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Abstract

We consider continuous state branching processes (CSBP) with additional multiplica-
tive jumps modeling dramatic events in a random environment. These jumps are
described by a Lévy process with bounded variation paths. We construct a process of
this class as the unique solution of a stochastic differential equation. The quenched
branching property of the process allows us to derive quenched and annealed results
and to observe new asymptotic behaviors. We characterize the Laplace exponent of
the process as the solution of a backward ordinary differential equation and establish
the probability of extinction. Restricting our attention to the critical and subcritical
cases, we show that four regimes arise for the speed of extinction, as in the case of
branching processes in random environment in discrete time and space. The proofs
are based on the precise asymptotic behavior of exponential functionals of Lévy pro-
cesses. Finally, we apply these results to a cell infection model and determine the
mean speed of propagation of the infection.
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1 Introduction

Continuous state branching processes (CSBP) are the analogues of Galton-Watson
(GW) processes in continuous time and continuous state space. They have been intro-
duced by Jirina [25] and studied by many authors including Bingham [8], Grey [19],
Grimvall [20], Lamperti [30, 31], to name but a few.

A CSBP Z = (Z;,t > 0) is a strong Markov process taking values in [0, cc], where
0 and oo are absorbing states, and satisfying the branching property. We denote by
(P, x > 0) the law of Z starting from z. Lamperti [31] proved that there is a bijection
between CSBP and scaling limits of GW processes. Thus they may model the evolution
of renormalized large populations on a large time scale.
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CSBP with catastrophes

The branching property implies that the Laplace transform of Z; is of the form
E, [exp(—/\Zt)} = exp{—zu:(\)}, for A > 0,

for some non-negative function u;. According to Silverstein [36], this function is deter-
mined by the integral equation

A
— du=t,
/ut()\) P(u)

where 9 is known as the branching mechanism associated to Z. We assume here that
Z has finite mean, so that we have the following classical representation

V) = g+ 02+ [T (N - 1409) o), .1
0

where g € R, 0 > 0 and 1 is a o-finite measure on (0, 00) such that [, (2 A 2%)p(dz)
is finite. The CSBP is then characterized by the triplet (g, o, 1) and can also be defined
as the unique non-negative strong solution of a stochastic differential equation. More
precisely, from Fu and Li [16] we have

t t t poo pZs—
Zy =7y —|—/ gZsds +/ \/2027Z,dB, +/ / / zNo(ds,dz, du), (1.2)
0 0 o Jo Jo

where B is a standard Brownian motion, Ny(ds,dz,du) is a Poisson random measure
with intensity dsy(dz)du independent of B, and Ny is the compensated measure of N.
The stable case with drift, i.e. 1)(\) = —gA+cA*A, with 8in (0, 1], corresponds to the
CSBP that one can obtain by scaling limits of GW processes with a fixed reproduction
law. It is of special interest in this paper since the Laplace exponent can be computed
explicitly and it can also be used to derive asymptotic results for more general cases.

In this work, we are interested in modeling catastrophes which occur at random and
kill each individual with some probability (depending on the catastrophe). In terms of
the CSBP representing the scaling limit of the size of a large population, this amounts
to letting the process make a negative jump, i.e. multiplying its current value by a ran-
dom fraction. The process that we obtain is still Markovian whenever the catastrophes
follow a time homogeneous Poisson Point Process. Moreover, we show that condition-
ally on the times and the effects of the catastrophes, the process satisfies the branching
property. Thus, it yields a particular class of CSBP in random environment, which can
also be obtained as the scaling limit of GW processes in random environment (see [4]).
Such processes are motivated in particular by a cell division model; see for instance [5]
and Section 5.

We also consider positive jumps that may represent immigration events proportional
to the size of the current population. Our motivation comes from the aggregation be-
havior of some species. We refer to Chapter 12 in [12] for adaptive explanations of these
aggregation behaviors, or [35] which shows that aggregation behaviors may result from
manipulation by parasites to increase their transmission. For convenience, we still call
these dramatic events catastrophes.

The process Y that we consider in this paper is then called a CSBP with catastro-
phes. Roughly speaking, it can be defined as follows: The process Y follows the SDE
(1.2) between catastrophes, which are then given in terms of the jumps of a Lévy pro-
cess with bounded variation paths. Thus the set of times at which catastrophes occur
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may have accumulation points, but the mean effect of the catastrophes has a finite first
moment. When a catastrophe with effect m; occurs at time ¢, we have

Y =miY; .

We defer the formal definitions to Section 2. We also note that Brockwell has considered
birth and death branching processes with another kind of catastrophes, see e.g. [10].

First we verify that CSBP with catastrophes are well defined as solutions of a certain
stochastic differential equation, which we give as (2.3). We characterize their Laplace
exponents via an ordinary differential equation (see Theorem 1), which allows us to
describe their long time behavior. In particular, we prove an extinction criterion for the
CSBP with catastrophes which is given in terms of the sign of E[g + >~ ., logm,]. We
also establish a central limit theorem conditionally on survival and under some moment
assumptions (Corollary 3).

