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1. INTRODUCTION

The main goal of this article is to extend results of [4] and [10] to the case of different powers of
summability with respect to time and space variables. We are dealing with the equation

du = (Vi + f)dt + (0™ ug + ¢F) dwf (1.1)

given for t > 0 and z € R? (in Sec. 2) or x € RY = {z = (2,2/) : 2! > 0,2’ € R} (in
Sec. 3). Here wf are independent one-dimensional Wiener processes, ¢ and j run from 1 to d, k
runs through {1,2,...} with the summation convention being enforced, and f and g* are some
given functions of (w,t, ) defined for k& > 1. The functions ¢’ and o** are assumed to depend
only on w and ¢, and in this sense we consider equations with “constant” coefficients. Without
loss of generality we also assume that a”/ = a’*. Equation (1.1) is assumed to be parabolic in
an appropriate sense.

As in [10], let us mention that such equations with finite number of the processes w} appear, for
instance, in nonlinear filtering problem for partially observable diffusions (see [13]). Considering
infinitely many wf allows us to treat equations for measure-valued processes, for instance, driven
by space-time white noise (see [4]).

As in [4], [10], and [12] we are dealing with Sobolev space theory of (1.1), so that the derivatives
are understood as generalized functions, “the number” of derivatives can be fractional or negative
and the underlying power of summability in x is p € [2,00). The reader is referred to [4], [10],
and [12] for motivation of considering such wide range of “derivatives” and p > 2. In contrast
with these articles, here the power of summability in time is allowed to be g > p.

Challengingly enough, our results and methods of proofs in the case ¢ = p and equations in Ri
do not allow us to cover the results of [10] which are obtained for wider range of weights. Yet
we still get an additional information on solutions of SPDEs if ¢ > p, which is discussed after
Theorem 1.1 below and in Sec. 3. It is also worth noting that, if there are no stochastic terms in
(1.1), the corresponding Lq(Ly)-theory is developed in [8] for any ¢,p € (1,00) and, in the case
of Ri, the range of weights turns out to be just natural, which in terms of certain parameter 6
measuring the weights and introduced later is written as d — 1 < 0 <d — 1+ p.

Apart from the sections we have mentioned above, there is also Sec. 5, where we prove our main
results for ]Ri stated as Theorems 3.1 and 3.2. These proofs are based on some auxiliary facts
collected in Sec. 4 and Sec. 6. The reason for one of them to be deferred until the last section
is that it bears on purely analytic properties of a barrier function.

To give the reader a flavor of our results we state a particular case of Theorem 3.2 along with its
corollary for 8 = d, v = 1, and ug = 0. At this moment we do not make precise what we mean
by “vanishing for ¢ = 0 and for 2! = 0 in a natural sense” in Theorem 1.1. Actual meaning is
that the solution belongs to a function space to be specified later.

Theorem 1.1. Let ¢ > p > 2, T € (0,00), wy be a one-dimensional Wiener process on a
probability space (Q,F, P) and let g(t,x) = g(w,t,z) be nonanticipating as a function of (w,t)
and such that

T
E/ (/ |g(t,x)|pdx)Q/pdt < 0.
0 R4
Then

(i) on Q x [0,T] x Ri, there is a unique up to a.e. function u satisfying the equation

du= Audt+gdw, in (0,T)xRL, (1.2)



vanishing for t = 0 and for ' = 0 in a natural sense and such that
E/ / (Jut,2) /" + o (t, 2)|7) dz) " dt < oc.

(it) In addition, if 2/q + d/p < 1, then, for any B € (2/q,1 —d/p) (#0) ande:=1—3—d/p
(>0), we have
E sup |(z")"Fu(t, z)|? < . (1.3)
t<T,zeRd

Notice that assertion (ii) of Theorem 1.1 immediately follows from (i) and Theorem 4.7 of [7].
In particular, (1.3) holds with any ¢ if p > d and

||g(t7‘)||Lp(Rglr) (1.4)

is a bounded function of (w,t). In that case, we basically rediscover one of the statements of
[11] under weaker asumptions. Our improvements are that one need not the boundedness of
(1.4) at the same time obtaining control on u, and on the behavior of u near the boundary
! = 0. Also, in contrast with [11], Theorem 3.2 bears on equations with random and time-
dependent coefficients and with infinitely many Wiener processes, the latter allowing one to
treat, for instance, one-dimensional equations driven by space-time white noise.

In conclusion we introduce some notation. We are working on a complete probability space
(Q,F, P) with an increasing filtration (F3,¢ > 0) of complete o-fields F;. The predictable o-
field generated by (F,t > 0) is denoted P. The coefficients a and o of (1.1) are assumed to
be predictable. We are also given independent one-dimensional Wiener processes wf which are
Wiener with respect to (F;,t > 0).

In the whole article p, ¢ are some numbers satisfying ¢ > p > 2. We are also using the notation
introduced in [7]. In particular, by M% we denote the operator of multiplying by |z!|*, M = M*.
The function spaces H, are usual spaces of Bessel potentials on RY. Asin [7], we use the spaces
H, (the formal definition of which can be seen from (4.2)) and, for any stopping time 7, we
p7
define
Hp(7) = Le((0, 7], P, H)), HG(r) = Ly((0, 7], P, H, p).

Also from [7] we take the spaces Hp“(7), 9)74(7), and Hj(7) = H;’p(T), 9)o(1) = 9,5(7).
Without going into detail, we only mention that v is the “number of derivatives”, the spaces
with 6 are the ones of functions on Ri, 0 is responsible for the rate with which “the derivatives”
are allowed to “blow up” near x! = 0. If y = 0 we use L and L instead of H” and H, so that
Lyo= H09 It is helpful to remember that L, g = L,(R%, (z1)~4 dx).

The letter 7 indicates that we are dealing with functions depending on ¢ (and w). The spaces
H are just L,-type spaces with no control on the continuity of functions with respect to t. The
spaces ‘H,(7) and ﬁ;’g (1) are Banach spaces of functions having stochastic differential with
respect to t:

du = fdt + ¢* dwl =: Dudt + S*u dw?.
It is important to keep in mind that, if u € H)U(7) (u € ﬁ;:g(T)), then v € HYY(7), f €
H) >9(7), and the ly-valued function g € H) "(7) (respectively, M~lu € Hg(T), Mf €

_27 _17

H ;2 (r), and g € )39 () ).
Finally, the norms in L,(R?) and in L,(R%) are denoted by || - ||,.

The author is sincerely grateful to the referee for useful comments and suggestions.



2. MAIN RESULTS FOR SPDEs IN R?

Here we deal with equation (1.1) given for (w,t,2) € (0,7] x RY. We assume that o™/, % are
predictable functions of (w,t) (independent of x) and, for a constant § € (0,1), they satisfy
a™ = a™ and

STHNZ > a XN > SN2, (1 —8)aY NN > a9 NN, (2.1)
for all A € R? and n, m,w,t, where

o = (1/2)0* ok,

Our main result for R? is as follows.

Theorem 2.1. Let T € (0,00), T < T,y €R, ¢ >p>2, f € Hr), and g € HITH9 (7).
Then,

(i) in HYT>9(7), equation (1.1) with zero initial condition has a unique solution. For this
solution we have

[tzallepya 7y < N lega ) + ez @), (2.2)
where N = N(d,d,p,q);

vY+2—2/q+e
Hp )7

(1) if in addition we are given a function uy € Ly(S2, Fo, where € > 0, then in

HZJrQ’q(T), equation (1.1) with initial condition ug has a unique solution. For this solution we
have

ol a0y < NS + ol )+ Elloll o arn) (2.3
where N = N(d,0,p,q,e,T). Moreover if ¢ = p, one can take € = 0.

We give the proof of this theorem later in this section after we prepare some auxiliary results.

Lemma 2.2. Let p>2, u € HS(T) be a solution of the equation
du = (V05 + fl,5) dt + (0™ + gf) duwf
with zero initial data and with f9,g" € L,(7). Then
ullL, () < NUIfllL, @) + 19, ()
where N = N(d,6,p).

This basic apriori estimate follows from Theorem 5.1 of [4] up to the assertion that N is inde-
pendent of T'. The later is obtained in a standard way by using self similarity.

In the next lemma we do the first step to considering the power of summability in ¢ equal to
multiples of p.

Lemma 2.3. Letp>2,T € (0,00), 7<T,ne{l,2,..}, and, fori=1,..,n,

Xi€(0,00), meR u® ey T(r), «P(0)=0.



Denote Aj = (\; — A)¥/2. Then (i)

E/ H||AAu )|[P dt

<N 38 U001 + I 1) [T I Ol
J#i

+N > E/ 1A OIBIA; 99 OIF TT 11AxAu® @) dt,
1<i<j<n k#i,j
where N = N(n,d,p,d) and
f(i) — Du® — grsyd g(i)k — Sk _ 5k, @)

xS x’ .

(2.4)

(2.5)

(ii) Replace Au® and ||Azgx |, with u® and ||A;g’ ||H1 respectively, everywhere in (2.4).

