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Abstract

We consider a family of centered Gaussian fields on the d-dimensional unit box, whose
covariance decreases logarithmically in the distance between points. We prove tight-
ness of the recentered maximum of the Gaussian fields and provide exponentially
decaying bounds on the right and left tails. We then apply this result to a version of
the two-dimensional continuous Gaussian free field.
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1 Introduction

Main result

Let { (Y :2 €[0,1]%)}__, be a family of centered Gaussian fields indexed by the d-

dimensional unit box [0, 1]¢, where d is any positive integer. Suppose that the family
satisfies, for some constant 0 < Cy < oo and all z,y € [0,1]¢, € > 0,

[Cov (Y7, Y) + log (max{e, [z — y||})| < Cy (1.1)
and

B[V = V2P| < Ove o=yl if o -yl < (1.2)

where ||-|| is Euclidean distance. Display (1.1) implies that the covariance is logarithmic
for distant points and that the variance is nearly constant. The second condition is im-
posed so that the field does not vary too much for close points. Display (1.2), basic rela-
tions between the moments of Gaussian random variables and Kolmogorov’s continuity
criterion (see [1, Theorem 1.4.17]) imply that the fields have continuous modifications.

When d = 2, an example of a field satisfying (1.1) and (1.2) is the bulk of the mollified
continuous Gaussian free field (MGFF), which will be defined in Section 3.1, and will be
the object of our attention in Section 3.

Set m. = mcq = V2dlog(1/e) — \3/% loglog(1/e). The main result of this paper is:
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Log-correlated Gaussian fields

Theorem 1.1. There exist constants 0 < ¢,C < oo (depending on Cy and d) and a small
€0 > 0 (depending on Cy and d) such that, for all e € (0, ¢y] and all A > 0,

e
Theorem 1.1 implies, in particular, that {max,cj e Y —mc : € € (0,¢]} is tight and
that, for all € € (0, €],

max Y —m.
z€[0,1]¢

> /\) < Ce A (1.3)

‘E{ max Yf] —me| <C

z€[0,1]4

for some constant C' depending on Cy and d.

The main idea of the proof of Theorem 1.1 is to use Slepian’s Lemma (see [2, Theo-
rem 2.2.1]) to compare the maximum of the field Y, with the maximum of the modified
branching Brownian motion (MBBM), which is a continuous time version of the mod-
ified branching random walk (MBRW), a field introduced by Bramson and Zeitouni in
[3]. Since Slepian’s Lemma only allows comparison of fields with the same index set, we
will add an appropriately chosen independent continuous field to the MBBM. Adding an
independent continuous field to the MBBM does not change the maximum much, pro-
vided the continuous field is small and smooth enough. These fields are defined in detail
in Section 2.1. After defining the fields, we compare the right and left tails in Sections
2.2 and 2.3, respectively. We then show, in Section 3, that Theorem 1.1 implies tightness
of the recentered maximum of the MGFFE.

A comment on constants: ¢ will always denote a small positive constant and C' will
always denote a large positive constant. Both constants are allowed to change from line
to line. The dependence of the constants will be explicit or will be clear from the con-
text. The phrase “absolute constant” will refer to fixed numbers that are independent
of everything.

Related work

Our approach is motivated by recent advances in the study of the two dimensional
discrete Gaussian free field (DGFF). In [3], Bramson and Zeitouni computed the ex-
pected maximum of the DGFF up to an order 1 error and concluded tightness of the
recentered maximum. In [4], Ding obtained bounds on the right and left tail of the re-
centered maximum of the DGFF. Later on, in [5], Bramson, Ding and Zeitouni proved
convergence in distribution of the recentered maximum. The approach of this line of
research is to use first and second moment methods, together with decomposition prop-
erties of the DGFF, to obtain good estimates on tail events. Previous work on the DGFF
includes [6], where Bolthausen, Deuschel and Giacomin obtained asympotics for the
maximum of the DGFF, and [7], where Daviaud studied the extreme points of the DGFF.
On the other hand, previous work on the continuous Gaussian free field (CGFF) includes
[8], where Hu, Miller, and Peres studied the Hausdorff dimension of the “thick points”
of the MGFF, which are closely related to the work of Daviaud. We also mention [9] for
a nice discussion of Gaussian fields induced by Markov processes, and [10] for a survey
on the CGFF.

Our main result implies, in particular, an analog of [3, Theorem 1.1] for the MGFF.
Our approach consists on extending the MBBM by Brownian sheet, so that it is pos-
sible to compare the extended field with scaled log-correlated continuous fields. Log-
correlated Gaussian fields are subject of current interest (see [11], [12], [13]). In par-
ticular, in [12], Madaule proved convergence for stationary centered Gaussian fields
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(Ze(z) : € [0,1]%) whose covariance satisfies
log(1/¢)
Cov(Z(0), Zc(x)) :/ k(e z)dr,
0

where the fixed kernel k£ : R? — R is of class C!, vanishes outside [—1,1]¢, and sat-
isfies k(0) = 1. Theorem 1.1 has weaker conditions on the covariance structure, and
consequently, only tightness is achieved.

In [13], the authors proved the so called “Freezing Theorem for GFF in planar do-
mains” for a sequence of Gaussian fields approximating the continuous GFF by cutting-
off white noise, so that the covariance kernel is proportional to the function G; :
[0,1]% x [0,1]* — R given by

oo
Gi(z,y) = /_tpa[o,l]z(nx,y)dn
where py(o,1)2(7, z,y) is the transition probability density of a Brownian motion killed at
0[0,1]2. In the present paper, we consider a sequence of fields approximating the GFF
by mollifying the Green function (see (3.5)), and we prove tightness. Convergence for
the MGFF is expected to follow by adapting of the arguments given in [5].

2 Comparison to the MBBM
2.1 Auxiliary fields

In this subsection, we rigorously introduce the fields we mentioned in Section 1. A
few properties of these fields will be stated; the proofs of these properties will be given
in the Appendix.

In order to define these fields, it will be notationally more convenient to use [0,1)%
instead of [0, 1] as the index set. This will not affect the main result because the supre-
mum of Y, over [0, 1)¢ is the same, due to continuity, as the maximum over [0, 1]%.

Modified branching Brownian motion

We first divide [0,1)? into boxes of side length e > 0. Let V. = (eZ%) N [0,1)¢ and, for
V= (0;),cicq € Ve, let O = ([T, <;<4lvis vi +€)) N [0,1)%. Moreover, if z € O, let [z] := v.
The set V. is, of course, a discretized version of [0, 1)%.

We now define the modified branching Brownian motion (MBBM) as the centered
Gaussian field {€7(¢) : v € V,,0 <t <log(1/e¢)} with covariance structure

/ min{t,s} /
Con2(0).€2() = [ TT (= for— wil)sdr @.1)

1<i<d

forall 0 < t,s < log(1/e) and v,u € V., where (-)
&0 = £ (log(1/e).