We then focus on the case when the branching mechanism associated to the CSBP
with catastrophes Y has the form ¢ ()\) = —g\ + cA'*5, for 8 € (0,1], i.e. the stable
case. In this scenario, the extinction and absorption events coincide, which means that
{lim00 Yz = 0} = {3t > 0,Y; = 0}. We prove that the speed of extinction is directly
related to the asymptotic behavior of exponential functionals of Lévy processes (see
Proposition 4). More precisely, we show that the extinction probability of a stable CSBP
with catastrophes can be expressed as follows:

P(Y; >0)=E {F (/Oteﬁf@ds)] ;

where F is a function with a particular asymptotic behavior and K; := gt + )., logm,
is a Lévy process of bounded variation that does not drift to +co and satisfies an ex-
ponential positive moment condition. We establish the asymptotic behavior of the sur-
vival probability (see Theorem 7) and find four different regimes when this probabil-
ity is equal to zero. Actually, such asymptotic behaviors have previously been found
for branching processes in random environments in discrete time and space (see e.g.
[21, 18, 1]). Here, the regimes depend on the shape of the Laplace exponent of K, i.e.
on the drift g of the CSBP and the law of the catastrophes. The asymptotic behavior
of exponential functionals of Lévy processes drifting to +ococ has been deeply studied
by many authors, see for instance Bertoin and Yor [7] and references therein. To our
knowledge, the remaining cases have been studied only by Carmona et al. (see Lemma
4.7 in [11]) but their result focuses only on one regime. Our result is closely related
to the discrete framework via the asymptotic behaviors of functionals of random walks.
More precisely, we use in our arguments local limit theorems for semi direct products
[34, 21] and some analytical results on random walks [26, 22], see Section 4.

From the speed of extinction in the stable case, we can deduce the speed of extinc-
tion of a larger class of CSBP with catastrophes satisfying the condition that extinction
and absorption coincide (see Corollary 6). General results for the case of Lévy processes
of unbounded variation do not seem easy to obtain since the existence of the process Y
and our approximation methods are not so easy to deduce. The particular case when
@ = 0 and the environment K is given by a Brownian motion has been studied in [9].
The authors in [9] also obtained similar asymptotics regimes using the explicit law of
fot exp(—BK,)ds.

Finally, we apply our results to a cell infection model introduced in [5] (see Section
5). In this model, the infection in a cell line is given by a Feller diffusion with catas-
trophes. We derive here the different possible speeds of the infection propagation.
More generally, these results can be related to some ecological problems concerning
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the role of environmental and demographical stochasticities. Such topics are funda-
mental in conservation biology, as discussed for instance in Chapter 1 in [33]. Indeed,
the survival of the population may be either due to the randomness of the individual
reproduction, which is specified in our model by the parameters ¢ and u of the CSBP,
or to the randomness (rate, size) of the catastrophes due to the environment. For a
study of relative effects of environmental and demographical stochasticities, the reader
is referred to [32] and references therein.

The remainder of the paper is structured as follows. In Section 2, we define and
study the CSBP with catastrophes. Section 3 is devoted to the study of the extinction
probabilities where special attention is given to the stable case. In Section 4, we anal-
yse the asymptotic behavior of exponential functionals of Lévy processes of bounded
variation. This result is the key to deducing the different extinction regimes. In Sec-
tion 5, we apply our results to a cell infection model. Finally, Section 6 contains some
technical results used in the proofs and deferred for the convenience of the reader.

2 CSBP with catastrophes

We consider a CSBP Z = (Z,;,t > 0) defined by (1.2) and characterized by the triplet
(g,0, 1), where we recall that u satisfies

/Oo(z A 2%)p(dz) < oo. (2.1)
0

The catastrophes are independent of the process Z and are given by a Poisson random
measure N1 = ;; 6t,.m, on [0,00) x [0, 00) with intensity dtv(dm) such that

v({0}))=0 and O0< /(0 )(1/\ |m — 1|)v(dm) < occ. (2.2)

The jump process

Ay = / / log(m)Ny(ds,dm) Zlog ms),
0,00)

s<t

is thus a Lévy process with paths of bounded variation, which is non identically zero.
The CSBP (g,0, 1) with catastrophes v is defined as the solution of the following
stochastic differential equation:

Yoo
Y, = /ngs—l—/ V20%Y,dBs + // / 2Np(ds, dz, du)

/ / f1 Yg_Nl(ds dm), (2.3)
0,00)

where Yy > 0 a.s.

