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Abstract

We introduce the multiplicative Ising model and prove basic properties of its ther-
modynamic formalism such as existence of pressure and entropies. We generalize
to one-dimensional “layer-unique” Gibbs measures for which the same results can
be obtained. For more general models associated to a d-dimensional multiplicative
invariant potential, we prove a large deviation theorem in the uniqueness regime for
averages of multiplicative shifts of general local functions. This thermodynamic for-
malism is motivated by the statistical properties of multiple ergodic averages.
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1 Introduction

In [2] we studied large deviations of multiple ergodic averages for Ising spins with
a product distribution. We also established a relation between the partition func-
tions associated to multiple ergodic averages and partition functions of associated
shift-invariant spin systems. The dimension of the corresponding lattice spin system
is related to the number of primes involved in the multiple ergodic average. E.g.
Zi 0i03; + 0;09; leads to a one-dimensional model with interaction of range 2, whereas
Zi 0;03; + 0;09; leads to a two-dimensional model with nearest neighbor interaction.
Just as in the standard Gibbs formalism, starting from large deviation properties of
sums of shifts of a continuous function under a product measure, one is lead naturally
(by Cramér transformation, see e.g. [3, chapter 2]) from product measures towards the
set of Gibbs measures with shift-invariant interactions, and in that class one can prove
again the large deviation principle for sums of shifts of a continuous function. It is
therefore natural to extend the study of large deviation properties for multiple ergodic
averages under product measures to a class of measures which form the natural multi-
plication invariant analogue of shift-invariant Gibbs measures.
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Large deviations for multiplication-invariant potentials on lattice spin systems

It is the aim of this paper to make some steps in that direction. Just as for shift-invariant
Gibbs measures in lattice spin systems, the one-dimensional context where there is
uniqueness of Gibbs measures (with finite range or not too slowly decaying interaction)
we expect that the uniqueness transfers to the multiplication invariant context. We start
in this paper with the study of the multiplicative Ising model, which is the simplest case
to start with after having dealt with product measures. We show that there is a unique
Gibbs measure and study its thermodynamic formalism: entropy, pressure, and large
deviation rate functions. We show that under this measure, there is a large deviation
principle for ergodic sums of so-called first-layer functions. Next, we generalize this to
the context of multiplication invariant potentials in dimension one, where the associ-
ated Gibbs measure is still unique and decomposes as a product on independent layers
of Gibbs measures with a corresponding shift-invariant potential. Finally we generalize
to higher dimensional models such that on each layer we have uniqueness. This leads to
a class of so-called “layer-unique” Gibbs measures for which we have the multiplicative
analogue of relative entropy density and a corresponding large deviation principle for
the multiplicative empirical measure.

2 Some notations and definitions

2.1 Shift and multiplicative shift

We consider lattice spin systems with Ising £1 spins on the positive integers. We
denote by IN the set of positive integers and let Ny, = IN U {0}. We simply denote
by [M, N] the lattice intervals {M,M + 1,...,N} for M, N € INy such that M < N.
Configurations which are elements of 2 = {—1,1} will be denoted by ¢,7,£. We also
set Qg = {—1,1}N°. We use the notation o, for the restriction of o to the lattice
interval [M, N] (oa,n) is thus an element of {—1,+1}*:N)). The shift is defined, as
usual, by

(0:i(0))j = i

for o € Qg (i,j € Np). This is the natural way the semigroup (IN, +) acts on €.
We introduce the multiplicative shift by setting

(Tio); = 0ij

for o € Q (i, € IN). This is the action of the semigroup (IN, x) (which is generated by
the prime numbers). Note that the shift and the multiplicative shift do not commute.

2.2 Invariant measures

It is not a priori clear that there exist probability measures which are invariant by
the multiplicative shift, apart from the trivial case of product measures. We shall see
non trivial examples in this paper.

Product measures are also invariant under the shift. A natural question is whether they
are the only ones. In the realm of probability measures with positive entropy with re-
spect to the shift, this is indeed the case [8].

More generally, stochastic processes (X,) that are both stationary (in the sense that
(X,) and (X,,+%) have the same marginals for all £ € IN) and such that (X,,) and (X,,)
have the same marginals for all » € IN are called “strongly stationary” and were intro-
duced in the context of ergodic Ramsey theory. Their structure is known and involves
Bernoulli systems and rotations on nilmanifolds as building blocks [6].
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2.3 Standard Ising model

The standard Ising model on the lattice interval [0, N] with boundary conditions +
on the right and free on the left is the probability measure on {—1, 1}[07N I given by

e_H]I\?ing:@,:t(o_[O’N])

sin ,(Z),i
#;V ¢ (J[OvN]) = Ising; 0, £
ZN

where N > 1 and where the Hamiltonian is given by

N-1 N
Hy"s"* (10,5)) = =B (Z Joioit1+ »  hoi + UNHCU) :

=0 =0

The parameters of this Hamiltonian are /3 (inverse temperature), J (coupling strength)
and h (magnetic field). Finally Z]I\S,i“g;w’i is the partition function given by

Z]I\s[ing;@.,:t _ Z e,Hﬁing;ﬂ,i(a[O)N])'
00,...,oN==%1
The measures uINS“‘g’@’i have a unique (not depending on the right boundary condition)

weak limit as N — oo which we denote by p3*¢. The standard Ising model corresponds
to the potential (in the sense of [7])

U{i,i +1},0) = —=Jpooiy1, U{i},0) = —Bho;
which is shift-invariant, i.e.,
U(A+Z,U) = U(A,Gia), Vi € INo.