Then the estimate will be true with N = N(n,d,p,6,T).

Proof. (i) By considering A;u(? instead of u(?, we see that without loss of generality we may
assume ; = 0. In this case first let 0’ = 0 and define v = Au(®. Furthermore, for X =

(w1,...,1,) € R™ with ; € R, define
V(t,X) = oWt ) - 0™ ().

Observe that ‘ '
dv = (a”* ol )xs + Af®)at + AgWF dw

and by Ito’s formula
dV(t,X) = (LV(t,X) + F(t,X) + H(t, X)) dt + G*(t, X ) dw’
where LV = a"*(Vyres + oo + Varas ),
F(t,X) = 8 F'(t,X),  GMt, X) = (Gi(t, X))ay

H(th) = Z (Hvlﬂ]s(th))x:xSa Fi(th) = f(z)(taxz) Hv(j)(tvxj)a

J

1<i<j<n J#i
Gl (t, X) = ¢ ¥ (o) [T oVt 2)),
J#i
H(tX) = g0 (te)g  (tag) T] o (2.
m¥#i,J

Hence by Lemma 2.2

[V, () < N( ZIIFZIILP(T + Y MH L@ + D Gl ()-

i<j 1,8 @,Tr

Here
IVIL, ) —E/ / J(t, 1) oo 0 (8 20) [P dy - .. - dagdt
Rnd

—E/\w”wowunwwwwoWﬁ
Gl = B [ st N T 1 e,

JFi

(2.6)



1L, 0y = & [ 10 T e

JFi
IHZIE, oy _E/ R T 109, IR dt,

m#i,j

i (t ()k J)k " P dud
o (S i

<198 & I llgs? (8, )1

where

Therefore, (2.6) implies (2.4).

To consider the case of general 0¥ observe that, if u € H;+2(7'), then @ € H;H (1), where

a(t,z) =u(t,x — &), &= / UZk(s) dwf.
0
Adding to this that,
Ska(t, x) = Sku(t, x—&)— aik(t)uxi(t, x—&),
Dia(t, 2) = Dult, @ — &) + 0 (Putgigs (2 — ) — (8*u)ys (1,7 — £ (1

- ID)u(ta T — gt) - aij (t)uaci:vj (ta T — gt) - (Ska)xz (ta T — gt)o—ik(t)
and using the translation invariance of L,-norms one easily reduces the general case to the
particular one. This proves assertion (i).

The proof of assertion (ii) follows the same lines and is much simpler. Again we may take v; = 0.
Then in the case o = 0 it suffices to write down the equation for «()(t,z1) - ... - u(™ (¢, z,) and

apply Theorem 4.10 (iii) of [4]. In this case we get even stronger estimate with ||g||, instead of
gl Hi- The case of general o is treated in the same way as above. The lemma is proved.

Remark 2.4. Obviously, in (2.5) one could use a and o depending on .
Proof of Theorem 2.1. Bearing in mind that one can apply the operator (1 — A)¥/2 to both
parts of (1.1), we see that we only have to consider the case v = 0. Also notice that in the case

g = p our result is known from [4] and, for ¢ > p, the uniqueness of solutions follows from that
for ¢ = p and thus follows from [4].

To prove the theorem for ¢ > p we first relate (ii) to (i). We know from [14] that, for any w,
there exists a continuation of ug(w,z) to a function @(w,t, ) defined for t > 0 and x € R? such
that @(0,x) = up and

eIz, 1o,7,2,) + 1812, 0,77,2,) + ¥l Ly (0,77, L,)
+Ham€HLq([O,T],Lp) < NHUOHH;—Q/(;+5-

In addition the continuation operator is deterministic and linear. Therefore, u € H?,’q(T ).

If we change the unknown function u by subtracting off u, we will come to the situation with
zero initial data. It follows that we only need to prove (i) and (ii) for uyp = 0. Now the only
difference between (i) and (ii) is in the estimates (2.2) and (2.3).

First assume that ¢ = np, where n = 1,2.... Take f € L4(7) and g € Hy?(7). Then, by Holder’s
inequality, f € L, () and g € H} (7). Now remember that, as we know from [4], if f,g € H(7)
then equation (1.1) with zero initial condition has a unique solution u € Hg”l(T) and that if m



is large enough, the norm ||u(t)|| w2 1s a continuous function of ¢. In that case, for the stopping
times
Tr =7 Ainf{t : ||u(t)||H3 >r}, r>0,

we have u € Hf,’q(n) and 7, = 7 if r is large enough depending on w. By adding to this that
H (1) N HE?(7) is everywhere dense in Hi? (7) for any m and k, we easily see that, to prove
both existence and uniqueness in assertions (i) and (ii), it only remains to prove the apriori
estimates (2.2) and (2.3) with v = 0 and ug = 0 assuming that the solution u € Hz%(7) exists
already.

By Lemma 2.3 (i) applied to (¥ = u we have

vzl ) < N(E / UFONE + g O s (ISP

-
N [l (1127 . (27)
Owing to Young’s inequality, for any € > 0, we have

(O + ga ) e (B]15DP
< elluaa I + NSO + g OI1),

192 (1P laa (D127 < elluaa(®)I[57 + N (E)llga (D117

where N(e) is independent of w, f,g. This and (2.7) yield (2.2) for ¢ = np. In the same way
from Lemma 2.3 (i) we get an estimate for |[u||yr» () which combined with the above estimate

leads to (2.3).

To treat general ¢ > p, we use the Marcinkiewicz interpolation theorem. Mapping (f,g) — w is
a linear operator, say R acting on L,((0,7], P, Hg X H;) with values in L4((0, 7], P, Hg) defined
for ¢ = np. From uniqueness, it follows that R does not depend on n. In addition, R is bounded
for ¢ = np. Let N, be the norm of R. By the Marcinkiewicz interpolation theorem R is bounded
for any ¢ > p and Ny < N(Ny + Np,), where n is such that ¢ < np and N = N(q,p,n). This is
equivalent to our assertions. The theorem is proved.

Corollary 2.5. Let T € (0,00), 7 < T, q>p > 2, f = (f', ... fY) € L}(7), and g € Li(7).
Then, in Hy“(7), the equation

du = (auyiy; + f1) dt + (0™ ug: + gF) dwy (2.8)
with zero initial condition has a unique solution. For this solution we have
uallis () < NUIfls ) + ll9llLs (), (2.9)
where N = N(d,p,q,0).

Indeed,
il gy < N lligerys el oy < Nllgllig o

Therefore, Theorem 2.1 is applicable with v = —1. By observing that ||uz||, < N(||ugz||-1,p +
[|lul|p), from (2.2), we find that

lualligry < NUF Mg ry + gllug iy + llullig o) (2.10)



Next notice that, for any constant ¢ > 0, the function u(c?t, cx) satisfies an equation similar to
(2.8) with cfi(c*t,cx) and cg(c*t,cx) in place of f and g, respectively. For this function (2.10)
with ¢27 in place of 7 becomes

luzllg oy < N Fllegry + 9lliz ey + ¢l o)
By letting ¢ — oo, we arrive at (2.9).
Corollary 2.6. Let T € (0,00), 7 < T, q>p>2, Mf € Ll(r), and g € L}(7). Assume
that f is an odd function with respect to x*. Then, in H};q(T), equation (1.1) with zero initial
condition has a unique solution. For this solution we have

uallLs(ry < NUIM fllLs iy + 119llLe () (2.11)
where N = N(d,p,q,0).

To deduce this from Corollary 2.5, it suffices to notice that there exists a function F', which is
even with respect to !, satisfies F,1 = f, and (Hardy’s inequality)

LE @)l < plIMFE )l

Corollary 2.6, which hold for any o, plays an important role in our treatment of SPDEs in Ri
in the case 0¥ =0, k=1,2, ...

3. SPDEs v RZ

In this section we consider equation (1.1) for z € Ri assuming that its coefficients satisfy the
conditions listed in the beginning of Sec. 2. It is well known that (1.1) in R% is solvable in
Sobolev spaces only if they are provided with weights. Therefore, we use the spaces H;:g (1) and
974 (7) introduced in [7] and recalled in Introduction.

Before stating our main results we point out that the conditions (3.1) and (3.2) below play an
important role. Therefore, it is worth noting that, if ¢ = np with n =1, 2, ..., they become

d—14+p>0>d—1+p—1/n—x,
(1= 8)a? (AN = a7 (AN +a" (1) (A1) (¢ = p)/(p — 1)
respectively. Notice that these conditions are much more restrictive thand —1+p >0 > d —1,
which we have in the deterministic case (see [8]).