Let BY(R4) be the set of cadlag functions on R := [0, 00) of bounded variation and
C? the set of all functions that are twice differentiable and are bounded together with
their derivatives, then the following result of existence and unicity holds:

Theorem 1. The stochastic differential equation (2.3) has a unique non-negative strong
solution Y for any g € R,0 > 0, i and v satisfying conditions (2.1) and (2.2), respec-
tively. Then, the process Y = (Y;,t > 0) is a cadlag Markov process satisfying the
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branching property conditionally on A = (A,t > 0) and its infinitesimal generator A
satisfies for every f € C?

Af(@) = gof' @)+ o%es" (@) + [ (fome) - 1(6))w(aim)
o (2.4)
[ (a2 = @) = 2 @) an(a).

Moreover, for everyt > 0,
E, [exp { — \exp { — gt — At}Y}}‘ A} = exp{ — yo (0, A, A)} a.s.,

where for every (A\,0) € (R4, BV(R4)), vt : s € [0,t] — ve(s, A\, d) is the unique solution
of the following backward differential equation :

%vt(s, A, 8) = €95 0apg (e795 %y (5, X, 0)), vt A, 8) = A, (2.5)
and -
Yo(\) = (\) — M (0) = o2\ + / (™ — 1+ \2)u(dz). (2.6)
0

Proof. Under Lipschitz conditions, the existence and uniqueness of strong solutions for
stochastic differential equations are classical results (see [24]). In our case, the result
follows from Proposition 2.2 and Theorems 3.2 and 5.1 in [16]. By Ito’s formula (see
for instance [24] Th.5.1), the solution of the SDE (2.3), (Y;,¢ > 0) solves the following
martingale problem. For every f € CZ,

f(Y2) = f(Yo) + loc. mart. +g/ J(Ys)Ysds

+a/f” Yds+// Y+z)—f(Ys)—f’(YS)z>u(dz)ds

" /0 a f(mm—f(m)v(dm)ds,

where the local martingale is given by
t t [e'e] .
[ rooveevas. s [ (fonve) - o) M@sam) @)
0 e 0 Jo .
w0 (0 2 = 2 Ro(ds,dz.du),
o Jo Jo

and N, is the compensated measure of N;. Even though the process in (2.7) is a local
martingale, we can define a localized version of the corresponding martingale problem
as in Chapter 4.6 of Ethier and Kurtz [15]. We leave the details to the reader. From
pathwise uniqueness, we deduce that the solution of (2.3) is a strong Markov process
whose generator is given by (2.4).

The branching property of Y, conditionally on A, is inherited from the branching
property of the CSBP and the fact that the additional jumps are multiplicative.

To prove the second part of the theorem, let us now work conditionally on A. Apply-
ing It&’s formula to the process Z; = Y; exp{—gt — A;}, we obtain

7y = Y0—|—/ —95=8: /262Y,d B, +/ / / e 9" 8= 2Ny (ds, dz, du),
0
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and then Z is a local martingale conditionally on A. A new application of It6’s formula
ensures that for every F' € Cb1’2, F(t,Z;) is also a local martingale if and only if for every
t>0,

o 7 \~2 77 A 'o =~
——F(s,Z4)0°Z,e 9572 —F(s, Z, 2.
/0 527 (s, Zs)o* Zse ds—|—/0 75 (s, Zs)ds (2.8)

t o]
+/ / ZS<[F(5, Zo + ze 957 R) — F(s, Zs)} 95+ B _ agF(s, Zs)z),u(dz)ds =0.
o Jo €z
In the vein of [24, 5], we choose F(s,z) := exp{—xv;(s, A\, A)}, where v;(s, \, A) is dif-
ferentiable with respect to the variable s, non-negative and such that v, (¢, A\, A) = A, for
A > 0. The function F is bounded, so that (F (s, Z;),0 < s < t) will be a martingale if
and only if for every s € [0, ¢]

gvt(s, )\a A) = 698+AS¢0 (e_gS_AS'Ut(Sa )‘7 A)) ; a.S.,
S

where 1) is defined in (2.6).

Proposition 17 in Section 6 ensures that a.s. the solution of this backward differen-
tial equation exists and is unique, which essentially comes from the Lipschitz property
of 1y (Lemma 18) and the fact that A possesses bounded variation paths. Then the
process (exp{—stt(s, A, A)}, 0 < s <t)is a martingale conditionally on A and

E, [exp{ ~ Zoi(t\, A)}’ A] ~E, [exp{ ~ Zowe (0, A\, A)}’A] as.,

which yields
E, {exp{ _ /\Zt}’ A] _ exp{ — yus(0, A, A)} as. 2.9)
This implies our result. O

Referring to Theorem 7.2 in [27], we recall that a Lévy process has three possible
asymptotic behaviors: either it drifts to oo, —oo, or oscillates a.s. In particular, if the
Lévy process has a finite first moment, the sign of its expectation yields the regimes of
above. We extend this classification to CSBP with catastrophes.