Note that, for each point v € V., the process (£{!(t)), is a standard Brownian mo-
tion. Moreover, for each pair v,u € V., the Brownian motions are correlated until
t = —log |lv — ul|,, at which time their increments become independent. The end time
is ¢ = log(1/e), because, for the “usual” d-ary branching Brownian motion, it takes
log(1/€) units of time to generate |V,| particles (see the proof of Proposition 4.3 for a
definition of the usual d-ary branching Brownian motion).

It will be proved in the Appendix (see Proposition 4.1) that the MBBM exists and
that it satisfies

4 = max{-,0}. For simplicity, write

Var(gY) =log(1/e) (2.2)
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and, for v # u (so that |[v — u|| > €),
—log|lv —ull, = C < Cov(&l, &) < —log |lv —ul[ (2.3)

for some constant C depending on d. The MBBM also satisfies (see Proposition 4.2)

P (mang > m€> >c>0, (2.4)

vEVe
where c is a constant depending only on d. It will also be proved in the Appendix (see
Proposition 4.3) that there exist constants 0 < ¢, C' < oo (depending on d) such that

1/2

P (maxﬁé’ > me + z> <C (ed |A\) e~ % (2.5)
vEA

forall A C V,, z € R and € > 0 small enough, where |A] is the cardinality of A.

Brownian sheet

As mentioned before, we will need an additional continuous Gaussian field. For z =
(zi)1<i<d € Ri, let 4 denote the centered standard Brownian sheet. Recall that it
satisfies

E[yp ] = [ min{z;,y}.

1<i<d

Define a new field (¢Z : z € [0,1)¢), depending on a parameter p > 1, as follows: for
v € V,, let | be the linear map from OV onto [p, 2p)? sending v to (p)i1<i<da = (p,p, .- -,D)-
Set

Wz e’ 2 (wr) e Dg) = (" x € [p,2p)%) (2.6)

for each v € V., and choose 37 and ¢? to be independent if [z] # [y]. Note that the
collection of fields {(¢¢ : x € [)Y)},y. consists of i.i.d. copies of Brownian sheet on
[p, 2p)?. Using the covariance structure of the Brownian sheet, it is not hard to see that

p? < Var (¥7) < (2p)? (2.7)

for all z € [0, 1)d, and that (see Proposition 4.5)

Pl =yl < B |0 — )] < @) o -y, 2.8)

for all [x] = [y]. Note that p can be chosen as large as desired.

To understand the motivation behind the previous definitions, we invite the reader
to compare the bounds (1.1) and (1.2) with (2.3) and (2.8), respectively. These bounds
will be used in the next sections.

We now proceed to the comparison of the right and left tail of the maximum of the
field Y, (which was defined in Section 1 and satisfies (1.1) and (1.2)) and the maximum
of an appropriate combination of the fields & and . (which will be specified in the next
section). Note that we will only use Brownian sheet when comparing the right tail; for
the left tail, we will compare directly the MBBM with the field Y, on a discrete index
set.

EJP 19 (2014), paper 90. ejp.ejpecp.org
Page 4/25


http://dx.doi.org/10.1214/EJP.v19-3170
http://ejp.ejpecp.org/

Log-correlated Gaussian fields

2.2 The right tail
Recall from Section 1 that the field Y. satisfies (1.1) and (1.2), by definition.

Proposition 2.1. Fore > 0, let (¢ : v € V.) and (47 : x € [0,1)?) be independent fields,
defined as in (2.1) and (2.6), respectively. Then, there exist § > 0 small enough and p
large enough (depending on Cy and d) such that, for all ¢ > 0 small enough (depending
on Cy and d),

P ( sup YT > /\> <P ( sup  a(z)€ + ¢ > )\>

z€[0,1)4 z€[0,1)4

for all A € R, where a(z) := \/(Var(Y(;i””) = Var@?)) /Var( g[x])

Proof. We first make sure that Var(Y9%) — Var(y®) > 0, so that a(z) is well defined.
Note that (1.1) and (2.7) imply

Var(Y;?) = Var(yf) > log(1/e) +log(1/8) — Cy — (2p)* > 0

for all ¢ > 0 small enough (depending on Cy, d and p). As we will see in this proof, p
depends only on Cy and d, so a(z) is well defined for all ¢ > 0 small enough, depending
only on Cy and d.

We now check the hypotheses of Slepian’s Lemma (see [2, Theorem 2.2.1]). The
variances of the fields Y* and a(z)¢f”) + 47 are equal by the definition of a(x). We first
choose p so that a(x) < 1. Note that (1.1) and (2.7) imply

_ Var(yYg?) — Var(yg) _ log(1/e) +log(1/6) + Cy —p*

a(x) Var( 6[35]) = log(1/e) ,

so, by choosing p large enough (depending on Cy, d and 4), we obtain a(z) < 1, for all
x.
We now compare the covariance for points « # y, for which we distinguish two cases:
1. [z] = [y] (that is, OF' = O). In this case, (1.2) and (2.8) imply

2
B[(vr - v)| < Cv 697 100 - dull < e e =l < B (0 - 2]

<B | (at)d + vz - aty)el? - 02|

for p large enough (depending on Cy and d). The last inequality is due to the indepen-
dence between &, and ..
2. [z] # [y]. In this case, we can apply (2.3) and the independence between &, Lz]

and Q/JLy] to obtain
Cov(a(@)sf+u¢, a(y)e +4?) < a(w)aly)Cov(€™, €) < a(z)aly) (~log||[z] — ]l + C) .
But a(x)a(y) <1, so
Cov(a(@)¢l! +vf, a(y)e +9¥) < —log [a] — Il + C.
Note that — log ||[z] — [y]|| < —log (max {¢, ||z — y||}) + C. Applying (1.1), we obtain
—log (max {e, & = y|[}) + C < —log (max {d¢, |3z — dy||}) — Cy < Cov(Yy",Y5")
for some 6 > 0 small enough (depending on Cy). Proposition 2.1 follows now from

Slepian’s Lemma. O
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Proposition 2.1 provides an upper bound for the right tail of the supremum of Y.
taken over the 6-box §[0,1)?. The same proof works for any §-box. Therefore, a union
bound implies

d
P ( sup Yy > )\> < (;) P < sup a(x)El 47 > /\> (2.9)

z€[0,1)¢ z€[0,1)4

for all A € R.

We now provide an upper bound for the probability on the right hand side of the
previous display. We first prove an upper bound on the supremum of the Brownian
sheet.

Lemma 2.2. There exist constants 0 < ¢,C < oo (depending on p and d) such that
sup P [ sup ¢ > A | < Ce=’
veEVe xely

forall A\ > 0,e¢ > 0.

Proof. Let v € V.. Fernique’s Majorizing Criterion (see [14, Theorem 4.1]) implies that

E | sup ¢?

xely

< C sup / "/ Tog ((Bl@.)))dr

zedy

for some absolute constant C', where y is the normalized d-dimensional Lebesgue mea-
sure on [0V and B(z,r) = {y e E {(7/12” - 1/13)2} < 7’2}. But (2.8) implies

B(x,r) D {y ey (Qp)de_1 ly —z|, < 7“2} .