Notice however that because we consider the Ising model on 2y with free boundary
condition on the left end, the corresponding p5*¢ need not be shift-invariant (this is the
case only when h = 0).

3 The multiplicative Ising model

We define what we call the “multiplicative Ising model” with parameters 3 (inverse
temperature), J (coupling strength) and h (magnetic field) as the lattice spin system on
) with formal Hamiltonian

H(o)= -5 (Z Joioo; +hZoi>. (3.1)

i€N i€N
This corresponds to the potential
U({Z},O‘) = _Bho-ia U({272Z}7U) = _JﬁaiU% (32)

and U(A, o) = 0 elsewhere. This potential is invariant by the multiplicative shift in the
sense that
U(iA,0) =U(A,T;0)

forall AC NN, o € Q, i € IN. We shall simply say that it is multiplication invariant.

The potential U is of course non-shift invariant and long-range. The usual unique-
ness criteria for one-dimensional lattice spin systems do not apply, as well as the Do-
brushin uniqueness criterion (even for small 5); see [7] for the statements of these
criteria. However we shall prove later on that uniqueness holds.
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The Hamiltonian corresponding to (3.1) in the lattice interval [1,2N] with boundary
condition 7 is defined as

N 2N 2N
Hi(opon) = —B <Z Joiogi + th‘ + Z (01772¢)> .
i=1 =1

i=N+1

Further Hﬁ(a[m N]) stands for the Hamiltonian with plus or minus boundary conditions.

Finally let
N

2N
HY (01,2n) = Z(*Jﬂ)ﬂﬂzi + Z(*hﬂ)oi

i=1 i=1
be the Hamiltonian with free boundary conditions. Finally we introduce the correspond-
ing finite-volume probability measures ,u?\, and p7:

0 e*quir(U[l,’zN]) n 6*HX/(U[1‘2N])
pn(op2ny) = 7 , u(opan) = —m (3.3)
where ,
Zy=2%Bh) = Y e Hvlnaw (3.4)
01,...,02Nn==+F1
Zh =Z%(B.h)y = Y e HAlonam), (3.5)
O1,...,0oNy==E1

3.1 Layer spins

Let us put A = 0 from now on. As we sill see later, the case h # 0 can be taken into
account by a simple change of the a priori measure.
In [2] we introduced a natural and useful relabeling of ¢ spins. More precisely, to
a configuration o € ) we associate a sequence (7") of configurations in ), indexed by
odd numbers r defined by
T, = 0.1, i € Np. (3.6)

We call » € 2INg + 1 the layer index and 7 the one-dimensional coordinate in the layer.
We thus have the following picture for this layer representation:

7= 07 014 028 O76 0152 ce (layer index 7)
™= 05 0190 02 04 Oso ... (layerindex 5)
= 03 0g 012 024 o0ag ... (layerindex 3)
'= o0y 09 04 o083 o015 ... (layerindex1)

Then we can write

N
Zoiagi: Z Z TfTik_,'_l. (3.7)
i=1

1<k<N #:k2i<N
k odd

As a consequence, for r € 2Ny + 1 given, under the free-boundary condition measure
u?\,, we have

a(r/N) = [logy(N/7)]

EJP 19 (2014), paper 39. ejp.ejpecp.org
Page 4/19


http://dx.doi.org/10.1214/EJP.v19-3189
http://ejp.ejpecp.org/

Large deviations for multiplication-invariant potentials on lattice spin systems

spins in layer r which together form a standard one-dimensional Ising model on the
lattice interval [0,2(r/N)], with free boundary conditions at 0 and at the right end.
Different layers are independent.

Adding plus or minus boundary conditions in (3.7) yields

N 2N
Hﬁ(U[l,zN]) = - (ZO’iO’%i Z gi>
i=1

i=N+1
Y2(r/N)
= B2 > T | EThemn (3:8)
1<r<N i=1
r odd
i.e., each term in the sum over r gets exactly one extra term 71’/;2(T IN)+1- Consequently,

for k = 2r — 1 given, we have once more ¢ (k/N) spins in layer k which together are
a standard one-dimensional Ising model on the lattice interval [0,2(k/N)], with free
boundary condition at 0 but now with £+ boundary condition at the right end. As before,
different layers are independent.

3.2 Layer stationarity and multiplication invariance

In this subsection we prove a general relation between layer-stationarity and multi-
plication invariance. By theorem 1.1. in [9], a non i.i.d. process which is multiplication-
invariant such a process cannot be stationary and ergodic under shifts. In our context,
an example of such a multiplication invariant dependent measure is given by the multi-
plicative Ising model with h = 0, which indeed is not stationary under shifts, as we shall
see below.

