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Subdiffusive concentration
in first-passage percolation®
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Abstract

We prove exponential concentration in i.i.d. first-passage percolation in Z4 foralld > 2
and general edge-weights (t.). Precisely, under an exponential moment assumption
(Ee**e < oo for some o« > 0) on the edge-weight distribution, we prove the inequality

H‘Tul —c'X
P|7T0,z) —ET0,z)] > A/ ———— | <ce , Azl > 1

for the point-to-point passage time 7'(0, z). Under a weaker assumption Et2(logt.)+ <
oo we show a corresponding inequality for the lower-tail of the distribution of 7°(0, x).
These results extend work of Benaim-Rossignol [6] to general distributions.
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1 Introduction

1.1 The model

Let (te).cea be a collection of non-negative random variables indexed by the nearest-
neighbor edges £% of Z?. For z,y € Z¢, define the passage time

T(x,y) = inf T(y),
Yir—Y

where T'(y) = 3_ ., t and the infimum is over all lattice paths v from x to y. T defines
a pseudo-metric on Z¢ and First-Passage Percolation is the study of the asymptotic
properties of 7. The model was introduced by Hammersley and Welsh [16] in 1965 and
has recently been the object of much rigorous mathematical progress (see [7, 14, 17] for
recent surveys).
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Subdiffusive concentration in FPP

Under minimal assumptions on (¢.), the passage time 7'(0, z) is asymptotically linear in
z, but the lower order behavior has resisted precise quantification. If d = 1, the passage
time is a sum of i.i.d. variables, so its fluctuations are diffusive, giving xy = 1/2, where x
is the (dimension-dependent) conjectured exponent given roughly by Var T'(0, z) =< Hx||?x
For d = 2, the minimization in the definition of 7" is expected [18] to create subdiffusive
fluctuations, with a predicted value xy = 1/3. Subdiffusive behavior is expected in higher
dimensions as well.

In this paper, we prove an exponential version of subdiffusive fluctuations for 7'(0, x)
under minimal assumptions on the law of (¢.). This result follows up on work done by
the authors (extending the work of [2, 6]) in [10], in which it was shown that

VarT'(0,z) < Cﬂ for ||z]; > 1 (1.1)

log [|z(1

given only that the distribution of ¢, has 2 + log moments. Our concentration inequalities
apply to a nearly optimal class of distributions: for the upper tail inequality in (1.5) we
require that t. has exponential moments and for the lower tail inequality (1.6), that t.
has 2 + log moments. In contrast to existing work on subdiffusive concentration listed
below, our methods do not rely on any properties of the distribution other than the tail
behavior.

In 1993, Kesten [20, Eq. (1.15)] gave the first exponential concentration inequality
for T, showing that if Ee®’s < oo for some « > 0, then one has

P (\T(O,:L') —ET(0,2)| > m/||;c\|1) < ce= M for A < ¢'|lz])s -

This was improved by Talagrand [23, Eq. (8.31)] to Gaussian concentration under the
same moment assumption. We provide an alternative derivation of Talagrand’s result
based on the entropy method in Section A.3 of the Appendix.

In the influential work of Benjamini-Kalai-Schramm [2], an inequality of Talagrand
for functions of Bernoulli random variables [24, Theorem 1.5] was used to derive a
sublinear bound (1.1) when u is supported on two positive values a and b. Although the
mechanism exploited in [2] (small influences of the edge variables) did not appear to
depend on the edge-weight distribution, the inequality in [24] is specific to the case of
Bernoulli variables (Gaussian versions have also been derived, see [3] and [8, Theorem
5.1]). The problem of extending the result to more general distributions was posed in the
introduction of [2]. There, the authors highlight the connections with hypercontractivity
and the Bonami-Beckner inequality, suggesting that these might be useful in generalizing
their theorem. An alternative interpretation of the argument of Benjamini-Kalai-Schramm
was given in [13, Theorem VII.1]. See also [8, Section 5.5] for a simple proof of a result
analogous to that of Benaim-Rossignol.

Hypercontractivity is well-known to be related to log-Sobolev inequalities [15]. Be-
naim and Rossignol [6] developed a “modified Poincaré” inequality analogous to that of
Talagrand for distributions satisfying a log-Sobolev inequality. They applied this to prove
a subdiffusive concentration inequality of the type (1.5) for a class of distributions that
they called nearly Gamma. These are continuous distributions that satisfy an entropy
bound analogous to the logarithmic Sobolev inequality for the gamma distribution: for
nearly gamma g and, for simplicity, f smooth,

()
E, /2 "

Ent, f* = /f2(x) log (dz) < C’/(\/;Ef’(ac))2 p(dz) .

Although the nearly Gamma class includes, for example, gamma, uniform and distribu-
tions with smooth positive density on an interval, it excludes all power law distributions,
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those with unbounded support which decay too quickly, those with zeros on its support
and all noncontinuous distributions.

The main goal of this paper is to prove subdiffusive concentration inequalities without
the nearly Gamma assumption. In a previous paper [10], the authors proved that the
variance bound (1.1) holds for general distributions under a weak moment assumption.
This shows in particular that the argument of Benjamini, Kalai and Schramm based
on small influences of the edge variables does not depend on delicate features of the
distribution such as the existence of a log-Sobolev inequality or the nearly Gamma
property. The contribution of the current work is to explain how the ideas in [10] can be
combined with the “entropy method” of Ledoux [21], as further developed in particular
by Boucheron-Lugosi-Massart [5], to yield exponential concentration.

We describe the technical features of the current paper in more detail in Section 1.3.
Before ending the current section, let us make a comment regarding the scope of our
method. Given the wide applicability of the entropy method, and the presentation in [6],
one can wonder whether a sublinear variance bound a la Talagrand, or a concentration
result might hold for general functions of random variables with “small influences.” We
do not derive such a result. Ours is genuinely a first-passage percolation result, and
we use the structure of the model in an essential way in several places, notably in the
computation of the linearization of the passage time (Lemma 3.1), and the lattice animal
argument in Section 5.

1.2 Main result

The main assumptions are as follows: PP, the distribution of (¢.), is a product measure
on Q = [0,00)¢ * with marginal p satisfying

©({0}) < pe, (1.2)

where p, is the critical probability for d-dimensional bond percolation. Furthermore, we
will generally assume either

Ee?*t < oo for some o > 0 (1.3)

or
Et?(logt.)s < 00 . (1.4)

Theorem 1.1. Let d > 2. Under (1.2) and (1.3), there exist ¢1,cs > 0 such that for all
r € Z% with ||z, > 1,

1/2

] e

Assuming (1.2) and (1.4), there exist c1, o > 0 such that for all z € Z¢ with ||z|/; > 1,

1/2

Rl —ean

Remark 1.1. If (1.2) fails, then T'(0,x) itself is sublinear in z and the model has a
different character (see [19, Theorem 6.1] and [9, 25] for more details). Because 7'(0, z)
is bounded below by the minimum of the 2d weights of edges adjacent to 0, it is necessary
to assume (1.3) to obtain an upper-tail exponential concentration inequality. For the
lower tail, our methods require 2 + log moments and this is the same assumption made
in [10] for a sublinear variance bound.
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1.3 Outline of the proof

The strategy of the proof is to use a relation, stated in Lemma 2.2, between bounds
on Var e*T(0%) and exponential concentration. To obtain the required variance bound
(Theorem 2.3), we apply the Falik-Samorodnisky inequality (Lemma 2.4) to a martingale
decomposition of the variable e’ , where F}, is an averaged version of the passage
time. This approach was first taken by Benaim and Rossignol in [6]. The tails of the
true passage time 7'(0, ) can be estimated from those of F,,,, although the methods are
different for the upper and lower tail (Section 2.1).

