk) Ly ﬂk) - ( > xk_l) ( S X ak),
k=1 k=1 k=1 k=1
@) = (25 x0) (B-0)+ (15 )
\ k=1 k=1

and they have the following asymptotic properties:

(3-13) <§n> . and (@),~, are strongly consistent estimators of the arbitrary unknown pa-
n >

rameters 6 and o.

In the stable case (0] < 1), (@\n) . and (), satisfy:
> >

NG (67”—9) — N (0,1-6%),

(3'14) R nee 2 2
Vi (an —a) =% N<0 (1 —‘92) (1392 + (129)2» 5
limsup /15 6A?n—(9‘:\/1—02 a.s.,
(3-15) ' B — .
hrrln_)solép Vi |an—al=4/(1-0 )(1_—024-@) a.s.;
Wl = L(n)~' Y k! Sgp = W,
(3-16) i
a -1 -1
Wn = L(n) kzzjl k (S\pzé rﬁ?o W;



where W2 W2 € Cy([0 , 1]) are linear on [%, %] and

( ) ‘I’g (%) = (1392)5 (é\k - 9) )
3-17 ooy > e
vy (n) = (1792)(%+ . ) Y(ap —a);VE e {l,...,n}.

(1-0)2

Proposition 3.2 Let X = (X, )nen be the (AR1) model satisfying (3-2) constructed from a white
noise 3 = (Bn),cn With variance o2 satisfying the hypothesis (3-3) for all 6 > 1, such that the
distribution of B1 has a non vanishing density part and an unknown real parameters 6 €] — 1,1]
and . Then for all Xg = x # 0 the following result holds for the least squares estimator:

(3-18) (Wfl)n and (Wy)),, satisfy the (LDP ) with constants (Inn), and rate function H w.r.t.
Py . &

4 Proofs

4.1 An ASCLT for i.i.d. random variables

The proof of Theorem 2.1 is essentially based on a reduction to a version of the (ASCLT) for
i.i.d. random variables. In order to formulate this version we introduce some notations.

For random variables (&, 7,),cn- as in Proposition 4.1 below we denote by S, and T, the
n

n
corresponding partial sums, i.e. S,, = > & and T,, = > 7 and let for ¢t > 0 N, = inf{k > 0 :
k=1 k=1
Tky1 > t}. Further let ST =Sy, .

As in the introduction we define random functions ¥,, € C([0,1]) by

U (t) = X7 { St + (t = [0]) (Shugs — Sfun) } ¥ £ € 10,1,

Finally we define random measures W,, € M (Co([0,1])) by W,, = ﬁ >
k=1

n)

=

5%.
Proposition 4.1 Let (&,,7n)nen+ be independent random wvariables on a probability space
(Q,F,P), such that for some ng € N*

(4-1a) E(&,) =0 foralln> 1, sup E(|§n|ﬁ> < oo for all >0, and E(&2) = 0% >0 for
all n > ng. B

(4-1b) 7, >0 foralln > 1, sup E(T{f) < oo forall >0 and E(1,) =m >0 for all
n > ng. a

Then (Wn> satisfies the (LDP) with constants (Inn),, and rate function H. &

n>1



Remark 4.2 We shall remark that in the special case (), i4.d. and 7 = 1, ie. N,, = n,
the above proposition states the (LDP) for the (ASCLT) for i.i.d. random variables. This result
is exactly the contents of Theorem 1.2 in Heck [14].

In order to prove Proposition 4.1 we shall recall for the readers convenience some simple facts:

Lemma 4.3 Let Y,, Zn, n € N* be random variables with values in o separable metric space
(E, d) such that for all e >0

(4-2) Jlim g (P{d(Y,,,Z,) > €}) = —o0 .

Inn

n
%m > %5\@) . and (ﬁ k:zl % 5Zk) . are equivalent w.r.t. the (LDP)
neN* = neN*

n
i.e. (L > 10y, satisfies the (LDP) with constants (Inn),.n. if and only if
k=1 neN*

n
(L > 10y, satisfies the (LDP) with constants (Inn), . and the same rate function
H
Lemma 4.3 is a minor modification of Lemma 2.7 in Heck [14]. Details shall be omitted.