Theorem 3.1. Let the relation between ¢ and T spins be as in (3.6). Suppose that
the {r",r € 2Ny + 1} form an i.i.d. sequence of stationary processes, i.e., for every
r € 2Ng+ 1, 77 = {7/ : i € Ny} is a stationary process, and for different r’s, 7" are
independent. Then the distribution of the corresponding o is multiplication invariant.

Proof. We have to show that under the conditions of the theorem, for every finite col-
lection of numbers pq,...,pr € IN, and m € IN the joint distribution of

(Umpl R Umpk)
coincides with that of
(Oprse s Opi)-
Write p; = r;2"* with r; € 2INg + 1, v; € INg, and m = s2“. Then, using (3.6) we have to

prove that the joint distribution of

T ie {1, k)

vit+u?
coincides with that of
i ie{l,... k}.

;0
Denote 11 =1y, < Ty, < --- < 1y, such that {rqy,...rx} = {rn,,...,m, }. Further denote
XY= (ryh, 1<i<kri=ry,)

and
Y= (1,01 <i<k,ry=1y,).

Then, by the independence of different layers, the joint distribution of

Toltw, 1 €{1,... Kk}
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coincides with the joint distribution of
®f_ XV
where ® denotes independent joining. Similarly, the joint distribution of

i e {l,... k}.

v

coincides with that of
Dy V.
Therefore, it remains to show that for each w the distributions of X% and Y% coincide,

but this in turn follows from the assumptions of the theorem, which imply that the layers
sr; and r; have the same stationary distribution. O

3.3 The infinite-volume limit ;2.

As a consequence of the correspondence between the ¢ and the 7 spins, and the
existence of the infinite-volume limit in each layer of 7 spins we have the following.

Theorem 3.2.

1. Unique limit measure: The measures 1, have a unique (n-independent) weak limit
(as N — oo) denoted by p.. This measure is called the multiplicative Ising mea-
sure on {—1,1}N. As a consequence, for the infinite-volume specification built to
the potential (3.2) corresponds a unique infinite-volume consistent Gibbs measure
(in the sense of [7]) given by the same pX{.

2. Independent Ising layers: Under pY, the T-spins defined by

i 0 r9i

forr odd, i € Ny, are independent and distributed according to the standard Ising
model measure pS*® with free boundary condition on the left.
3. Multiplication invariance: The measure p’. is multiplication invariant, i.e., for all

i € IN, o0 and T;0 have the same distribution.

Remark 3.3. It is also easy to see that for h = 0 the distribution of o; does not depend
on i (single marginal stationarity) but e.g. the distribution of 0;0;, does depend on i
(no full stationarity).

The infinite-volume measure p5"¢ is a Markov measure, by the nearest neighbor
character of the interaction. The transition matrix of the corresponding Markov chain
is given by
B — eG(a,b) <eb7é>
Yl S

where

ey is the unit vector (1,0), e_ the unit vector (0, 1);
- {-,-) denotes innerproduct;
fora,b e {-1,+1}

G(a,b) = B(Jab + hd);

- A > 0 denotes the maximal eigenvalue of the transfer matrix K with elements
given by
K(a,b) = eGlad)

with corresponding eigenvector é.
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The initial measure 7 of this Markov chain is given by the distribution of o; = T&, i.e.,
the first spin on every layer:

m(+1) = p¢(og =+1)
_ - ZUI,UN:il eﬁheﬁJaleﬁhcyl KN_l(O'l, GN)
N->oo ZUO’UN:il eBhoo KN (gq, o)

P T P e, ) e ) (3.9)
- Z b=kl AePh <ea7 ><€ eb> |

For h = 0 and using é = %(1, 1), A = e #/ 4¢P/, this gives m(+1) = 1/2, which coincides
with the stationary distribution of the Markov chain with transition matrix Q. In that
case, the distribution on layers p3¢ is stationary under the shift. As a consequence, by
theorem 3.1, the measure ;2. is multiplication invariant for » = 0.

This is no longer the case for h # 0. Notice that except for J = 0, the measure u2.
is not stationary under the shift. E.g. the joint distribution of o1, 05 and o3, 04 are not
equal because 01, 02 are two neighboring spins on the same layer, whereas o3, 04 are on
different layers and hence independent.

From the Markov property of x%"¢ we have the following formula for the cylinders
of the layer Gibbs measures

k—1

5 (10, - ) = log (o) + D log Qi i) (3.10)
=0

log 11

with the convention that the sum is zero if empty. This formula is useful, in e.g. the
computation of the entropy of the multiplicative Ising model.

3.4 Free energies

Let b € {(), +}. We are going to compute the free energies

fP = lim —logZN

N—oo N

where the Z3;’s are defined in (3.4) and (3.5). Letting
Z}:‘;ng;®7b _ Z e*H}iing;b,i(g[o,N])
00,...,oN==%1

we get, using (3.6) and (3.8),

sing;0,b
2% =11 2zl (3.11)
k<N
k odd

The following lemma will be useful now and at several places later.