Corollary 2. We have the following three regimes.
i) If (A + gt)>o drifts to —oco, then P(Y; - 0] A) =1 a.s.
ii) If (A¢ + gt)>0 oscillates, then P(liminf, ,ooY; =0| A) =1 a.s.

iii) If (A + gt)¢>0 drifts to 400 and there exists € > 0, such that

/ zlog™™ (1 + 2)u(dz) < oo, (2.10)
0

then P(liminf;, ., Y; > 0| A) > 0 a.s. and there exists a non-negative finite rv. W such

that
eIy, W s, (W=0)= { lim Y; = 0}.
t—o00 t—o00

Remark 1. In the regime (ii), Y may be absorbed in finite time a.s. (see the next
section). But Y; may also a.s. do not tend to zero. For example, if 4 = 0 and ¢ = 0, then
Y; = exp(gt + A;) and limsup,_, ., Y; = oo.
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Assumption (iii) of the corollary does not imply that {lim;,Y; =0} = {3t : ¥} =
0}. Indeed, the case ju(dx) = x?1jyj(2)dx inspired by Neveu’'s CSBP yields ¢ (u) ~
ulogu as u — oo. Then, according to Remark 2.2 in [29], P(3¢t : Y; = 0) = 0 and
0 < P(limy_0 ¥; = 0) < 1.

Proof. We use (2.8) with F(s,z) = z to get that Z = (Y; exp(—gt — A;) : t > 0) is a non-
negative local martingale. Thus it is a non-negative supermartingale and it converges
a.s. to a non-negative finite random variable W. This implies the proofs of (i-ii).

In the case when (gt + Ay, t > 0) goes to +oo, we prove that P(W > 0| A) > 0 a.s.
According to Lemma 19 in Section 6, the assumptions of (iii) ensure the existence of a
non-negative increasing function ¥ on R* such that for all A > 0,

do(\) < Ak(\) and c(A) = /Ooo k(e_(gHAt))dt <o as.
For every (¢, \) € (R%.)?, the solution v, of (2.5) is non-decreasing on [0, ¢]. Thus for all
s €10,¢], v+(s,1,A) <1, and

Yo(e 9 Ry (s,1,A)) < e 957 Bey (5,1, A)k(e 95wy (s, 1, A))
<e 95 Ry (s,1, A)k(e79578)  as.
Then (2.5) gives
%vt(s, 1L,A) <wvy(s,1,A)k(e™9572¢),
implying
—In(ve(0,1,A)) < /t E(e79578)ds < ¢(A) < 00 a.s.

Hence, for every ¢t > 0, v4(0,1,A) > (Sxp(—c(A)) > 0 and conditionally on A there exists
a positive lower bound for v,(0, 1, A). Finally from (2.9),

E,[exp{-W} |A] = exp{ — ytlirglovt(O,l,A)} <1

and P(W >0] A)>0a.s.
Moreover, since Y satisfies the branching property conditionally on A, we can show
(see Lemma 20 in Section 6) that

{W=0}= {tlggoYt = 0} a.s.,
which completes the proof. O

We now derive a central limit theorem in the supercritical regime:

Corollary 3. Assume that (gt + Ay, t > 0) drifts to +oo and (2.10) is satisfied. Then,
under the additional assumption

/ (logm)?v(dm) < oo, (2.11)
(0,e—1]Ule,00)

conditionally on {W > 0},
log(Y;) —mt 4

p\/i t— o0

d L
where — means convergence in distribution,

N(0,1),

o0
mi=g+ [ logmy(dm) < oo, p*i= [ (logm)Pu(dm) < oc,
{llogz|>1} 0

and N (0,1) denotes a centered Gaussian random variable with variance equals 1.
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Proof. We use the central limit theorem for the Lévy process (gt + A, ¢t > 0) under
assumption (2.11) of Doney and Maller [13], see Theorem 3.5. For simplicity, the details
are deferred to Section 6.4. We then get

gt+ Ay —mt g

p\/i t—o00

From Corollary 2 part 4ii), under the event {W > 0}, we get

N(0,1). (2.12)

logY; — (gt + Ay) fa_>—> logW € (—o0,00),
and we conclude using (2.12). O

3 Speed of extinction of CSBP with catastrophes
In this section, we first study the particular case of the stable CSBP with growth

g € R. Then, we derive a similar result for another class of CSBP’s.

3.1 The stable case
We assume in this section that

b(N) = —gA+ e AT (3.1)

for some 8 € (0,1], ¢+ > 0 and g in R.
If 5 =1 (i.e. the Feller diffusion), we necessarily have y = 0 and the CSBP Z follows
the continuous diffusion

t t
Zy :ZO—I—/ ngds—i—/ \/202Z,dB,, t>0.
0 0

In the case when S € (0, 1), we necessarily have 0 = 0 and the measure p takes the form
p(dz) = cyp (B + 1)z~ P dz/T(1 — ). In other words, the process possesses positive
jumps with infinite intensity [28]. Moreover,

t t
thzo+/ ngds—i—/ ZMPax,, t>o,
0 0

where X is a (8 + 1)-stable spectrally positive Lévy process.