Lemma 4.4 Let (My,),,cy be random variables with Mo = 0 and let n be a random variable with
values in N.

a) For all3>1 and allp , q >1 with % + é =1 ( Bq >1) there exists C; > 0 such that
E(IMy]) < Casup {E (It Mk_1|qﬁ)1/q} E (1P +2) /P

b) If in addition (My,), o is a martingale then there exists Co > 0 such that for all > 2
B (M) <Co sup {2 (0= M) () o

Proof. Let p, q > 1 such that % + é = 1. By Holder’s inequality and Chebychev’s inequality

Q=

(+3) E(M) = 3 (Ml 1) < 3 E (M) B (= k)P

Q=

< i ]E<|Mk|ﬁq> ]E(np(r,@ +2))% L—(rB +2)
k=1



In order to prove Part a) we shall use the following inequalities and r = 1 in eq. (4-3),
E(\Mk\ﬁQ) < k9 sup E(\Mn - Mn_lyﬁQ) .
>1

In order to prove part b) we shall take r = 1 in eq. (4-3), proceed as in a) and use Burkholder-

Davis-Gundy inequality to estimate E <|Mk|ﬁ q) for fq>1,

£q

k 2
]E<|Mk|ﬁq> < ]E( §1<1€ |Mj|ﬁq> < const. E {Zl (M, — Mj1)2}
= ]:

< const. k% sup E(!Mn - Mn—llﬂq) .4
n>

We shall remark that one can in particular choose for (M), . the partial sums of independent
random variables with expectation 0.

Lemma 4.5 Let (7,),cn+ be independent random variables satisfying (4-1 ).
a) For every 3 > 1 there exists C4 > 0 such that for all n € N*, E(|N,,|?) < CynfTL.

b) For all « G]%, 1] and v > 0 there exists C5 > 0 such that for all sufficiently large n € N*,
P{IN,, = Z| >n*} < Csn™". $

Proof. In order to prove part a) we observe that by Lemma 4.4 and Chebychev’s inequality for
k € N* with k > 2Zn + 2ng

P{N, = k} <P{Ty <n} <P{|Tp —E(Ty)| > 2k}
2648 ;, _9p3_
< (2)" 2B, — B (Ty) )
< (2)*0 0 OHOE208 = Oy kA2,

This inequality implies ]E(Ng) < > kP + > C7 k=2, which in turn implies part
kg%nJrQno k>%n+2no
a).

For the proof of part b) we note that again Lemma 4.4 and Chebychev’s inequality imply for
sufficiently large n

10



P{|N, = 2|>n%} = ¥ P{Tp<n<Tpu}
k= |[>ne
[%_”a] [e'e]
< 2 P{Tepzni+ >0 P{Tp<n}
F=0 k=[2fna]+1
[n

<Y P{Ten —E(Te)| = 200} + > P{T,—E(Ty)| > E(Ty) —n}
k=0 k=[2+n>]4+1

[e.°]
< > Cg nPt2p—208 | S Cy k5+2(mk — mng — n)ﬁﬁ <Cyo n(1—2a)8+3
k=0 k=[4n%]4+1

where we used that for n € N* sufficiently large and k£ < [ — n“]
n—E(Tg1) >n— E<T[ﬂ—na}+1> >n—m (L —-n"—ng+1) — E(Ty,) > Zn*

Hence we conclude the proof of part b) by choosing [ sufficiently large. O

Proof of Proposition 4.1 For the special case 7 = 1 Proposition 4.1 has already been proved in
Heck [14] (see Remark 4.2). Therefore, by Lemma 4.3 the proof of Proposition 4.1 is complete if
we show that there exists a probability space (€2, F,[P) with random variables X = (X;, X;);cn
and YV = (Y, y;);en+ such that X' has the same distribution as (&, 7;);cn- > Yi, ¢ € N* are
independent, N (0,1)-distributed, y; =1 and

— X —
(4-4) (Wn ) and (WTJL} ) are equivalent w.r.t. the LDP.
neN* neN*

~ X —~
Here W,, denotes the random measure W,, constructed from the sequence X. Similar we shall

use the notations S** and \T/Tf( , to indicate that the functions are constructed from the sequence
X.

By Skorokhod’s representation theorem there exits a probability space (ﬁ,f , Iﬁ), a random
variable B: © — Cq ([0, 00[) and P -a.s. finite stopping times 0 = Rg < R; < Ry <... such that

(4-5 a) B is a Brownian motion

(4-5 b) (Eﬁ. - Eﬁ. ) have the same distribution as (&;) je N+
7 i—1 =\

~ ~ ~ ~ g
(4-5 ¢) R;— R;_; are independent with Slilf ]E((Rn — Rn,l) > < oo for all 8 > 0 and

E (ﬁn — f{n,1> = o2 for n > ny.