Lemma 3.4. Let ¢ : Ng — R be a measurable function such that there exist C > 0 and
g > 0 such that |¢(n)| < Cn? for all n € INy. Then we have

o0

1 , .
R Z ¢ ([logy (N/i)]) = ooz O(P)- (3.12)
1<i<N =0
7 odd
EJP 19 (2014), paper 39. ¢ip.ejpecp.org
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Proof. Since |¢(z)| < x4, it suffices to take the limit along the subsequence N = 2.
Then
1 25+1
ngnoo— Z ¢ (|logy(N/i)]) = hmoo2—K Z Z oK —s—1)
1<i<N 0<s<K—1 r=2°
i odd r odd
. 1 s—1 _ 1 1
= lim o Y G(K—s—127 = lim Y g ¢(K -5 1)
1<s<K—1 1<s<K—1
K-2 1 o] 1
= Jlim Z op+2 ¢(p) = 2) op+2 ¢(p)
- -
O

As an application of lemma 3.4 and (3.11), we obtain for the free energies of the
multiplicative Ising model
=1 .
b __ sing;0,b
2= gprslog Zym (3.13)
p=0

with b € {§), £}. We could derive more explicit expressions for f° (see [2] for instance),
but here we just notice that, contrary to what one is used to in the shift-invariant con-
text, here the free energy is depending on the boundary conditions. This is due to the
non-shift invariant and long-range character of the interaction.

4 Large deviation properties of ;]

Gibbs measures with shift-invariant potentials satisfy nice large deviation proper-
ties, where the large deviation rate function is given by the relative entropy density,
and the corresponding logarithmic moment-generating function given by a difference
of free energies, see e.g. [7]. In the present context, the natural invariance is multi-
plicative rather than additive, and so other large deviation properties will appear, and
the natural quantities that are satisfying large deviation properties will be finite-volume
Hamiltonians associated to a multiplicatively invariant potential.

4.1 Free boundary conditions

As a warming-up example we consider the large deviations of the normalized sums

SY1 S
T

i=1

under the measures /LN on {-1, 1} [1.2N] defined in (3.3), each of them corresponding
to the multiplicative Ising model in the lattice interval [1,2N] with free boundary con-
ditions. In the shift-invariant context the large deviation rate functions, as well as the
entropy in the thermodynamic limit, do not depend on the boundary conditions. Here
this is not the case. The free-boundary case is the easiest.

The free energy partition function is related to the free energy partition function of
the standard Ising model via the correspondence (3.6).

We can use the Gartner-Ellis theorem (see [3]) and first compute, using (3.13) and

EJP 19 (2014), paper 39. ejp.ejpecp.org
Page 8/19


http://dx.doi.org/10.1214/EJP.v19-3189
http://ejp.ejpecp.org/

Large deviations for multiplication-invariant potentials on lattice spin systems

(3.4)
F(t) = lim log]EH?V (ef5§v2>>
- Z3(B+1)
= 1 —1 N 2 t) — 0
o0 ZIsing;@,(Z) t
- Z 217]:&-2 log - I‘;ing'm(f—’_ ) (41)
p=0 Zp " N(B)

where Z;,S‘“g?wvw(ﬁ) is the partition function of the standard Ising model in [0, p] with free

boundary conditions:
sing Pl sio;
ZII) gﬂﬂ(ﬁ) — Z »821:0 0i0i+1
00,...,0p==%1

where p > 1. From (4.1) we obtain existence and differentiability of F'(¢f) and we thus
can conclude that S](\?) /N satisfies the large deviation principle under the measures u?\,
with rate function I given by the Legendre transform of F: I(x) = sup,cy (tz — F(t)).

Similarly, we can easily obtain a formula for the “free boundary condition” entropy
in the thermodynamic limit, using lemma 3.4:

L(8) = Jim - ()

N—o0

. 1
=~y N Z 1 (o71,28) Jog e (o71.,287)
01,...,0oN==%1

. 1 0
= _1\}gnooﬁ (Bdﬁ logZN logZN>

Z Imng @ )
- 2p+2 Spt1

where
syt (B) = (ﬂ 751082, (8) ~ log Z;fi“g?@v@(ﬁ))

is the entropy of the standard Ising model with free boundary conditions in the lattice
interval [0, p).

4.2 Kolmogorov-Sinai entropy

In the context of shift-invariant Gibbs measures, the free energy does not depend
on the boundary condition, and therefore, neither do large properties of sums of shifts
under a shift-invariant Gibbs measure. In the multiplication invariant context, the ther-
modynamic formalism is different, as we have already witnessed in the computation of
the free energies for + boundary conditions, which depend on the boundary condition.