Therefore, p (B(z,7)) > cr?? for some constant ¢ > 0 depending on p and d. Applying
the previous display and Fernique’s Majorizing Criterion, we obtain

< C’/ v/ —log (cr2d)dr < C' < oo,
0

where C depends on p and d. Borell’s Inequality (see [2, Theorem 2.1.1]) and (2.7) imply

E | sup 97

xely

R
xelY

where C' is the constant obtained in the previous display. Lemma 2.2 now follows from
a change of variables. O

Proposition 2.3. Let p and § be as in Proposition 2.1. There exist constants 0 < ¢,C' <
oo (depending on Cy and d) such that

P( sup a(@)e + 47 > A+m | <Ce
z€[0,1)4
for all A > 0 and all ¢ > 0 small enough (depending on Cy and d).

Proof. By letting ¢ = sup. _ ) ¥?, we have

yent

sup a(z)€l + 9 < max a(z)el 4 yrlel,
2€[0,1) 2€[0,1)4
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The previous display implies

sup a(@)E 44T >m 4N = sup a(@)€D + 92 > m 4
z€l0,1)4 z€[0,1)¢

We now compute an upper bound for the right hand side of the previous display. De-
fine therandomsetsI'y ={ve V. : ¢¥}? € [y—L,y)} fory > 1,and 'y = {v € V. : ¢}? < 0}.
Note that

P ( sup a(z)¢ + > me + A) <> P ( sup a(x)¢l > me+ X - y) :

z€[0,1)4 y>0 x:[z] €Ty,

By the definition of a(x) and the choice of p and ¢ in Proposition 2.1,

_ Var(vg®) - Var(y?)

a(@) Var( e[w])

<1

)

and by (1.1) and (2.7),

o  log(1/€) +1log(1/8) — Cy — (2p)?
ale)” 2 log(1/¢)

for e > 0 small enough (depending on J, p, Cy and d, all of which ultimately depend on
Cy and d). Therefore, the last three displays imply

1
>
-2

P ( sup a(x)giw] + w:,[w] > me + A) < ZIP (mang >me+ A — 2y) . (2.10)

z€[0,1)¢ y>0 vely

But P (maxvepy E>me+ A — Qy) = E [IP (maxvepy & >me+A—2y| Fy)] Since .
and &, are independent, from (2.5) we obtain

P (ngé“é’ >me+A—2y | Dy) <C (e |ry|)1/2 e—c(A=2y)
v y
Then,
P (Hgﬁ? > me+ A — Zy) < CeA=2) (B [¢d |1, |]) 2. 2.11)

But, by Lemma 2.2, B[] = 3, ., P (" € [y — 1,y)) < Ce %", For y = 0, we
simply use |Iy| < ¢~ 4. Therefore, from displays (2.10) and (2.11), we obtain

P sup a(2)e + 5Bl >m 4+ 1] < Ce
z€[0,1)d

for some constants 0 < ¢, C' < oo (depending on Cy and d). O

Proof of Theorem 1.1, (1.3), the right tail. Display (2.9) and Proposition 2.3 imply that
there exist constants 0 < ¢,C < oo (depending on Cy and d) such that, for all e > 0
small enough (depending on Cy and d),

2
1
P ( max Yj. > me+ )\) < () P ( max a(z)Ef 497 > N+ m€> < Ce
z€[0,1)d 0 z€[0,1)d
It is easy to see from the definition that ms. < m. + C’ for some C’ depending on § and
d. Therefore,
P ( max Yil > mgse + A — C”) < Ce™ M

z€0,1)d

The upper bound (1.3) for the right tail follows by adjusting the constants. O
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2.3 The left tail

In this subsection we prove the upper bound (1.3) for the left tail. As previously
mentioned, we can reduce the set under maximization to a discrete set. More precisely,
if {D,. : € > 0} is any collection of subsets of [0, 1), then

P sup YT <me— A §IP(squf§m€—)\>. (2.12)
z€[0,1)4 z€De

If we select D, appropriately, we can perform a comparison with the MBBM using
Slepian’s Lemma.

Proposition 2.4. There exist §, p > 0 small enough (depending on C'y and d) such that

P < max Yy < A) <P ( max  b(u)¢d < )\)

uEVes, eV, Mp[0,1)

forall e > 0 and all A € R, where b(u) := /Var(Y3*)/Var(E*) foru € Ve N p[0,1)<.

Proof. Note that (1.1) and (2.3) imply that b(u) > log(l/e)géc(’fﬁ)/é)fcy, which is greater
than 1 for § > 0 small enough (depending on Cy).

Let u,v € V,/,, with u # v. Then, for 0 < §,p < 1, we have [u —v| > ¢/p > de.
Display (1.1) therefore implies

Cou(Y5L,Ys) < —log ||lu — v|| + Cy.

Choose p > 0 small enough (depending on Cy and d) so that
—log|[u —v|[ + Cy < —log |pu — pv|| = C < Cov(£l", £2) < Cov(b(pu)€L*, b(pv)§L"),

where the second to last bound follows from (2.3). All the hypotheses of Slepian’s
Lemma are satisfied, so

P Yi<A)<P b(pu)er™ < A
(JQ&“} be < >_ <J?3’f (pu)ee" < >

for all A € R. Proposition 2.4 follows by observing that pV,,, = V. N p[0, 1]%. O

Proposition 2.5. Let p > 0 and {b(u) : u € V. N p[0,1]*} be as in Proposition 2.4. Then,

P < max  b(u)&d < m, — A) <P < max &' <m.— )\/2>
u€V.Np[0,1]¢ u€eV.Npl0,1]¢

for all A > 0 and all ¢ > 0 small enough (depending on Cy).

Proof. It follows from the definition of b(u) and the choices made in Proposition 2.4 that,
for all w,

log(1/€) +log(1/6) + Cy <9
log(1/<) =
for small enough ¢ > 0 (depending on Cy and §, which itself depends on Cy). Let v

be the (a.s. well-defined) point that maximizes ¢, for u € V. N p[0,1]?. Then, the last
display implies

1< b(u) = \/Var(Yg)/Var(er) < \/

b(v)E <me— A = & <m./b(v) — A\/b(v) <m.— A\/2.
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Our task is now to find an upper bound for the probability on the right hand side of
Proposition 2.5.

Proposition 2.6. There exist constants 0 < ¢, C < oo (depending on p and d) such that
P ( max &) <m,— )\> < Ce
veVeNp[0,1]4
for all A > 0 and all ¢ > 0 small enough.

Proof. We distinguish three cases for A:

1) A € [0,2/p]. In this case, the proposition is trivially true by simply adjusting the
constants ¢ and C so that Ce~* > 1.

2) A € (2/p,\/1/e]. Let n := VQ—AJ and let {B*:i=1,...,n} be a collection of boxes
of side length A~! inside p[0, 1), such that the distance between any pair of boxes is at
least A~1. Set B! = B* N V.. We claim that the field

(& — & (logA) v € By)

is a copy of (£}, : v € Vi), and that the fields {(¢¢ —£2(log)) : v € B)}, ., are inde-
pendent. Indeed, if v,u € B?, then (2.1) implies
log(1/¢)
Cov(& — & (log A), & — & (log A)) :/ IT a—elo—ul), dr (2.13)
log(\) 1<j<d

— log(Xe)
:/ IT (1= e v — Ay, dr,
0 1<j<d

and the set \B! = {/\v RS Bé} coincides with V). after a translation. This shows
that (£ — &2(log \) : v € BY) L (€3, :v € Vi.). Moreover, from (2.13), it is easy to see
that ||v — u|| > A~! (which is true for points v, u in different boxes Bf, by construction)
implies

Cov(& — & (log A), & — & (log A)) = 0,
as desired.