11



(See e.g. Chapter 1, Theorem 117 in Freedman [11] and Brosamler [1], p. 570 regarding the
moments for the stopping times.)

Now let = Q x RY" | F the corresponding product-o-field and

TL ~
P(AxA x..xAyxRx.)=[ [[m (Bﬁ, ~ By 1,AZ~) d .
A i=1 ‘ i
Here 7; denotes the conditional distribution n; (t,) = P(7; € -|& =1t).

If we let B(@, (tn)nen) = B(@), R(@, (tn)nen-) = R(@), then (4.5) still hold for B and R;
replaced by B and R;.

Hence by scaling properties of Brownian motion , if we let X,, = Bg , — Bg,,_,,

Xn (@, (tk)kenN*) = tn, Yn = @ <BL,2 — B(n1)02> and finally y,, = 1 then obviously it remains
to prove (4-4) for this special choice for X and ).

By Lemma 4.3 part b) the proof of (4-4) is complete if we show that for all € > 0

; 1 X _ —
(4-6) Jim Lo (IP’{H\I/n -9 > g}) — .
Note that \T/Tf( (%) = %BRNIQ and \T/?%} (%) = %Bﬂ. Hence the definition of W, via inter-
. . . k k+1 m
polation implies for k € {0,1,..n — 1} and ¢ € [, %]
(4-7) “I]Ti((t) - \Ijg](t)‘ S % maX{ BRNk - BIC;LLQ ) BRN Kl - B(k+7il)(72 }

Hence the proof of (4-6) is complete if we show that for all € > 0

o)

Let ¢, > 0. Fix p > 1, § > 0 such that § > 9+4v. By Lemma 4.4 part b), (4-5 b) and Lemma
4.5 part a) we conclude that for sufficiently large n € N and k € {1, e [n3/ 4]}

(4-8) Jim ﬁ In <P{  Inax {‘BRNk - B%

—1,...,TL

1
9 2 {[Bny, | 2 v} < (9% Can 7z (M) < ()% Cannn
(4'10) < (%)25 013 niiﬁ—'—% < (Q)Qﬁ Cl3 n=".

£

Using Lemma 4.4 part b) we conclude that for sufficiently large n € N* and k € {1, ooy [03/ 4]}

12



(4-11) IP’{ > g\/ﬁ} < Cre2Pn.

Bko'2
m

For the following we assume that n € N* is sufficiently large and k € {[nl/ 4, ..., n} . Observing

that
< o2ks }

> o2t [Ny — & <kt 4 PL N - £] > ki

> e/,

k?2
RNk_%

(4-12) IP’{

>E\/ﬁ} < P{‘BRN,C —B@

PRy, ~ P2

—l—P{‘RNk — %

Obviously Lemma 4.5 part b) implies that

(4—13) P{ |Nk — %‘ > k%} < Cys k_l_rfw <Cisn™ 7.

Keeping in mind that B is a Brownian motion, the symmetry properties of Brownian motion
and

C2
(4-14) P{ S {/B: — Ba|} > C} <2exp {_—2(b—a)}

for ¢ > 0, 0 < a < b show that

(4-15 a) P{ Bry, ~ Bz | > eV, ‘RNk _ ko) < U%%}
(4-15 b) <P sup B — B2 | >eyn
te[22 o2k, ko2 10213 ] ”
(4-15 ¢) <2P sup  |Be| >evn
t€[0,02k5]
(4-15 d) < 4exp{—%n k_%}g 4exp{—%n%}.

Applying Lemma 4.4 part b) we obtain for 3 sufficiently large

(4-16 a) P{‘RNk — ke

> o%ks, [Ny — £ < k%}

/12 | pd
(416 b) < Y P{‘RZHA} — k] O'QkE}
I=—[k3/4]-1 "
[k3/4]+2 .
1 _21.5
(#16c) < l:,[kzs/ﬂ,l P{‘Rlﬂﬁ -k (Rlﬂ%})‘ 29 ’“}

13



[k3/4]+2 k B+2
(4-16 d) < Z wa

5
I=—[k3/4—1 k37
/32 : :
(4—16 e) < Z C/16 k5042 < Cy7 k5043 < Cy7z n ™.
I=—[k3/4]-1

Now we conclude by the inequalities (4-9) to (4-16) that

(4-17) limsup ﬁln <IP’{ max {
n—oo

k=1,...n

boevif)<-ve

Bry , B
and hence (4-8) by letting v — oo in (4-17). O

4.2 Proof of Theorem 2.1

The proof of Theorem 2.1 is divided into three steps. First we shall consider the case where
the small set is also an atom for the Markov chain, second we shall prove the theorem under
the additional assumption that (1-2) already holds for the transition function II it self instead
of pRy,. And finally in the third and last step we shall prove the general case.

