n b
Electr® 8biljty

Electron. ]J. Probab. 20 (2015), no. 21, 1-27.
ISSN: 1083-6489 DOI: 10.1214/EJP.v20-3287

Regularity of density for SDEs
driven by degenerate Lévy noises”

Yulin Song’ Xicheng Zhang*

Abstract

By using Bismut’s approach to the Malliavin calculus with jumps, we study the regu-
larity of the distributional density for SDEs driven by degenerate additive Lévy noises.
Under full Hormander’s conditions, we prove the existence of distributional density
and the weak continuity in the first variable of the distributional density. Moreover,
under a uniform first order Lie’s bracket condition, we also prove the smoothness of
the density.
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1 Introduction
Consider the following stochastic differential equation (abbreviated as SDE) in R4:
dX; = b(Xt)dt + A dWy + AsdLy, Xg ==, (1.1)

where b : R¢ — R4 is a smooth vector field, A; and A, are two constant d x d-matrices,
W, is a d-dimensional standard Brownian motion and L; is a purely jump d-dimensional
Lévy process with Lévy measure v(dz). Let Iy := {z € R?: 0 < |z| < 1}. Throughout
this work, we assume that V(ddj) Ir, = k(z) satisfies the following conditions: for some
a € (0,2)and m € IN,

(H2) k € C™(To;(0,00)) is symmetric (i.e. x(—z) = £(z)) and satisfies the following
Orey’s order condition (cf. [19, Proposition 28.3]):

lim5“_2/ |2|%k(2)dz =: ¢1 > 0, (1.2)
e40 |21<e
and bounded condition: for j =1,--- ,m and some C; > 0,

|V logk(2)| < Cjlz| ™7, 2 €Ty. (1.3)
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Regularity of density for degenerate SDEs with jumps

For example, if k(z) = a(z)|z| "4~ with
a(z) =a(—2), 0<ap<a(z)<al, |Via(z) <az, j=1,---,m,

then (HY,) holds. Notice that the generator of SDE (1.1) is given by

(@)= 5V f@) 3 [ (o 4a2) = @)ulde) +bla) - T (2).

where A7 stands for the transpose of A;, and

d

d
b-Vfi=> V0if, Viaf =Y (AA}),0f, (1.4)
=1

= i.5=1

and p.v. stands for the Cauchy principle value.

It is well-known that when b is Lipschitz continuous, SDE (1.1) has a unique solution
X: = Xi(z). The aim of this work is to investigate the regularity of the distributional
density of X;(z) under Hoérmander’s conditions. Let By := ;x4 be the identity matrix
and define d x d-matrix-valued function B, (x) recursively by

B, (z) :=b(z) - VBp_1(z) — Vb(x) - Bp_1(z) + %V?qlA;Bn—l(l“): n € IN.

Here and below, (Vb(z));; := 9;b'(z) is the Jacobian matrix, and b-VB,,_; and V,QanA;Bn—l
are defined as in (1.4). Our first main result is about the existence and weak continuity
of the distribution density for SDE (1.1) under full Hormander’s condition.

Theorem 1.1. Assume that (H{') holds and b is smooth and has bounded derivatives of
all orders, and for any x € RY and some n = n(z) € IN,

Rank[Al, B1 (I)Al, e ,Bn(I)Al, AQ, B1 (l‘)Ag, e ,BH(I)AQ] =d. (15)

Then X, (x) admits a density p:(z,y) with respect to the Lebesgue measure so that for
any bounded measurable function f,

x> Puf(z) = Ef(X(z)) = /]Rd f()pe(z,y)dy is continuous. (1.6)

In particular, the semigroup (Pt):>0 has the strong Feller property.

Remark 1.2. When A; = 0 and b(x) = Bz is linear, condition (1.5) is called Kalman's
rank condition. In this case, the smoothness of the density of the corresponding Ornstein-
Uhlenbeck process has been studied in [16, 9].

About the smoothness of the density, we have the following partial result.

Theorem 1.3. Assume that (HY,) holds for some m € N, and b is smooth and has
bounded derivatives of all orders, and

inf | inf (|uA1|2 + |uBy (2) A1 |? + [uda|? + [uB; (m)A2|2) = ey > 0. (1.7)

z€R |u|=

Then for any k,n € {0} UIN with 1 < k+ n < m, there are v;,, > 0and C = C(k,n) >0
such that for all f € C¢°(R%) and t € (0,1),

sup IVFE((V" ) (X ()] < Ol flloct ™, (1.8)
zeR4

where V* denotes the k-order gradient operator. In particular, if m = oo, then X;(x)
admits a smooth density p;(z,y) so that

(z,y) = pi(x,y) € C°(RY x RY), > 0. (1.9)
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In the continuous diffusion case (i.e. A = 0 and A; = A;(z)), under Héormander’s
conditions, Malliavin [13] proved that SDE (1.1) has a smooth density by using the
stochastic calculus of variations (nowadays, it is also called the Malliavin calculus, and a
systematic introduction about the Malliavin calculus is referred to the book [14]). Since
the pioneering work of [13], there are many works devoting to extend Malliavin’s theory
to the jump case (cf. [5, 4, 15, 8] etc.). However, unlike the case of continuous Brownian
functionals, there does not exist a unified treatment for Poisson functionals since the
canonical Poisson space has a nonlinear structure. We mention that Bismut’s approach
is based on Girsanov’s transformation (cf. [5]), while Picard’s approach is to use the
difference operator to establish an integration by parts formula (cf. [15]).

When A; = 0 and x(z) = c|z|~9"%, Theorems 1.1 and 1.3 have been proved in [22]
and [7] by using the Malliavin calculus for subordinate Brownian motions (cf. [11]).
Meanwhile, if A; = 0 and x(z) = a(z)|z|7¢", Theorem 1.3 is also contained in [21,
Theorem 2.2]. About the smoothness of distributional density for degenerate SDEs
driven by purely jump noises, Takeuchi [20], Cass [6] and Kunita [10] have already
studied this problem under different Hormander’s conditions. However, their results do
not cover the present general case (see also [23, 24] for some related works). Compared
with [22] and [7], in this work we shall use Bismut’s approach to prove Theorems 1.1 and
1.3, and need to assume that the Lévy measure is absolutely continuous with respect to
the Lebesgue measure. It is noticed that in [7], the Lévy measure can be singular and
the drift is allowed to have arbitrary growth, which cannot be dealt with in the current
settings.

In the proof of our main theorems, one of the difficulties we are facing is the infinity
of the moments of L;. To overcome this difficulty, we consider two independent Lévy
processes L{ and L; with Lévy measures v(dz) := 1,|<1£(2)dz and v (dz) := 1, ;51v(dz)
respectively. Clearly,

L, has the same law as L? + L.