We represent the passage times as a push-foward of Bernoulli sequences (Section 4.1)
and the bound follows after a careful analysis of discrete derivatives resulting from an
application of the log-Sobolev inequality for Bernoulli variables. This analysis, presented
in Sections 4.2 and 4.3, is the central part of the argument. As in [10, Proposition 6.4],
an important tool in understanding the discrete derivatives is the linearization of the
passage time, Lemma 3.1. One of the complications we must address is dealing with the
function = — e** applied to the passage time, rather than the passage time itself. In
particular, different arguments are required for the cases A > 0 and A < 0.

Once we have obtained the estimates in Theorems 4.3 and 4.6 for the entropy sums,
it remains to bound the quantities

Y. (-logF(t.),

e€Geo(z,x+z)

and decouple them from the exponential terms to apply the iteration idea contained
in Lemma 2.2. Here F' is the distribution function of i. To accomplish this, we use
greedy lattice animals (Section 5). This was one of the new ideas introduced in [10]. The
treatment here, based on the observation contained in Proposition 5.2, is considerably
simpler than that in [10, Section 6.2.3]. Even so, the case A\ < 0 requires a separate
argument, using an idea from [11].

1.4 Preliminary results
We will need a couple of results on the length of geodesics. By Proposition 1.2 below,
condition (1.2) ensures that
IP(3 a geodesic from z to y) = 1 for all z,y € Z% , (1.7)
where a geodesic is a path v from z to y that has T'(y) = T(z,y).
The fundamental estimate is from Kesten [19, Proposition 5.8].

Proposition 1.2 (Kesten). Assuming (1.2), there exist a, C; > 0 such that for all n € N,
P <3 self-avoiding ~ containing 0 with #v > n but T'(y) < cm) <e G, (1.8)

As a consequence, we state a bound used in work of one of the authors and N. Kubota
[11]. For this, let G(0, z) be the maximal number of edges in any self-avoiding geodesic
from 0 to . An application of Borel-Cantelli to (1.8) implies

under (1.2), liminf 0%

lelli—oo |21

> a > 0 almost surely (1.9)

and so G(0, x) is finite almost surely.

Proposition 1.3. Assume (1.2) and let a be from Proposition 1.2. There exists C5 such
that the variable

Ye = G(0,2)17(0,2)<aC(0,2)}
satisfies P(Y, > n) < e %" forall x € Z¢ and n € IN.

EJP 19 (2014), paper 109. ejp.ejpecp.org
Page 4/27


http://dx.doi.org/10.1214/EJP.v19-3680
http://ejp.ejpecp.org/

Subdiffusive concentration in FPP

Proof. Defining
A, = {3 self-avoiding v from 0 with #v > m but T'(y) < a#w}

and summing (1.8) over n, one has, for some C5 > 0,
P(A,,) <e “™forallme N. (1.10)

For = € Z%, assume Y, > n > 1 and let v be any self-avoiding geodesic from 0 to x with
length G(0,x) =Y. Then because Y, # 0, G(0,z) > (1/a)T(0, z) and so

T'(y) =T(0,2) < aG(0,z) = a#y ,

with #v > n. So A,, occurs and (1.10) completes the proof. O

We can state a couple of relevant consequences of this proposition.
Corollary 1.4. Assume (1.2).

1. There exists C5 such that

EG(0,z)* < C3ET(0,z)? for all z € Z4 . (1.11)

2. Under (1.3), there exists «; > 0 such that

loe E a1G(0,z)
sup 22 T . (1.12)
0#£weZd ([E41E

Proof. Estimate
EG(0,2)* < a 2ET(0,2)* + EY?

where Y, is from Proposition 1.3. Because EY,? is bounded uniformly in z, (1.9) (which
gives ET(0,2) — oo as ||z||1 — oo) shows (1.11). Assuming (1.3), for 8 > 0,

EefC0:2) < [e(B/aT02) 4 [ehYs

For 5 < C5/2, the second term is bounded in z. On the other hand letting ~, be a
deterministic path from 0 to = of length ||z||;, the first term is bounded by

EeB/a)T() — (Ee(ﬁ/a)tfa,)”gc”l ) (1.13)
So we conclude for = # 0 and some Cy > 1,

log EefGO2)  og (]Ee(ﬁ/a)te + 04) llllx

[E PR [E4 R

= log (Ee(ﬁ/“)tf + 04) < o0

when 8 < min{Cs/2, aa}, where « is from (1.3). )

For the remainder of the paper we assume (1.2).
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2 Setup for the proof

Instead of showing concentration for 7'(0,z), we use an idea from [2]: to show it for
T(z,z + ), where z is a random vertex near the origin. So, given x € Z?, fix ¢ with
0 < ¢ < 1/4 and define

1
m = |||z[|7] and F,, = 5 EZB T.,

where T, = T(z, 2+ ) and B,, = {y € Z% : ||y|; < m} (this particular randomization was
used by both [1] and [22]). For A € R we define

G=G, =e\lm. (2.1)

Below are the concentration inequalities for F},, analogous to (1.5). In the next subsection,
we will show why they suffice to prove Theorem 1.1.

Theorem 2.1. Assuming (1.3), there exist c¢;,co > 0 such that for all z € 74 with
2]l > 1,

1/2
[l

P ([P —EF,| > o
(log [[1)

7 /\> <cre  for A>0.

Assuming (1.4), there exist 1, co > 0 such that for all z € Z¢ with |z|/; > 1,

B e
P|F,—EF,<——————=A| <c1e” " forA\>0.
( (log [|[[1)'/2
This theorem is a consequence on a bound for Var e*™™, and this is what we focus on
from Section 3 onward. The link between a variance bound and concentration is given by
the following lemma from [6, Lemma 4.1] (which itself is a version of [21, Corollary 3.2]).
We have split the statement from [6] into upper and lower deviations.

Lemma 2.2. Let X be a random variable and K > 0. Suppose that

1
Vare?/2 < KN?EeM < o for0 < A\ < ——— .
20WK
Then
JP(X—EX>t\/E) <9 tforallt>0.
If .
Var e**/2 < KMNEM <ocofor — —— < A <0 ,
WK
then

IP(X—EX<—t\/R) <2 tforallt>0.