We shall remark that this technique has been already used by several authors (see e.g. Duflo
[10], Touati [28]). In connection with (ASCLT’s) this technique was introduced by Madouia
[19-21].

First of all we shall prove

Lemma 4-6 Let X = ( Q, F, (Py)zek » F = (Fi)ken, (Xi)ren)be a Riemannian recurrent Markov
chain of order k, for each k € N with invariant measure . We have:

a) Fach measurable function g¢ E— [0, 00 such that p(g) < oo satisfies
sup [, (9(Xy)) < 00, u—a.e.
b) Each positive random variable Y on (2, F) such that E,, (Y) < oo satisfies

sup Ey (Yoby)) <oo, p—ae. <

Proof. To prove this lemma we shall use Theorem 2 of [24]. Indeed in order to apply Theorem
2 we have to verify that under our assumptions X is a positive Harris recurrent chain with an
irreducible kernel II, a maximal irreducible measure p and convergence parameter 1 (see e.g.
[24]). By Theorem 2.1 of [25] we know that there exist an integer my > 1, a positive function
s (called small function) satisfying u(s) €]0,00[ and a bounded positive measure n on (2, F)
(called small measure) such that the following minoration condition holds
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i, (z,A) > s(z)n(A), Vo € E, VA € €.
Then by the Theorem 2 of [25] we can see that

sup  [E, (h(X,)) — u(h)| — 0,u—ac.,

1<h<g n—00

letting h = g and using the fact that p(g) < oo and p is Il-invariant, we have

E; (9(Xpn)) <00 p—ae, B (9(Xn)) <[E; (9(Xn)) — p(g)] + p(g)

and then
sup B, (9(Xn)) < oo, p—ae..

So the first part of the Lemma is proved.

In order to prove the second part we simply apply part a) to the function

g: x€E—E, (Y).O

4.2.1 Case I: Atomic chains

For the following we shall assume that X not only has a small set A but also that A is an
atom for the Markov chain X.

Let T4 denote the first entry time into A, i.e. T4 = inf {k > 0, X} € A} and let Ty = 0, and
Trr1=Tao QTk—f— Tj. Further for £ € N* let &, = MTk —MTk71 and 7, = Tp—T})_1. Since the
chain is positive recurrent, it is well known that the invariant distribution is given by

Ta-1
(4-18) u(v) = mﬂia < > 1{Xk€'}> where a € A is arbitrary.
k=0

Further, since A is an atom, the Markov property implies that = = (&, 7),en- 1S & sequence of
independent random variables and (&, 7x) k>o are identically distributed w.r.t. P, for all z € E.

Keeping in mind that the chain is Riemannian recurrent of order k for all k£ € N* the Markov
property shows that for z € E and 8 > 0

E, <|T2 - T1|/6> =K, (|TA|ﬁ> < oo.

By Proposition 8.3.23 in Duflo [10] we conclude that E,, (Tf) < 00 and hence E, (Tf) < 00
for yu — a.a. x € E. This together with the identical distribution for k£ > 2 implies

(4-19) sup E, (T{f) < oo for p—a.a. x € E.
neN*
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Since T4 > 1,
(4-20) E; (1) =m > 0.
Using Lemma 4.4 part a) we conclude for y — a.a. z € E,
E: (l&)”) = B (Mr,]7) < oc and
E (&) = B (IMr, — M, |?) <20 {B, (M, ) + By (M, )} < o0
This together with the identical distribution of the &;, ¢ > 2 implies for 4 —a.a. x € E
(421)  swp E (l6l") <o
We have that for y —a.a. x € E

(4-22) E; (&1) = E; (M,) = 0 and E; (§2) = E, (M,) =0.

Moreover by the Martingale property of M,,, the Markov property of X and (4-18)

Ta—1
(4-23) E, (63)=E, (M3 ,)=E, < kzo Ex, (M — M0)2)>
=E, (M) E, (T4) = 03, m > 0.
(4-19) to (4-23) imply that Z = (&, 7n), e satisfies the assumptions of Proposition 4.1. Hence

Proposition 4.1 implies that (W;) satisfies the (LDP) with the constants (Inn),, .. and

neN*
rate function H. Therefore the proof of Theorem 2.1 is in this case complete if we show that

(W:> and (Wn> are equivalent w.r.t. P, for p — a.a. x € E.
neN* neN*

n

Following the same steps as in the proof of Proposition 4.1 we see that in order to verify this
equivalence it suffices to prove that for y — a.a. x € E

(4-24) nh_)néo ﬁln <IP’{  nax {‘Mk — SZEH > m/ﬁ}) = —00.