For the stable CSBP with catastrophes, the backward differential equation (2.5) can
be solved and in particular, we get

Proposition 4. For all xo > 0 andt > 0:

t -1/B
P, (Y; >0|A)=1—exp {—xo (c+6/ e—ﬁ<95+As>ds> } as. (3.2
0

Moreover,
P,,(there existst >0, Y; =0|A)=1 as.,

if and only if the process (gt + A, t > 0) does not drift to +oc.
Proof. Since 1()\) = c; A1, a direct integration gives us

t —-1/B
ve(u, A, A) = [c+ﬁ/ e Blasths)qs + N\ 7P ,
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which implies
]Emg |:€7)\Zt

t -1/B
A} = exp {—mo (c+ﬁ/ e BlostAs)qg 4 )\B) } a.s. (3.3)
0

Hence, the absorption probability follows by letting A tend to oo in (3.3). In other words,

t —-1/8
Py, (Yo =0[A) =exp {—xo (c+ﬁ/ eﬂ(QHAS)ds) } a.s.
0

Since P, (there exists t > 0:Y; =0 | A) = limy_,o0 P, (Y; = 0] A) a.s., we deduce

S —-1/B
P,,(there existst > 0:Y; =0 | A) =exp {—xo (chﬁ/ 6_5(98+A5)ds> } a.s.
0

Finally, according to Theorem 1 in [7], fooo exp{—p(gs + As)}ds = oo a.s. if and only if
the process (gt + A, t > 0) does not drift to +oco. This completes the proof. O

In what follows, we assume that the Lévy process A admits some positive expo-
nential moments, i.e. there exists A > 0 such that ¢(A) < oo. We can then define
Omaz = sup{A > 0, ¢(A) < oo} € (0, 0] and we have

d(\) := log E[e*1] = /m(m)‘ —1Dv(dm) < oo for A € [0, O1n0a)- (3.4)
0

We note that ¢ can be differentiated on the right in 0 and also in 1 if 6,4, > 1:

#'(0) := ¢’ (0+) = /OO log(m)v(dm) € (—o0, 00), ¢'(1) = /Ooolog(m)ml/(dm).

0

Recall that A, /¢ converges to ¢'(0) a.s. and that g + ¢'(0) is negative in the subcrit-
ical case. Proposition 4 then yields the asymptotic behavior of the quenched survival
probability :

t -1/8
e IR, (Y > 0] A) ~ 2 (c+ﬁ/ emgHA‘_gS—AS)ds) (t — 0),
0
which converges in distribution to a positive finite limit proportional to z. Then,
1
glogIPxo(Yt >0[A) = g+¢'(0)  (t— o00)

in probability.
Additional work is required to get the asymptotic behavior of the annealed survival
probability, for which four different regimes appear when the process a.s. goes to zero:

Proposition 5. We assume that v satisfies (2.2) and (2.11), and that v and ¢ satisfy
(3.1) and (3.4) respectively.

a/ If ¢'(0) + g < 0 (subcritical case) and 0,4, > 1, then

(i) If ¢'(1) + g < 0 (strongly subcritical regime), then there exists ¢; > 0 such
that for every xg > 0,

P, (Y; > 0) ~ cpzpet@D+9), as t— oo.
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(ii) If ¢'(1) + g = 0 (intermediate subcritical regime), then there exists co > 0
such that for every xg > 0,

Py, (Y; > 0) ~ comgt ™ /2t (¢+9), as t— 0.

(iii) If ¢’(1) + g > 0 (weakly subcritical regime) and 6,,,,.. > 8 + 1, then for every
xg > 0, there exists c3(xo) > 0 such that

P, (Y; > 0) ~ c3(xo)t /2t @(M+97), as t— oo,
where 7 is the root of ¢’ + g on 0, 1[: ¢(7) + g7 = 01<ni£11{¢(s) + gs}.

b/ If ¢'(0) + g = 0 (critical case) and 6,,,,. > [, then for every xy > 0, there exists
c4(zo) > 0 such that

P, (Y; > 0) ~ cq(zo)t /2, as t— oo.

Proof. From Proposition 4 we know that

t —-1/B t
exp {—UCO <c+5/ e—B(gs-i-As)dS) } =F {F (/ e—,@stS)] ,
0 0

where F(z) = 1 — exp{—2¢(c fz)"/#} and K, = A, + gs. The function F satisfies
assumption (4.5) which is required in Theorem 7 (which is stated and proved in the next
section). Hence Proposition 5 follows from a direct application of this Theorem. O

P, (V,>0)=1-F

In the case of CSBP’s without catastrophes (v = 0), the subcritical regime is reduced

to (i), and the critical case differs from b/, since the asymptotic behavior is given by 1/%.
In the strongly and intermediate subcritical cases (i) and (i%), E[Y;] provides the expo-
nential decay factor of the survival probability which is given by ¢(1) + g. Moreover the
probability of non-extinction is proportional to the initial state x( of the population. We
refer to the proof of Lemma 11 and Section 4.4 for more details.
In the weakly subcritical case (ii¢), the survival probability decays exponentially with
rate ¢(7) + g7, which is strictly smaller than ¢(1) + ¢g. In fact, as it appears in the
proof of Theorem 7, the quantity which determines the asymptotic behavior in all cases
is E[exp{infscp,+(As +gs)}]. We also note that c3 and ¢, may not be proportional to
xo. We refer to [3] for a result in this vein for discrete branching processes in random
environment.