Therefore, independence of the fields { (¢ — £Y(log A) : v € BY) and (2.4) imply

}1§i§n
P ( max (£ —&Z(logA)) < mAE) <e
veU; B!

for some constant ¢ > 0 depending on d. But n > ¢\ for some constant ¢ > 0 depending
on p. Therefore,

P ( max (€ — € (log \)) < mxe) <o

vEU; BE

for some constant ¢ > 0 depending on both d and p. By letting » = arg max {fev —&(logA) 1 v e Y, Bé}
the previous display implies

P mox € <m- ) SPE S m—Y) S P(Eog) < me - s~ AP (E € Iog) < )
veVeNp[0,1)

<P (& (log ) < me—mye — A) + e
Moreover, it is clear from (2.1) that the fields (¥ — £2(log M) : v € V) and (§2(log \) : v € V)

are independent. Hence, v is independent from 52')(log A), and &’ (log \) is therefore a
Gaussian random variable with mean zero and variance log A\. But

Me — Mre < V2dlog .
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Therefore, the last two displays imply

_ (3=vEdlog)? 3\ A\
P max & <me—A| <Ce ° Tog X +e < Ce
vEVNp[0, 1)

proving Proposition 2.6 in the case A € [2/p,\/1/€]. 3) A € (1/1/€,00). In this case, we
have

_(A=mo)?
P max 0 <m— A <P <m—\) < Ce “Tat/a < Ce™
vEV.Np[0,1)4

(where v is any point), which implies Proposition 2.6 in this case. O

Using Propositions 2.4, 2.5 and 2.6, we are now ready to finish the proof of Theorem
1.1.

Proofof 1.1, (1.3), the left tail. Propositions 2.4, 2.5 and 2.6 imply the existence of con-
stants 0 < 4, p, ¢, C' < oo, depending on Cy and d, such that

P max Y& <m.—\) <Ce™
u€Ve/,

for all A > 0 and all € > 0 small enough (depending on Cy). But ms. < m,. + C’, where
C’ depends on ¢ and d. Therefore,

P max Y& <mge—A—C") < Ce
UEVE/,)

The bound (1.3) for the left tail follows by adjusting the constants. O

3 Example: a mollified Gaussian free field in d = 2

The Gaussian free field in two dimensions provides an important example of a log-
correlated field. Intuitively speaking, the reason for the log-correlation is simply that,
in d = 2, the Green function for the Laplacian is logarithmic.

We begin by recalling in Section 3.1 the definitions of the Dirichlet product and the
Hilbert space induced by it. We then use this Hilbert space to define the continuous
Gaussian free field and the mollified Gaussian free field. After that, we prove some
useful properties of these fields, which will be used to check the hypotheses of Theorem
1.1. Finally, in Section 3.2, we use Theorem 1.1 to prove tightness of the recentered
maximum of the family of mollified Gaussian free fields.

3.1 Continuous and mollified Gaussian free fields

Dirichlet product

We begin by recalling the definition of the Dirichlet product. Let C2° ((0,1)?) denote the
set of real valued C*° functions with compact support in (0, 1)%. For ¢,¢ € C> ((0, 1)2),
let

(0, ¥)v = /V¢($)V1/J(x)dx

denote the Dirichlet product, where V is the gradient and dx is two-dimensional Lebesgue
measure. Note that the Dirichlet product satisfies

(6. 0)y = / o(2) (~Ag) (x)d, 3.1)
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where A is the standard Laplacian. The Dirichlet product induces a norm on Cg° ((O, 1)2)

by
||¢||V =V <¢7 ¢>Va

called the Dirichlet norm. Denote by W = W ((0,1)?) the completion of C2° ((0,1)?)
with respect to the Dirichlet norm. The set W, together with the Dirichlet product on
W, defines a Hilbert space.

The Dirichlet norm satisfies Poincare’s Inequality: there exists a constant C' (which
depends only on the domain (0, 1)?) such that

1ol < C IVl L2

for all ¢ € C°. Poincare’s Inequality implies that the Dirichlet norm is equivalent to the
norm

0 0

ol + 5]+ g
Recall that the completion of C° ((O, 1)2) with respect to the latter norm is called a
(1,2)-Sobolev space (i.e., measurable functions such that their weak derivatives up to
order 1 exist and belong to L2 ((O7 1)2)). Since the norms are equivalent, the space
(W, |I|l¢) is also a Sobolev space. Therefore, for any g € W and any measurable set
E C [0,1]%, the integral [, g(z)dx is well-defined.

For a given open set U C (0,1)?, Poincare’s Inequality implies that the linear map-
ping W — R given by

L2

gb—>/Ug(x)dx

is |-||g-continuous. Note that, since W is a Hilbert space, the Riesz representation
theorem implies the existence of a function f = fy € W such that

(9. o) = /U o(x)da (3.2)

forallge W.

Gaussian free fields

The continuous Gaussian free field is defined as follows: since (-, -)v is positive definite,
there exists a family {X Fofe W} of centered Gaussian variables, defined on some
probability space (€2, P), such that

Cov(XT,X%) = (f.g)v

for all f € W. The family {X/ : f € W} is called the continuous Gaussian free field.
We next define a field indexed by the set [0, 1]2. Fix € > 0, and let = € [0, 1]2. By (3.2),
there exists a function f, . € W such that

1
(fre:9)v = — g(u)du (3.3)
€™ JD(x,6)n(0,1)2
for all ¢ € W, where D(z,€) is the disk of radius e centered at . Using (3.1) and (3.3),
it is not hard to show that

1
foel) = — / G, v)do, (3.4)
me D(z,e)N(0,1)2
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where G = G (g,1)> is the Green function of (0, 1)2 for the operator —A, with Dirichlet
boundary conditions on 0 (0, 1)2. For the domain (0,1)2, the Green function can be
explicitly stated as:

4 1
G(u,v) = — Z ———— sin (nmuy) sin (mmuz) sin (nvy ) sin (mmvs) ,

where u = (u1,u2) € [0,1]%. The field (X/=< : z € [0,1]?) will be called e-mollified Gaus-
sian free field (MGFF). To simplify notation, set X7 = X f.c. Note that, by definition,

1

Cov(X7, XY) = <fx,ea fy,e>V = — y,e(u)du
e D(z,e)N(0,1)2
and, from (3.4), we obtain
1
Cov(X2,XY) = 5 / G(u,v) dudv, (3.5)
(m€2)” JD(2,0)n(0,1)2x D(y,6)n(0,1)2

for all z,y € [0, 1]°.

Orthogonal decomposition
The next proposition shows that the MGFF satisfies a tree-like decomposition property.