Taking K = lil‘ﬂ'”ll for ||z||; > 1 and X = F,, in the previous lemma shows that to

prove Theorem 2.1, it suffices to show the following variance bound.
Theorem 2.3. Assuming (1.3), there exists C5 > 0 such that

1
Var e?Mm/2 < KAN?EeM™ < oo for |\ < and ||z||y > 1, (2.2)
where K = lggll‘\frlll\ll‘ Assuming (1.4), there exists Cg > 0 such that
1
Var e*m/2 < KA?BerMm < 0o for — —— < A< 0and |jz]; > 1, (2.3)
2VK

where K = Celzl

log [[z[1

The proof of this bound will be broken into several sections below.
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2.1 Theorem 2.1 implies Theorem 1.1
Assume first that we have the concentration bound
1/2

lzlly —cA
P||F,—EF,|>——F—=A\] <be ™, A>0 (2.4)
(' 2 Tog [l

for some b,c > 0 and that (1.3) holds. We will derive from (2.4) the corresponding
estimate for the passage time 7' = T'(0, z):
P(|T(0,2) — ET(0,z)| > MA <Ve € A>0 (2.5)
’ T (loglxf[)2T ) T '

Write
T(0,2) — ET(0,z) = F,, —-ET +T(0,z) — F,, ,

and note that EF,, = ET. If both events {|F,, — EF,,| < A\/2} and {|T(0,z) — F,,,| < A/2}
occur, then the triangle inequality implies that we have the bound

|T(0,2) — ET(0,2)] < A.
This results in the estimate
P(|T(0,z) — ET(0,2)] > X) < P(|F, — EF,| > \/2)+ P(|T(0,z) — F,| > A\/2) . (2.6)

By subadditivity, we can write

1 1
_ = — < -
(T(0,2) = Fl = [T(0,2) = 5= 3= Tz 42)| < g 3 [1(0,0) =Tz, + 2)
2EBm, 2€Bm
1
< — TO,z2) +T(x,x+2)) .
75, 2 (04T +2)

Repeating the argument for (1.13) (bounding 7°(0, z) by the passage time of a determin-
istic path), we have for o > 0 and each z € B,,

EeoT0:2) < (Eeate)l\xl\ﬁ _ C(a)nxng '

Here « is from (1.3). We now obtain a bound for the second term on the right in (2.6).
Let M > 0. First, by a union bound,

IP< 1 Z (T(0,2) + T(z,x + 2)) 22M> SQIP(maX T(0, z) 2M>.

E 2€B,, 2€B,
The last quantity is bounded by
2#B,n) - max P(T(0,2) 2 M) < 2(#Byn) - ¢~V C(a) 15
< 2|jzf|{ e M C(a)lleli .
Choosing 2M = A||z||1?/(log ||z||1)*/? and adjusting constants, we find the bound

P (IT(0,2) = Ful = Mlz|}/*/(log [lz]1)"/2) < ¥ .

Combined with (2.4) in (2.6), this shows (2.5).
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We now move to proving that under assumption (1.4), if we prove Theorem 2.1, then
there exist b, ¢” > 0 such that

1/2

”‘THl 1" _—c''\
P (7(0,2) - ET(0,z) < -1 3 ) < /e~ A >0.
( (0.0) = BT0.2) < g oy ) <"

Defining S = > t., where the sum is over all edges with both endpoints in B,,,, then

e€EBy,
P(S < 2ES) > 1/2.

1/2
I}/

oz o> and 57 =

By the Harris-FKG inequality [5, Theorem 2.15], if we put ¢, =
2ccat B, te, then
P(T(0,z) —ET(0,2) < —Acz, S <2ES, 8" <2ES") > (1/4)P(T(0,2) —ET(0,z) < —Acg) -
This means that

P(T(0,z) — ET(0,2) < —A¢g) < 4AP(T(0,2) — ET(0,2) < —Acg, S <2ES, §' <2ES') .

However the event on the right implies that for any z € B,,,, T(z,z + ) < T(0,z) + 4ES.
Therefore

P(T(0,z) — ET(0,2) < —Acg) < AP(F,, — EF,, < —Ac, +4ES) .
Now we can bound 4ES by Cr|z||%, so
P(T(0,2) — ET(0,2) < —Acy) < AP(F,, — BF,, < —Acy + Cr|z]|{)

and this is bounded by

4P (Fm - EF,, < - (A — C7x”1> C:n) < 4c; exp <_CQ <>\ - C77”x”1 )) ,
Ca Ca

e
as long as A > C, ==,

To finish, we simply choose ¢ = (4d)~*, so that ||z]|{* /¢, < C for ||z||; > 1 and some
Cs > 0. This implies
P(T(0,z) — ET(0,2) < —Acz) < 4cyexp(—ca(A—Cg)) for A >0, ||z]y > 1,

giving the bound Cye~ 102,

2.2 Falik-Samorodnitsky and entropy

Enumerate the edges of £¢ as ej, ey, ... and write e’ as a sum of a martingale
difference sequence:
G-EG=Y Vi,
k=1
where
Vi = E[G | Fi] — E[G | Fr-1] (2.7)

and G was defined in (2.1). We have written F, for the sigma-algebra o (te,, ..., te, ), with
Fo trivial. In particular if F' € L}(Q, P),

E[F\fk]:/F((te)) IT wate,). (2.8)
i>k+1

To prove concentration for F),,, we bound the variance of G; the lower bound comes
from the proof of [12, Theorem 2.2].
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Lemma 2.4 (Falik-Samorodnitsky). If EG? < oo,

Z Ent(V;?) > Var G log
k=1

[ Var G } 2.9)

2ok (B[Vi])?

In the above lemma, we have used Ent to refer to entropy:

Definition 2.5. If X is a non-negative random variable with EX < oo then the entropy
of X is defined by:
Ent X =EXlogX —EXlogEX .

We will need some basic results on entropy. This material is taken from [10, Section 2],
though it appears in various places, including [5]. By Jensen’s inequality, Ent X > 0.
There is a variational characterization of entropy [21, Section 5.2] that we will use.

Proposition 2.6. We have the formula
Ent X =sup{EXY : Ee¥ <1} .

The second fact we need is a tensorization for entropy. For an edge e, write Ent. X
for the entropy of X considered only as a function of ¢, (with all other weights fixed).
The version below is [10, Theorem 2.3].

Proposition 2.7. If X € L? is a non-negative function of (.) then

Ent X < ZEEnte X .

3 Bound on influences

To bound the sum "7, (E|Vi|)* we start with a simple lemma from [10, Lemma 5.2].
For a given edge-weight configuration (¢.) and edge e, let (¢.,r) denote the configuration
with value t; if f # e and r otherwise. Let T (t.c,r) be the variable T, = T'(z,z + z) in
the configuration (¢.c,r) and define Geo(z, z + ) as the set of edges in the intersection
of all geodesics from z to z + x.

Lemma 3.1. For e € £%, the random variable
D, .:=sup[{r >0:eisin a geodesic from z to z + x in (te,r)} U {0}]
has the following properties almost surely.

1. D, < o0.
2. For0<s<t,
T, (tec,t) — Ty(tee,s) = min{t — s, (D, e — )+ } .

3. For0<s< D, e € Geo(z,z+ ) in (te, s).

It is important to note that D, ., and therefore T, (t.c,t) — T (., s), does not depend on
te.

We need one more lemma from [10] bounding the length of geodesics. Let G be the
set of all finite self-avoiding geodesics.

Lemma 3.2. Assuming [Et? < oo, there exists C}; such that for all finite £ C £¢,

Emax#(EN~v) < Cppdiam E .
v€G

With these two tools we can bound the influences in the denominator of the loga-
rithm of (2.9). The following proof is very similar to the one of Benaim-Rossignol [6,
Theorem 4.2].
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Proposition 3.3. Assuming [Et? < oo, there exists (1 such that

> 9 At, z+<< d)
D (BIVE)? < CoNB((1 4 M)te)? |
k=1

Ee* forall x € Z% .

This inequality holds for any A for which the left side is defined.

Under (1.3), we require A € [0, o] for the left side to be defined. Under (1.4), one can
take A <0.