If we let Y, = sup IM; — Mr,|, and as in the prior section N, =
Tp, <t < Tn+1

inf {k > 0, Txy1 > n}, then it is easy to see that
(4-25) IM,, — Si=| < Yn,..
By Doob’s inequality and (4-21) for 4 — a.a. x € E and > 1
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3 BY _ B
(4-26) sup B, (V/) < Cis sup By (|, — Mr,|”) = Cis sup Ex (&s]”)

So by Lemma 4.5 part a)

1/2

(4-27 a) E, <Y§k> - SO E, (Yf1{Nk:l}) < 20 E, (Yl2/3> P, (Nj, = 1)'/2

oo 4\1/2
(4-27 b) <O 3 B0 < o

=0

This together with Chebychev’s inequality and (4-25) implies

(4-28) IP’{ (Jmax {|Mg-S;=|} > e\/ﬁ}

n n 3
< 3P (YN, | > ev/n) < 30 Cot s <Copn ™.
k=0 k=0

This concludes the proof of Theorem2.1 for the special case of atoms. [J

4.2.2 Case II: Chains with minoration property

We shall proof in this section Theorem 2.1 under the additional assumption, that there exist
a set C € &, be|0, 1] and a probability measure v € M;(E) with v(C') = 1 such that

(4-29) II(x,-) > b lo(z) v(-).
We shall remark that in particular C' is a small set (see e.g. Duflo [10] p. 286). Using this small

set we construct (as in [21] for example) a new chain called split chain, i.e. a canonical version
of a homogeneous Markov process

X= (2 F, (Pe)zem: F = (Fr)rern, Xi)ren)
with values in E = Ex{0,1} and transition probability

v(A){(1 = blo())01(B) + blo(@) o(B)}  ifi =0,

(4-30) I ((z,0). A x B) = { (2, A) {(1 — ble(x)) 61(B) + bla(x) do(B)} if i = 1

where Q(z,A) = (1-blg(z))~! (I(z, A) — blg(x)v(A)). It is well known that

Remarks 4.7
a) Ex{0} is an atom for X and
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4-31 EE(T’“ )<c E, (T) < oo for all k > 1.
(481) b sehy o \Tex) < O sup B (To) < oo forall k>

b) If we denote the invariant distribution (which obviously exists by part a) of this remark)
by m, then 1 is related to the invariant distribution g of the original Markov chain through
(A x{0}) =bu(ANC)and m (A x {1) = (1-b)u(ANC)+ u(ANC*).

c) Part b) of the remark implies easily that for all Z € L'(u), Ez (Z2) = E, (Z) and E, (Z) =b
1{%0}@(%0) (Z) + (1—b1{xec})E(%1) (Z) for all z €E. Here Z denotes the natural lift of Z from
Qto Q=Qx{0,1}", ie. Z(w, (zn)n>0) =Z(w).

For details on the above construction and the remark we refer to Duflo [10], section 8.2.4.

By Remark 4.3 b) we conclude
(4-32) T, (Mi) = E, (M}) = 0%, and (m\ﬁ) ~E, (\Ml\ﬁ) < o0.

Since Theorem 2.1 has already been proved for chains with atoms, we conclude by (4-31) and

(4-32) that <WnM> satisfies the (LDP) with constants (Inn),., and rate function H w.r.t.
Py for i —a.a. T € %.0

Here WnM denote the empirical measure defined as in (1-16) with (M), replaced by (M) k>0 -
It is not hard to see that WRM is the lift of W,,. We therefore conclude by Remark 4.7 part c)

for 2 € E\C P, {W, € -} = P(,.1) {W% € } and for z € C P, {W, € -} =bP(, g, {Wi‘f e } +

(1-b)P, 1) WZ[ € - ¢ and hence (W,,),, o satisfies the (LDP) with constants (Inn),., and rate
function H w.r.t. P, for y — a.a. x €E.00

4.2.3 Case III: General case

In this section will shall finish the proof of Theorem 2.1.