To start with the study of the thermodynamic properties of 12., let us first consider
its Kolmogorov-Sinai (KS) entropy. First notice that by the fact that p2) factorizes over
different layers of 7 spins, we have

Isin
log 1122 = > log S (r] o T )
1<r<N
r odd
Denote by
sppt = —I lsing (log pZ¢ (10, .+ ., Tk))
EJP 19 (2014), paper 39. ejp.ejpecp.org
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the entropy of cylinders of length £ + 1 under the measure p¢. Then, using lemma
3.4, we obtain the following explicit formula for the KS entropy of ;2%

1 S
= Jdim 7 By log pge (071,5) = > JR7E Skl
k=0
To obtain a more explicit formula in terms of the transfer matrix, we use the Markov
structure of the layer Gibbs measure p3"s.
Now, using lemma 3.4 and (3.10) we obtain
1
- s(ug@ — lim B,y (log uwwu )

N—oc0

= E e (log pi(m0)) + hm - Z Z B iing (log Q(7i, Tiv1))

1<T<N 0<i<tpa(r/N)
r odd

] k—1

1 1

= 5 B, ane (log pi™* (0 Z SiTs D B s (log Q(74, Tig1))-
k=1 1=0

Using the elementary formula

and 7 (7g) = pkir=(1y), where « is defined in (3.9), we obtain the following explicit for-
mula

s(Hoo) = %( (+1) log w(+1) + (1) log w(—1))
_% bZi m(a)R(a,b)Q(b, c) log(Q(b, ¢)) (4.2)
where e
R(a,b) == gzél Qla, b)F — % (1 B Q(Z’b))l.

Remark 4.1. 1. When J = 0,h = 0, the measure ul. is nothing but the product
measure giving weight 1/2 to +1 whose entropy is log2. Formula (4.2) indeed
gives log 2.

2. Ifh =0 then L1
s(tae) = 5T gH(Q)
where H(a) := —aloga — (1 — a)log(l — a) and a := (1 + e~287)~L If we fix B8J

such that IE,u (0102) = v then choosing a = 1777 yields
1 1. [1—~
M
=-+-H(—1).
) = 5+ 5 (157

This corresponds to the Hausdorff dimension of the level set (see [5])

SR
{cr : nl;rrgo - ZO’Z'O'% = 'y}
i=1
and shows that 1)} is the natural measure concentrated on this level set. In gen-
eral, however, the telescopic measures constructed in [5] tailored for the multi-
fractal analysis of multiple ergodic averages are different from the Gibbs mea-
sures we introduce in this paper for the purpose of large deviations.
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4.3 The pressure of first-layer functions

In order to obtain large deviation results for “ergodic averages” of the form % Zfil T f
under the measure p2l, i.e., the infinite-volume multiplicative Ising model, we will heav-
ily rely on the independent layer decomposition. We will therefore have to restrict to
functions f such that their ergodic sums Zi\; T; f are consistent with this independent
layer structure.

Definition 4.2. A continuous function f : 2 — R of the o’s is called a first-layer function
if there exists a continuous f* : Qy — R of the 7’s such that f(o) = f*(r'), i.e., if f
depends only on the spins in the first layer.

For such a first-layer function we have

N
S Tif(0) > > T flo)
i=1

1<k<N 0<i<12(k/N)
odd

Z DR A G (4.3)

1<KkSN 0<i<ysz(k/N)
k odd

We then define the pressure of a first-layer function w.r.t. multiplicative Ising model
as follows. Let us first define

* k S
Pl (£7) = log B e (ezlzo 6.1 )

Since pZ*¢ is a one-dimensional Gibbs measure with nearest-neighbor interaction, we
have the estimate

Pl (f*) < Ck. (4.4)
Next define
.1 N
,PM(fLLL&) = ]\}E}noo N IOgE#% (621:1 f) .

Then, using (4.3), (4.4) and lemma 3.4 for f a first-layer function we have, using the
independence of the 7 spins for different layers, and the fact that they are distributed
according to the one-dimensional Gibbs measure p3"*

/ — 1 i
PY(flrse) = Z oFi Pjgng(f ).
k=0
We have the following result.

Theorem 4.3.

(a) Under the measure pY., for every first-layer function f, the random variables
N
1
-5 Z
satisfy the large deviation principle with rate function

It () —3161]1;( —PY(tflps)) -
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(b) Moreover, they satisfy the central limit theorem, i.e.,

1
QK#XNU)—EAXNU»%%ANQU%
where — means here convergence in distribution, and where
2o O L i (Bt (TifT5 ) = (B (£))%)
7= de2 =0 z\rgnoo]\fij:1 pd\LiJ L uld :
Proof. (a) We have
deIsing (f*)
Mo <k

dt

for some constant ¢ > 0 and for all k. Hence the function ¢ — P (¢ f|pll), t € R, is
continuously differentiable. The result follows from Gartner-Ellis theorem [3].