Notice that L} is a compound Poisson process. Let 0 =: 7o < 74 < 75 < -+ < 7, < --- be
the jump time of L}. It is well-known that

&={r,—1_1,neN}, ¥:={AL! =L, —L, _,neN}

are two independent families of i.i.d random variables. Let /i be a cadlag purely discon-
tinuous R%valued function with finitely many jumps and %, = 0. Following the argument
of [22, Subsection 3.3], we consider the following SDE:

t
Xt(x; h)=x+ / b()N(S(m; h))ds + AW 4+ Ao LY + Aghy.
0

Clearly,
Xo(2) L X, (a3 LY.
If we write ) .
Pif(z) == Ef(Xe(z)), Pef(z):=Ef(Xi(z;0)),
then we have (see [22, (3.19)])

oo

Ptf(x) = Z E (7571 T ﬂAzALlﬂf]75%—‘%71ﬁAzﬁLin,ﬁt—Tnf(x);Tn <t< Tn-i-l) ,  (1.10)

n=0

where for a function g(z) and y € R?,

yg(x) == gz +y).
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Basing on (1.10) and as in [22, Subsection 3.3], it suffices to prove Theorems 1.1 and 1.3
for X,(z;0), that is, we only need to consider the SDE (1.1) driven by W, and L?.

This paper is organised as follows: in Section 2, we recall Bismut’s approach to the
Malliavin calculus with jumps. In [4], Bichteler, Gravereaux and Jacod have already
systematically introduced it, however, the a-stable like noise does not fall into their
framework. Thus, we have to extend the integration by parts formula to the more
general class of Lévy measures. Moreover, we also prove a Kusuoka-Stroock’s formula
for Poisson stochastic integrals. In Section 3, we introduce the reduced Malliavin matrix
for SDE (1.1) used in Bismut’s approach (cf. [4]), and also give some necessary estimates.
In Sections 4 and 5, we shall prove Theorems 1.1 and 1.3.

Convention: The letter C or ¢ with or without subscripts will denote an unimportant
constant, whose value may be different in different places.

2 Revisit of Bismut’s approach to the Malliavin calculus with
jumps

Let I' ¢ R? be an open set containing the origin. Let us define
To:=T\{0}, o(z):=1vd(zT5 ", (2.1)

where d(z,T'§) is the distance of z to the complement of I'y. Let €2 be the canonical space
of all points w = (w, ), where

« w:[0,1] = R? is a continuous function with w(0) = 0;
* 1 is an integer-valued measure on [0, 1] x Iy with u(A) < +oo for any compact set
A cC[0,1] x Iy.

Define the canonical process on (2 as follows: for w = (w, u),
Wi(w) :==w(t), N(w;dt,dz):= p(w;dt,dz) := p(dt, dz).

Let (ﬁ})te[o;] be the smallest right-continuous filtration on €2 such that W and N are
optional. In the following, we write % := .%#;, and endow (2,.%) with the unique
probability measure P such that

e W is a standard d-dimensional Brownian motion;
* N is a Poisson random measure with intensity dtv(dz), where v(dz) = k(z)dz with

k€ CY(To; (0,00)), / (1A |z]*)k(2)dz < +o0, |Viogr(z)| < Co(z), (2.2)
To

where o(z) is defined by (2.1);
e W and N are independent.

In the following we write

N(dt,dz) := N(dt,dz) — dtv(dz).

2.1 Function spaces

Let p > 1. We introduce the following spaces for later use.

. ]L;,: The space of all predictable processes: ¢ : 2 x [0,1] x 'y — R¥ with finite norm:

B( / |s<s,z>u<dz>ds)p
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. ]Lg: The space of all predictable processes: ¢ : 2 x [0,1] x 'y — R¥ with finite norm:

E (/01 5 1€ (s, z)|2u(dz)ds) :

» H,: The space of all measurable adapted processes h : {2 x [0,1] — R? with finite

norm: )
1 e
E(/ |h(s)|2ds> ] < too.
0

* V,: The space of all predictable processes v : 2 x [0,1] x Iy — R? with finite norm:

1
1 1
P P

1
HSH]LZ = + [E/o g |€(s, 2)|Pr(dz)ds| < oo.

A, =

Ivllv, = [IVvllL + [[velr, < oo,
where ¢(z) is defined by (2.1). Below we shall write
Ho_ = ﬁp21Hp, Vo = ﬂp21Vp.

* Hy: The space of all bounded measurable adapted processes h : Q2 x [0,1] — R4,

* Vy: The space of all predictable processes v : 2x[0,1] x 'y — R with the following
properties: (i) v and V,v are bounded; (ii) there exists a compact subset U C I'y
such that

v(t,z) =0, Vz ¢ U.

Remark 2.1. For ¢ € I}, if there is a compact subset U C Ty such that £(s, z) = 0 for all
z ¢ U, then in view of k € C*(I'p; (0, 00)),

iy < ([ [ tets.oapasas) =B ([ [ it apazas).

where < means that both sides are comparable up to a constant (depending only on

U, k,p,d).

Lemma 2.2. (i) For any p > 1, the spaces (H,, || - |m,) and (V,,| - |lv,) are Banach
spaces.

(ii) Foranyp; >p1 > 1, H,, C H,, and V,, C V,,.
(iii) For any p > 1, Vy (resp. Hy) is dense in V,, (resp. I1,,).

Proof. (i) and (ii) are obvious.

(iii) We only prove the density of Vj in V,, i.e., for each v € V,, there exists a se-
quence v,, € Vg such that

lim ||v, —v|v, =0.

n— o0

We shall construct the approximation by three steps.

(1) For ¢ € (0,1), define
I, := {z e R?:d(z,T§) > 5}.

Let x. : R? — [0,1] be a smooth function with

Xe‘l“zs =1, Xs|1‘§ =0, ||VX5||00 < CV/E (2.3)
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For R > 1, let x : RY — [0, 1] be a smooth function with
xr(z) =1, 2| <R, xr(2) =0, |2| > 2R, [[Vxalw < C/R. (2.4)
Let us define
Ve r(s,2) = V(s, 2)X=(2)XR(2)- (2.5)
Notice that for ¢ € (0,1) and R > 1,
[Vve r(s,2) — Vv(s, 2)
< 0(5_11;;61“5\1‘26 + R_11R<\z\<2R)|V(3aZ)‘ + (1zel‘55 + 1|z|>R)|VV(5aZ)|

< Col=) (Laers, + Lapn) V(s 2)| + (Leery, + Lzjsr ) V(5,2 2.6)
where ¢(z) is defined by (2.1). By the dominated convergence theorem, we have

li — =0.
i [ve,r — Vllv,

(2) Next we can assume that for some compact set U C I,
v(s,z) =0, z¢U. (2.7)

Let ¢ : R — [0, 1] be a smooth function with

p@) =1, le] <1, pla) =0, o 32, [ plo)de=1.
Rd

For § € (0,1), set ps(x) := 6~ %p(§~1x) and

vs(s, 2) ::/ v(s, 2)ps(x — 2)dz. (2.8)
R4

By (2.7) and Remark 2.1, it is easy to see that

VIR, < ([ f (vl 9avt o2z ) =B ([ o1+ 9av026.200205) . @9

Thus,

li — —0.
lim [vs —vllv,

(3) Lastly we assume that v is smooth in z and satisfies (2.7). For R > 1, we construct
vg(s, z) as follows:

VR(W, 8,2) == V(W,5,2) - Ljv(w,s, )|l <R * 1| Vv(w,s, )| <R

Clearly,
vgr € V.