Theorem 3.1. Let g > p > 2, € (0,2/q), T € (0,00), T<T,v€R. Let Mf € H—II;;Q’(](T),
g€ H;;l’q (1), M?/1=1=2y € Lq(Q,fo,H;f/qus) and one of the following conditions hold
d—1+p>0>d—1+p—x—1/[q/p], (3.1)
where x = x(d,p,q,0) > 0 is a (small) constant to be specified in the proof,
d—14+p>60>d—-2+p and
or T T
(1= 0)a (NN > a (NN +a't ()(AN)?([q/p] — Lp/(p— 1)
for all X € R? and t > 0, where [r] is the smallest integer > r. Then in 57);’3(7') there is a

unique solution of equation (1.1) with initial condition u(0) = ug. For this solution, we have

—1,.119 q q 2/q—1—¢ q
Il oy < NI )+ ol gy + B 00l ), (53)

p,0
where the constant N = N(v,d,p,q,0,&,T). In addition, if ug = 0, then estimate (3.3) holds
with N = N(~,d,p,q,0) and if g = p, one can take € =0 and N = N(v,d,p,q,0).

(3.2)



Theorem 3.2. Letq>p>2,e€(0,2/q), T € (0,00), 7<T, v€ER,
d—14+4p>0>d—v, o*=0 Vi,

My e ]HI;_GQ’C’ (1), g€ IH];;I’Q (1), M%7 1=2y4 € Lq(Q,fo,H;;Q/quE). Then all the assertions of
Theorem 3.1 hold true again.

Remark 3.3. If ¢ = p, (3.1) becomes d —1+p >0 > d—2+p— x. We know from [10] that,
if p = q, then the assertions of Theorems 3.1 and 3.2 hold with ¢ = 0 and N independent of T
under somewhat weaker assumptions on 6:

1
d—1+p(1—p <f<d—1+p, (3.4)

(1—141)+ 51)
where d; is any constant satisfying (1 — d;)a > «a. Also observe that, generally for ¢ > p, the
uniqueness of solutions in )% (7) follows from that in § ,(7) = ,%(7) and hence follows from

[10].

The proofs of Theorems 3.1 and 3.2 are given in Sec. 5. In this section we discuss the result of
Theorem 3.1 in the sequence of remark bearing on the following example.

Example 3.4. For d = 1, consider the equation

du = Ugy dt + oug dwy (3.5)

with nonrandom initial data ug € C§°(Ry), up > 0, up # 0. Here o is a nonnegative number
satisfying 02 < 2 (in accordance with (2.1)) and w; is a one-dimensional Wiener process.
Remark 3.5. Condition (3.4) and, for ¢ = p, even its slightly stronger version (3.1) look quite
reasonable. To see this in Example 3.4, take m = 1,2,..., ¢ = mp, and § = p — 1/m — x.
Then condition (3.1) is satisfied and by Theorem 3.1 we get that u € ﬁ;:gnp (1) for any v. By
embedding theorems (see Theorem 3.11 of [7])

1
E [ supz™ ' 7"X|u(t, )| dt < oc. (3.6)
0 x>0

It turns out that, for any n € {2,3,...} and € > 0, one can find 0 < 2 such that
lim inf 2 '"°Eu"(t,z) = oo, (3.7)
z]0 te[1/2,1]

so that (3.6) cannot be substantially improved. We will not use this result and only give an
explanation why this happens. We also notice that (3.7) contradicts Theorem 1.1 of [3] (the fact
that there is a gap in the proof of this theorem is noticed in [9]).

By the It6-Wentzell formula, the function @(t,z) := u(t,z — ow;) satisfies the deterministic
equation

di(t,x) = (1 — 0%/2)lipe(t, ) dt (3.8)
in the random domain ¢ > 0,z > ow; with boundary conditions u|—g = ug, u(t,ocw;) = 0. It
follows that @ > 0, u > 0, and u(t,z) > 0 for t > 0,z > 0.

Next, owing to It6’s formula, for © = (z1,...,x,), the function v(t,z) = u(t,z1) - ... - u(t, zy)
satisfies
dv = (Av + ﬂvaixj) dt + o(vgy + ... + vz, ) dwy,
i#]
where 3 := 0%/2. By taking expectations, for V = Ev we find
88—‘; = AV + BZ Viiw; =t Ln gV,  @1,..;20 > 0.

i#]



Also V =0 for min; z; =0, V(0,z) > 0, and V(¢t,z) > 0 for ¢, zq,...,z, > 0.
Now let P be a positive solution of L, gP = 0 in
G = {minz; > 0} N {|z| < 1}
1

with zero boundary condition on min; z; = 0 and some nonzero nonnegative condition on |z| = 1.
It follows from the theory of parabolic equations (see, for instance, Theorem 4.3 of [1]) that, for
t €[1/2,1] and |z| < 1/2, we have V(t,z) > nP(x), where the constant n > 0.
To estimate P from below, define x by formula (6.9) of Sec. 6 and define sg € (0,1) and v > 1
by

(n—1)(1 - k)2
n(1— k)2 +2k(1 — k) + K2’

sg =

Y(y+n—2)=n—14+ (n?—1)s.
Observe that, if 02 1 2, then 31 1, K T 1, sp — 0, and v — 1. Finally let e := (1,...,1)/y/n,
y=1x—r(xz,ee, s =(y,e)/lyl, f(s) = (s — s0)" 7" D% and

Po(z) == [y|" f(s) =: Ro(y).
One can check that, in the domain {s > s}, we have
n—1 _ _
o [y1* 7 LngPo(x) = |y " Ay Ro(y)
nsg
= (1=5°)f"(s) = (n = 1)sf'(s) + (v +n—2)f(s)
= so(n — 1)[s*(1 — (n — 1)s2) — (1 + (n + 3)s0)s + 1 + nsg + (n + 1)%s3].

If s = 0, the expression in the brackets becomes s? — s+ 1, which is strictly positive. Therefore,
there is a small 59 € (0, 1) such that, for any sy € (0,35¢), we have L,, 3P > 0 for s € (so,1]. It
is easy to check that {sp < s < 1,|z| <1} C G. Also Py =0 < P for s = s9. Therefore, if we
take P = Py for |z| = 1, then by the maximum principle P > Py in {sg < s < 1,|z| < 1}. In
particular, if s =1 and ¢ € [1/2,1] and z € [0,1/d], then we have

Vt,z,....x) > nP(x, ... x) = n(1 — s) T D%07(1 — k)7, (3.9)

As we have pointed out above, if o2 is close to 2, then v < 1 + ¢ and (3.9) implies (3.7) owing
to Eu"(t,z) = V(t,x,...,x).

Remark 3.6. It turns out that Theorem 3.1 yields better properties of ¢-traces of w than the
ones following from [10]. For instance, in Example 3.4 let p > 2, n € {1,2,...}, ¢ = np, and
6 = p—1/n—x. Then condition (3.1) is satisfied and by Theorem 3.1 we get that u € ﬁ;:gp(l)
for any . By Theorem 4.1 of [7] this implies

[e.9]
Esup (/ 2" (L, z) P dz)" < oo
t<1 Jo

for any p > 2 and n > 1. Observe that the bigger n the better information about the behavior
of u at x =0 we get.

Remark 3.7. Estimate (3.6) shows that the function u from Example 3.4 vanishes at x = 0 in
certain integral sense with respect to . An interesting issue is whether u vanishes at x = 0
for all ¢ > 0 at once (a.s.). One of approaches to resolve this issue could be using equation
(3.8). However we do not know how to do this and instead we are again going to use embedding
theorems.
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Let p>2,n€{1,2,...}, ¢ := np and assume

p—1
q—1

2

o? <2 (3.10)

which holds, for instance, if n = 1. Then condition (3.2) is satisfied and by Theorem 3.1 we get
that u € ﬁ;:g(l) for all v if @ = p — 1 + ¢, where € is any number in (0,1). By Theorem 4.1 of
[7] this implies
E sup HM"‘lu(t)H‘;ﬂ < 00
t<1 p,0

if 2/q < n < 1. This and Lemma 2.2 of [7] yield

E sup (2" U9/Pu(t, 2)])? < co. (3.11)
t<T,z>0

One can get more specific results if ng := 2/0 is an integer > 3, so that ¢ < 2/3. In that case
(3.10) with n = ng is satisfied if

2 —o? 22— o? L
2—02ny 2—2 — po-
Notice that for p sufficiently close to pg and 1 to 2/(nopo)

n—(1—¢)/p=2/(nopo) —1/po + €1,
where €1 > 0 is as small as we like. By Holder’s inequality and (3.11) we get

p >

E sup (25720t z)|)™ < oo, (3.12)
t<T,x>0
where
s 1— o2 2— o2
= T = .
0= 9520 07 552

It is interesting to compare this result with what can be obtained from Theorem 3.2 of [10],
where g = p. There the restriction on ¢ and p is (3.4), that is
2
>2, 1———— < f/p<l.
b= o2(p—1) + 2 /p
If these inequalities hold, the results of [10] and [7] imply that

E sup (27t z)|)P < oo
t<T,z>0

if 1 > n > 2/p. The freedom of choice of § and 7 leads to

E sup (25 %|u(t,z)])P < oo, (3.13)
t<T,z>0
where ¢ is any small strictly positive number and
£ = 1 1
S a2p-1)+2 p
We want to have £ positive and as big as possible. The inequality & > 0 is equivalent to
02 < (p—2)/(p — 1), so that we need o < 1 instead of ¢ < 2/3 above. It turns out that the

largest value of & occurs for p = 7o (which is compatible with o2 < (p —2)/(p — 1)). For p = rg
we have £ = {p, so that inequality (3.13) yields (3.12) under less restrictive assumption on o.
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We want to mention several more features of Example 3.4. The fact that we only allow n to be
an integer makes (3.12) available only if 2/0 is an integer, whereas there is no such restriction
n (3.13). We do not know how to properly interpolate our results between integers. If we knew,
we would probably be able to get (3.12) for any o < 1 from L,(L,)-theory.