Proof. Let Fﬁf ) be the variable F,,, with the edge weight ¢., replaced by an independent
copy t’Ek. Then we can give the upper bound

E[Vi| < E|*m — | =

2E< AFGD e’\Fm) (3.1)
+

= 2F (M = ) (3.2)
+

We will use (3.1) when A > 0 and (3.2) when A < 0. With these restrictions, the integrands
in both cases above are only nonzero when Fy(,f ) > F,,. Apply the mean value theorem to
get
ElVi| < AE(Fs) (B — F,)); when A >0
VN EEER (P — ). whenA <0
To combine these, when A\ > 0, we use F,%k) <F,, + t’ek to find e’\Fv(f) < e’\Fme’\t;k, SO we
obtain for both cases

E[Vi < A E [ [(1+ M) (F — F)i || -

By Cauchy-Schwarz, we have the following two bounds:

o0 o0 2
SCE[VA| < || B E <Z(1 + Mo (F},{“) - Fm) > and (3.3)
+
k=1 k=1
, 2
E|Vi| < \/)\2E62/\Fm]E(1 + M )2 (Fff) - Fm> . (3.4)
+

We will bound these terms using Lemma 3.1. Write

2
At/ At/ 1
E(1+ M )2(FF — Fp)2 = E(1 + eMer )2 <#Bm ezB: (T® —TZ)> .
z m +

Here Ték) is the variable T, in the configuration in which the k-th edge-weight ¢, is
replaced by the independent copy ¢., . By convexity of the function 2 — (24)?, we obtain

the bound 1

Tp 2 B 1 -1y

m zEBm,

By Lemma 3.1, (11" — T.), <1y, <p., 3 % (t), —te,)+, SO

’ 1 ’
A At
E(1+ e )2 (F) — F)3 < B, Z E((1+e fe")t/ek)Ql{tEk<Dz,Ek}
zEB,,

<SB((1 + eMe)t)? —— Z P(er € Geo(z,z + x)) .

™M B,

#
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By translation invariance, the final probability equals P(e;, — z € Geo(0, x)):

E((1 + eMe)t,)>
#B,,
< Crallz)l " VE((1 + Me)t.)? (3.5)

E(1+ e’\t;k)Q(Féf) —F,)2 < E#{e;, — z € Geo(0,z) : z € By, }

We have used the assumption E¢? < co and Lemma 3.2 to bound the expectation above.
After incorporating the factor \2IEe?*, this is our bound for (3.4).

For (3.3), write

2 2
[e’e} , 1 [e’] ,
E <Z(1+6Atﬁk)(Frgp _Fm)+> < 5 Y E (Z(a+6At6,€)t;k)1{t%<Dz,ek}> :

k=1 ™M 2€B,, k=1
(3.6)
The expectation equals
ZZ]E 1+6 “ 1+€ )f’k E’]l{tek<Dzekte <Dze}
k=1j5=1
< E ( (1+ e)‘t Z Z w < Dieprte; < Do) <E ((1 + 6)‘tﬁ)te)2 E#Geo(z, z + x)2
k=1j=1
By (1.11) and [Et? < oo, the last expression is bounded by Cy4||z||2E((1 4 e*e)t.)?.
We can now finish the proof with this bound and (3.5):
o) —a)
D _(EIVA])* < sup E[Vj| SEIVE < CuX el S (0 + X)) Be
k=1 k=1
O

4 Entropy bound

The purpose of the present section is to give an intermediate upper bound for the sum
of entropy terms in the left side of (2.9). Namely we will prove the following inequality,
recalling that F' is the distribution function of ¢..

Theorem 4.1. For some Ci5 > 0 independent of ),

oo

C16C
> Ent(VP) < AQ#MT: ST E [P N (1-logF(t.))| forallz ez,
k=1 2EBm e€Geo(z,z+x)

The constant C is determined as follows:

1. Assuming (1.3) and ) € [0,/2), Cy = Ent,(t.eMe)? + E[t.eMe]2.
2. Assuming (1.4) and A < 0, C) = (Ee?*¢)~!

We will prove this in a couple of steps. First we use the Bernoulli encoding from [10]
to give an upper bound (Lemma 4.2 below) in terms of discrete derivatives relative to
Bernoulli sequences. Next we split into two cases, A > 0 and A < 0. The first is handled
in Proposition 4.3 and the second in Proposition 4.6. These three results will prove
Theorem 4.1.

EJP 19 (2014), paper 109. ejp.ejpecp.org
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4.1 Bernoulli encoding

We will now view our edge variables as the push-forward of Bernoulli sequences.
Specifically, for each edge e, let 2. be a copy of {0, 1} with the product sigma-algebra.
Let also Qg = He Q. with product sigma-algebra and measure 7 := He 7., Where 7, is
a product of the form [, 7 ; with 7. ; uniform on {0,1}. An element of Q5 will be
denoted

wB:{weJ:eEEd,jzl} .

For fixed e, and w,. € 2., define the random variable
_ - We, j
Ue(we)—z:ly. (41)
j=

Under , for each e, U, (w,) is uniformly distributed on [0, 1], and the collection {U,(we) }ecgd
is independent.
We denote by F(x), > 0 the distribution function of u, and by I the infimum of the
support:
I =inf{z: F(x) > 0}.

The right-continuous inverse of F' is
F~l(y) = nf{z : F(z) > y}.
If U is uniformly distributed on [0, 1], we have
P(FYU)<2)=PU < F(x)) = F(x), (4.2)
that is, F~!(U) has distribution p. Defining the measurable map ¢. : 2. — R by

Ye(we) = FH(Ue(we)), (4.3)

we see that the distribution of ¢, under 7 is 4. Moreover, since ¢, is a composition of
monotone functions of the the w, ;, we have the important monotonicity property:

Ye(w) < @e(w) if wj<w;forallj>1. (4.4)
Define the product map ¢ := [[, . : Q2 = Q =0, oo)gd with action

p(wp) = (pe(we) e € E).

By (4.2), mo gpfl =PP.

In what follows, we will consider functions f (in particular, G = e*") on the original
space {2 as functions on ()g, through the map ¢. We will suppress mention of this in
the notation and, for instance, write f(wpg) to mean f o p(wp). We will estimate discrete
derivatives, so for a function f : Qg — R, set

(Acif) (wp) = fwg™") — Flwg™),
e,j,+ €,J,—

where wj;”" agrees with wp except possibly at w. ;, where it is 1, and wz”™ agrees
with wp except possibly at w. ;, where it is 0. We now view G = erMm as a function of
sequences of Bernoulli variables, as in [10]. Then, exactly the same proof as in [10,
Lemma 6.3] gives

Lemma 4.2. Assume (1.3) and A € [0,«/2) or (1.4) and A < 0. We have the following
inequality:

S Ent(V2) <> Ex(A;G)
k=1 e,J

EJP 19 (2014), paper 109. ejp.ejpecp.org
Page 12/27


http://dx.doi.org/10.1214/EJP.v19-3680
http://ejp.ejpecp.org/

Subdiffusive concentration in FPP

4.2 Derivative bound: positive exponential

For the next derivative bounds we continue with G = e¢*™ and set H as the derivative
of G; that is, H = \e ™,

Theorem 4.3. Assume (1.3). For some Cy7 > 0, Cy = Ent.(t.e*)? + E[t.e*]? and all
A €0,a/2),

Z]EW(AW»G)ZS)\Q% Y E P Y (1-logF(t,))| forallzeZ®.

e,J 2EBm, e€Geo(z,z+x)
Proof. We first note that
Er. (Ac,;G)? = 2B, (G(wp) - G(wg"7))%
By the mean value theorem and monotonicity of H in the variable w., we have

0< Gwp) ~ Gwy"") < Hwp)(Fn(ws) = Fulwg” )i

Convexity of  — z2 gives the bound:

we(A ,jG)Q
—i\\ 2
>~ #B Z ]ETK'EH Wee, U( e)) (Tz(wecaUe(we))_Tz(wecaUe(we)_Q j)) 1{U€(w€)22*j}~
z€EBm,

(4.5)

Here we have written H?(wc., U.(w,)) and T, (wee, Uc(we)) to denote H? and T, taken as
functions of the Bernoulli variables w,/, € # €/, and the (independent) uniform variable
Ue (we)'

To estimate the expectation over U.(w.), we use the following key lemma. The
abstract formulation here was suggested by R. Rossignol, who reviewed an earlier
version of the current paper. His proof below summarizes the technical ideas present
in a computation using Bernoulli variables that appeared in the previous version, and
which more closely followed our argument in [10].