By (2.9) and the dominated convergence theorem, we have
li — =0.
Aim ve —vllv,

The proof is complete. O
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2.2 Girsanov’s theorem
We need the following Burkholder’s inequality.
Lemma 2.3. (i) Foranyp > 1, there is a constant C,, > 0 such that for any £ € L.,

sup / &(s,z)N(ds,dz)
t€[0,1] To

(ii) For any p > 2, there is a constant C}, > 0 such that for any { € L2,

sup / £(s,z)N(ds, dz)
tefo,1] To
Proof. (i) Let us write

M, = /Ot . £(s,2)N(ds,dz) = /Ot s &(s,z)N(ds,dz) — /Ot . &(s,2)v(dz)ds.  (2.12)

For p > 1, by It6’s formula and a stopping time technique, we have

) < Gyligle, (2.10)

p
) < Gpll€llE- (2.11)

t
B < B ([ [ (Mo + 520 = [Mecl? = pe(s,2)sgn( M dehds ).
0J1y
By Doob’s maximal inequality and Young’s inequality, we further have
1
" ( sup Mtl”> <GEMP < GE (/ €05, 2) (1M | + |f<s,z>|>p-1u<dz>d5>
te[0,1] 0JTy

1
< CE ( sup |Ms\p71/ 1€(s, 2)
0JT

s€10,1]

V(dz)d5> + Cp”f”ﬁ;

<

DO | =

E ( sup |M€|p> + Cp”f”ﬁla
s€1[0,1] P
which together with (2.12) gives (2.10).

(ii) As above, for p > 2, by Taylor’s expansion, we have

1
E<sup |Mtp> <C,E ( / / |f<s,z>|2<Ms|+|s<s,z>|>P-2u<dz>ds)
te[0,1] 0JT,
1
<CPE< sup [ M, [P / / |§<s,z>|2u<dz>ds> LG,
s€[0,1] 0JIg P

< E( sup | M, |p> +Cp|‘§||£g»

| —

s€[0,1]

which in turn gives (2.11).
For v € Vg and € > 0, define

Ye(t, z) :=det (I + eV v(t, 2)) W

The following lemma is easy.
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Lemma 2.4. For any v € V with compact support U C I'y with respect to z, there exist
an eg > 0 and a constant C > 0 such that for any € € (0,¢¢) and all t, z,

e (t, 2) — 1] < Cely(2). (2.13)

Moreover, we have

% = divv(t,z) + (Vlog k(z), v(t, 2))ga = 011\’(:2’2))(15,2‘)

(2.14)
Proof. Since v(t,z) =0 for z ¢ U, we have
Ye(t,z) =1, Vz ¢ U.

For any z € U, since v and V,v are bounded, we have

k(z 4+ ev(t, z))
k()
|k(z +ev(t,2)) — k(z)| + Ce,

|7:(t, 2) — 1| < |det (I + eV, v(t, 2)) ] — 1|+ |det (I + eV v(t,2)) —1|

C

~inf.ep k(2)

which gives the desired estimate (2.13) by the compactness of U and x € C*(T'g; (0, c0)).
As for (2.14), it follows by a direct calculation. O

Forp > 1and © := (h,v) € H, x V,,, we write

dive ::—/ (h(s),dW,) Rd+// div(v)(52) 54, dz). (2.15)
0 To

By Burkholder’s inequality and (2.2), we have
OlP P P
Eldivel” < O(|Inlf, + VI, )- (2.16)

Let )5 solve the following SDE:

t t ~
Q;=1- 5/0 Q% (hs, dW) pa + /0/1“0 Q5_(7:(s,z) — 1)N(ds,dz), (2.17)

whose solution is explicitly given by the Doleans-Dade formula:

Qt—exp{// log (s, z)N(ds,dz) // (Ve(s,2) — Dr(dz)ds
To To
/(hs,dW /|h 2ds}
0

Lemma 2.5. If© = (h,v) € Hy x Vy, then Q5 is a nonnegative martingale and for any
p=2,

P

@i - =0. (2.18)

— dive

aiO ‘
Proof. For any p > 2, by (2.17), (2.13) and (2.10), we have

t t
E@W<C+CﬁAHM%Wmm®+AAHM%J%@@fUWWMMS

t
<c+cﬁmWQ+WU»/E@ww,
0
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which gives

sup sup E|Qf|P < +o0. (2.19)
€€(0,1) t€[0,1]

From this and (2.17), one sees that ()} is a nonnegative martingale and EQ; = 1.
For (2.18), by equation (2.17) and (2.19), we have

lim sup E|Q; —1|P =0,

€40 ¢ef0,1]

and

Q-1 . 1 -

——— —divO = (Qs - 1)<h’87dWS>]Rd + - ( s— 1)(78(83 Z) - I)N(dsa dZ)

€ 0 € JoJry
1 _ . ~
+// (’75(872) 1 le(HV)(S,Z)) N(ds, d2).
0J1y € K(2)

Thus, by Burkholder’s inequality and Lemma 2.4, we obtain (2.18). O

For © = (h,v) € Hy x Vj and ¢ > 0, define

¢ ¢
Wi =W, -l—i-:/ h(s)ds, N°((0,t] x E) := // 1g(z +ev(s, z))N(ds,dz).
0 0JT,
Then the map
©°: (W,N) — (W, N*%) (2.20)

defines a transformation from 2 to 2. We have (cf. [4, p.64, Theorem 6-16] or [3, p. 185])

Theorem 2.6. (Girsanov’s theorem) For © = (h,v) € Hy x V,, there exists an ¢y > 0
such that for all € € (0,¢¢), the law of (W¢, N¢) under Q5P is the same as P, i.e.,

P = (QiP)o (69)7".

2.3 Malliavin derivative operator

Let Cp°(R™) be the class of all smooth functions on R which together with all the
derivatives have at most polynomial growth. Let #C7° be the class of all Wiener-Poisson
functionals on 2 with the following form:

F(w) = f(w(hl)v' e vw(hml)hu(gl)f e aU(gm2))7 w= (whu“) €qQ,

where f € Cgo(]Rm1+m2), hi,-++ ,hm, € Hyand g1,--- ,gm, € Vo are non-random, and

1 1
w(hi) == / (ha(s), duw(s))ar 1lg;) = / / 0y(s, (s, d2).

Notice that
]—'Cg<> C Np>1 LP (2, F,P).

For © = (h,v) € Hyo— X Vo _, let us define

mi 1
DoF := Z(&;f)(-)/ (h(s), hi(s))gads

ma

0
1
—FJZ_;(QJ‘Muf)(-)/0/FO v(s,2) - V.g;(s, 2)p(ds, dz), (2.21)
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where “(-)” stands for w(hy), -+ ,w(hm, ), (1), - , #(gm,)- By Holder’s inequality and
(2.11), it is easy to see that for any p > 1,

Fo®° —F
DoF € L7 and DoF = lim R ) (2.22)
e— e

where ©° is defined by (2.20). Thus, DgF is well defined, i.e., it does not depend on the
representation of F'.
We have

Lemma 2.7. Let © = (h,v) € Hy_ X V_ and divO be defined by (2.15).
(i) (Density) FC5° is dense in LP := LP(), #,P) for any p > 1.
(ii) (Integration by parts formula) For any F € FC2°, we have

E(DoF) = —E(Fdive). (2.23)

(iii) (Closability) The linear operator (Dg, fCICjO) is closable in LP for any p > 1.