Proposition 3.1. Let Q = 1(0,1)> C (0,1)? be a sub-square of side length 1/2. Then,
X7 can be decomposed as
XP = X7+ 6",

where <X§ tx € @) is a copy of (X3.: x € [0,1]%), (¢” : z € [0,1]?) is a centered Gaus-
sian field, and (Xf ‘x € @) is independent of (¢” : z € [0,1]?).
Proof. Denote by C2° (Q) the set of real valued C*° functions with compact support in

Q, and let W(Q) be the corresponding Hilbert space induced by the Dirichlet product
in C2° (Q). Note that C2° (Q) C C2° ((0,1)?) and

(fr9)v.qQ :/QVf(U)Vg(u)du/(O Vf(u)-Vg(u)du (3.6)

1)2
for all f,¢g € C°(Q). By taking the completion of C2° (Q)) with respect to the Dirichlet
product, we see that W(Q) is a Hilbert subspace of W ((0,1)?) and that (3.6) holds for

all f,g € W(Q).
Let f;. be as in (3.3) and decompose it as

fx,e = Gz, + h’l’,ev
where g, . € W(Q) and h, . € W(Q)* (the orthogonal space). Set

X7 = X9

and
(bw _ Xhm‘e )

Since g, L hy for all z,y € [0, 1], the families (Xf cx €10, 1]2> and (¢ : z € [0,1]?)
are independent. Also, since f —+ X/ is a linear embedding of W into L? (22, P),
X* = X* 4+ ¢" a.s.
for every x € [0,1]2.
We show now that (Xf cx € @) is a copy of (X3. : z € [0,1]?).
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Claim 3.2. For every k € W(Q),

1
(Gz,e.k)v.0o=—5 k(u) du.
@ me? D(z,e)NQ

Proof of Claim 3.2. By (3.6),
(92,6, k)v,Q = (Gz,e, k)w

and, since g, ¢ = fz,c — N,

<gm,5a k>V = <fx,ev k>V - <hm,ev k>V

But h; . L k, so the second term on the right hand side of the previous display vanishes.
Using (3.3) and the two previous displays, we obtain

1
<gaa,ea k>V, = 7/ k(u) du.
Q@ 7T62 D(r{:,e)ﬂ(oyl)z

Since k € W(Q), the function & vanishes outside of Q). Therefore,

1
(Yo, k)v.Q = —5 k(u) du,
me? D(z,e)NQ

as desired. O

Claim 3.2 implies, in analogy with (3.5), that the following is true for all z,y € Q:

1

COU (Xfan) = <gx,evgy,e>v = <gm,€7gy1€>v’Q _ ?/
(me?)” JD(2,)n@x D(y,e)nQ

Go(u,v) dudv,

where G is the Green function of () for the operator —A, with Dirichlet boundary
conditions on 0Q).

Claim 3.3. For every u,v € [0,1]?%,
Go (u/2,v/2) = G(u,v).

Proof of Claim 3.3. Let ¢ € O ((0, 1)2) and note that (A¢) (2u) =
change of variables v’ = u/2,

LA (¢(2u)). By the

/ Gq (u/2,v/2) (A¢) (u) du = / Gq (u',v/2) A(¢(2u)) du’ = —¢(2v/2),
(0,1)2 Q
where the last equality holds by definition of G. On the other hand,
| Glwe) (a0) (W du = ~6(0)
by definition of G. Since

| Gatzop ) wdu= [ Gluo) (86) (wdu
(0,1)2

(0,1)2
for every ¢ € C2° ((0,1)?), the functions G (u/2,v/2) and G(u, v) are identical (Lebesgue-
a.e.). O
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The change of variables v’ = 2u, v’ = 2v implies

)
(1€2)? JD(@.0n@xDw.onQ

Cov (Xf,X;’) = Go(u,v) dudv
1 !/ !/ !/ !
= Go(u'/2,v"/2) du'dv’,
(7(2€)2)” JD(22,2¢)n(0,1)2 x D(2y,2¢)N(0,1)2

and Claim 3.3 implies that the previous display is

7,
(7‘1’(26)2)2 D(22,2¢)N(0,1)2 x D(2y,2€)N(0,1)2

= G/, v") du'dv’ = Cov (XS?,X;?) :
For Gaussian fields, equality of the covariance structure implies that the fields have
the same distribution. Therefore,

(Xj:xé@)i(ng:x€@,

and the right hand side is clearly equal to (Xé""e sz €10, 1]2), which finishes the proof of
Proposition 3.1. O

Proposition 3.1 is true for any sub-square @ C (0,1)? of side length 1/2, because
Green functions are translation invariant (i.e., Gg, (v + z,v + z) = Gg(u,v) for any
z € R* u,v € Q, where Gg, is the Green function of () + z for the operator —A, with
Dirichlet boundary conditions on 9Q + z).

Estimates on the covariance

In this subsection, we prove that the “bulk” of the field {27 X7 : z € [0,1]?} satisfies
both (1.1) and (1.2). Recall that I'(-,-) = T'(||- —|) = 5 log(1/|[]- —||) is the Green
function of R? for the operator —A.

Proposition 3.4. Let K C (0,1)? be such that k = dist(9(0,1)%,K) > 0, and let 0 <

€ < k/2. Then, there exists a constant C' < oo, depending on k only, such that, for all
zeK,yel0,1)?

1 1

— G(u,y)du — —

2

2
TE™ JD(x,e€)

log(1/e)| < C

if |ly — z|| <€ and

1

Te?

1
/ Glu,y)du — ~log(1/ [z —yl)| < ©
D(z,e) 2m

iflly — ] > e.

Proof. The function (G —I')(z, y) is symmetric, harmonic in each variable, and continu-
ous. Hence,

1

— < sup sup (G —T')(w, y)|

T {wdist(u,d(0,1)2)>k/2} {y€[0,1]2}

/’ (G —T)(u, ) du
D(x,€)

< sup IT(dist(u,0(0,1)?))] = T'(k/2),

w:dist(u,0(0,1)2)>k/2

where the second bound is obtained by applying the maximum principle to (G —T')(u, ),
noting that G(u,-) vanishes at the boundary of (0,1)?, and using that I is decreasing.
Therefore, it is enough to prove Proposition 3.4 with G replaced by I
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Suppose that ||z — y|| < €. Then,

i/ T(u,y) — T(e)du
D(z,e)

me2

1 _
L[l
e D(z,e€) €
The change of variables v’ = (u — y)/e implies that the previous display is

! / ]‘ !/ !/
7/ I(u')du 7/ I(u')du
T JD((x—y)/e1) T JD(z1)

by continuity in z and compactness of D(0, 1), where C' is an absolute constant.

Suppose now that ||z — y|| > e. Then,
1 —
-5 o (=it 2
me D(z,e) HJ? - yH

The change of variables v’ = (u —y)/ ||z — y|| implies that the previous line is

1 / ! ! ]‘ / ! !
_— I'(u') du — I'(u) du
we/ o= ol ooz oy =l L

Te—yT > To—vl
by continuity in r, z and compactness of {0 < r < 1} x {||z|| = 1}, where C is an absolute
constant. O

1

< sup
z€D(0,1)

<,

1

— r du—T — d
e R e (I

0<r<1|z||=1

< sup sup <C,

Note that the fact that we are integrating over disks is not essential. We could define
similar MGFF for other mollifiers.