By using the results of [10], we have proved above that u vanishes for x = 0 for all ¢ (a.s.) only
if 02 < 1. We do not know if the same is true for 1 < ¢? < 2. Although Theorem 3.1 is still
available for @ satisfying (3.1), this range of § does not allow to conclude that u is continuous
up to the boundary for almost all w.

4. AUXILIARY RESULTS

To prove Theorems 3.1 and 3.2 we need several auxiliary results, which we prove in this section,
and a barrier function, which is constructed in Sec. 6. First we prove a regularizing property for
solutions of (1.1). Notice that there is no restriction on € in Lemma 4.1.

Lemma 4.1. Letp>2,ne {1,2,..},y>v,0 R, ue 55;’gp(7), u(0) = 0, and u satisfy (1.1)
in (0,7] x R with M f € HVfQ’"p (1) and g € ]HI;;LHP(T). Then u € Sﬁ'y’np(T) and

[|M~ U||HV"PT)<N(||Mf||Hv2nP +llgllgps 1wy + 1117 Yl (), (4.1)
where N = N(v,d,p,n,d).

Proof. Clearly (4.1) becomes stronger if v decreases. Therefore we may assume that v = — k,
where k is an integer, and bearing in mind an obvious induction, we see that, without loss of
generality, we may let v =y — 1.

Now notice that, for a function ¢ € C§°(R;) and ((z) := ((x!), we have

Ml —E/ I, dt<NE/ W@l d

oo

_ > me/ Huutem«gup dt, (4.2)

with m := mq + ... + m,,. Here
[[u(t, e™ )¢l ~ 1Al e™ )OI, -

= [|(1 = A2 Ault, € OB = €™ P D || (A — AT A(u(t)Gn) B,
where A, = e=?™ and (,,(z) = ((e”™x). Furthermore,
d(uCm) = (aij (UCm)aiqs + fm) dt + (Uik(UCm)xi + gﬁn) dwf,
where,
Fm = flm = 20 Gprtigs — aMuCprn, Gy = 9" — 0 UG,
Similarly to the above computation

[ = AP F ()] = 20D £ (2, Rl

[ = A2 G )] = €™ PPV (g (8, €™ ) -2

I DN gty €™

12



Therefore, by Lemma 2.3, for any mz, ..., m,, we have
T n T n
E / [Tt e™ )llE, dt < NE / O emrrty+ > Mt () dt,
0 ;4 0 =1 1<i<j<n
where

Ti(E) = (€| oy b ™ I gy (™ N ) T Mt e ¢ B

J#i
Jij () = 11Gims (& €™ - 1Gm, (8 €™ ) L1ttt em™ i,
k#i,j
Coming back to (4.2), we conclude
I g ) < NE [ (PO + GO a
+NE/'G2||<m“2pw
where
[e.9]
G)= 3 e M <N YD gt IR
m=—oo m=—o00

+N Y O fu(t, e )¢ Il < N(Hg(t)wl’ml + || Mt )HHw- );

m=—00
e —_
F(ty= Y ™| fu(t,e™)] Mig-2 <N O (2 " )Gl 2
m=—00 m=—00
00
+N D et e )Ny + N Z O fut, € )¢
m=-—00 m=—00
< NUIM Oz + IMue (Ol + (1Mt )IIHV 2)
P, p,0—p

< N(IMFONr-2 + u@®Iln-1 )

p,0—p

< N(IMFOIP > + 1M ult Dlff-1)-

p,0

As in the end of the proof of Theorem 2.1, this yields

Ml <NE/OT(F”(t)+G"(t))dt

<N(HMfHHy2np +HgH unn gy FIIMT UHWW(T))

The lemma is proved.

This lemma reduces obtaining a priori estimates of higher order derivatives to estimating any
lower order norm. In the next lemma we show that if we have an estimate of the zeroth order
norm, then we have the solvability in all spaces ﬁ;’g(T). First we give a definition.
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Definition 4.2. For a function u = u(w, t, z) we write u € € if

(i) the function u is defined on Q x [0, 00) X Ri, is predictable as a function of (w,t), and is of
class C§° (]Ri) as a function of x with support belonging to the same compact subset of Ri for
all (w,t) and with the norms ||u(t, ')HC”(Ri) bounded on € x [0,00) for any n = 1,2, ...;

(ii) the function u is continuous as a function of ¢ and there exists an integer k < oo such that,
on 2 x [0,00) x RY,

t k t
uta) = [ feayds+ Y [ goa)dui,
=1

where f,g',...,g¥ are certain functions enjoying the properties listed in (i) for u and such that,
for any multi-index «, the function

k
D Varpg o) D' (-, ) + Var o) D f (-, 2) (4.3)
i=1
is a bounded function of (w,x). In that case, as usual, we denote f = Du, g = Su.
Lemma 4.3. Letp >2, ne{1,2,..}, e € (0,2/(np)), yeR, T € (0,00), 7 < T,

d—1+p>0>d—1 (4.4)

Define a'l = a't, @ = a if i > 2 and j > 2, and a7 = 0 in all remaining cases. Assume that
there is a constant Ny such that, for any u € € and X € [0, 1],

My < No((IM (D = (A + (1= N)a i)l )
+ ||SU — )‘O-Z'u:viHH;:gp (T)) (45)

Then, whenever M f € ]H];;ZW(T), g€ HZ;LW(T); and

MDD g € Ly (9, Fo, Hyg ),

equation (1.1) with initial condition u(0) = ug has a unique solution in fj;’gp(T). In addition,

for this solution, estimate (3.3) holds for ¢ = np with N = N(Nyp,~,d,p,n,0,T), whereas, if
ug =0, then N = N(No,~,d,p,n,9).

Proof. As we have already pointed out, uniqueness follows from [10]. While proving the ex-
istence of solutions, we can assume that ugp = 0. Indeed, by Theorem 8.6 of [7], there exists
a continuation operator, that is, for each w, there exists a function u € HZ ’éz P(T) such that

u(0) = up and

17l oy + 1M < NIMHOD T w0l e oy
’ p’e

np
o " (T)
where N depends only on d,p,n,e,v,6, and T'. If we subtract @ from u, we will reduce the
problem to the one with zero initial condition and f = f + a¥,i,; — 4 and gF = g* + o™,
in place of f and ¢*, respectively. In addition (see [5])
| Mty (t)]] o2 < Nl (t)]] g1 < NIIM ™ ()]0
p,0 p,0 p,0
with N depending only on d, p,7, and 6, where condition (4.4) is not used. This implies that
f and g are functions of the same classes as f and g, respectively. Therefore, in the rest of the
proof we assume ug = 0.
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The above argument is absolutely standard. The rest of the proof of existence on the basis of
the apriori estimate (4.5) and the method of continuity is also standard and we only give the
most important details. By the way, notice that Lemma 4.1 and assumption (4.5) along with
the denseness of € in $ 5 (7) N {u(0) = 0} imply that, for ¢ = np and y > 2, the apriori estimate
(3.3) holds for any u € )" (1) with u(0) = 0.

Case v = 2 and a¥ = 0 for j > 2 and % = 0. In that case first we take sufficiently smooth
functions f and g vanishing in a neighborhood of z! = 0 and for large 2! and continue them for
r! < 0 as odd functions with respect to 1. Then we get a solution u € H2 "P(1) by Theorem 2.1.
Since in a neighborhood of ' = 0 the function u satisfies a deterministic equation, as in Lemma
4.2 of [9], we get that u € 552 2P(7). Actually, here we only need d +p > 6 > d — 1 instead of
(4.4) but estimate (4.5) cannot hold for # > d — 1+ p anyway. This gives the solvability of (1.1)
for particular f, g. For general f and g we easily get our assertions by using approximations
and the apriori estimate (3.3).

Case v > 2 and general a and o. If v = 2, general a and ¢ are considered on the basis of the
method of continuity and the apriori estimate (3.3). After that, our theorem in the case v > 2
follows directly from Lemma 4.1.

Case v < 2. One can just repeat the proof of Theorem 3.2 of [10]. The lemma is proved.