Proof. (i) is standard by a monotonic argument.
(ii) We first assume O = (h,v) € Hy x Vj. By (2.22) and Theorem 2.6 , we have
1 1
EDgF =lim -E(Fo®©° — F) =lim -E((1 — Q])F 0 ©°) = —E(FdivO),
el0 € E\LO &

where we have used (2.18) in the last step. For general © = (h,v) € Hoo— X Vo _ and
p > 2, by Lemma 2.4 there exists a sequence of 0,, = (h,,v,) € Hy x ¥V, such that

Tim ([ = hlla, + [V = vilv,) = 0.
By the definition of DgF/, it is easy to see that

lim E|De, F — DoF|* = 0.

n—oo

Moreover, by (2.16) we also have

lim E|div(0, — 0)]* < lim (A, — b, + Ve — VIR,) = 0.

n—oo

By taking limits for E(Dg, F') = —E(FdivO,,), we obtain (2.23).

(iii) Fix p > 1. Let F}, be a sequence in FC;° converging to zero in LP. Suppose
that Do F,, converges to some £ in L?. We want to show £ = 0. For any G € FC°,
noticing that F,G € FCy°, by Holder’s inequality, we have

2.22

E(GE) = lim E(GDeF,) "2 lim E(De(F,G)) — lim E(F,DeG)
n—00 n—00 n—00
C2Y _ im B(F,Gdive) = 0.
n—oo
By (i), we obtain £ = 0. The proof is complete. O

Definition 2.8. For given © = (h,v) € Ho— X V_ and p > 1, we define the first order
Sobolev space ng being the completion of FC3° in LP(S), #,P) with respect to the
norm:

[Flle;1,p = [Fllr + [[De F| L

Clearly, Wg" C Wg"* for py > p; > 1. We shall write

loo— | _ 1,p
Wg = Nps1 Wyt
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Regularity of density for degenerate SDEs with jumps

We have the following integration by parts formula.

Theorem 2.9. Let © = (h,v) € Ho,_ x V_ andp > 1. For any F € ng, we have
E(DoF) = —E(FdivO), (2.24)
where divO is defined by (2.15).
Proof. Let F,, € }'Cgo converge to F' in Wé)’p. By (2.23) we have
E(DeoF,) = —E(F,divO).
By taking limits, we obtain (2.24). O

Moreover, we also have the following chain rule.

Proposition 2.10. (Chain rule) Let © = (h,v) € Hoo_ X Vo_. Form,k € IN, let F =
(F1,-, Fy) € (Wg™7)™ and ¢ € C°(R™; R¥). Then the composition ¢(F) € (Wg™ ™)
and

Dep(F) = Dol - Vo(I).
Proof. Since ¢ € C;°(R™; R¥), we can assume that for some r € IN,
V()] < O+ [a]"). (2.25)

For any fixed p > r + 1, let F, € (FC°)™ converge to F' in (WgP)™. Since ¢(F,) €
(FC)*, by (2.22) it is easy to see that

Dop(F,) = DoF, - Vo(F,).

For any ¢ € (1, ;%7), by Holder’s inequality and (2.25), we have

lim E[DeF, - Vo(F,) — DeF - Vo(F)|?

n— oo
pP—4g
qap.

<C lim (E|D@Fn|p)% (E|W(Fn) - W(FNH)T

+C lim (E|DoF, — DoF|)" (1+E|F|7*) 7 =0,
n—oo

and also
lim E|p(F,) — ¢(F)| < C lim <E|Fn - F|1f’)5 (1 Y E|F, 7% + E|F|;‘3’;)T —0.
n—r 00 n— o0

Thus, by definition we have ¢(F) € (W5%)* and

Dey(F) = DeF - Vp(F).

Since p > r + 1 is arbitrary and ¢ € (1, ;%5), we obtain ¢(F') € (Wg‘”_)k. O

2.4 Kusuoka-Stroock’s formula

In this subsection we are about to establish a commutation formula between the
gradient and Poisson stochastic integrals. On Wiener space this formula is given by
Kusuoka and Stroock [12]. On configuration space similar formula is proven in [18].
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Regularity of density for degenerate SDEs with jumps
Proposition 2.11. Fix© = (h,v) € Hyo_ X V. Letn(w,s,2) : Q2 x [0,1] x Ty — R be a
measurable map and satisfy that for each (s, z) € [0,1] x Ty,
n(s,z) € Wg™™, n(s,-) € C(T)
and
s+ 1(s,2), Den(s, z),V.n(s, z) are left-continuous and #,-adapted, (2.26)

and for any p > 1,

In(s, z)|P + |Den(s, 2)[P
E | sup sup( +|V.n(s,2)[P < +oo. (2.27)
s€[0,1] z€Tg (1 A |ZDP | 77( )‘
Then 7 (n fo Jrgm N(ds,dz) € W™~ and
1 - 1
Deﬂ(n):/ D@n(s,z)N(ds,dz)+// v(s,z) - Vn(s,z)N(ds,dz). (2.28)
0JTg Ty

Proof. (i) First of all, we assume that 7(s, z) = 1, +,1(5)1(2), where 7(z) is .%#;,-measurable,
and satisfies (2.27) and

z — n(z) has compact support U C T'y. (2.29)

For n € NN, let D,, be the grid of R¢ with step 2~". For a point z € R?, let ¢, (z) be the
left-lower corner point in D,, which is closest to z. For e € (0,1) and R > 1, let x. and xgr
be defined by (2.3) and (2.4). For ¢ € (0,1), let n5(z) be defined as in (2.8), and let us
define

1 (w.y) = xe (W) xR W) / e / 0 0y (w0, b ()2 - - dzg

From this definition, we can write
m
5,
e p(w,2) = Zﬁj(w)gj(z),
k=1

where §; € W({)’OO* is #,-measurable and g; is smooth and has support
UER =T, ﬂ{z |Z‘ ZR}CFO

By definition (2.21), it is easy to check that .#( 77€ ) fU n ((to, t1],dz) € W(laoof
and

ty
Do 9 ( 77E ) / D 17 (2)N((to, t1],dz) —|—/ / v(s, z)- Vngj’;{(z)N(ds,dz).
5 R to ,R
Thus, for proving (2.28), by Lemma 2.3 it suffices to prove that for any p > 1,

lim Tim Tim lim (|ln2% = nlley + Do —n)ly ) =0,

R—o0 e—05—00n—00

and

lim lim lim lim |v- V(UER |y = 0. (2.30)

R—o00e—=05—o00n—00
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Regularity of density for degenerate SDEs with jumps

We only prove the second limit. The first limit is similar. For fixed ¢, R, set 1. r := X:XRr"-
Since for z € U, g,

12 7(2) = ne.n(2) =0,
by Remark 2.1 and Holder’s inequality, we have

}1_1)1})"11*)11;0 ||V v(ns R Te, R)”]Ll

< Clim lim IE/ / [v(s,z) - V(nfj}% —ne,r) (S, 2)|Pdzds
Ue r

6—0n—o0

1
t1 2
< Clim lim E/ / V(2% = ner) (s, 2)[*Pdzds | = 0. (2.31)
§—0n—o0 to JU- R ’

On the other hand, since n has compact support U, by (2.27) and the dominated conver-
gence theorem, we have

T . B ) P
Jim lim (v - V(e,r = n)llpy = Jim lim [[(1 = xexr)v - Vil = 0. (2.32)
Combining (2.31) and (2.32), we obtain (2.30).