(b) By complete analyticity of one-dimensional lattice models with finite-range inter-
action [4], it follows that there exists a neighborhood V C C of the origin and
C > 0 such that forall k € IN

1

<C.
. <C

sup

Pklsing (Zf*)
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Therefore the map z — P (zf|ul) is well defined for z € V and one can apply
Bryc’s theorem [1].
O

We can push the large deviation result of theorem 4.3-(a) a bit further. Indeed,
using that first-layer functions form a vector space, we obtain a large deviation princi-
ple of the variables Xy (f) jointly in any finite number of f’s. More precisely, for any
choice f1,..., fx first-layer functions, the random vector (Xn(f1),... Xn(fx)) satifsfies
the large deviation principle with rate function

u&>>~

k k
Ipy (@1, - ) = sup (Z zit; — P (Z tifi
i=1 i=1

We can then take the projective limit, i.e., induce on the space of probability measures
2() the topology induced by the maps p — [ fdu with f a first-layer function. Then
by Dawson-Gartner theorem [3, p. 162], we have that the random measures

1 N
— 07,0
JVEQ:T

satisfy the large deviation principle with rate function

o) = sw ([ =),

f: first-layer function

This can be considered as the analogue of relative entropy density.
Let us now consider some applications of theorem 4.3. For the choice f(o) = o1 we
have f*(r!) = 74

N N
Z T.f = Z oi
=1 =1
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i.e., we have the large deviation principle and the central limit theorem for the mag-
netization of the multiplicative Ising model. Choosing f(o) = o, we have f*(7!) = 7,
and more generally fi(0) = 0,1, we have f;(r!) = 7}, i.e., we have the large deviation
principle for sums of the form

1 N
— 0ok
N; 2

i.e., for the magnetization along decimated lattices.

For the choice f(o) = 0102 we have f*(r!) = 7l 7] and

N N
E Tif = E 002
im1 i=1

The function f(o) = o103 is however not a first-layer function and therefore, the large

deviations of
T
~ Z 0i03i
N i=1

do not follow from Theorem 4.3.

5 One-dimensional multiplication-invariant Gibbs measures

The theory developed so far for the multiplicative Ising model quite easily general-
izes to one-dimensional multiplication-invariant Gibbs measures of ¢ spins, such that
the corresponding layers of 7 spins are in the uniqueness regime. Informally speaking,
this means Gibbs measures with formal Hamiltonians

Y > Ja]] o (5.1)

ieEN A jeA
where the second sum runs over finite subsets of INy. E.g. formal Hamiltonians
E 0i02; + 0;04i + 0;02,08;
ielN

are included but not e.g.

ZUiazi + 003

ielN
which will later be called a two-dimensional model. We choose here to work with powers
of 2 in (5.1), this can be replaced without any further difficulty by any prime number.
The essential point is that in (5.1) only powers of a single prime number appear, which
makes the models one-dimensional.

5.1 One-dimensional potentials

To define the Gibbs measures with formal Hamiltonian (5.1) more precisely, we de-
fine a potential U(A, o) to be a function of finite subsets A of IN such that

1. U(A, o) depends only on o 4.
2. ) 5imax,, |U(A,0)| is finite for all i € IN.

We call such a potential multiplication invariant if

U(iA,0) =U(A,T;o)
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forall A C IN, o € Q, i € IN. To construct examples of multiplication invariant potentials,
we can start from a “base” collection {.J4, A € A} of interactions and then define

U(iA,0) = Ja || Tio(5) (5.2)

JEA

and U(B,o) = 0 for B not of the form iA, A € A,i € IN. For the multiplicative Ising
model we had A = {{1,2},{1}}, J{1,2y = —fJ, J13 = —Bh. We will from now on restrict
to such potentials, which is the case of +1 spins is not a restriction.

We call a potential one-dimensional if the set U4c 4 A contains powers of at most a
single prime, which we choose here, without loss of generality to be 2, in other words if

Uacal = {2“,2”,...}.

We then have the natural correspondence of the potential U in (5.2) with the shift-
invariant potential
V(A+io)=Ja]] bic())
jeA
for i € Ny, o € Qp, and V (B, o) = 0 for sets not of the form ¢ + A.

We call a multiplication-invariant potential U(A, o) layer unique if for the corre-
sponding potential V' there is a unique Gibbs measure pY, on )y in the sense of [7].
Notice that the configuration space )y corresponds to free boundary conditions at the
left end, and so in general despite shift-invariant potentials V/, the corresponding unique
Gibbs measure will not necessarily be stationary under the shift.

We then have, in complete analogy with theorem 3.2, the following result.

Theorem 5.1. Let U be a multiplication invariant one-dimensional layer unique po-
tential. Then U admits a unique Gibbs measure pY, which is multiplication invariant.
Under this measure, the layer spins defined by

T ]
T, = Opoi

r € 2IN 4 1 are independent for different r and distributed as the unique Gibbs measure
with potential V on €.

As an example, consider V the long-range Ising model: V ({i,j},o) = J(|j — i|)o0;,
with > nJ(n) < oo. Then the corresponding multiplication invariant potential U is
given by U({r2¢,r27},0) = 0,9:0,0: J(|j — i).

5.2 Large deviations in the general one-dimensional layer unique context

The large deviation properties of sums of the form % Zf\i 1 T f are obtained just as
in the case of the multiplicative Ising model. I.e., defining for f a first-layer function
the pressure

1 N
M . SN T
PY(flud,) = "hm N log E,u (e i= f)

we have
oo 1 .
PM(fluss) = ZW P,]fgc(f )
k=0
where

P,l]:& (f*) == 10g IEUXQ <62§:0 ng*) .