The following lemma will allow us to assume that o!! is constant. This will be done after
enlarging our initial probability space. Suppose that we are given a complete probability space
(Q,F,P) and an increasing family of complete o-algebras (.7-},15 > 0), F; C F. Suppose that
we are also given independent one-dimensional processes wt which are Wiener with respect to
(Ft,t > 0). Define
(Qwﬁuﬁhp) - (Qufufhp) X (Qwﬁuﬁtap)a

define P as the predictable o-algebra relative to (F;,¢ > 0) and introduce the spaces H;’g (1)
and 5:3;’3(7) on the basis of Q, F, F;, P and the Wiener processes wf, wy,k,r=1,2,...

Lemma 4.4. In the above notation, the operator II : u — Ilu with

Mu(w, t, z) :—/~u(w,&,t,x)]5(dd))

Q
is a bounded operator with unit norm mapping the spaces H;:g (1) and 5;:3(7') onto H‘Z:g (1) and
53’3(7), respectively. In addition, DII = IID and SII = IIS. Moreover, SFII = 0 if k corresponds

to the additional Wiener processes Wy .

Proof. Integration theory shows that II preserves measurability and integrability properties
involved in the definitions of HD'3 (1) and 9)%(7). Also, obviously, H¥(7) and $)4(7) are
subspaces of H)'j(7) and $)%(7), respectively, and IIH)'/(7) = H )i (7), IIH)4(7) = 9,5(7).
Therefore, mapping II is onto.

The fact that I maps H;:g () to H)'g(7) with unit norm follows easily from Minkowski’s in-
equality.

Since the set ¢, constructed as € on the basis of Q, F, F;, wf , w7, and P, is everywhere dense in
9)74(7) and the operators D and S are bounded, to prove our assertions concerning )% (7) it

suffices to concentrate on elements of €. For u € €, the equalities IIDu = DIu and [ISu = SIlu
follow immediately from Fubini’s theorem in its usual version. Its stochastic version is not needed
since under (4.3) stochastic integrals of Su are rewritten as usual integrals using integration by
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parts. Finally, for each k,
t t
/ ( / 9(@, ) disk () P(d5) = B / o(s) disk = 0,
Q 0 0

where E is the symbol of expectation relative to 15, if g is appropriately measurable and
E fg l9(s)|?ds < oo. This easily implies that IISku = 0 if the term S*ud@} is part of the
stochastic differential of u. The lemma is proved.

The following two lemmas contain the most crucial information needed for proving Theorems
3.1 and 3.2. In the proofs of these lemmas we use the barrier constructed in Sec. 6.

Lemma 4.5. Let p > 2, n > 1 be an integer, and
d—1+p>0>d—1+p—1/n.

Assume that a'' =1 and o' is a constant. Then there exists a constant No = No(d,p,n,0,6) <

oo such that (4.5) holds for any u € €, XA € [0,1], and stopping time T with LZ% (1) in place of
17

H, 5" (7).

Proof. Notice at once that, if n = 1, the statement of the lemma is known from [10] even for

a wider range of 6 (see (3.4)). Therefore, we assume that n > 2. Furthermore, upon taking a

u € € and using standard stopping times one easily reduces the situation of general 7 to the one

in which all terms in (4.5) are finite and 7 is bounded. Finally obviously, assuming A = 1 does
not restrict generality.

Denote f = Du — a¥u,:,; and g = Su— 0" u,:, so that

u(t,z) = /0 (aijuxixj(s,x) + f(s,x))ds +/0 (aikuxi(s,x) —I—gk(s,x))dwf.

Next, for X = (21, ..., 2,) € (R4)" with 2; € RY, define
Ut,X)=u(t,x1) ... - u(t,x,).
Observe that by It6’s formula
dU(t,X) = (LU(t, X) + F(t, X) + H(t, X)) dt + G*(t, X) dw?, (4.6)
where LU = a"*(Uyras + .. + Usras),

n

F(t,X) =Y fta) [Jult,z;) =Ut, X)) (u" f)(t,23),
=1

J#i i=1
GF=>"GF GItX)=0"Uus(t,X)+U(t, X)(u " g")(t z),
=1

H=U" Y GGk

1<i<j<n

Finally, fix a § € [0,1) which will be specified later, and take the function ®(z) from Theorem
6.1 corresponding to this § and @ = d 4+ p — 8, which is possible since in notation of Theorem
6.1 we have 1 < d+p — 6 < a(n,3). Define ®(X) = ®(z},...,2.), and apply It6’s formula to
®|U|P. Then from (4.6) we find that (a.s.) for all X € (R4 )"

(X)|U(r, X)|P = /OT ®(X)[plUP2U(LU + F + H)(s, X)
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+3p(p — DU (s, X)[P2 D (G*(s, X))?] ds + /OT p®(X)|UP2UGK (s, X) dw”. (4.7)
k

Since u € €, we can take the expectations of both parts of this equality, drop the expectation
of the stochastic integral, integrate with respect to X over (Ri)", and use Fubini’s theorem to
integrate first with respect to X. While integrating with respect to X, we integrate by parts
using the fact that ® depends only on 1, ...,z.. First we find that

/ (X )p|UPPULU(s,X)dX = —I(s) — p(p — 1)67a" J} (s),
(
where,
I(s) = / 0", (X)(|U (s, X)[P)ar dX
(RS ) '
Ji(s) = /(Rd OO (5, X) 0y 5, X) 4.

By denoting M the operator of multiplying by z} - ...zl remembering that a'! = 1, and using

(6.1), we further find

1(s) :—/ 69D 1 (X)|U (s, X)P dX = B (s)
(R)n

" d MO=3=P|U (s, X)|P dX = BK(s) + ||M u(s, )HL o (4.8)
®RY)™
where
Z/ (I) ! 1 |U(5 X)|de
Rd
i#£]
Thus,

/ O(X)p|U[P2ULU (s, X) dX
(RE)™

= —BK(s) = [[M~ u(s, )l —p(p = 1)67a" Jj (s).  (4.9)
More terms ijt come from the part in (4.7) containing H and (G¥)2. To estimate these terms

we notice that
U (s, X) (" g") (5, 2)0™ Uss (s, X)|
< U (s, X)u™ g5, 1) (207 Ui (3, X)Uos (5, X)) 2,
so that
U (s, X)(u™"g") (s, 2:)0"™ Uy (s, X)|
< ea" Upr (8, X)Ust (5, X) + NU(5,X) ) |u™"g(s,20) %,

where € > 0 is arbitrary and N = N (). This shows
_ 1 _ _ 1
PUPTUH + oplp = DIUP2 Y IGH P =plUP2( Y GEGE+ 5 -1) Y GIG))
k 1<i<j<n 1<ij<n
<p(p—1)(1+)|UP 2690 Up Uye +p*|UP2) otherUx;
7 J 7
i#]
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+NUP " Jug(s, z).
i
Also notice that due to (6.2), for each ¢,

/ ()| U (s, X)P fu g5, )2 de;
.

SN [ (@) M (s, 2) P2 g (s, @) [P da [ [ () (M ) (s, )P
o ji
< NIIM s, I 2 g (s, Iz, , T ) (s, 2)) P,
J#i
which implies that

/ (XU (s, X) Plu~"g (s, 2:)[2 dX
(R4 )™

- 2
< NIIM (s, I eI,

< e[ M (s, I, + Nllgs, )1,

Therefore,
_ 1 _
| OBIUPUH + 5ol — DIUP 3645, X)] dX
(RE)™ k
< p(p - 1)(1 + 8)5ij rt th _|_p2 Z o th
i#j
T ellM s, I+ Nllg(s, I

To estimate the last term in (4.7) containing F', notice that by (6.2), for each 1,

/ O(X)|U (s, X) [P~ f(s,2:) Husx] | dz;
R
JFi

/ O(X)|u(s,z:) [P~ f (s, z; \deH\u s, ;)P
R%
JFi

< NJi(s) [ [ (=)=~ ) (s, )P,
JF#i
where

Ji(s) = /Rd () (M ) (s, 20) P H(M ) (5, 20)| dacs,

: 1 L _ -1
which by Hélder’s inequality is less than ||M ~tu(s, -)||ﬁp,9||Mf(8, NIL,q- It follows that

[ OGP s,z [T uts. )] ax
R i#i
< N s, PP IMF (5,

| SCOPUPFI (s, X) dX < el|M (s, I, + NIMS (s,

SOl
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Upon combining this estimate with (4.10) and (4.9) and coming back to (4.7) we get

0 < ﬁE/ K dS — HM uH]an _ _ 1 5Z]E/ Ttth
+p(p—1)(1+e 5”E/ oIl (s) ds +p2ZE/ 't Jit(s
7]

SellM Nl )+ NIMARS )+ Nl o)
Hence, if ¢ < 1/2,
Il Wl ) < 5”E/ {p(p— Dla™ — o™ — ca™}JTH(s) ds (4.11)

(||Mf||w + ||9||an( )+ R,

R= p2ZE/ a" (s ds—ﬁE/O K(s)ds

i#j

_p2ZE/ a7l (s)ds — 5E/ Z/ 1,1 (X)|U (s, X) P dX ds.
i#] iz ®D"
The matrix p(p — 1)(a" — o) — e(a’) is nonnegative (actually, strictly positive) if e is small

enough. Therefore by (4.11)
1M~ Ullm < NUIM Sl oy + Nollgmn ) + 2R, (4.12)

where

Now we specify the choice of 3. We take 8 = o' and then prove that R = 0. To do this take
i # j and integrate by parts using the fact that ® depends only on x1,...,z. and that

Uprpt = U WUprUpt
g J

]

if ¢ # j. For such ¢ and j, we find

= DIFE) = [ SEUPE0) Ui (5, X) dX

(Rg)™

S / O(X)|UP2UU,rpe (5, X) dX
(RL)" v

e /( @1 (X)(U[P)s (5. X) dX

RE)m

— ) T [ (O X)P X,
Rt
By collecting like terms in the above computations, we obtain
p*Ji}(s) :5“5“/ ® 1,1 (X)|U(s, X)|P dX. (4.13)
Ry
This and the equality o'! = 3 imply that R = 0 indeed. Now (4.12) becomes (4.5) and the
lemma is proved.