A trivial corollary (which follows from elementary properties of log) of the previous
proposition is

Corollary 3.5. Let K, k, e be as in Proposition 3.4 and let ¢y > 0. Then, there exists a
constant C' (depending on k and cy) such that, for allz € K,y € [0,1]2,

1 1
—/ G(u,y)du — —log(1/e)| < C
D(z,e) 27

Te2

whenever ||x — y|| < coe, and

1

Te?

1
/ Glu,y)du — ——log(1/ |z —yl)| < ©
D(z,e) 27

whenever||x — y|| > coe.
Now we prove an important corollary of Proposition 3.4.

Corollary 3.6. Let K,k be as in Proposition 3.4. Then, there exists a constant C' (de-
pending only on k) such that, forall z,y € K,e > 0,

, 1
|Cov(XZ, XY) + Py log(max{e, ||z — y||})] < C. (3.7)
™
Moreover, if ||z — y|| <€, then

E(X? - X¥)?<Cetz—yl. (3.8)
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Proof. Let us prove (3.7). If ||z — y|| < 2¢, by Corollary 3.5,

1
— / G(u,v)dv —T(e)
e JID(y.e)

for every u € D(z,¢). Integrating the last inequality over u € D(z, €) and using (3.5), we
obtain that

<C

[Cou(XZ, XY) —T(e)| <C

for all ||z — y|| < 2¢ (and in particular, for ||z — y|| < €).
If ||z — y|| > 2¢, Corollary 3.5 implies

1
—2/ G(u,v)dv — T'(||ly
TE™ JD(ye)

for every u € D(z,€). But I'(3/2) < I'(1 + z51) < D(lly —ul) = T([lz —yl}) < T -
) <T'(1/2) for all uw € D(z,¢). Therefore,

Hz =l

1
—2/ G(u,v)dv —T(||z — y])| < C
D(y,e)

e

The same (with a different constant) holds for ||z — y|| > ¢, because I' is logarithmic.
Integrating over u € D(z, ¢) finishes the proof of (3.7).
We now prove (3.8). Display (3.5) implies

1 1
Cov(X*, X7 — XY) = 24/ / G_ﬂ/ / o
€ D(z,e) J D(x,e€) € D(z,e) J D(y,e)
1
= 2.4 (/ / G —/ / G) i
e D(z,e)\D(y,e) J/ D(z,€) D(y,e)\D(z,€) J/ D(z,€)

We can use Corollary 3.5 to obtain an upper bound of the first term and a lower bound
of the second term of the previous display. Then, the previous display is

1 / C
<— (T(e)+C) — (I'(e) — C)) = —5 |D(z,¢)\D(y,€)|,
me ( D(z,\D(y,¢) D(y,\D(w.e) me?

where |D(x,€)\D(y,€)| is the Lebesgue measure of the set D(z,¢)\D(y,¢). Elementary
geometry implies |D(z,e)\D(y,¢)| < Ce|lx — y||. Repeating the previous argument for
Cov(XY, XY — X7) finishes the proof. O

3.2 Tightness for the MGFF

In the next theorem we provide upper bounds on the left and right tail of the MGFF,
and we compute the expected maximum up to an order 1 term.

Theorem 3.7. Fore > 0 small enough, let X* x € [0,1]? be the MGFEF. Then, there exist
absolute constants 0 < ¢, C < oo such that

IP( max X7 — H mE
z€[0,1]?

for all A\ > 0. Moreover,
1
IE[ max X } =1/ 5=me+O(1)
z€[0,1]2 2T
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Proof. Let Q be the open square of side length 1/2, which is concentric with (0,1)?,
and let ¢ : [0,1]> — @ be the natural concentric contraction. Consider the field Y.* :=

Xq/(;;)yaf € [0,1]2. By Corollary 3.6,

Cou(¥2, Y) = Coo( X245, X29)) = o log (max {e/2, la(x) — ) }) + O(1)

= % log (max {¢, ||z — y||}) + O(1)

for all z,y € [0,1]?, and
x q(z) a2 -1 -1
B —vy)? =B (X1 - X10) < Ce'2 (@) — aly)ll = Ce |z — g

for all z,y € [0,1] such that ||z —y|| < e. An application of Theorem 1.1 yields the
existence of absolute constants 0 < ¢, C' < co such that

P ( H[léll Yo — ,/ —m > /\> <maxX ,/ 3 > )\> < Ce= (3.10)
TE
P <maXX ,/ 7 < /\> < Ce™ (3.11)
zEQ

for all A > 0. Bound (3.11) easily implies that

IP( max X \/ m5</\> <IP(maxX \/ m6<)\> < Ce~
z€(0,1]? z€Q

for all A > 0, proving (3.9) for the left tail (after using m./» = m. + O(1), and adjusting
the constants).

In order to prove the bound (3.9) for the right tail, we use Proposition 3.1 and the
comment that follows it to decompose

and

X&a = Xf/z + ¢,

where ( Zpra€ Q) (XZ:2 €[0,1]?) and the fields (¢” : z € Q) ( Fpia € Q) are
independent. If y = arg max {Xf/g ‘x € @} then

{QS >0, Xe/2 \/1m€ZA}C{maxX — 1/ mEZ)\}
2T TEQ

But independence of ¢ and y implies

R R

because ¢ is a centered field. By using the last display and (3.10), we obtain

< /2 \/ m€>)\> < 2P (maXX \/ m€>)\> < Ce™
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for some absolute constants 0 < ¢, C' < .
The bound (3.9) and m./, = m. + O(1) implies tightness of the family

{max XZ—/ m6.6>0}
z€[0,1]2

and the same bound also implies

]E[max Xr} 1/ m5+0
z€[0,1]2

finishing the proof. O

4 Appendix
We prove here the claims made in Section 2.1.

Proposition 4.1. The MBBM, defined by display (2.1), exists and satisfies
Var(§(t)) =t
forall0 <t <log(1l/e) and all v € V, and
t—C < Covu(E(t),68(1) <t

forall0 <t < —logl|lv —w|,, and allv,w € V., where C is a constant depending on the
dimension.