By enlarging the space if necessary, we may assume without loss of generality that there exits
a sequence of i.i.d. random variables (py);~o with P, (p1 = 0) = pg and P, (p1 = k) = (1 — Po)?
plg_l for kK € N* and ¢ € E which in addition are independent of the Markov chain. Then

n ~
E, (p1) = 1. Now let Ro =0, R,=>_ pr and X,,= Xz, .
k=1

Then X= ((AZ,]?, (@x)era @:(fk)keN, ()A(k)k.eN) is a Markov chain with transition probability
1 (2, dy) = pod.(dy)+ (1= po)* Rp, (z,dy).
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Hence, since C' is a small set for X (i.e.(1-2) holds) C is a small set for X which satisfies in
addition (4-29). Further yu is also the invariant distribution for X .

Moreover, if we let l\A/[n = Mg, then M = (I\A/In, o ()A(k, k< n)) is a Martingale additive
functional. "

We shall show now that X and M satisfy the assumption of Theorem 2.1. By Lemma 4.4 part
a) and the fact that E, (\Ml\ﬁ> =E, (]Mn - Mn_ll’g) < 00 we obtain

—~ |8 ~2
E, ((Ml( > ~E, (\MR1]ﬁ> < o0, <M1> = E, (M2)E(Ry) =02,
Furthermore if we let '/l\‘c = inf {k > 1, )/ik € C} then

(4-33) sup E, (TC{}) < Cogsup E, (Tg) .
zeC zeC

For 3 = 1 this is exactly part 4) of Proposition 8.2.13 in Duflo [10]. The general case is proved by
a straight forward modification of the proof for 3 =1 given in Duflo. Details shall be omitted.

We therefore obtain from the previous part of the proof of Theorem 2.1 (case II) that (W}?) .
n>

satisfies the (LPD) with constants (In(n)),-, and rate function H w.r.t. B, for 4 —a.a. z € E.

Therefore the proof of Theorem 2.1 is complete, if we show that (W}S/[) . and (W%)

are equivalent w.r.t. the (LDP). The proof of the equivalence however is a straight forward
modification of the proof of (4-4). For the readers convenience we shall sketch the proof below.
As for (4-4) the proof can be reduced to

n>1

(4-34) Jim = In <IP’I { max

:1,...,TL

My — Mk‘ > Eﬁ}) = —00
for 4t — a.a. x € E (compare (4-8)). Observe that for p —a.a. z € E
(4-35)  Cyu= sw E, (|Mn - MMW) <
and hence by Lemma 4.4
(4-36) sup E, (‘I\A/In — Mnl‘ﬁ> = sup E, (‘MRR —MRn_l‘ﬂ> < 0.

Fix such an € E and v > 0, Using (4-35) we obtain as in (4-11) and (4-12) for sufficiently
large n > 1 and k € {1,..., [n*/4]}

(4—37) P, {’Mk‘ > Eﬁ} < Cy5 n77 and P, {‘Mk‘ > Eﬁ} < Cypn™ 7.

19



By Lemma 4.4 and Chebychev’s inequality we conclude for k € {[n3/ 4, ..., n}
(4-38) P, {|Ri—k| > k¥1} < Co7 k™37 < Cog n7.

Now by Doob’s maximal inequality, the Burkholder-Davis-Gundy inequality and Lemma 4.4 for
sufficiently large n € N*

(4-39 a) Py {‘Mk - Mk‘ >evn, [Ry — k| < k3/4}

(4-39 b) <P { et max ‘Mkz—[kB/ﬂ My | > %\/ﬁ}

S2[k3/44+1}
28 3
(4-39 ¢) <Co E, ‘Mk+[k3/4} — Mk—[k3/4] n

(4—39 d) < Cgp k%(’g+2) n> < Cgzgn™7.

Using these estimates we conclude the proof of (4-34) in the same way as the proof of (4-8).
This completes the proof of Theorem 2.1. [J

4.3 Proof of Proposition 3.1 and Proposition 3.2

We shall prove only Proposition 3.1 because the proof of Proposition 3.2 is a straight forward
modification of the proof of Proposition 3.1 and contains no new ideas.