Next we give a version of Lemma 4.5 for a wider range of § but with a nontrivial restriction on
1 In the following lemma we make the second condition in (2.1) stronger.
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Lemma 4.6. Let p > 2, n > 1 be an integer, and
d—14p>0>d—2+p.
Assume that, for any X € R? and s > 0,
(1= 0)a" (s)A" A > ™ (s)A" AL + oL (s) (A2 (n — D)p/(p — 1). (4.14)
Then the assertion of Lemma 4.5 holds true again.

Proof. Standard random time change immediately reduces the situation to the one in which
a'! = 1. Then we take the function ®(X) from Theorem 6.1 corresponding to a = d + p — 6
and § = 0. After that we repeat the proof of Lemma 4.5 word for word up to formula (4.11).
However, this time generally a'! # 0 = 3 and we have to deal with R from (4.11) differently.
Formula (4.13) shows that J/{(s) = 6”16 J}! (s). By using the fact that, for any A € R",

Z)\)\ <(n-1) Z)\

i#]

R= p2ZE/ a7l (s)ds < p*(n—1) ZE/ o (s
i#j
We combine this term with the first term on the right in (4.11) and notice that, due to (4.14),

plp = Dfa™ = o™ I (s) = p*(n = D) JIf > ea” Ji(s)
if ¢ is small enough. Then we see that (4.11) implies (4.5). The lemma is proved.

we get

5. PROOFS OF THEOREMS 3.1 AND 3.2

First we show how to take care of xy in Theorems 3.1 and 3.2.

Lemma 5.1. Let p,q € (1,00), 0y € R, 7 be a stopping time. Assume that there exists a
constant Ny such that, for any u € .6]2)’30 (1) satisfying u(0) = 0, we have

1M el ) < NOIM D = aPugi)leg ) + IS0 0 illgng ), (51)
where § = 0y and N = Ny. Then there exists x = x(d,p,d,00, Ng) > 0 such that, for any

0 € (6o — x,00 + x), estimate (5.1) holds with N = N(d,p,0,0y) Ny whenever u € 552:3(7) and
u(0) = 0.

Proof. We use a simple perturbation argument. Remember (see [5]) that

Hgﬂ ={v:v, Mv,, M?v,, € Lp(Ri, (:cl)e_d dx)}.
It follows easily that if |§# — 6y| < 1, then

lollgz, < Ni(d,p, Q) IO P s < No(d,p, 60)] ol
P, p,Y0 p,
(Actually, we used this fact from [5] in a more general setting in the proof of Lemma
4.1.) Therefore, u € 5512):3(7) if and only if M(©@=%)/py ¢ ﬁi:zO(T) and the norms Hu"ﬁi’,g(ﬂ
and HM(G*GO)/ptuJz,q (-y are equivalent. Also obviously DM (0=00)/Py = M=%/ and
p,00

SMO=00)/py, = N (O=00)/PSy. Therefore, by denoting N various constants depending only on
d,p, 8, and 6y, from (5.1) with 6 = 6, we get that, for v = M@—00)/Py,

1 _1
1Ml (ry < MMl
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< N No(lIM (B0 — avyi0i)lig, o)+ 180 = 0 vl ) =5 NNo(T + ),
We denote € = (0 — 6p)/p and observe that
M(Dv — av,,5) = MOO/PM(Du — a'uy,;)
—2e MO=00)/Pgliy, ; — (e — 1) MO—00)/Pg 1 pr—1yy,
which implies
1< NIM(©u — )l ey + N ualliz o + 1Mtz )

< N{IM(Du — augigs)|lz ) + €NIIM’1UIIH;,3(T)

Similarly, J < N||Su— ai'u$¢||H1,q Sk eN||M~1ul| , so that

IHI2 4

1M ullyz <N%WM®W—W%WN%W)

+||Su— o' uxiHHl,q (7))) + leNOHM_luHHz,q ()"
p,0 p,0
It only remains to choose ¢ so small that eN; Ny < 1/2. The lemma is proved.

Proof of Theorem 3.1. We start with the case in which condition (3.1) holds and ¢ = np,
where n = 1,2,.... If n = 1 the assertion of the theorem is known from [10]. For general
n, by Lemma 4.3 we only need to prove (4.5) for u € € and A € [0,1]. Next, if (4.5) holds
with # = d — 1+ p — 1/n, Lemmas 4.3 and 5.1 imply that (4.5) also holds with 6 close to
d—1+p—1/n, which takes care of y. Therefore, we may and will only concentrate on the case
d—14p>602>d—14p—1/n. Finally obviously, assuming A = 1 in (4.5) does not restrict
generality. A random time change shows that we may also assume a'' = 1.

Now take u € €, define f = Du — a¥ugi,;, g° = S*u — 0™k, take a one-dimensional Wiener
process b; independent of {.7-}} and consider the equation

dv = (a" vy + f)dt + (0 vk + gF) dwl + Bug dby, (5.2)
with zero initial condition, where 8 = 1/2(1 — 6 — a!l). The term a!! corresponding to (5.2) is

a' +3%2/2 =1 — § = const. Therefore, by Lemmas 4.5 and 4.3, for any bounded 7, equation
(5.2) with zero initial condition has a unique solution v € 552’np (1) satisfying

1M 0l () < No(lIM flluee ) + llgllee r)- (5.3)

By Lemma 4.4, there is a solution @ € 562’"10 (7) of the equation

di = (a9, + f)dt + (6%, + gF) dw?
with zero initial data and with ||M ~1a| |an;} ) <M L |an;} (r)- By uniqueness, we have @ = u,
P, p,

which after combining the above estimates leads to (4.5) and finishes the proof of the theorem
in the case ¢ = np under condition (3.1).

If condition (3.2) is satisfied and ¢ = np, the proof goes the same way apart from using Lemma
4.4, which is not needed in this case since Lemma 4.6 provides the necessary apriori estimate
without any additional assumptions on o'l

To consider the case of general ¢ > p, we use the Marcinkiewicz interpolation theorem while
interpolating with respect to ¢ for fixed values of other parameters. Let n = [¢/p], ¢1 = p, and
g2 = np. Then ¢ < g < g2 and one of the conditions (3.1) and (3.2) is satisfied for ¢; and g2
in place of gq. Therefore, we can apply the result proved for the case ¢ = np and solve (1.1) in
974’ (1) with zero initial data.

21



The mapping (f,g) — w is a linear bounded operator, say R acting on
- -2 -1
Lq((IO,T]],’P, (M IH;Q ) X H;@ )

with values in L,((0,7], P, MH;ZQ) defined for ¢ = ¢q1,q2. Let N, be the norm of R. By the
Marcinkiewicz interpolation theorem R is bounded for any ¢ € [q1,¢2] and Ny < N(Ny, + Ny,).
Finally, for

1 -2 -1
(£:9) € Lap((0,7], P, (MTUH ™) x Hp ),
the function R(f,g) belongs to 55;’319 (1) C 55;’3(7) and solves equation (1.1) with zero initial

condition. The estimate Ny < N(Ng, +Ny,) and the completeness of )% (7) implies that R(f,g)
belongs to )} (7) and solves equation (1.1) with zero initial condition for any

(£,9) € Lg((0, 7], P, (M~ H)G®) x HJ ).
This proves the theorem.
Proof of Theorem 3.2. The same argument as in the above proof of Theorem 3.1 shows that
we only need to prove (4.5) forn=1,2,..,ue & A=1,andd—1+p>0>d.
Case a'¥ =0 for j > 2. Observe that, ford—1+p >0 >d—1—1/n+p=: 0, the assertions of

the theorem and, in particular, estimate (4.5) follow from Theorem 3.1. To cover 6 € [d, 0], we
use complex interpolation.