Proof. We show that the mapping (V. x [0, log(1/¢)])*> — R given by
min{t,s}
(0,8, (u, 5)) / T (1= e for — uil) cdr
0 1<i<d
is positive definite. Note first that
[T (-l = | Lan@agn @)z,
1<i<d R4

where dz is d-dimensional Lebesgue measure and A(v,r) is the d-dimensional box of
side length 1, centered at e"v. Let {(v®,t*)}  be any finite subset of V. x [0,1og(1/€)],
and let {c,},, be arbitrary real numbers. Then, applying the previous display, we obtain

min{t“,t/j} .
ancﬁ/o H (1—e€"|v
a,B

1<i<d

— 0] |)4dr

:/ / D cacplipae) (1) jo.e0) (1) Lage ) (2) Lagws 1 (2) dz dr
0 JR4 a,B

2
N / /d (Z Cal[ovt“](r)lA(v“,r) (Z)) dzdr >0,
0 R o

as desired. This shows that the MBBM exists.
For any v € V, and ¢ < log(1/e),

Var(&(t) / =t.
0

1<2<d

EJP 19 (2014), paper 90. ejp.ejpecp.org
Page 18/25


http://dx.doi.org/10.1214/EJP.v19-3170
http://ejp.ejpecp.org/

Log-correlated Gaussian fields

Moreover, if v # w,

IT a—efoi—wi),

{> 0 ifr < —logllv—wl|,
1<i<d

=0 ifr>—log|v—wl,

Therefore, if t < —log||v — w|| .,

t
£ > Cov(el (1), €9 / 11 l—eT|Ui—wi|)dr2/(1—er||v—w||oo)ddr,
0

0 1<i<d

where the last inequality follows because 1 —€" [v; —w;| > 1 —e” |[v —w]|, forall i €
{1,2,...,d}. Expanding and integrating, we obtain that the last display is

k ektfl d d A ot
=1 +Z ) o —wl, - >t-y L)l =wli (e +1). @)
k=1

But since ||v —wl|| < 1andt < —log|lv — w||,,, we have

k
o —wl (5 +1) < (llo = wf o8l ) 41 <2,

Therefore, display (4.1) is
>t—2 Z < > >t —

for some constant C' < oo depending on d only. Similarly, if ¢ > —log|jv — w|| .,
—log|lv —wl, = Cov(&(t),£7(t) = —log|lv —wl|, — C.
O

Proposition 4.2. Let (¢! : v € V) be the MBBM and let m. be the number defined in
the line preceding Theorem 1.1. Then, there exists a constant ¢ > 0 (depending on the
dimension) such that

P (max§ > m€> >c.

veEV,

Proof. We use a second moment method. Let 7' = T, = log(1/¢) and let

Aﬂ:{gg > me, £9(t) < %t—klforallogth},

7 = Z la,.

veVe
Note that

E|[Z])?
P <£réz%;(§f > mE) >P(Z>0) > M, (4.2)

where the second inequality follows by Cauchy-Schwarz. We first compute a lower
bound for E [Z]. Note that
E[Z] = e 9P (A,).

Let £(t) = £Y(t) — 2ct. Define a probability measure Q by

P . 2
o —ew (e - 3.
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Girsanov’s Theorem (see [16, Theorem 5.1]) implies that f_f (t) is Brownian motion under
Q. Note that

2 2
P = [ o (e - FE) a0z oo (<5 - FE ) @)

v

> ce”V2edT?2Q)(4,)

for some absolute constant ¢ > 0. It follows easily from the Reflection Principle (see
[16, Proposition 6.19]) that Q(A,) = Q(£¥ > 0,£%(t) < 1forall 0 <t < T) > ¢TI ~3/2 for
some absolute constant ¢ > 0. Combining the three previous displays, we obtain

E[Z] > ¢ (4.3)

for some constant ¢ > 0, depending on the dimension d.
We now compute an upper bound for IE [Z?]. Note that

E[Z2?] = > PA,NA,)= > P& >0,& ), (t) <1forall0<t<T).

v,weVe v,wEVe
(4.4)
Both £(-), £ () are Brownian motions, which have independent increments starting at
time s = s, = —log (max {e, [|[v — w|| }). Therefore,

P(ANA,) < Y pla)p(y)P (€(1),& (1) < Lforallt € [0,s],&(s) € [r — 1,2], € (s) € [y — 1,y])

—oo<z,y<1

< Y 2p(@)p)P (E(1),€4(t) < 1forall t € [0,5], € (s) € [x —1,2],84(s) € [y — 1,4]) ,
—oo<y<z<1

(4.5)
where

plz)= sup P ((t)<1—=zforallt€[0,T —s],E(T —s) > —z).
z€[x—1,x]

Assume 0 < s < T. Applying Girsanov’s Theorem and the Reflection Principle, we

obtain ) ( )
Me m 1—=x

< e e )

p(w) < Cexp ( oo — s>) TR

for some constant C. Therefore, from (4.5) and the last display,

P(A,NA,) < > Cp()®P (§(t),64(t) < 1forallt € [0,5],(s) € [z — 1,2],€°(s) € [y — 1, 4])

—oco<y<z<1

< Z Cp(z)®P (£(t) < 1forallt € [0,s],£(s) € [z — 1,2]).

2 _
P(A,NA,) <C Z p(z)? exp <—m€a: _ e 8) %
s

—oo<z<1 T 2T2
1 m?
<C——F— ——< (2T — 4.6
T (T —s)’ 302 P < 777 8)> .0
for some constant C.
EJP 19 (2014), paper 90. ejp.ejpecp.org

Page 20/25


http://dx.doi.org/10.1214/EJP.v19-3170
http://ejp.ejpecp.org/
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Consider now the case s = 0. Then, the independence of £!(-) and £¥(-) implies
P(A,NA,) =P (A,)° =P (£(t) < 1forallt € [0,T],£(T) > 0)

1 m2
< (— — € .
CT36XP( T)’ (4.7)

where the last bound follows from Girsanov’s Theorem and the Reflection Principle. In
the case s =T,

1 m?2
P(A,NA,) <P(A4,) < OT3/2 exp (ZT) . (4.8)
In consequence, for any pair v, w € V,, displays (4.6), (4.7) and (4.8) imply
P(A,NA,) <C ! ( m2(2T ))
v w) X exp — S
(T = s) v 1)*(sv1)¥? 27

where -V - = max {-,-}. For any fixed v € V,, there are O(e(®~1(T=%)) points w such that
—log ||lv — w||, = s. Therefore, from (4.4) and the last display, we obtain

1 2
E[Z?] <C V. eld—1D(T—s) exp < 2T — s )
7 oggl | (T =)V 1)° (s v1)*? o= 2T )

<cic Y |m|e<d1><Ts>eXp< )

0<s<T (T - s) 53/2
~ 51 (2T — 5))
=C+C T (T :
0<SZ<T (T ) s3/2

But,

exp ( T (2T ))

Z odT o(d=1)(T—s) ’ < Z d(2T—s) exXp (( d+ 310gT) (2T - 5))
@—Fer S

0<s<T 0<s<T (T - 3) s3/2
Z exp (3 (2T — S)) o Z 1 Z exp (%IO%T (T )) T3/2
_ 3/2 = 3/2 _ 5)3 3/2
0<s<T (T S) 83/ 0<s<T/2 83/ T/2<s<T (T s) 5
T39/2T
<Cc+C ) < (C < 0,
0<s<T/2

because the last expression is (eventually) decreasing in T'. Proposition 4.2 follows from
the last display, (4.2) and (4.3). O

Proposition 4.3. Let (¢! : v € V) be the MBBM and let m. be the number defined in

the line preceding Theorem 1.1. Then, there exist constants 0 < ¢,C < oo (depending
on the dimension d) such that

P <m€aj<§g > me + z> <C (ed |A\)1/2 e %

forall AC V., z € R and ¢ > 0 small enough.