More generally, the results stated above can be compared to the results which ap-
pear in the literature of discrete (time and space) branching processes in random envi-
ronment (BPRE), see e.g. [21, 18, 1]1. ABPRE (X,,,n € IN) is an integer valued branching
process, specified by a sequence of generating functions (f,,n € IN). Conditionally on
the environment, individuals reproduce independently of each other and the offsprings
of an individual at generation n has generating function f,,. We present briefly the
results of Theorem 1.1 in [17] and Theorems 1.1, 1.2 and 1.3 in [18]. To lighten the
presentation, we do not specify here the moment conditions.

In the subcritical case, i.e. when E[log f{(1)] < 0, we have the following three asymp-
totic regimes as n increases,

P(X, > 0) ~ can, as n — oo,

where c is a positive constant and a,, is given by

n n

or a, =n"3? ( min E[(f(’)(l))SDn,

an =E[f(0]", an=n"2E[f1)] oin,
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when E[f}(1) log fi(1)] is negative, zero or positive, respectively.
In the critical case, i.e. E[log f}(1)] = 0, we have

P(X, > 0) ~cn /2, as n — oo,

for some positive constant c. In the particular case when 3 = 1, these results on BPRE
and the approximation techniques implemented in Section 4 can be used to get Propo-
sition 5. We refer to Remarks 2 and 3 for more details.

Finally, in the continuous framework, such results have been established for the
Feller diffusion case, i.e. 8 = 1, whose drift varies following a Brownian motion (see
[9]). In other words the process K is given by a Brownian motion plus a drift. The
techniques used by the authors rely on an explicit formula for the Laplace transform
of exponential functionals of Brownian motion which we cannot find in the literature
for the case of Lévy processes. These results have been completed in the surpercritical
regime in [23].

3.2 Beyond the stable case.

In this section, we prove a similar result to Proposition 5 for CSBP’s with catastro-
phes in the case when the branching mechanism 1)y is not stable. For technical reasons,
we assume that the Brownian coefficient is positive and the associated Lévy measure p
satisfies a second moment condition.

Corollary 6. Assume that (3.4) holds and
/ 22u(dz) < oo, o? >0, / (logm)?v(dm) < co.
(0,00) (0,00)

a/ If¢’(0) + g < 0 and 6,4, > 1, then
(i) If ¢'(1) + g < 0, there exist 0 < ¢; < ¢} < oo such that for every x,
cr20et@MH) <P (V; > 0) < dyzoe!@W+9)  for sufficiently large t.
(ii) If¢'(1) + g = 0, there exist 0 < ¢y < ¢}, < oo such that for every x,
comot /2t 0TI <P (V; > 0) < chaot™ /209 for sufficiently large t.

(iii) If¢'(1)+g > 0 and 0,4, > B+1, for every x,, there exist 0 < c3(zg) < c5(zp) <
oo such that

Cg(xo)t—3/2et(¢(f)+gf) <P, (Y > 0) < cg(xo)t_S/Qet(¢(T)+9T) (t > 0),

where T is the root of ¢’ + g on |0, 1][.

b/ If ¢’ (0)+¢g = 0 and 6,4, > 3, then for every x, there exist 0 < c4(xg) < cj(z0) < 0
such that

ca(zo)t V2 <P, (Vi > 0) < &y (wo)t™ Y2 (¢ >0).
Note that the assumption o2 > 0 is only required for the upper bounds.

Proof. We recall that the branching mechanism associated with the CSBP Z satisfies
(1.1) for every A > 0. So for every A > 0,

202 < "(\) = 202 —I—/ 22e M p(dz).
(0,00)
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Since ¢ := fooo 22u(dz) < oo, 1" is continuous on [0, 00). By Taylor-Lagrange’s Theorem,
we get for every A > 0, ¥_(A) < ¢¥(\) < (), where

Y_(A) = M (0) +0?X% and by () = M\ (0) + (02 + ¢/2)\2.