(ii) Next we assume that for some compact set U C I',

n(s,z) =0, z¢U. (2.33)

Forn € NN, let s; := k/n and define

Zl(ék Lse] ($)N(8k-1, 2).

In this case, we have

n

s =Y ([

k=1 0

n(sk—1,2)N((sk—1, sk],dz) — %/F n(sk_l,z)z/(dz))

By (i), we have
I (n) € Wg™~

and

D@f(nn):/o g D@nn(s,z)]\?(ds,dz)—i—//r v(s,2) - Vi (s, 2)N(ds, dz).

By Lemma 2.3 and (2.33), for any p > 2, we have

(Demn(s, z) — Den(s, z))N(ds, dz)

To
< CE <// |Denn (s, 2) — Denl(s, Z)|pdzds>
and
P
(s,2) —n)(s,2)N(ds,dz)
Fo
S CE (// IV (s, 2) — Vn(s, 2)|P [v(s, z)|pdzds) )
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Regularity of density for degenerate SDEs with jumps

By the assumptions and the dominated convergence theorem, both of them converge to
zero as n — oo, and we obtain (2.28).

(iii) We now drop the assumption (2.33). Define

1, (8, 2) = X=(2)xr(2)n(s, 2),

where x. and x g are the same as in (2.3) and (2.4). By (ii), we have

1 1
Do s (ne.r) = / Doe.n(s, 2)N(ds, dz) + / / V(s,2) - Ve r(s, 2)N(ds, d2).
0JIy 0JIy

For proving (2.28), it suffices to prove that for any p > 2

p

)=k (1 = xe(2)xr(2))Don(s, z)N(ds,dz)| — 0,

p
— 0,

0JTg

1% =%

)

v(s,2) - V(ne,r — 1) (s, 2)N(ds, dz)

0JT,

as R — oo and ¢ — 0. The first limit follows by (2.11), (2.27) and the dominated
convergence theorem. For the second limit, noticing that as in (2.6),

[V, 1(s,2) = Vs, )] < Colz) (Taers, + apr) (s, 2)| + (Teers, + 1zpsn ) [V0(s, 2)],

by (2.10) we have

P

V(S, Z) ' V(ns,R - 77)(5’ Z)N(dsa dZ)

0JTg

< CE (sup(n(s 2)| +Vn(s, 2) //F e ‘>R} o(z)v (s,z)|u(dz)ds>

+ CE (Sup(|77(s 2)| + [Vn(s, 2) // )v(s,z)pu(dz)ds> ,
8,2 S U{|z|>R}

which converges to zero as ¢ — 0 and R — oo. The proof is complete. O

3 Reduced Malliavin matrix for SDEs driven by Lévy noises
As discussed in the introduction, in the remainder of this paper, we shall assume
To={zcR%:0< 2] <1},

and
v(dz : . . o
( )| r, = k(z) with & satisfying (H{).

Let N(dt,dz) be the Poisson random measure associated with L?, i.e.,

N((0,f] x B) := > 15(L ~ LY_), E € B(Ty).

s<t

Since v(dz) is symmetric, by Lévy-It6’s decomposition, we can write

LY = // 2N (ds,dz) // N(ds,dz) — dsv(dz)).
Ty o
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By Proposition 2.11, for any © = (h,v) € H,,_ x V,,_, we have W;, L) € Wg™~ and

t t
D@Wt:/ h(s)ds, D@ng// v(s,z)N(ds,dz). (3.1)
0 0JT

Let X; = X;(z) solve the following SDE:
dX; = b(Xy)dt + Ay dW; + AodL?, Xo = z.
Proposition 3.1. Assume that b € C'! has bounded derivative. For fixed © = (h,v) €

He_ x Vo_, we have X, ¢ Wg"o_ and

D()Xt / Vb )D()X dS+A1/ dS+A2 // S Z dS dz) (32)
To

Proof. Consider the following Picard’s iteration: X} = z and for n € N,
t
X =z+ / b(X™Nds + AWy + ALY
0

It is by now standard to prove that forany¢ > 0andp > 1

lim E|X{ — X|P =0. (3.3)

n— oo

Since © € Hy— x V_, by (3.1) and the induction, we have X' € Wgoo_ and

t t t
Do X} :/ Vb(X;L_l)D@thflds—&—Al/ h(s)ds + A // v(s,z)N(ds,dz).
0 0 o

By Gronwall’s inequality, it is easy to prove that forany 7" >0 and p > 1

sup sup E|DeX['|P < +oc.
nelN te[0,T]

Let Y; solve the following SDE:

Y, = /Vb )Yd8+A1/ ds+A2// (s,2)N(ds,dz).
To

By Fatou’s lemma and (3.3), we have

t
fim E|DoX! — Vil” < ||Vb||go/ fim E|Do X" — Y,[ds,
0 n—oo

n—oo

which then gives
lim E|Dg X[ — Yi|P =
n—oo

Thus, by (3.3) we have X; € Wé)’p and DgX; = Y;. The proof is complete. O

Let J; := Ji(x) := VX;(z) be the Jacobian matrix and K, := K;(z) := J; *(z). Then .J;
and K; solve the following ODEs

t t
Jy = ]H—/ Vb(Xs)Jsds, Ky =1-— / K.Vb(X,)ds, (3.4)
0 0
and it is easy to see that
sup sup |[Jo(z)| < elVPlle sup sup |Ky(x)| < ell Vol (3.5)
tel0,1] xeRd tel0,1] xeRd
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By (3.2) and the formula of constant variation, we have
t t
Do X, = Jt/ K A 1h(s)ds + Jt/ K;Ayv(s,z)N(ds,dz). (3.6)
0 0JT,

Below, let {(z) be a nonnegative smooth function with

C(z) =123, |21 <1/4, ¢(2)=0, |z|>1/2 (3.7)
Let us choose
0;(x) = (hj(@;-), v;(;-))
with
hj(z;s) = (Ks(x)A1)G, vj(@ss, z) = (K(2)A2)5¢(2).

Lemma 3.2. Under (HY), foreachj = 1,--- ,d and x € R¢, we have Oj(x) € Hoo— X Vo
and

divO,( Z/ z)A;) ljdwl+2// 2)Ag)ym(z)N(dz,ds),  (3.8)

where 1,(z) := 0,((2) + ((2)0; log k(z). In particular, for any p > 2,

sup E|divO;(z)|P < 4o0. (3.9)
rcR4
Proof. Since d(z,T§) > |z| A (1 — |z|), by (3.5) and (3.7), it is easy to check that ©,(x) €
Ho_ X V_. Moreover, by definition (2.15) we immediately have (3.8). As for (3.9), it
follows by (2.16). O

Write
= (01, ,04), (DeX:)ij = De,X;

and
t t
S (x) = / Ky (2) Ay ALK (2)ds + / Ko(2) A AGK* (2)C(=)N(ds, dz),  (3.10)
0 To

then by (3.6),

The matrix ¥;(x) is called the reduced Malliavin matrix (cf. [4, p. 89, (7-20)] and [21
(2.12)D.