EJP 19 (2014), paper 90. ejp.ejpecp.org
Page 21/25


http://dx.doi.org/10.1214/EJP.v19-3170
http://ejp.ejpecp.org/

Log-correlated Gaussian fields

Proof. We introduce the d-ary branching Brownian motion (BBM) as follows: let e = 27"
for some n € IN. At each time Ty = klog2;k = 0,1,...,n, we partition [0,1)? into 2%¢
disjoint boxes of side length 27%. For a pair v,w € V,, denote by /(v,w) the first time
that v, w lie in different boxes of the partition. With this notation, define the BBM as the
Gaussian field (n?(t) : v € V,t € [0,T,,]) with

COU(”: (t)’ 772”(8)) = min {tv S, Z(U, ’LU)} .

For simplicity, let T'= T, and n? = n?(T). It is not hard to show that such a field exists.
Note that our BBM can be interpreted as a branching Brownian motion that splits every
log 2 units of time into 2¢ independent Brownian motions. Following the argument given
in [15, Lemma 3.7], one can show that there exists C' (depending on the dimension) such
that

P v> < CP v >
(Igleaj(@ > me + /\) <C (gleaj( Nejc = Me + )\)

forall A C V. C V)¢ and all A € R. Therefore, it is enough to prove Proposition 4.3 for
the BBM. We do so by following very closely the proof in [5, Lemma 3.8].

We will use the following estimate, which is proved in [5, Lemma 3.6]: let W, be
standard Brownian motion under PP and fix a large constant C;. Then, if

g (x) =P (Wq € dz, W, <7+ Cy(min{s,q— s})/?° forall 0 < s < q) /dx,

we have
pg () < Cor(r — x) /¢*? (4.9)

for all x < r, where C5 depends on (.
We next define the event

GO\ = {Ht <TweVein'(t)— %t— 10log (min {t, T — t}), > /\}

and we prove the following claim:

Claim 4.4. There exists a constant C > 0 (depending on d) such that
P (G()\)) < Che™ V2

forall A > 1.

Proof. Following the proof of [5, Lemma 3.7], we define ¢ = A+ 10log (min {¢,T — t})Jr
and g, (z) = P (n¢(t) — Bet < oy forall t < Ty, n?(Tx) — 2Ty € dz) /dx. Then, by de-
composing based on the first time such that n¢(t) — %t > v, we obtain that

n Py,
P(G(\)) < Zde/ xT, ()P < max nY(s) > 1, —x — C) dz,
P oo s<log 2
where C' is an absolute constant. Display (4.9) and Girsanov’s Theorem imply that

XT, (J?) < CQ—dke—x(\/ﬁ—O(logT/T))¢Tk (¢Tk _ x)7

where C' depends on d. On the other hand,

P ( max 7! (t) > r, —x - C> < Qe (¥n,—2-0C)" /21052

s<log?2
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for some absolute constant C. Therefore, by the three previous displays, we obtain

— 00

n W,
P(G(N)) < Cszk / ' e_x(m—O(IOgT/T))(wTk _ x)e_(wTk —2—C)*/210g2 .
k=1
A change of variables u = 7, — x yields

P(GN) <CY e
k=1

()\ +10 lOg (mll’l {Tk:7 T — Tk:} vV 1)) e—m(/\-‘rlolog(min{Tk,T—Tk}\/l))

WE

=C

b
Il

1

n

(O -+ 10bog (win (T, T~ T} V1) _uzn _ e,

=C
; (min {Ty, T — T} v 1)"°

where - V- = max {-,-}, and the convergence of the last sum is due the exponent 10 in
the denominator (with room to spare). O

We now finish the proof of Proposition 4.3. Fix A C V. and z € R. For z +
(Ve /1ADY* > 1, 1et A = z + (|Ve| /|A])*/*, and continuing with the notation of Claim
4.4, we let

I, = {nﬁ(t) < %t—kwt forall 0 <t <T,n’ 2m6+z}7

where v € V.. We now compute

P
P (F,(\) = / %(w + mexr(@)ds

YT
<0 [ aine (ORI (g )
z

Yr—z
< C2_d”1/)Te_m¢T / e'udu < C2_d"1/JTe_mz (Yr — 2).
0
Recalling that ¢ = A =2 + (|V.|/ \A|)1/4, we obtain
P (Fy(N) < €27 (24 (VI /1ADY*) (Ve /A e V2

< C2 " (V] /AN e,
Adding the last display for v € A and using Claim 4.4, we obtain

P <m€331(77: > me +Z> < C (Gd |AD1/2 e C? +C (Z+ (“/€| / |A|)1/4> efm(er(‘VJ”A‘)l/‘l)

<C (e |AD1/2 e~

for some 0 < ¢, C' < oo (depending on d only), as desired. The previous computation was
made under the assumption z + (|V,|/|A])"/* > 1. Assume now (|V,|/ |A|)1/4 —1< —z.
In this case,
—1/4
G |A\)1/2 e > c (e |A\)1/2 ec(eflan ™",
But infoesc1 21/2¢* " > ¢ > 0, where ¢ depends only d. Therefore, in this case,

Proposition 4.3 holds trivially by adjusting the constant C' O
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Proposition 4.5. Let (¢)* : © € 0V) be the Brownian sheet defined in (2.6). Then, for
all z,y € L1,

plet o -yl SE[(0F - 0] < @p)e oy,
Proof. By (2.6),
E [(1/)23 _ ,(/}g)ﬂ - F |:(wl(ac) _ wl(y))2:| , (4.10)

where [ is the linear map from (J? onto [p, 2p)? sending v to (p)i<i<a = (p,p,-..,p). Call
l(x) = 2’ and l(y) = y/. Note that

E[(wr’_wy'>2] — H x — H min {z},y.} |+ H yi — H min{z},y.} | =: A+B.

1<i<d 1<i<d 1<i<d 1<i<d
(4.11)
Consider the first term, A. Adding and subtracting the intermediate terms
IT « [T minf{af,y)
j<i<d 1<i<j—1
for j = 2,...,d, we obtain
A=Y ( IT = [[ minfafoi}y| - II o | II min{af e}
1<j<d \ \j<i<d 1<i<j—1 jH+1<i<d 1<i<y

= [ I ) [ IT winteladd ) ) min a0

1<5<d \j+1<i<d 1<i<j—1

Since both 2’ and y’ belong to [p, 2p)¢, we obtain

pd=1 Z (a:; — min {x;,y;}) <AL (2p)”l71 Z (x; — min {:z:;,y;}) .

1<j<d 1<j<d

An analogous expression holds for B. Then,

pdt Z (¢ +yj —2min {2,y;}) <A+ B < (2p)¢t Z (¢ +yj — 2min {2,y }) ,
1<j<d 1<j<d

so, from the last display, (4.10) and (4.11)
P =y < B [ —0d)’] < @0 e =yl

But, from the definition of 2’ and ¢/, we see that ||z’ — /||, = ¢ 'p||z — y||,. Therefore,

ple e = ylly SB[ - 92)] < @)% o -yl

as desired. O
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