We shall denote by X* = (X¥)ren the (AR1) given through (3-1) with X = .
We observe first that if X = ( Q,F, ( Py )eer , F = (Fi)ren, (Xk)ren ) is a standard Markov

chain on R with transition probability II(x,-) = P(fz 4+ 31 € -), then:
(4-40) The distribution of X* under P is equal to that of X under P,.
It is well known that in the stable case the Markov chain has an invariant measure p, which is

o
equal to the distribution of > =14,
k=1

We shall prove next

Lemma 4.8
a) For every x € R and 6 > 0, sup E, (\Xn\‘s) < 0.
neN*
b) Let C =]a,b] with a < b, u(C) > 0 and € > 0. Then sup E, ((TCE)5> < oo for every
el

0 >0, where C. =la—¢e,b+¢[. &
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Proof. For the proof of part a) we may assume without loss of generality that 6 € 2N*. Using
Hélder’s inequality and the identical distribution of the random variables (3,),n+ and letting
By = x we obtain

B (IKol’) € 5 BB (18] 18 ) < (1= 1607 Ex ((80] + . +185)7)

lyels=

In order to prove part b) it obviously suffices to show that there exist m € N*, q €]0,1[ and
Cs31 > 0 such that for all n € N*

(4-41) sup P, (Tc, >mn) < C31 q™.
recUg
Using (3-1) we obtain inductively for k, n € N* with k <n
n—~k
(4—42) X, = gn—Fk Xi + Z Hnikilﬁprk =gk X+ Zk,n
=1
For m € N* with 4[0|™ (Ja| + |b] + 1) < € we conclude for z € C.

P (e > mn) < P o ( ) (Kim ¢ €)= Pa (A {8570+ Zosn €.} )
< P2 (A {20 £ C5}) = an00)

k=1

We dropped the parameter = in o, (0), since the distribution of Zg;.,, , @ € N* under P, is
independent of z. In the following we fix z € R. Analogously to (4-42) we obtain

(4-43) Zoim = 0" Zo,i—1ym™T Zi—1)ym,im-
We observe next that Z;_1ymim, ¢ € N* are i.i.d. and that the distribution of Zg,, con-

verges (for m — oo) weakly to the invariant measure p. Hence by the Portmanteau Lemma
limsup B, (Zo ¢ C) < p(B\C) <1 pu(C) < L.

m—00

For the following fix r € Ju (R\C) , 1] and m € N* such that P, (Zo, ¢ C) <,
410|™ (la| + |b| +1) < e and q = r+ 2] < 1.

Letting o, (i) = Py (ﬂ {Zo,km ¢ [— (W%m)le, (#)ZE} }) for ¢ € N*. We shall see that

k=1
forte Nandn > 2
(4-44) an(i) <rap—1(i) + ap—1(i+1)

Indeed, using (4-43) and the independence of the Z(;_1)p, im, i € N*, we conclude
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0 (0) = P, (ﬁ {Zojm ¢ c;})

k=1

n—1

N {Zokm # C5 } 0 {Zo01ym € [=(@01") e, (2161) <]}

< P | k=1
a {Wm ZO,(n—l)m + Z(n—l)m,nm ¢ C%}

#22 (0 {Zoam #5101 (B € 12100, @201}
et

< 2o (7 {fasn 0} oy £ 1) + 00

< 1 (0)Ps (Zin-1ym.nm & C) + an_1(1) = 7 au_1(0) + ap_1(1).

We used also the fact that (by the choice of m) C

The case ¢ > 1 is proved analogously.

C [-(2l0/™)~ e, (200™)" te].

£
2

Using (4-44) an easy induction argument shows that

Oén(O) < Cgg nzo (nl—l) pn—l=i Oél(i)

Observing that by part a) and Chebychev’s inequality «y(i) < Csg (2|6]™)" for some Csy > 0,
we conclude

1 ) .
a(0) < Cap 3 (") P17 (210]™) = O (r + 200" = S g O
=0

Next we shall show that

Lemma 4.9 There exists a small set C such that the Markov chain is Riemannian of any order

k. &

Proof. Since the distribution of §; has a non vanishing density part, the distribution of 3;+6;_1
has a non vanishing density part with a continuous density say h. Hence the exists a < b such
that inf A > 0.

Ja,b[

A simple application of Borel-Cantelli Lemma shows that there exists a ng € N* such that for
alln>npand r € R

(4-45) P, < ioj | B 0" | <g> > 1.

k=n+1
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Let € €]0,1] such that Fogn T2 < %Tbgg) —2¢ and let n > ng such that |0|" (2 - |‘11‘:9|§|) <e.