As a consequence, under uJ, we have the same results as in theorem 4.3.
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6 Higher-dimensional models in the uniqueness regime

Let us start now from a multiplication-invariant potential as constructed in (5.2) from
a collection {J4, A € A}. Let us denote, for a such a collection the set Usc4A = S(J).
Let us further denote by P(J) the set of primes appearing in the prime factorization of
all the numbers appearing in S(J). We assume that P(.J) is a finite set. We denote by
d = d(J) = |P(J)| and call this the dimension of the underlying model and we order
P(J)={p1,p2,...,pa} With p; < ps < --- < pg. The analogue of the layer decomposition
then goes as follows: we write every number i € IN in a unique way as

d
=1l
i=1

where z; € Ny, r € IN, r not divisible by any of the primes p1,...,pq (the set of all such
7 is denoted by K(p1,...,pa4)). We further denote, for N € Nby A7~ the set

d
A;17~~<7pd§N = {(xl,...,zd) € (]Ng)d : ’I"pri < N}.

i=1

We then have that the Gibbs measure in the lattice interval [1, N] associated to the po-
tential U, with boundary condition # factorizes into a product over r € K(p1,...,pq), 7 <
N of independent Gibbs measures on the sets {—1, +1}A;1 ----- raiN associated to the cor-
responding shift-invariant potential V, with free boundary conditions on the “left” and
more “complicated” n-dependent, (and for our purposes here unimportant) boundary
conditions on the other ends.

We assume now the following:

Definition 6.1. We call the potential U layer unique if the corresponding potential V
d
has a unique infinite-volume Gibbs measure %, on Qg 4 = {—1,1}No)",

From the layer decomposition of the finite-volume Gibbs measures, and the unique-
ness of infinite-volume limits on each layer, we obtain the following analogue of theorem
5.1.

Theorem 6.2. Let U be a multiplication-invariant potential with associated shift-invariant
potential V. Assume that U is layer unique. Then there exists a unique Gibbs measure
nY, associated to U on the configuration space ) = {—1,1}N. Under this measure uZ,,
the T spins defined by

T.;l,...,.’lﬁd = UT ngl pfi? (6'1)
r € K(p1,...,p4), x; € Ng, form independent copies (with respect to r) of the measure
-
6.1 Pressure and large deviations

In order to obtain the analogue of theorem 4.3 in the d-dimensional case, we need
the following lemma which is proved in [10].

Lemma 6.3. Let ¢ : Ny — R be such that there exist C > 0 and ¢ > 0 such that
|¢(n)| < n? for all x € INy. Then there exist a constant x € (0,1) and functions, p*,p~ :
IN — [0, 00) such that p*(¢) > p~(¢) > 0 for all ¢ and such that

1 , ) ot ) ars
Jm o 3T A ) =R (7O e D) 0G). (62)
re(p1;-..,pa) j=1
1<r<N
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Here p—, pT are defined by

p~(6) = inf{p>0:[D(p)| =}
pt(6) = sup{p>0:|D(p)| =}
with
d
D(p) = {(:cl,...,:z:d) : me log(pi) < P}
=1
and
1 1 1 1 1 1 1
= .« e :1_7_7 - F T _1d7-
k= K(p1,.-,Pd) 2 3+2><3 5+2><5+3><5+ + )pl...pd

Remark 6.4. Notice that in general we have the bound p~ (¢) > (¢*/¢ —1)log(2), ensur-
ing the absolute convergence of the series in (6.2). In the particular cased =1, p; = 2,
we have e—? () — ¢=r () = ﬁ k = 1/2, consistent with our previous result (lemma
3.4).

We now define the analogue of the finite-volume pressures on layers. For a first-
layer function f : Q — R, i.e., a continuous function depending only on 7! defined in
(6.1) (f(o) = f*(71)), we define

”
Pl pg; N

Notice that this function, as a function of 7 and N only depends on [A} v (cf. [10]).

Hence, if [A]  n|={ we define
UV =Py (V).

We can therefore use lemma 6.3 to obtain the following result. Define the pressure of a
first-layer function w.r.t. the unique Gibbs measure with potential U as before

,,,,, pa;N

1
PY(flul) = lim —logE,g (e=57). (6.3)

Theorem 6.5. Let U be a layer-unique d-dimensional multiplication invariant potential,
and f a first-layer function. Then the limit defining the pressure (6.3) exists and is given

by
'PM(fmgo) = K;Z (efp_(j) _ 6*P+(j)) \I/](f*‘V)

j=1

As a consequence, the random variables
1

Xn(f) = N ; T:f

satisfy the large deviation principle with rate function
I(z) = sup (tz — PM(tf|ugo)) .
teR

Remark 6.6. jJust as in the one-dimensional case, by considering joint large deviations

of Xn(f1),-..,Xn(fr) and taking a projective limit, we have the large deviation princi-
ple for the random probability measures
| X
~ 2 Ore
i=1

in the weak topology induced by first-layer functions.
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6.2 Dimensional extension and general large deviations