Lemma 3.3. Assume that b € C* has bounded derivatives of all orders. For any
k,ne NU{0} withk+n>1, j1,- - ,jn €{1,---,d} and p > 2, we have

sup sup E|De,; - De,, VEX, (z)|P < oo, (3.12)
te[0,1] zeR4 )
sup sup E|De, ---De, Ji(x)[P < oo, (3.13)
te[0,1] xcR4
sup sup E|De, ---De, Ki(z)[’ < oo, (3.14)
t€[0,1] zeR4
sup sup E|Dg, - De, X¢(z)|" < oco. (3.15)
te[0,1] xeR4
Moreover, under (HY,) with m > 2, for anyn < m — 1, we also have
sup sup E|Deg, ---De; divO;(x)[" < oco. (3.16)
te[0,1] xcR4
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Proof. First of all, by equation (3.4) and induction, it is easy to prove that for any £ € IN,

sup sup sup |V*X;(z,w)| < +oo. (3.17)
te[0,1] zeRd w

By (3.10), (3.5) and inequality (2.10), we have for any p > 1,

sup sup E|X;(z)[” < oo,
te[0,1] zeRd

which together with (3.11) and (3.5) yields (3.12) with n = 1 and k£ = 0. By induction, the
higher order derivatives for (3.12)-(3.15) follow by (3.2), (3.10), Proposition 2.11 and
(2.10).

We now look at (3.16). By (3.8) and Proposition 2.11, we have

1 1
De,divO; = — Z/ (D@stAl)lidWSl — Z/ (KA1 (KsAr);ds
1 Vo 1 70

+ZZZ;/OAO(KSAZ)li(KsAZ)l/jal/m(z)C(z)N(dZ,ds)

+zl:/O/PO(D@stAz)zml(z)N(dz,ds).

Recalling n;(z) := 9;¢(2) + ((2)9; log k(z) and ((z) given by (3.7), by (HZ,) we have
m(2)] < Clzl, |oym(2)¢(2)| < Clz|*, = € L.

By (2.10) and (3.14), we obtain (3.16) for n = 1. The higher order derivative estimates

follow by induction. O

4 Proof of Theorem 1.1

4.1 Invertibility of >,

We need the following easy fact (c.f. [22, Lemma 2.1]). For the readers’ convenience,
a short proof is provided here.

Lemma 4.1. Set ALY := L% — LY and define
Qp = {w : {s : |AL%(w)| # 0} is dense in [0, oo)}.
Under (H$), we have P(y) = 1.

Proof. Define a stopping time 7 := inf{t > 0 : |[L?| = 0}. As in the proof of [22, Lemma
2.1], it suffices to prove that

For any ¢ € (0,1), we have

e > E (AL PLaroce) =B D ALY Lacg<. :E<//| Z|2N(ds,d2))
0J|z|<e

0<s<T

=K (// |221/(dz)ds> :/ |2|%k(2)d2Er,
0J|z|<e |z|<e

which, together with (H{) and letting ¢ — 0, implies that
Er=0=P(r=0)=1.

The proof is complete. O
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Let V : R? — R? x R? be a matrix-valued C?-function. Below we set

Z/ K0V (X,_)dw!, GY ::/0 . K (Agz - V)V (X, )N(ds,dz),
and
= > K (VX)) - V(X ) - (AX, - DIV(X,)).
0<s<t
We have

Lemma 4.2. There exists a subsequence n,,, — oo such that P(QY) = 1, where

Qv = {w (HY = lim YK, (V(XS) ~V(X,_) - (AX, - VV)(XS_))l‘ALgb%m

0<s<t

and G} = lim Z K (A;ALY V)V (X5-)1jaro)> - uniformly int € [0, 1]}
Ny, —> 00 s m

Proof. By v(dz) = v(—dz) and Doob’s maximal inequality, we have

E| sup |GY — > K (AALY - V)V(X, )ljages2
te[0,1] s€(0,4]

sup
te[0,1]

//H s s(A2z- V)V(X s_)N(ds,dz)2

2

K (Ayz - V)V (X, )N(ds,dz)

1<%

0J]z

<4E </o/|z|<; Ka( Az - VIV(X. )| y(dz)ds)

< C'/ |z|*v(dz) = 0, n — oo.
<

Similarly, we also have

E| suw [Y KS(V(XS)fV(XS_)f(AXS.V)V(XS_)>1‘ALQK%
t€[0,1] |g <<t )

sup
te[0,1]

< E (/0/|Z<711 ‘Ks( (XS, + Z) — V(XS,) — (AQZ . V)V(Xs))|y(d2)d8>

/ /| o KoV Xom 42) mV (o) = (A2 VV)(X,-) ) N(ds,dz)

)

<C 2|?v(dz) = 0, n — .
lzI<

The proof is complete. O

By [17, p.64, Theorem 21 and p.68, Theorem 23], we have
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Lemma 4.3. Forn € N, let t;, := k/n. There exists a subsequence n,, — oo such that

P(Q3 NQY) =

N — 1
QX;:{W lim YN K, OV (X, )W = W) =M uniformlyinte[o,l]},

Ny, —> OO
k=0 1
N, — 1
V._ . AT A : \4 |4 . \4 _ \Z4 .
Oi=qw: Vi,j,i',j' =1,--- ,d,nth00 g (Myyone — My ag)ig (M, ne — My a)ivg
’"’ k=0

t
= Z /0 (K$)iOVii(Xs)(Ks)ir 01V (Xs)ds uniformly in t € [0, 1]}
kLK

By It6’s formula, we also have
Lemma 4.4. Let [b, V] :=b-VV = Vb-V 4 3V} .V and define

QX::{ C K V(X /KbV Jds+ HY + MY +GY vt > }

Then P(Q)) = 1.
Now we can prove the following key lemma.
Lemma 4.5. Fixz € R?. Let By :=1 and forn € NN,

B, (z) := [b, Bp—1](z) :==b(x) - VBy_1(x) — Vb(z) - By—1(x) + %VQAIAIBn,l(x).
Assume that for some n = n(z) € NN,
Rank[Ay, By(x)A1, -+, Bp(x)A1, A2, B1(z)As, - -+, By (z)As] = d. (4.1)
Then under (HY), for any t > 0, ¥;(z) is almost surely invertible.

Proof. Set R
Q=N (P NP NP N N Q.

Then by Lemmas 4.1-4.4, we have 3
P(Q) =1.

We want to prove that under (4.1), for each ¢ > 0, the reduced Malliavin matrix ¥ (z, w)
is invertible for each w € Q. Without loss of generality, we assume t = 1 and fix an w € Q.
For simplicity of notation, we shall drop (z,w) below. By (3.10), for a row vector u € R?
we have

1 1
uXqu® :/ |uKSA1\2ds+/ |uKAs|*C(2)N(ds, dz)
0JTg
/ |[uK A 2dS+Z|UK A2| C(AL )1|AL0|¢O
s<1

Suppose that for some u € $¢1,
uXu* = 0.

Since s — K is continuous and w € g, we have

|uK A2 = [uK As]* =0, Vs € [0,1].
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Hence, by (3.4) we have
t
0=uK;A; = uA; — / uK Vb(X,)A;ds,Vt € [0,1], i = 1,2,
0

which implies that
ud; =0, i=1,2,

and
UI(tVb()(t)Az =uK;B; (Xt)Az =0, te [0, 1], 1 =1,2.