Now observe that for n € N*

n .
(4-46) Xon = 02" Xo+ > 62"72 (Bo; + 062i—1) = 62" Xo+Zo 21,
=1

and hence the distribution of Xy, w.r.t. P, has a non vanishing density part with a continuous
density, say f,r, such that

(4-47) inf inf fay, > 0.
vel s el o te b — e

[e.e]
Moreover since the invariant measure p is equal to the distribution of Zg 2, + > 0%=1 6y,
k=2n+1
it is easy to see that by (4-45) and (4-47) p has a non vanishing density part say g with
inf g>0.
Ja L 2 -+ 2, b - 92 — 2¢|

By (4-47) we see that [a 1 T 92 +2¢,b 11 992 — 2¢] is a small set, and by Lemma 4.8 the Markov
chain is Riemannian recurrent of any order k. OJ

Lemma 4.10 For every x € R and 6 > 0 there exists C3z > 0 such that

(4-48) Ez< 3
k=1

2 o2
> Xpo1— ni gz

s
> < Ca3n®2. &

Proof. We remark that

2

(@19)  £X - nie = ol (£ X0 B (G R} - X4 X3 )

hence we conclude the proof by applying the Burkholder-Davis-Gundy inequality to the martin-
n
gale <Z {Xi — E, (Xi / fkl)}> and the part a) of Lemma 4.8. [
k=1

n

n
Proof of Proposition 3.1. We observe first that M,, = Z Xk—10k, n € N* is a (MFA) with

01%4 = E, (M%) = 1= 92 Hence, by Lemma 4.9 we can apply Theorem 2.1 to M and the Markov
chain X.

n
Letting MZ = Y~ X¥_, 3, we conclude by Theorem 2.1 and (4-40) that (¥TM") satisfies the
k.i

1 neN*
(LDP) with constants (In(n)),cn- and rate function H w.r.t. P, for 4 —a.a. z € R.
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Furthermore by (4-42) MZ— M}, = (x — y) Z 0%=13;. Since with M and M}, also MZ— M}, is

a martingale, Chebychev’s inequality and Doob’s maximal inequality imply easily for v € N*

n 2y
P{ max IM? — MY| > 5\/5} < COue™ 2™ |z —y|P By ( S ek, >
=1,...,n k=1
<C35n™7.
This in turn implies that (WnMy)n o and (WnMy)n o are equivalent w.r.t. the (LDP) (see the

proof of (4-4) and in particular (4-6) and (4-8)).

Therefore it remains to prove that for all initial states x # 0 (Wz)
equivalent w.r.t. (LDP).

and (WM")

are

neN* neN*

The proof of the equivalence is again very similar to that of (4-42), so that it suffices to give
only a sketch of the proof.

Fix  # 0. A simple calculation show that
-1

‘\Ile \I/My ‘ - ‘\/ 1— 492 Z Xk 1> Mi - lnaaf Mm

S VELME] UR !

nU4

n
where UZ = 3 (X{_;)? and VZ = ny%s
k=1

Using again the same arguments as in the proof of (4-4) it remains to verify

— Uz,

(4-50) lim sup IP’{ max AN >5f}

=L..,n

Observing that UZ > (X&)? = 22 > 0 we obtain by Chebychev’s inequality, Holder’s inequality
and Lemma 4.10 and Lemma 4.4 analogously to (4-9) that for v > 0, n sufficiently large and
k< nt/8

X
4

(4-51)  P{|V|[MF|[UF|"! > ey/n} < Css (222)

and for k € {n!/%],...,n}

NS

(4-52) IP’{ V| > k%} <Casni.

Finally again by Chebychev’s inequality and Lemma 4.4 we conclude for n sufficiently large and
ke {[n'®],...,n}
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(4-532)  P{|VEIIMEIUF|! > ev/m, Vi < kT
(4-53b) < P{k% IMZ| 2 (02(1 — 62)1k) " > 5\/5}
(4-53¢) < P{ IMZ| > gn%} < Cso 7,

Now (4-50) is immediate consequence of (4-51) to (4-53), since v > 0 was arbitrary. This
concludes the proof of Proposition 3.1. [J

5 Remarks

We shall conclude this paper with some remarks.

a) Theorem 2.1 implies (LDP) for further a.s. limit theorems, like the (ASCLT) on the real line,
a.s. versions of arcsine law (Compare Corollary 2.10 and Examples 2.11 in Heck [14]).

b) The (LDP) for (ASCLT) implies in particular easily the (ASCLT) itself. Therefore, for
random variables satisfying the assumption of Theorem 2.1, Theorem 2.1 can be regarded as an
generalization of Theorem A (see Corollary 2.12 in Heck [14]).

¢) The moment assumptions like (1-6) or (2-1) are necessary compare to the corresponding
assumptions in Heck [14] and March and Seppéldinen [22]. Lifshits & Stankevich [18] prove the
necessity of these hypotheses.
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