We can extend the large deviation principle in the following way. Suppose e.g. we
want to obtain the large deviation principle of
1N
NZJiU% +0'1'0'31' (64)
i=1
under the multiplicative Ising model with A = 0,5J = 1 (for simplicity). We can view
this multiplicative Ising model as the model with formal Hamiltonian
Z 0;02; + 0.0;03;
i
i.e., a two-dimensional model consisting in each layer of independent copies of u2.. The
corresponding two-dimensional shift-invariant potential is

V({(xlva)v (1'1 + 1,&82)},7’) = Tz, Te+1

and V(A,7) = 0 for other subsets A, i.e., the potential has only interaction in the z;
direction. This model is of course still layer unique, and hence we have the large devi-
ation principle for (6.4), because it is now a first-layer function in the two-dimensional
model.

More generally, suppose that we have a layer unique Gibbs measure ;15 correspond-
ing to a d dimensional multiplication invariant potential, and we want to prove the large

deviation principle for
N
1
N2 TS
i=1

where f is a local function, i.e. a function depending only on a finite number of coordi-
nates. Since f is local we can write

f=> Jsos
B
where op = [],.50; and where the sum over B runs over a finite number of finite
subsets B C IN. Let us call 7y, ..., 7, the primes involved in the prime decomposition

of UB and py, ..., pq the primes associated to the potential U. Then, to study the large
deviation of % Zf\;l T;f, we go to a higher dimensional model associated to the primes
{1, smyU{p1, .. pa} == {p1,- -, Pd, Pjyy1s - - - » Py }» COnSisting of d’ non-interacting
layers distributed according to pY . This new model is of course still layer-unique (as we
have not added any new interaction), and f is a first-layer function in the new model.
Therefore, % Zf\il T; f satisfies the large deviation principle under 2.

As a conclusion, for a layer-unique multiplication-invariant potential U, we have the
large deviation principle for (4 Ef\; 1 T; f)~ for every local f. Because the set of local
functions is dense in the set of continuous function for the sup-norm topology, we can
summarize our observations in the following theorem.

Theorem 6.7. Let uJ, be a layer-unique Gibbs measure with a multiplication-invariant
potential U. For any local function f, P (f|uY,) exists and the sequence (4 ZZIL T:f)n
satisfies the large deviation principle with rate function

Is(z) = sup (t:c — PM(tfmgo)) )
teR

As a consequence, by taking the projective limit, we have that the sequence of random
measures (% Ef\; 1 07,0) N satisfies the large deviation principle in the weak topology
with rate function

200t) = swp ([ ar-Pis)).

f loca
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6.3 A Shannon-McMillan-Breiman theorem

In Subsection 4.2 we computed the Kolmogorov-Sinai entropy of the multiplicative
Ising model. Here we prove the corresponding almost-sure convergence in the more
general context of layer-unique Gibbs measures in dimension one. Then we explain
how to extend it, in the same spirit as we did for our large deviation results.

Theorem 6.8. Let U be a layer-unique one-dimensional multiplication invariant poten-
tial and 3, the corresponding Gibbs measure. Then uY -almost surely, we have

oo

1 1
where
S/‘C/-‘rl = _EM‘D/O (log :ugo(T(h ceey Tk)) :

Proof. We are going to use the large deviation principle for the sequence (— ﬁ log 1%, (o71,n57)) N
and consequent strong law of large numbers.
We again use the following formula

1Og/‘l’oo o, N] Z logﬂ“oo 7_07'~'7T122(T/N))'
1<r<N
r odd
As a consequence, using the fact that different layers are independent and have the
same distribution u}_, we have for every t € R

Fy(t) := logIE“go (e*tlog#i(a[l,m))

E log E,,v (e—tlogu;(m,...,rwg(,./m)) )

1<r<N
r odd
Because . is a Gibbs measure, there exist strictly positive constants c;, ¢ such that
for all k&
e~k <V (9,...,m) < e 2k, (6.6)

It follows from lemma 3.4 that

o0

. 1 1
F(t):= lim NFN(t) = Z oFT2 Sp41(t)
k=0

where
siy1(t) :==log By [(n% (70, m)) "]

The map ¢ — s;/,; (t) is continuously differentiable and strictly convex for every k. More-
over,

d ol B 0)
aSkJrl( )| = E,y (")
S Clk
where Yy, = —log u¥ (70, ..., 7%). Therefore F is strictly convex and continuously differ-
entiable. By Gértner-Ellis theorem (see [3]) the sequence (—+; log 1%, (o71,5))) v satisfies

a large deviation principle with a strictly convex rate functlon As a consequence, we
have exponential convergence and by the Borel-Cantelli lemma, the strong law of large
numbers. O
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Remark 6.9.

1. In the spirit of Theorem 6.5, we can easily extend the previous theorem to layer-
unique d-dimensional multiplication-invariant potentials, but the analogue of for-
mula (6.5) is quite cumbersome.

2. The theorem is valid beyond Gibbs measures, namely if the different layers are
independent and have the same distribution and estimates (6.6) hold, then the
same proof works.
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