Now we use induction to prove
uK:B,(X:)A; =0, t€[0,1], i=1,2. (4.2)

Suppose that (4.2) holds for some n € IN. In view of w € Qf", we have forall ¢ € [0, 1],
t
uK, B, (X;)A; = uB,(z)A; + / uK By 1(Xs)Aids + uHP" Ay + uMPr A; + uGP A,
0
By the induction hypothesis and the definition of HtB ", we further have

t
O:/ uKanJrlAi(Xs)dS— Z UKS(AXSV)BH(XS,)Al—I—thB"Al—‘ruGtB"AZ
0

0<s<t

t
_ / WK Byt Ag(Xo)ds +uMPr A, vt € [0,1] (since w € 057, (4.3)
0

which together with w € Q" implies that

Ny, —1

0= nligoo Z <uMB" A — uM,f”'Ai7uMB” A — uM,f"AZ)]Rd

Tt tet1*70
k=0
1
- Z/ (WK D1 Ba(X,) Aif2ds.
T Jo

In particular,

uK0,B,(Xs)A; =0, Vs €[0,1].
Since w € QP", we also have

uMPrA; =0, vte|0,1],

which together with (4.3) implies that

uKan+1AZ‘(XS) =0, Vse [0, 1]

Thus, we obtain
’LLAIZUBlAzZUBnA’L:O’ i:1,2,

which is contradict with (4.1). The proof is complete. O
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4.2 Proof of Theorem 1.1

Now we can finish the proof of Theorem 1.1 by the same argument as in [7]. We
divide the proof into two steps.

(1) Let GL(d) ~ R? x R? be the set of all d x d-matrix. Define

M, = {2 €GLW) : |Z] < n, det(S) > 1/n}.
Then IM,, is a compact subset of GL(d). Let ®,, € C°(R? x R%) be a smooth function with

Bulnr, =1, Pulne,, =0, 0< P, < L.
Below we fix t > 0 and = € R%. For each n € IN, let us define a finite measure i, by
fin(A) = E[1A(Xt)c1>n(zt) , Ac BRY.

For each ¢ € CgO(IRd), by the chain rule and (3.11), we have

De(p(X1)) = Vo(Xi)De Xy = Vo(X¢) i X,
where V = (9y,---,04). So,

Ve(Xi) = De(p(X1))S; 'Ky (4.4)

Thus, by the integration by parts formula (2.24), we have fori =1,--- ,d,

| dscwnal) = BDo(X) 0, (2]

= B[ Do, (p(X0)(2 Koy @u(S0)| = Blp(X0H]).  (45)

where ‘
Hy == (57" K1)y @ (S0)div(0;) + Do, (57 K1)iy®n (%)) -

J
From this and using Lemma 3.3, by cumbersome calculations, we derive that

[ et @) < Cullples =10+
R
where C,, is independent of ¢,z. Hence, pu, is absolutely continuous with respect to

the Lebesgue measure (cf. [14]), and by the Sobolev embedding theorem (cf. [1]), the
density p,(y) satisfies that for any ¢ € [1,d/(d — 1)),

/ DPn (y)qdy < Cd,q,TM
R4

where the constant Cy , ,, is independent of ¢, z. Therefore, for any Borel set F' C R? and
R > 0, we have

Cd,qn
polF) = [ty <mBr+ [y <mr+ 2 @e)
F Fﬁ{pn>R} R
where m is the Lebesgue measure and ¢ > 1. In particular, for any Lebesgue zero
measure set A C R,
E[lA(Xt)cbn(zt)} —0.
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By Lemma 4.5 and the dominated convergence theorem, we obtain that for any Lebesgue
zero measure set A C R,
E[lA(Xt)] - 07

which means that the law of X; is absolutely continuous with respect to the Lebesgue
measure.

(2) Let x, € C’OO(IRd) be a smooth function with

Xnl{lzi<ny =1, Xal{lzjsnt1y =0, 0< x, < 1. (4.7)

Let f be a bounded nonnegative measurable function. By Lusin’s theorem, for any € > 0,
there exist a set F. C {x € R? : |z| < n + 1} and a nonnegative continuous function
g € C.(R%) such that

Ixnlee = glres N9lloo < flloc, m(Fe) <e.

Let p 2, be defined by
ptain(A) = B[ La(Xi(2))0u(Si(2))], 4 € BR).
By the dominated convergence theorem and (4.6), we have for any R > 0,

lim E [(an)(Xt(x))(I)n(Zt(I))}

T—rTo

< Jim B {g(X,(2))@u(S:(@))] + T B||/xn — g (Xi(@))0 (D1 ()]

< E[g(X(20))@n(Se(@0))] + 20| flloc T prrin (F2)
< B[ (50 (X1(20)) @ (Zr(@0)) | + B[ (9 = fx0) (X1 (20)) 1 (B (a0) |

C(d,q,n
+ 20 ()R + G222 )

< B (Xi(20)) + 4]l flloc (m<FE>R + (;;) ~

First letting ¢ — 0 and then R — oo, we obtain for n € IN,

T B[ (fx0) (X () @0 (54(2)) | < Bf(Xi(20): (4.8)

Tr—xo
On the other hand, by the definition (3.10) of ¥;(x), it is easy to see that
z — Xi(z), ¥;(x) are continuous in probability.
Thus, by the dominated convergence theorem and (4.8), we have

lim Ef(X(z))

< I E[(£0)(X(@)@a(S1(@))] + [ £lloe B E[1 = x0 (X3 (2)) @0 (S4(a))]
= I B[(fxa) (X:() @0 (S1(2))] + 1 0B |1 = xa(Xe(20))n (Ze(a0))|
< Ef(Xi(@0)) + |/ looP ({S1(w0) ¢ M} U {|Xe(ao)| > n}), (4.9)

which, by Lemma 4.5 and letting n — oo, implies

T Ef(Xi(2)) < Ef (X (x0)).

Tr—x0
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Applying the above limit to the nonnegative function || f||- — f(z), we also have

Jm E(|f oo = f(Xe(@) < [ flloe =B (Xi(20)) = lim Bf(Xi(x)) > Bf (Xi(0)).

xr—rxo

Thus, we obtain the desired continuity (1.6).