Lemma 4.4. Let a,7 € [0, 1]. Suppose h and f are nonnegative, non-decreasing on [0, 1],
and that f is constant on [a,1]. If 7 < 1/2, then

1
/h(x)(f( — flz—1)) dx</ h(z)f*(x)1{z>1-7y d. (4.6)

Moreover:

1
1. Ifa<7<3,

1 1
/ h(z)(f(z) — f(x —71))*da < Qa/o h(z)f2(z) d. (4.7)

1 1
/ h(z)(f(z) — f(z —7))%dx < 27'/ h(z)f*(x) dz. (4.8)
T 0
Proof. If 1 < 1/2, then
[ n@)@) - s =)o < [ h@)(@ - £ n)ds
/ B@) £2(z) — hlw — 7) f2(w — 7) de,

EJP 19 (2014), paper 109. ejp.ejpecp.org
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where we have used the monotonicity of f in the first inequality, and & in the second.
Next,

/ h@) f2(@) — bz — 1) f2(x — 7) da = / h(z) f2(z) de — /0 b)) da
§/1 h(w)fz(;v) dz

1—7'
:/0 h(z) [ (@)1 {zz1-r) da.

We have used the non-negativity of i(x)f%(z) to drop the integral over [0, 7]. This shows
(4.6).
Ifa<t< % since f is constant over [a, 1],
a+T1

/ W) (f(x) — (o — 7)) da = / h)(f(2) — f(x — 7)) da.

By monotonicity, the right side is no bigger than

a+T1 1
/ h(z)f*(x) dz = / h(z) f(2)1 {z<qarry do.

The Chebyshev association inequality [5, Theorem 2.14] now gives (4.7):
1

1 1
1
/ W) ()1 <oy do < —I_T/ h(x)f2(x)dw/ 1(catr do

a

_ I_T/T1h(x)f2(x)dx

< 2a/0 h(z)f?(z) dz.

When 7 < a < 3, we again have

a+T

/ h(z)(f(x) — f(x — ) da = / h(a)(f(x) — f(x — 7)) d.

Expanding the square and using monotonicity as in the case 7 > 1/2, we find
a+T1

a-+T1 a
/ W) (f(x) — flx — 7)) da < / W) () de — / W) £ (x) da

T 0

:/:Hh(x)fz(x)dx—/; h(z)f*(x) dz

1
§/ h(x)fQ(x)l{m§a+T} dx

T

< / 1 h(z)f2(z) dz

1—a/
1
h 2(z) dz.
<or / (1) (x) da

In the second-to-last step, we have used Chebyshev’s association inequality. O

We use Lemma 4.4 to obtain an estimate for the sum }_, , Ex (A ; G)?. The result we
are after is

EJP 19 (2014), paper 109. ejp.ejpecp.org
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Lemma 4.5. For all A € [0,«/2) and e,

oo

E. > (A.;G)>

e

> F(D;)(1 —logy F(D )Ex, [L.(1+ N)J (4.9)
ZeBm

#

=1
where L, = H?(wee, U (w,)) min{D, ., pe(w.)}?, and

1
N =1 —_—
82 1T, (we)
Proof. Write:
i\ 2
(wec U (we)) (Tz(wec, Ue(we)) - Tz(wec, Ue(we) -2 J)) 1{Ue(we)227j}

/H wee, @) (To(wee, ) — To(wee, @ — 279)) 1 pnpy da (4.10)

We will apply Lemma 4.4 to the quantity on the right in (4.5) with h(z) = H?(wee, ),
f(@) = Tx(wee, ®) — Tx(wee, 0), a = F(D;,), and 7 = 277,
For j such that F(D ) <277 (a < 1), we use (4.7):

1
i\ 2
Hz((,uec7gc) (Tz(wecvx) =T (wee, x — 2 j)) Liz>o-4y dx

0
1
<2F (D7) / H?(wee, 2)(Ts (wee, ) — T (wee, 0))* da.
0

By Lemma 3.1,
0 < Ty(wee,x) — Ty(wee, 0) < min{D, ¢, pe(we)},

and so )
/ H?(wee, ) (Ty (wee, ) — T (wee, 0))? da < / L, (wee, z) du.
0
If j is such that 277 < F(D7,) < 3 (r < a < }), we apply (4.8) and obtain
! 92
/ Hz(weca l‘) (Tz(we“7 l‘) - Tz(we“a T — 2_])) 1{122*1'} dz
0

1
<2- 2_j/ L. (wee,x)dz
0

We now sum over j in (4.5): in case F(D o) < %, we obtain

Tre (Ae,jG)Q

KME{

<
Il
—

_ i\ 2
Z E., H*(wee, Ue(we)) (To(wee, Ue(we)) — To(wee, Ue(we) — 27)) " 1117, (o) 2-4)
ZEB

ZB DI, Y. / 2 (Wee, )

j:i2=i>F(D3.)

ol
Z Z 273/0 L. (wee,x)dz

" 2€Bm ja-i<F(DZ.)

IA
- &MX

| A

7

8 1
<o Y F(D;,)(1-log, F(D;e))/ L. (wee, z) da. (4.11)

#Bm z€B l ’ 0
EJP 19 (2014), paper 109. ejp.ejpecp.org
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If instead F(D; ) > 5, we use (4.6) in the sum over j such that 277 < F(D,):

1
27

i\ 2
Z EﬂeHz(we”, Ue(we)) (TZ(Wer Ue(we)) — Tz (wee, Ue(we) — 2 j)) Liu, (we)>2-9}
j27I<F(Dx.)

T.(wee, ) = Ta(wee, @ — 279))" 1ynp-5y do

Il
M
\
T
§
B

> lpziode

j:2-9<F(DZ.)

1
< / Lz(wecvx) 10g2
0 1

IA
S %
h
B
&

1
dx
—x

1
1
§2F(D;e)/ Lz(wec,x)logzl zda:. (4.12)
0 _

On the other hand, for the sum over j such that 277 > F(D7.), we drop the indicator
Le>1-2-43:

i\ 2
Z Er, H*(wee, Ue(we)) (To(wee, Ue(we)) — Ta(wee, Ue(we) — 279)) " 1y, (o) 2-4)
3:27I>F(Dz.)

Z / H Wee, T) Z( ec,a:)—Tz(wec,a:—2_j))21{x22—j}dx
)

J:i27I>F(Dz .