If 6 = d, to get (4.5) for u € €, we continue u in an odd way across z! = 0. Let T be the
operator of odd continuation. Observe that, due to aV =o' =0 for j > 2and k > 1, we
have a% (Tu) Ta"uyi,; and o (Tu),: = To™u,:. Also obviously DT' = TD and ST = TS.

wigi = L ztad
Therefore, DTu — a® (Tu),i,; is an odd function with respect to #! and by Corollary 2.6, for
any q > p, we have that

1M ullia ) < NOIM DU — augisllia ) + 180 — 0 uillyg )

Of course, we take ¢ = np and then the above estimate becomes (4.5) with # = d. Now Lemma
4.3 allows us to define an operator

R:(M™'H, () x L2 4(7) — $,%(7)

as the operator solving equation (1.1) with zero initial data in the space 57)11)’3(7') for each (f,g) €

(M _IH;(lj’q (7)) x L] 4(7). This operator is bounded. In addition, from uniqueness and the

above result for d — 1+ p > 6 > 0 it follows easily that R is also a bounded operator from
11 1
(M 1Hp’é’q (1)) x L;e—(T) to f)p:%(T).

In particular, for = d, 0, we have

IM~R(f, Dz ) < NUM fllwg ) +lallee i), (5.4)
which we choose to rewrite as
IMC=DPLRAEP(f, )| oy < N(IM Il oy + llles i) (55)

for z = d, 0. Obviously, (5.5) also holds for complex z such that Rz = d, 0.

Next take some
(f,9) € (ML 4(7)) x L] 4(7)
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vanishing for 2 ¢ (,671), where ¢ is a constant, and for complex z € I := {z : d < Rz < 0}
consider the function

v(z) = M(z—d)/p—lRM(d—Z)/P(f’ 9).
Observe that M@2/P(f g) = MUEO/P(pMO=-2)/rf MO=2)/Pg) with the norm of
(MO=2)e f MO=2/eg) in (ML (7)) x L (1) bounded for z € T'if § = d,. It follows
from (5.5) that the norm

[ MO~ DERMEAIP(f, g [go ()

p,

is bounded for z € T if § = d,f. The estimate |[MGE=D/Pp| < |b| + |[ME-D/Pp| for z € T
shows that the norm of v(z) in ]L,g 4(7) is bounded on I'. A small modification of this argument
taking into account the dominated convergence theorem proves that v(z) is a continuous ]L,Z 2(7)-

valued function on I'. Finally, by using the fact that, for any a > 0, we have |logz!| <
N((zh)® + (21)~%), one easily proves that the derivative dv(z)/dz exists as an Lgd(T)—valued

function and v(z) is an analytic Lg 4(7)-valued function in the interior of I,

Now by the maximum principle and (5.5), for any 6 € [d, ],
MO RM O (f, g)lgs ) = 0Ol )
< sup ||MED/Pm IRM(d (9l

zeol’
< N(HMfuL;,dm Fllglls )
The inequality between the extreme terms means that we have (5.4) for any 6 € [d,f]. In
particular, (4.5) holds indeed.
General case. Let a9 = a¥ if either i > 2 or j > 2orelsei=j=1and let a7 = 0 in the
remaining cases. Take u € € and define f = Du — aYug iy, g = Su— 0" uy,:. By the above case,
there exists @ € ﬁ;:g(T) with @(0) = 0 such that
di = (@9, + f) dt + (6% a0, + ¢%) dw?
Ml < Ml ) < NIl ) + \rg\rH;g<T)>. (5.6)

Furthermore, for & = fo 0™ (s) dw” and the functions v = u — 4,

i(to) =v(t,e = &), ft.o) = (a¥ —a7) ()i (2 — &),
we have
dv = (Vi — 09 Uyiy, ) dt + 0 (g — Tiyi) dw?
= (a”vxixj + (aij — C_Lij)axixj) dt + Uikvxi dwf,
do = ((a¥ — o)y, + f) dt.

The latter is a deterministic equation and by Theorem 3.2 of [8] (even for d —1+p > 6 >
d — 1) we have ||M~19||pq () S N||M fl|pq ,(r)- Now to get (4.5), it only remains to add that

D, D,
1M 0llgs ) = 1M 0]l .

(r):

1M Flles ,ry = 1M (0”7 = @) (O)graslles , vy < NIIM ™ allg2g )

and use (5.6) along with ||M_1u||LZ,o(T) < ||M_1fL||]Lg!9(T) + ||M_1U||]Lg!9(7')'

The theorem is proved.

23



6. A BARRIER FUNCTION

In this section we construct the function which is used in Sec. 4.
Theorem 6.1. Let n be an integer > 1 and [ be a number in [0,1). Then there exists a constant
a=an,pf)>1+1/nifn>2 a=2ifn=1, and a(n,0) = 2, such that for any o € (1, @)
there exists a nonnegative function ®(x1,...,z,) defined on

Q= (Ry)"
and possessing the following properties

(i) the function ® is infinitely differentiable on Q and satisfies the equation
1
Lnp® = AD(x) + B o (2) = ————————— =t —hp a(2); (6.1)

i#j
(ii) for a constant N, independent of x, and m(x) := min; z;, we have

®(z) < Nm?(2)hyo(2); (6.2)
(iii) for any constant ¢ > 0, ®(cx) = 27 "*®(x).
Remark 6.2. Theorem 6.1 allows us to get some nontrivial estimates on solutions of L, gu = f.
Indeed, for § € [0, 1), the operator L,, g is a uniformly elliptic operator with constant coefficients.
In the domain @ with zero boundary condition it has a Green’s function which we denote by

g(z,y). Since L, g is formally self adjoint, we have g(z,y) = g(y,z). Introduce an operator
G: f— Gf with

G1w) = | o)) dy
By the maximum principle, the smallest nonnegative function satisfying (6.1) (if at least one ®
exists) is
©) = [ oo 0)hnaly) (63)
Therefore, under the conditions of Theorem 6.1 we get that G f(x)
< Ghp,a(x) Sgp(hﬁ,laf) = ®(2) Sgp(h;,laf), Sgp(fi’_le) < sgp(hﬁ,laf)-

For the operator T': f — ® 1G(hy, o f) this means

T fllLee@) < fllLoo(@)- (6.4)
By duality, we have
oG (@ 9|21 @) < Ml9ll12(@)
"((I)hn,a)q)_lG(hn,ag)HLl(Q) < H(I)hn,agHLl(Q)a

Tl 1, (Q0hn.a de) < 191 11(Q,0hn o do)-
Interpolating between the last estimate and (6.4) yields

Tl 2,(@0hn.ade) < L, (Q0hn.q dz) (6.5)
for any p € [1, 00].
Furthermore, by definition, for any v € C§°(Q) and = € @), we have

u(z) = - /Q 92, 9) L pu(y) dy = — ()T (hy L Ly su)(x),
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so that (6.5) implies that under the conditions of Theorem 6.1, for any u € C§°(Q),
| P halul?w)dy < [ O \Lul? ) dy
Q Q

One can simplify the last estimate, if one notices that mth,a < N®, the proof of which is not
too hard but goes beyond the scope of this article. Then

/CQmQPhiap]u/m]p dx < N/CZmQPhiap]an,gu\p dx.

It is also worth noting that, since g > 0, for any u € C§°(Q), we have u < G(Ly, gu(z))— and
/u(w)hn,a(:c) dx < N/ m?(2) b0 () (Ly gu()) - da.
Q Q

To prove the theorem we need the following lemma.

Lemma 6.3. Under the assumptions of Theorem 6.1, let n > 2, T' be a closed bounded subset
of Q, and h be a nonnegative function on I'. Define

u@w=AMawmw@

and assume that u is finite on Q \ T'. Then
(i) the function u is bounded in Q \ G for any open G such that I' C G;
(ii) if I' C {xy, > 2¢}, where the constant € > 0, then

u(z) < Nm(z) for xzeQnN{zx, <ce},
where N is independent of x;

(i1i) there are numbers ¥ = y(n,[) > 1, with 7¥(n,0) = n, and N < oo such that, for z €
QN {lal > N}, 7
u(z) < Nlz|* " Tm(z). (6.6)

Proof. (i) Let B be a large ball centered at origin. The fact that w is bounded near the part
of the boundary of B N (Q \ G) belonging to Q follows from Theorem 4.3 of [1]. Then its
boundedness in B N (@ \ G) follows by Harnack’s inequality and its boundedness in Q \ G is
obtained by the maximum principle.

Assertion (ii) follows from the boundedness of u and the condition u = 0 on {z, < 2¢} N OQ
in a standard way on the basis of considering simple barriers. For instance, fix o € @ with
To, < € and define v(x) := Ny[z1 — Noz? + |II(z — 2°)|?], where Ny is a large constant and IT is
the orthogonal projection operator on {x; = 0}. Then v satisfies L, gv < 0 and v > u on the
boundary of

D:=Qn{0 <z, <e |z —2°)] <1,z < (2Ny) 1}
By the maximum principle v > w in D. In particular, u(ml,HxO) < Nox1 — Nox% < Nyzip
if 0 < o1 < (2Ng)~!. In addition, the restriction 0 < 7 < (2Np)~! is irrelevant, since u is
bounded, so that u < Nzj for 21 > (2Ng)~!. By taking 71 = 2, we get the result.