We first consider the case v(0,00) < oo, so that A has a finite number of jumps on
each compact interval a.s., and we also introduce the CSBP’s with catastrophes Y~ and
Y+ which have the same catastrophes A as Y, but with the characteristics (g,0?,0)
and (g,0% + ¢/2,0), respectively. We denote u_; and u, ; for their respective Laplace
exponent, in other words for all (), t) € R?,

E[exp{-AY, }| =exp{-u_s(N},  E[exp{-AV;"}] = exp{-uy (N}

Thus conditionally on A, for every time ¢ such that A; = A;_, we deduce, thanks to
Theorem 1, the following identities

ul (N == (u_y), Ul (A) = —Up(uge),  up(N) = —(ur).
Moreover for every ¢ such that 6, = exp{A; — A;_}#1,

u_i(A) _ w(d)  upe(A)
U (A)  w—(A)  up—(A)

s

:9t>

and u_ o(A) = up(A) = uq o(A) = A. So for all ¢, A, we have
U_;,_’t()\) S U(t, )\) S ’U,_7t()\).

The extension of the above inequality to the case v(0,00) € [0,00] can be achieved by
successive approximations. We defer the technical details to Section 6.6.
Having into account that the above inequality holds in general, we deduce, taking A —
00, that

P(Y," > 0) <P(Y; >0) <P(Y,” >0).

The result then follows from the asymptotic behavior of P(Y,” > 0) and P(Y,;" > 0),
which are inherited from Proposition 5. O

4 Local limit theorem for some functionals of Lévy processes

We proved in Proposition 4 that the probability that a stable CSBP with catastrophes
becomes extinct at time ¢ equals the expectation of a functional of a Lévy process. We
now prove the key result of the paper. It deals with the asymptotic behavior of the mean
of some Lévy functionals.

More precisely, we are interested in the asymptotic behavior at infinity of

or(t) =& [F ([ ewi-prias)|.

where K is a Lévy process with bounded variation paths and F' belongs to a particular
class of functions on R,. We will focus on functions which decrease polynomially at
infinity (with exponent —1/8). The motivations come from the previous section. In
particular, the Proposition 5 is a direct application of Theorem 7.

Thus, we consider a Lévy process K = (K,t > 0) of the form

Kio=~t+oD -6, t>0, 4.1)
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where 7 is a real constant, ¢(*) and ¢(~) are two independent pure jump subordinators.
We denote by II, II(f) and II(-) the associated Lévy measures of K, o) and o(-),
respectively. We also define the Laplace exponents of K, o(t) and ¢(~) by

qSK()\):logE[e’\Kl}, ¢;(A):1ogE[e*0i+’} and ¢;((A)=10g]E{e—M§‘)}, (4.2)

and assume that
amaz — sup {)\ S R+,/ 6A$H(+) (dx) < OO} > 0. (43)
[1,00)

From the Lévy-Khintchine formula, we deduce

O (A) =~vA —|—/ : (e” - 1)H(+)(dx) + /(0 - (e_)‘”” - 1>H(_)(dx).

(0,00

Finally, we assume that E[K?] < oo, which is equivalent to
/ 22T (dz) < oo. (4.4)
(700700)

Theorem 7. Assume that (4.1), (4.3) and (4.4) hold. Let 3 € (0,1] and F' be a positive
non increasing function such that for x > 0

F(z) = Cp(e + 1) [14 (1+2)~*h(z)], (4.5)
where ¢ > 1, Cr is a positive constant, and h is a Lipschitz function which is bounded.
a/ If ¢ (0) <0
(i) If 04, > 1 and ¢’ (1) < 0, there exists a positive constant c¢; such that
ap(t) ~cet**Mas ¢ — 0.
(ii) If Oae > 1 and ¢’ (1) = 0, there exists a positive constant ¢, such that
ap(t) ~ cpt™1 /29 as 5 0.
(iii) If O;ee > B+ 1 and ¢’ (1) > 0, there exists a positive constant cz such that
ap(t) ~ est 32t () as 5 o0,
where T is the root of ¢ on |0, 1].
b/ If 0,4, > B and ¢’ (0) = 0, there exists a positive constant c4 such that

ap(t) ~et™2, as  t— oo

This result generalizes Lemma 4.7 in Carmona et al. [11] in the case when the
process K has bounded variation paths. More precisely, the authors in [11] only provide
a precise asymptotic behavior in the case when ¢/ (1) < 0.

The assumption on the behavior of F' as + — oo is finely used to get the asymptotic
behavior of ar(t). Lemma 10 gives the properties of F' which are required in the proof.

The strongly subcritical case (case (i)) is proved using a continuous time change
of measure (see Section 4.4). For the remaining cases, we divide the proof in three

EJP 18 (2013), paper 106. ejp.ejpecp.org
Page 13/31


http://dx.doi.org/10.1214/EJP.v18-2774
http://ejp.ejpecp.org/

CSBP with catastrophes

steps. The first one (see Lemma 8) consists in discretizing the exponential functional
fot exp(—BK,)ds using the random variables

P p 1—1
=> exp{-BK; i} => ][] exp{ — B(K(j11)/q — Kj/q)} ((p,q) € N x IN*). (4.6)
i=0 1=0 5=0

Secondly (see Lemmas 11, 12 and 13), we study the asymptotic behavior of the dis-
cretized expectation

Fr:=E[F(454/q)] (4€ ), 4.7)

when p goes to infinity. This step relies on Theorem 2.1 in [21], which is a limit theorem
for random walks on an affine group and generalizes theorems A and B in [34].