1
< —log, F(D;e)/ L, (wee,x)dz
0
1
< —-2F(D;,)logy F' (D_e)/ L, (wee,x)dx. (4.13)
0
Combining (4.11), (4.12) and (4.13), the lemma follows. O

We now finish the proof of Theorem 4.3. Integrating (4.9) over variables ¢/, ¢/ # e
and summing over e, and using the identity

_F(y)log F(y™) = — / 17.,)(x) log F(y™) u(dz)

< —/I[I,y)(x) log F'(z) pu(dx), (4.14)
we obtain:
DB S (8@ S e 30 YR | [ (0l PGB, (114 N)] (k)
e j=1 2€B,, e z.e)

(4.15)
Letting F, .- be F},, evaluated at the configuration (t.c,0), we can bound H? < \2e?AFm,ccg2Ate)
S0

Er, [Lo(N +1)] < B, [H*2(N +1)] < MM By [(tee*)* (N + 1)]
< H?Eq,, [(tee™)*(N +1)] .
Now since \ < /2, Ent.(t.eM)? < 0o, so we use Proposition 2.6 to bound the expecta-

tion by
2Ent,(tee )? + 2, (te?)? log By, e NV HD/2
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N has exponential distribution with mean 1/log 2, so this is bounded by C15C) indepen-
dently of e.

Returning to (4.15), note that by Lemma 3.1, if t. < D, . then e is in Geo(z, z + ). So
applying the bound on E, [L,N], we obtain for some Cig

C C
ZE (A,;G)* < =22 Z Y E[(1—log F(te))H* 1 (1<t <. .}

z€EB,, €
gAQilj’BCA STE [P N (1-log F(t.))
™ 2€Bm e€Geo(z,z+x)

4.3 Derivative bound: negative exponential
Theorem 4.6. Assume (1.4). For some Cy > 0, C} = E,e?* and all A <0,

C
> Ex (Ac;G)° S)\Qﬁ ST B[ N (1-logF(t.))| forallz ez’ .
7 A m zEBm,

e€Geo(z,z+x)

Proof. Write .. for expectation relative to [[;,, 7y and for any i > 1, let m¢ >; be the
measure [ [, .. mc ;. Further, for j > 1 write

wBp = (we"7we,<j7we,j7w€,>j) )

where w,. is the configuration wp projected on the coordinates (wyy : f # e, k > 1),
We,<; is wp projected on the coordinates (we : k< j)and We,>; is wp projected on the
coordinates (we x : k > j).

Then
Br (A0 jG) = BecBo,, - Br,, [Br, o, (A iG]
=B, [ men; (DejG(wee, 0, we’j7we,>j)>2 ; (4.16)
oe{o 1}i-1t
and the innermost term is
Er, ., (G(wee,0,1,we, ;) — G(wee, 0,0,we, ;)7 - (4.17)

Applying the mean value theorem, we get an upper bound of
H2<weca 6) Eﬂ'e_zj (Fm(weca g, 17 w€,>j) - Fm<w€°a ag, 07 we,>j))2 )

where 0 is the infinite sequence (0,0, ...). Convexity of z — 22 gives the bound

Z H?(wee, 0) ﬂpej(AeJTz(wec,0,we7j,we,>j))2

™ 2e€B,,
Therefore
o0 [ o] 1
2 A 2
D Ea(8ejG) < o B D B |Hwee,0) D gy | Y B, (BT (e, 0,0 5, We,>5)
j=1 2€By, L j=1 oe{0,1}7-1
[ o0
#B Z e wB“ 0 ZE
2€Bpm L J=1
EJP 19 (2014), paper 109. ejp.ejpecp.org
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We have now isolated the term from [10, (6.23)]; there it is proved under (1.4) that
> B, (A T:)? < Con F(D,)(1 —log F(D; ) 1<p. .} -

Thus we obtain
Cz1

m

ZE (BesO)F € 22 3 Ber [H(we,0) F(DZ)(1 ~ log F(DZ ) Lirco. ] -
2€Bm

(4.18)

Use the bound
H2 > A2t o2\ P (tee I)

)

which implies H?(w,e, 6) ]]EE -~7-- Using the identity (4.14), this gives an upper bound

for the right side of (4.18) when A<0:

E g 3 F o Bt | [0 = tog P10, o) dne)] |

z€By,

Since A < 0, H? = A?¢?*/' is decreasing in the variable t.. However (1—log F(t.))1 p. .)(te)
is also decreasing in .. Therefore the Chebyshev association inequality gives an upper

bound of
Co1

m Z EH2(1 - IOgF(te))l{eEGeo(z,z-l—w)} .
n m

2€EB,
Summing over edges e,

C
D El(A,G) < >\2E62At:# i SB[ Y (1-log Flt))

e,j z€EB,, e€Geo(z,z+x)

5 Control by lattice animals

The next step is to use the theory of greedy lattice animals to decouple and control
the terms in the expectation of Theorem 4.1. Specifically we will show
Theorem 5.1. Assume (1.3) with A € [0,«/2) or (1.4) with A < 0. For some Cs; > 0,

o0
> Ent(Vi) < N’CpaCh [Ent(e*™) + (1 + EF,)Ee*] forall z € ¢,
k=1

where C), is from Theorem 4.1.

The theorem follows from inequalities (5.4) and (5.8), which we now set out to prove.
We begin by generating a new set of “lattice animal weights” from a given realization
(te); set

w, := 1 —log(F(t,)) forallec &%.

Proposition 5.2. The collection (w.) is i.i.d. with

E (e“’ﬁ/2> < 00.

Proof. If u € (0,1) we define F~!(u) = inf{x : F(x) > u}, so that F~!(u) < z if and only
if u < F(x). In particular, u < F(F~!(u)) for all u. If U is uniformly distributed on (0, 1)
then F~1(U) is distributed like t., so if r > 1,

Pw, >7)=P(F(F 1 (U) <™ <PU < ") =e"".
This implies Ee?*¥e < oo for all A < 1. O
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For a realization of (¢.), consider the edge greedy lattice animal problem. For a
connected subset of edges v C &9, define N(y) = Y__. w,, and define the random
variable

ecy

(here the notation 0 € v means that 0 is an endpoint of some edge in 7).
Proposition 5.3. For each k > 0, there exists § > 0 such that

log EefNn
sup ——

n>0 n

Proof. Recall
{No>pny= [ {N() >80},
v #y=n
where the union is over all lattice animals of size n containing the origin. Now, there
exists a constant Cb3 such that the number of such lattice animals is bounded by e“23™.
Therefore, letting (w;) be a sequence of i.i.d. random variables distributed as we,

P (N, > fin) < 7 P (Z w; > m) < Can=Bn/2 X, wi/2
i=1
_ eC’2311—Bn/2 [Eewe/2:|n .

In particular, for all 8 greater than some [,

P (N, > fn) < e An/4.

Now, for all A € [0,1/8) and for each n > 1,

o0 oo
EeMVn = /\/ P (N, > ) dz < ePom 4 A/ P (N, > ) dz
0 Bon /A
< ePom 4 n/ e =nd=
0
< eﬁln
for some f; < oo. Now, since Ee*V»/2 < (]Ee’\N")l/2 , the proof is complete. O

We now consider the first-passage model on Z?. For any = € Z%, x # 0, let

Y, = Z We ;

e€Geo(0,x)
when we need to allow the starting point to vary as well, write

Y, .= Z We -

e€Geo(z,z+x)

5.1 The case A >0

In this section, we consider the case of upper exponential concentration. For the
remainder of this section, assume (1.3) and let A € [0, «/2).
Rephrase the bound from Theorem 4.1:

- C16C "
;Ent(v,f)g%ng E [e?ny, ] . (5.1)
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Applying Proposition 2.6 to the expectation on the right-hand side of (5.1) and the fact
that Y, =Y, . in distribution yields a bound for some C54 > 0 such that the expectation
below exists:

E [MY, o] < O3 Ent(e*Mm) + O3 B[] log Be®Y> . (5.2)
We focus our efforts on a bound for the second term of (5.2).
Proposition 5.4. Assuming (1.3), there exists C4 > 0 such that

log EeC21Ye
sup ———— < 0 .
20zl

Proof. Recall that G(0,z) is the maximal number of edges in a geodesic from 0 to x.
Then for constants ¢1,10 > 0,

P(Y: 2 ullzll) < P(G(0,2) = waf|zfl1) + PNy, 2y, = tallll1) - (5.3)
Therefore -
E€C24Ym =1 +/ 0246024yIP(YI Z y) dy
0
can be bounded using (5.3), Proposition 5.3 and (1.12). O

So under (1.3) with A € [0, «/2), we return to (5.2) and find for some Cy5 > 0,

> CysC
ST Ent(V2) < 2222 [Ent(eMm) 4 Ee?r ]
k=1 # B 2EBm
= N2Co5C)\ [Ent(e**m) + Ee®*m] forall w € Z7 . (5.4)

5.2 The case A <0
When A < 0, the problem is again to bound above the term

1
#Bm Z ]E[€2)\FW’YZ7$} : (5‘5)
2€By,

We will break this up differently from before, now using a variant of the idea from [11].
Let Cy6 > 0 be arbitrary (to be fixed later, independent of x). Then

Ee*M™mY, o < Oy [N L] + B [N Y, 014y, > 001y
< OyE [N ET. + E [N Z. ], (5.6)

where we have used the Harris-FKG inequality on the first term (since A < 0, e?* is a
decreasing function of (¢.) whereas 7, is increasing) and have defined the new variable

ZZ@ = YZ,I]‘{Yz,m>C26Tz} :

We will bound P(Z, , > n) in what follows. Analogously to the proof of Proposition
1.3, define, for Cy7 > 0,

Al = {3 a self-avoiding v from z to z + x with N(vy) > n but T'(y) < Co7N(v)}.
Our first task is to control P(A.).

Lemma 5.5. There exist Cy7, Cog > 0 such that P(A’) < e~¢2" for all n > 1.
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Proof. By translation invariance we can consider z = 0. The content of Proposition 5.3 is
that there exist constants Cyg, C3¢ > 0 such that

PP (3 a self-avoiding ~ from 0 with # = n such that N(y) > Cagn) < e~ %" n >1.
Summing this over n gives C5; < oo such that
PP (3 a self-avoiding + from 0 such that #v > n and N(7) > Cag#7y) < e 1", (5.7)

Further, given C32 > 0,

Q

321
P (3 a self-avoiding 7 from 0 with #v < Cson but N(y) > n) < P(Ng >n).
k=

—

If we choose 3 in Proposition 5.3 for x = 2, then for some C33, C34 > 0, this is bounded
by

Csan Csan e2(Caan+1) _ o2
671371, Z EeﬁNk S eiﬁn Z €2k = 675n2—1 S 03367034’” 5
e2 —
k=1 k=1

if ('35 is small enough. Combining this with (5.7),

P(4}) < Cyge™ O 4 ¢~Cs1lCsan)
+ P(3 a self-avoiding «y from 0 with #v > Csan but T'(y) < Ca7Co9#7) -

By (1.8), for small Cy;, the last probability is bounded by e~“#5". Therefore P(A!,)

<
€7C36TL. D

From Lemma 5.5, we can decompose

P(Z..>n) <P (Z,,>n, (A,)°) +P(A))
<P(Z,.>n, (A))+ e~ a8

Consider some outcome in (A/,)¢ such that Z, , > n > 0. For this outcome, we must have

1
CoT: < Yo < —T.,
26 s 027

a contradiction for Cyg > C2_71. This implies that independent of z, z and n, there exists
(9 such that
P(Z,,>n)< e~ Casn

and, in particular,

sup sup Ee’Z=¢ < oo for § = Cog/2 .
r#0 zEB,,

Now, to bound the second term of (5.6) we apply Proposition 2.6 using our bound on
Z, . Namely, we obtain for some Cs;

Ee**mZ, . <67 [Ent(e**™) + Ee* ™ log ]Ee(szm]
< Oy [Ent(ePFm) + Be?n) |

implying
(5.5) < Css [Ent(e” ™) + (1 + ET(0,2))Ee* ]

So we conclude that if A < 0 and we assume (1.4), then for some Csg,

oo
> Ent(V?) < NCsoCh [Ent(e*™) + (1 4+ ET(0,2))Ee**] forallz € Z¢.  (5.8)
k=1
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6 Proof of Theorem 2.3

First we must complete the upper bound for "7 ; Ent(V,?). What we have shown so
far is (Theorem 5.1) that under (1.3) with X € [0, a/2) or (1.4) with X < 0, setting C, as
in Theorem 4.1,

> Ent(ViP) < N’CpC [Ent(e*™) + (1 4 EF,)Ee**™] forallz € Z¢ .
k=1

This is close to the bound we would like, except there is an entropy term on the right. To
bound this in terms of the moment generating function, we must use some techniques
from Boucheron-Lugosi-Massart, similarly to what was done in Benaim-Rossignol (below
(15) in [6, Corollary 4.3]). Because these arguments lead us a bit astray, we place them
in the appendix. By Theorem A.2 under (1.3), we can transform the upper bound into,
for some 6'4()7 Cy1 >0,

> Ent(V) < NCaCx (Jz)y + 1+ EF,,) Be**™ for z € Z% and 0 < A < Cyy .
k=1

Using EF,, < Cyo|lx

1, we obtain

> Ent(Vi?) < NCysChlx|1Ee** ™ for 2 € Z% and 0 < A < Cyo under (1.3) .
k=1

On the other hand, when we assume (1.4), Theorem A.3 gives the upper bound (with
Cy4 from that theorem)

> Ent(V) < NCusCh(1 + ||zl + EF,)Ee*™ for — Cua/2 <A <0,
k=1

which again implies

> Ent(V2) < N’CueChlz|1Ee** ™ for — Cuq/2 < X < 0 under (1.4) .
k=1

If we further restrict the range of A we can bound C, using assumptions (1.4) and (1.3)
and find for some Cy7 > 0,

> Ent(V?) < NCurllz| 1 Ee* ™ 2 € 7 (6.1)
k=1

where —Cyg < A < 0under (1.4) and 0 < XA < Cyg under (1.3).
We can finally place this bound back in the Falik-Samorodnitsky inequality (2.9) along
with the bound on influences from Proposition 3.3. We then obtain

-1

Var eM'm

24¢(-d)
Ci12\?||z|; * Ee*m

Var eM™ < |log N Cyr ||| Ee M 2 € 7 . (6.2)

Again, this holds for —Cj9 < A < 0 under (1.4) and 0 < A < Cy9 under (1.3). (Here we
have used that Cyy can be slightly lowered to ensure that the term E((1 + eMe)t.)? is
bounded by a constant under either assumption.)

From (6.2) we are almost done with the proof of Theorem 2.3. For any d > 2,
w < % and so for every )\ either we have

i—¢
Var eMm < C1o)\?||z||, T Ee* M (6.3)
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in which case we have inequalities (2.2) and (2.3) for ||z||; > 1 (with a possibly different
constant, and replacing A with 2)), or the opposite inequality holds, in which case

Var eMm ¢
24+¢(1—d) Z Hle .
CroX?[lz[, = Ee?Am
Therefore when (6.3) fails,
Var e m < \2C |1 Fe2 Fm

)

47
§loglz]x

implying (2.2) and (2.3) again. This completes the proof of Theorem 2.3.