(iii) First, we deal with the case 8 = 0. Define w(x) = (1 - ... - 7,)|z|?>73". It is not hard to
check that L, gw = Aw = 0, so that
Lopw<0 in Q, w>0 on 0Q. (6.7)
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From the boundedness of u for |z| large and from the maximum principle, it follows that there
exist constants N, Ny such that

u(z) < Nw(zx) < Nol|z|>~"7 (6.8)
if |x| > Ny, where ¥ = n.

Now we want to prove this intermediate estimate in the case of general 3. Let

h=1— (%)m (6.9)

(0 < k < 1). Notice that, if a function w(x) satisfies L, gw = 0 in a domain of s, then
the function v(y) = w(z) with y = = — k(z,e)e, e := (1,...,1)/y/n satisfies Av = 0 in the
corresponding domain of y’s. Furthermore, (y,e) = (1 — k)(z,e), so that if x1,..,z, > 0, then
(y,e) > 0. In that case also |z| < /n(z,e), so that

lyl? = [2” = 5(2 = K)(z,€)* < (n = 52 = K))(z,¢)?

 n—k(2—-Kk) n—14(1-r)?
W(y’ 6)2 - (1 —5)2 (yve)Qa
(e o (-r)? 1 1-0 2

R T (o R AR R
where in the last definition we assume tg > 0.

Looking for solutions of Av < 0 in the form

1 y.€)
/U(y) = |y|n72+’yf(t)’ t= |y| , Y > 0

—~

we compute and find
Y2 Av = (1 =) f" = (n = Dtf +v(n—2+7)f.

It is not hard to check that for any number p > 0 the function g(t) = cos(parccost) is twice
continuously differentiable on [ty, 1] and satisfies

(1—t%)g" —tgd + p*g = 0.

In addition, tg'(t) > g(t) > 0 on [to, 1] provided parccosty < 7/2 and p > 1. Indeed, the in-
equality tg'(t) > g(t) is equivalent to the inequality tan ¢ > p~!tan(¢p~!), where ¢ = parccost,
and the latter inequality is true for any ¢ < 7/2 if p > 1.

Letting p = m/(2arccos ty), we get that
(1=t)g" = (n=Dtg' +y(n=2+7)g < [y(n—2+7) = (n=2) = p*lg =0

on [tg, 1] provided that v =4 = 7(n, 3), where 7 is defined as the positive solution of
9 A (T

y(n +7) (2 arccos tg

Observe that ty > 0 and the right-hand side of (6.10) is bigger than n — 1. It follows that
¥(n, 3) > 1.
Now, for

s

)2 +n—2. (6.10)

— o) = 7T (y.€)
w(z) =v(y) = P Cos (2arccos 7 arccos 0] ),

we easily get (6.7) and (6.8) again.
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This result allows us to get (6.6) by using the same barriers as in the proof of (ii). Indeed,
take Ny from (6.8) and let |2°| > 4Ny and 2§ = min; 2¥. Define r = |2°|, 2° = 2°/r, and
u(z) = u(rz). Also let II again be the orthogonal projection operator on {x; = 0}. Notice that
r < 2|[1z°|, which implies that, if [[Iz° — IIz| < r/4, then |z| > |z| > r/4 > Ny. It follows
easily that L, gu = 0 in

D:={0<z <2, |Ilzx — Iz < 1/4} N Q,

@ is bounded in D by Nor?~"7|z[>7"~7 < Nr?~"~7 and @ vanishes for z' = 0. As in (ii) we
see that ii(x1, 1z") < Nr2~" 7z for 0 < 21 < 2. Upon substituting here z1 = 79, we get (6.6).
The lemma is proved.

Proof of Theorem 6.1. We are going to use the induction on n fixing 5 and denoting by ®,,(z)
the function we are looking for. If n = 1 and & = 2, one can take ®;(x) = (2—a) ! (a—1)"1z?"2.

Upon assuming that n > 2 and that the function ®,,_; exists for n — 1, we construct ®,,. Notice
that our assertions just mean that the function ® defined in (6.3) enjoys all the properties listed
in the theorem. By the way, the fact that for this ® property (iii) holds follows trivially from

a standard scaling argument showing that g(cz,cy) = ¢ "g(z,y) for any ¢ > 0. Also if we

knew that ® is locally bounded, then (6.1) and the fact that @ is infinitely differentiable would
follow from standard results from the theory of elliptic equations (with constant coefficients).
Therefore, one only needs to prove assertion (ii).

Take ¥ = J(n, #) from Lemma 6.3 and define
a(n,B) = a(n—1,6) A(1+7/n).

Then for a € (1,a(n,3)) we can use the induction assumption. Also by induction and using
7 > 1 one sees that a(n,3) > 1+ 1/n for any 5 € [0,1), whereas 7(n,0) = n and a(n,0) = 2.

Denote
F'={reQ:2<maxux; <4n}, I;=Tn{z; >2},
3

u;() Z/Fvg(%y)hn,a(y) dy, u(x) Z/Fg(%y)hn,a(y) dy.

Observe that, for z € Q and T = (x1, ..., Tp—1),

Ln,,@q)nfl(j) = Z q)nfl,xixi(j) + 25 Z q)nfl,xixj (-’E) = _hnfl,a(j)-
=1

1<i<j<n

Since hp—1,0(Z) > hpo(x)lz,>2 and ;1 > 0, it easily follows by the maximum principle that

up(x) < /Q 29(ac,y)hn,a(y) dy < ®,_1(Z). (6.11)
Yn >

Here the right-hand side is finite. Therefore, we can apply Lemma 6.3 to u,. Similar argument
holds for any wug, so that by Lemma 6.3

up(z) < Nom(x) if 0<z <1, (6.12)
ug(z) < Nolz|' " Im(z) for |z| > Ny, (6.13)
where Ny > 1 is a constant.

Our next step is to define

* na—2 dt
Up(z) = t ug(tz) —
0

t )
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and prove that U’s satisfy estimate (6.2). Obviously, for any constant ¢ > 0, we have Uy (cz) =
¢, (z). Therefore we only need to be concerned with |z| =1 in (6.2).

Observe that N
0
/ / / — Jia(2) + Tia(@) + Jia(2).
No

If |z| = 1, then max x; < 1, and (6.12) along with na > 2 imply Jii(x) < Nm(z). Also for
|z| =1, owing to (6.13) and o < 1+ 7/n,

> noa—n—-y dt
Jr3(z) < Nm(x) t 7T — = Nm(x).
No t
Hence, for |z| =1,
m?(x)
J, J <N <N————,
kl(x) + k3(x) = m(x) = (371 .. xn)a
where the last inequality is due to z; < x2~* < x2/(21 - ... - 2,)® (remember a > 1).

Finally, we show how to estimate Jis. It suffices to consider £k = n. In the same way as above,
for |x| =1, z, <1/Np, and 1 <t < Ny, it holds that tx,, < 1 and we get from (6.12) that
m? (@)
(1 o)
On the other hand, if || = 1 and z,, > 1/Np, by (6.11) and by the induction hypothesis,

Jn2(x) < Nm(z) < N

Jn2(x) < N®,,_1(Z) < N

(x1 o)

Thus, ¥’s indeed satisfy estimate (6.2). The same holds for their sum ¥ := ¥; 4 ... + ¥,, and
for a smaller function

0 o dt B o no— dt
/O t 2u(tm)7—/0 t 2(/@9(txay)hn,a( )r(y) dy) —

[Tren ([ ste et i)
:/ t"o‘(/ 9(@,y)hn,a(ty)Ir (ty) dy) @
0 Q
_/g(x,y)hnya(y)(/ Ir(ty)d ) dy.
Q 0

Upon noticing that the last integral with respect to ¢ will become smaller if we replace I' with
a smaller set Q@ N{y : 2n < |y| < 3n} and with such a replacement the integral is independent
of y, we conclude that ® satisfies (6.2). The theorem is proved.

Remark 6.4. If n = 2, we have

a(2,8) =1+%(2,8)/2 =1+ m/(4arccos ty),

where t3 = (1—(3)/2. It turns out that, for n = 2, the restriction o € (1, &(2,3)) is sharp as long
as the existence of ® is concerned. One can prove this by finding g(z,y) explicitly by means of
changing coordinates and using complex variables. It is also worth noting that 4(2,5) | 1 and

a(2,0) 1 3/2as f11.

Generally, we have

f =1+4+1 Vn =2,3,.
,GGH[%) l)a(n ,0) +1/n Vn
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Indeed, if we had @&(n,3) > 1+ (14 ¢)/n for all 5 € [0,1) with a constant ¢ > 0, then Lemma
4.5 and Theorem 3.1 would hold for g =npandd—1+p>60>d—1+p— (1+¢€)/n. But then,
estimate (3.6) would hold with n = m and x = ¢/n for the function v from in Example 3.4 and
this is impossible by Remark 3.5.
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