5 Proof of Theorem 1.3

5.1 Norris’ type estimate
We first recall the following Norris’ type estimate (cf. [23]).

Lemma 5.1. LetY; =y + f(f Bsds be an R?-valued process, where 3, takes the following
form:

B = fo+ /0 ds /O Q. + /0 /F gs(2) N (ds, dz),

where v; : Ry — R%, Q; : Ry — R? x R? and ¢;(2) : Ry x R? — R? are three left
continuous %;-adapted processes. Suppose that for some R > 0,

1Be1,1Qul, [ve) < R, ge(2)] < R(1A|2]). (5.1)

Then there exists a constant C' > 1 such that for any t € (0,1), 0 € (0, %) and ¢ € (0,t3),

t t 0%
P{/O |y;|2ds<g,/0 |53|2ds>9R255}<4exp{—OR4 . (5.2)

The following lemma is simple.
Lemma 5.2. Assume that for some a € (0,2),

lim 5@—2/ |2|?v(dz) =: ¢; > 0. (5.3)
e—0 \z\ga
Then for any p > 2, there exist constants e, co > 0 such that for all € € (0,¢g),
/ |z|Pv(dz) = coeP™ . (5.4)
|z|<e
Proof. For any ¢ € (0,1), by (5.3), there is an ¢y > 0 such that for all ¢ € (0, &),

(1 —8)cre?™ > < / |2v(d2) < (14 6)cie?™°.
|z|<e

Hence,

oo

/|2|<e |z|Pv(dz) = Z /7 |2[Pu(d2)

neo V2" ("tDe<]|z|<2 e

P

hE

(27 (D)2 / 2w (d2)

2-(n+De<|z|<2 e

3
Il
=]

>

K

(27002 (1= )y (277e)27 = (14 d)ey (27" FDe)2 )

Il
=

— P 207 P Z 2—n(P—a) (22—a(1 _ (5) _ (1 + 5)) 7
n=0
which gives (5.4) by letting § small enough. O
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We also need the following estimate.

Lemma 5.3. Let g; be a nonnegative, bounded and predictable processes. Under (HY),
there exist constants A\, ¢ > 1 depending on the bound of g; such that for all € € (0, %),

t t
P {// 9s¢(2)N(ds,dz) < 5;/ gsds > 53} <exp{l—coe ¢}, (5.5)
0/To 0
where ((z) is defined by (3.7).

Proof. Define
5= [ (- e O
To

and . .
M) = 4// gSC(z)N(ds,dz)+/ B2ds.
0JT 0

By Ito’s formula, we have
M ! M A Y
et :1+// M= (e729:¢(3) _ 1)N(ds, dz).
0J1,

Since 1 —e ™ < 1 Ax for any x > 0, we have

t t
Mf)‘g/ ﬁi‘dsg// (1A (AgsC(2)))v(dz)ds.
0 0JTo
Hence,
EeM? = 1. (5.6)

Since for any « € (0,1) and z < —logk, 1 —e™® > kz, letting kK = % and by (5.4), there
exist \g, co > 1 such that for all A > A,

B> / (1 — e 20:CC) ) (dz)
[2|<((lgllos+1)N)—1/3

> /\gs/
€ JIzI<(lglloe+1)N) 172

{ / / 9:C(2)N (ds,dz) < & / gds > }

M} —Ae+ [ Bds K a M) —AetcoABe®
=qe"t >e 0P [ gids >e6 p Cqet >e ,

|zPv(dz) > coA gs.

Thus,

0
which, by Chebyschev’s inequality, (5.6) and letting A\ = % gives the desired estimate. O

5.2 Proof of Theorem 1.3

Lemma 5.4. Under (1.7), there exist constants Cy,Cs € (0,1) independent of the starting
point x and to € (0,1) such that for allt € (0,ty) and ¢ € (0, C1t%),

t
sup P </ (JuK A1 ]? + [uK Ag*)ds < 6> < 8exp {—0257%} . (5.7)
|ul=1 0
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Proof. Fixu € $¢ ! andsetfori=1,2andj=1,---,d,
Bl = uK,Vb(X;)A;, QF .= ZuKt(Al)kjﬁij(Xt)Ai,

Yti = ulA;,
k
V= uKy ((b - V)Vb — (VD)2 + ;vimvz)) (X,)
+/ (Vb(Xt + Agz) — Vb(X;) — 112<1(Agz V)Vb(Xt)>1/(dz) A,
T'o
gi(2) == uK(Vb(X¢— + Agz) — Vb(X;_))A;.
By equations (3.4) and It6’s formula, one sees that
Y =uA; —l—/ Buds,
0
and
5= uvba) s+ [ i+ Y [@uaws+ [ [ giw)Nias.ay)
0 = Jo 0J1o

By the assumptions, it is easy to see that for some R > 0,
l9:(2)] < RAAL2)), 18] + il + 1QY | < R.

Notice that
t t )

{ Javie s zmas <e [ase+isas > 183%4}
0 0

t t t t
c{/ Vs <, [ |ﬂ;|2>9R261}u{/ vas <, [ |/32|2>9R2z~:i}
0 0 0 0

By Lemma 5.1, we have for some Cs € (0, 1),
¢ ¢
P {/ (Y2 + Y22 ds < 67/ (IBL1% + |821%)ds > 18R25411} < 8exp {—C’ga_%‘} (5.8)
0 0

On the other hand, noticing that
t (3.5)
k| > 1 _/ K| [VB(Xo)[ds > 1 — ¢ V]lacel TPt > 1,
0

provided t < 1 A (2||Vb||sellVPll=)~1, we have
t t L
P { [ae ez <e, [ se+isas < 183284}
0 0

}

t
<R { [ v s 18 < o 4 18
0

(1<7) P {cQ /Ot |uk|?ds < € + 18R2si} <P {Czt <(1+ 1832)5i} , (5.9)
which equals zero provided ¢ < ( 4(1%1;32))4- If we choose
o C2 ! o 1Vblooy—1
C = (4(1 n 18R2)) , to:=1A(2]|Vb] e )7,
O

then combining this with (5.8) and (5.9), we obtain (5.7).
ejp.ejpecp.org
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Lemma 5.5. Under (H{) and (1.7), there exist constants C1,Cs € (0,1),C3 > 1 indepen-
dent of the starting point x and t, € (0,1) such that for all t € (0,t,) and ¢ € (0, C;t>*/®),

sup P(uSiu* <e) < Cyexp {—Cae™ 72}, (5.10)

Ju|=1
where Y, is defined by (3.10).

Proof. Noticing that
t t
uXu” ::/ |uKSA1\2ds+/ |uKAs|*C(2)N(ds,dz),
0 04T
we have

t
PuXiu* <e) <P (uEtu* < 8;/ (JuK A1 ]? + [uK Ag|*)ds > €z>
0

t
+ P (/ (|uKSA1|2 + ‘UKSA2|2)d3 < g(g>
0

* ¢ 2 8%
< P uEtu < &5 |UKSA1| ds > 7
0

¢ a
+P (uZtu* < 5;/ |uKSA2|2ds > 8;)
0

t
+P </ (JuK A; > + [uK Az |*)ds < 5(5> ,
0
which gives the desired estimate by Lemmas 5.3 and 5.4. O

Now we are in a position to give:

Proof of Theorem 1.3. By Lemma 5.5 and a standard compactness argument (cf. [14,
p.133 Lemma 2.31] or [22]), for any p > 1, there exist constants C,, > 0 and v(p) > 0
such that for all ¢ € (0,1),

sup B(det Xy (x)) 7P < Cpt 7P, (5.11)
z€R4

Now, by the chain rule, we have
k
VEE((V)(Xi())) = S B((V"H F)(Xi(@) G (VX (x), -+, V5 X (@),
j=1

where {G;,j =1,--- , k} are real polynomial functions. Using (4.4) and as in (4.5) (cf. [14,
p-100, Proposition 2.1.4]), by Lemma 3.3 and Holder’s inequality, there exist p,p2 > 1,
C > 0 independent of = such that for all ¢t € (0,1),

IVPE((V"£)(Xe(2))] < Ol flloo (B(det Se(x)) ~#1) /P2 < Ot @0 Pe,

The proof is complete. O
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