To recap, Lemma 2.2 shows that Theorem 2.3 suffices to prove exponential con-
centration for F;, (Theorem 2.1). Last, Theorem 1.1 follows from Theorem 2.1 by the
arguments in Section 2.1.

A Preliminary entropy bounds

In this appendix, we use ideas from the entropy method and from [11] to show
bounds for the entropy of e*. At the end we explain how these give a simple proof of
Talagrand’s inequality.

A.1 Log Sobolev inequality

We will use the “symmetrized log Sobolev inequality” of Boucheron-Lugosi-Massart
[5, Theorem 6.15].

Theorem A.1l. Let X be a random variable and let X’ be an independent copy. Then for
AeR,
Ent e <E [eMq(MX' = X)4)] (A1)

where ¢(z) = z(e® — 1).
A.2 Application to F},
A.2.1 Positive exponential
Theorem A.2. Assuming (1.3), there exist C5q, Cs; > 0 such that
Ent eMm < Cyo\?| 2| Ee*™ for all z € Z% and X € [0,C51] .
Proof. By tensorization of entropy (Proposition 2.7),
Ent M < ZEEntek eMm for A € [0, /2).
k=1

Introduce Fy(,f ) as the variable F;,,, evaluated at the configuration in which ¢., is replaced
by an independent copy t’ek_. Then we can apply (A.1) conditionally:

o0 oo
1 .
Ent eMm < ZEEekekaq()\(F,(,f)—Fm).F) < ;EEeke)\qu (#B Z AT — Tz)+> .

k=1 ™ 2€Bm

Convexity of ¢ on [0, c0) gives the upper bound

#%m Z iEEekeAqu (A(Tz(k) _TZ)+) .

z€EB,, k=1
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k)

Lemma 3.1 implies that (TZ( T.)+ <t 1{c, cGeo(z,2+x)} SO We get the bound

1 oo
#B Z Z EEEkeAqu()‘tlek)l{ekGGeo(z,z+z)} .
™ 2€Bm k=1
Integrate t’ek first and bring the sum inside the integral for

Eq(\t.)
#DBm

Z E [6)‘F’” #Geo(z,z + )] .

zEBm,

Note that under (1.3), Eg(At.) < oo for A € [0, 2«).

To deal with this product, use Proposition 2.6 with X = pe*™ and Y = p~'#Geo(z, 2+

x), where p > 0 is a parameter, to obtain
Eq(At.)

Ent Mm < 227¢0 Z [pEnt eMm 4 pEeM™ log E exp <

#Bm

#Geo(;, Z 4 ) ﬂ |

2EBm
Note that % — Et? as X | 0, so for some \ € [0,a/2), whenever X € [0, \],

#Geo(z,z—i—x))] .

2FE¢?
Ent eMm < \2—<
#B., Z P

[pEnt M pEeM™ log I exp (
2€B,

By translation invariance, the expression inside the sum does not depend on z. So
our bound is

Ent eM'm < 2)\2Et<25 (pEnt M 4 pEeM™ log Ee#Ge"(O’m)/p) .

Choose p = a; from (1.12) and set A" € [0, \'] such that if A € [0, \”] then 2\?Et?p < 1/2.
We obtain the bound for some A4; > 0,

1
iEnt MmN A x|, Be M

So
Ent eMm <ANEE2 A || z|| EerM™
O
A.2.2 Negative exponential
The bound given below is similar to the one derived in [11] for T instead of F},.
Theorem A.3. Assume Et? < oo. There exist Csz, Cy4 > 0 such that
Ent eMm < Cso\? ||z 1 BeM™ for all z € Z¢ and A € [—Cyy,0] .
Proof. Again we use (A.1) with tensorization:
Ent X <N EE,, M g(AEF — Fn)y)
k=1
By the inequality ¢(z) < 2?2 for x < 0 we obtain the upper bound
(oo}
NS EE,, M (FP — F)p)?.
k=1
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By convexity of x — (x)?, this is bounded by
T X D EELAT (T T,
z€B,, k=1
and using Lemma 3.1, by

#B ) ZEEeke (te, HereGeo(s s+2)}1)” -

z€EBy, k=1

Note that t’Ek is independent of e* '™ 1ic,cGeo(z,2+)}- SO We integrate over ték first to get

)\2Et2# Z Ee)‘F’”#Geo(Z z+z). (A.2)

2EB,

To complete the proof, take a from Proposition 1.3 and upper bound the expectation
as

(1/a)BeM™T, + BeMm4Geo(z, 2 + T){asGeo(z,2+2)>To Y - (A.3)

The variable e* ™ is decreasing as a function of the edge-weights (since A < 0) whereas

T, is increasing. So apply the Harris-FKG inequality to the first term for an upper bound
of
(1/a)EeM™ET, = (1/a)EerMET(0, ) .

For the second term call Y = #Geo(z, z + )1 {44Geo(z,2+2)>T.} and use Proposition 2.6.
Taking 0 = Cy/2 from Proposition 1.3, we have FEe?” < Ee®Y* < Cs3 for some Cs3 and so

EeMmy < 57 Ent eM™ 4 571 CrzBeM™
Returning to (A.2), we obtain
Ent eMm < \2Eit? [(1/a)lEeAF"‘ET(O, z) 4+ 6 LEnt M 4 571053E€AF’"} .

Now restrict to A < 0 such that — (2]Et(2€6*1)71/2

< A to obtain
(1/2)Ent X < NEt? [(1/a)EeM™ET(0,2) + 6 Cs3Be* ] .
Last, we bound ET'(0,z) < Cs4]|z||1 to get

Ent M < \2Cps |||, BeM™ for z € Z4, — (2Et2671)"V2 <A <0.

A.3 Gaussian concentration for F;,

As a result of the above entropy bounds, we have the following concentration inequal-
ity for F,,.

Corollary A.4. Assuming (1.3), there exist positive Cs¢ and C57 such that for all z € Z4,
P(F,, — EF,, > M\/||z][1) < e for A € [0, Cs7v/[z]l1] -
Assuming Et? < oo, there exists Csg > 0 such that for all = € Z7,

P(F,, —EF,, < -\/|[z]1) < e %" forA>0.
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Proof. This is a standard application of the Herbst argument. An entropy bound of the
A(X —EX)
type Ent *X < CA?EeY is rewritten as & 1%6F<—— < (' By integrating and using

ax
Theorems A.2 and A.3, we obtain
under (1.3), log Be*Fm—EFn) < 00 X\2|| x|y for A € [0, Cs4]

and
under Et? < oo, log EeMm—BFm) < 0o )\2||z|, for A € [—Cly, 0] .

Markov’s inequality then implies the upper tail inequality. For the lower tail inequality,
Markov only gives

P(F, — EF, < -\/|[z]1) < e~ for A € [0, Csor/][7][1] -

However, noting that for B = sup,_,E7(0,z)/[|z|:, one has P(7(0,z) — ET(0,z) <
—BlJ|z||1) = 0, we can decrease C5g to deduce the lower tail inequality forall A > 0. O

By bounding the error |T'(0,z) — F,,,| as in Section 2.1, we obtain a simple proof of
Talagrand’s inequality [23, Eq. (1.15)]:

Corollary A.5. Assuming (1.3), there exist positive Cgy and Cg; such that for all z € Z4,
P(T(0,2) — ET(0,z) > \/[[z]1) < e e for A € [0, Ce1/J|2[[1] -
Assuming [Et2 < oo, there exists Cgz > 0 such that for all x € Z<,

P(T(0,z) — ET(0,2) < —\/[Jz][) < e for A > 0.
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