Finally (see Sections 4.3 and 4.4), we prove that the limit of F|, ,, when ¢ — oo, and
ar(t) both have the same asymptotic behavior when ¢ goes to infinity.

4.1 Discretization of the Lévy process

The following result, which follows from the property of independent and stationary
increments of the process K, allows us to concentrate on A, ,, which has been defined
in (4.6).

Lemma 8. Lett > 1 and g € IN*. Then

(+)

t
}efﬁw/qu)A - g/ PR, Qs < LAl/atol), >AL2>tJ ’
q sq 0 q qt].q

where for every (p,q) € IN x IN*, 01/ (resp 01/ )) is independent ofA q (resp A,(f(),) and

@ 40 @D 4@

P,q — p,q P,q’

A
Proof. Let (p,q) be in N x N* and s € [p/q, (p + 1)/q]. Then

K < Kp/q + /g + [UH_) — U(+)] and K, > Kp —Il/q - [ -)

(p+1)/q p/q T(pt+1)/q — p/q] (4.8)

Now introduce

(1) (+) (+) (+) _ (+) (+) (=)
Kp/q Kpjq + o T(p+1)/q ~ Up/q] - al/q w/a+lo T (p+1)/q Ol/q] ~%/q
and
2 _ (=) (=) -) _ +) (=) (=)
Kp/q = Spla T [U(p+1)/q p/q] + Ul/q p/a+ Up/q - [U(pH)/q - Jl/q]‘

Then, we have for all (p,q) € N x IN*

Ko Ky Kp) 2 (kO kO gD
/q r/q 0

(2)
1/q r/q w K

(@)
) S KD KT K.

/g

Moreover, the randorn vector (K(l) KS)q, K

is independent of 01 / Finally, the definition of

ey )) is independent of 057) and (K(Q) K@

p
Z exp{— 6KZ
i=0
for i € {1,2} and the inequalities in (4.8) complete the proof. O
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4.2 Asymptotical behavior of the discretized process

First, we recall Theorem 2.1 of [21] in the case where the test functions do not van-
ish. This is the key result to obtain the asymptotic behavior of the discretized process.

Theorem 9 (Giuvarc'h, Liu 01). Let (ay,bn)n>0 be a (R%.)?-valued sequence of iid ran-
dom variables such that E[log(ag)] = 0. Assume that by/(1 — ag) is not constant a.s.
and define Ay =1, A,, = Hz;é ar and B,, = ZZ;& Apby, forn > 1. Let n,k, £ be three
positive numbers such that k < &, and d~> and 1; be two positive continuous functions on
R such that they do not vanish and for a constant C' > 0 and for every a > 0, b > 0,
b > 0, we have

: .- c
Ba) < Ca", d0) < e

and  |4(b) — P ()| < Clb—b'|".
Moreover, assume that

Elaj] < oo, Elay"] <oo, E[b}] <oco and Ela;"by"] < oc.
Then there exist two positive constants c(q@, 1[)) and c(zﬂ) such that

lim 7n3/2E [&(An)zL(Bn)] —c(¢,) and  lim n'/?E [&(Bn)] = c().

n— oo n— oo

Let us now state a technical lemma on the tail of function F', useful to get the asymp-
totical behaviour of the disretized process. Its proof is deferred to Section 6.5 for the
convenience of the reader.

Lemma 10. Assume that F' satisfies (4.5). Then there exist two positive finite constants
n and M such that for all (x,y) in R2 and ¢ in [0, 7],

’F(w) _ Cpx—l/ﬂ‘ < Mg (+e)/8, (4.9)
’F(x) - F(y)‘ < M‘x’l/ﬁ _ oy, (4.10)

Recall the definitions of A, , and F} , in (4.6) and (4.7), respectively. The three fol-
lowing lemmas study the asymptotic behavior of F,, , and the mean value of (4, ,/q)~'/?
in the regimes of (ii), (iii) and b/.

Lemma 11. Assume that |¢% (0+)| < 00, 0z > 1 and ¢/, (1) = 0. Then there exists a
positive and finite constant cy(q) such that,

Fp,qNCFCQ(q)(p/q)_l/Qe(p/Q)¢K(l)’ as p— oo, (4.11)

and
E |(Apa/a)”"’]| ~erla)(p/@) /2@ 095D, s p s oc. (4.12)

Proof. Let us introduce the exponential change of measure known as the Escheer trans-
form
dP™
dP

= Mot for X €0, Omaa), (4.13)
Fi

where (F;)¢>0 is the natural filtration generated by K which is naturally completed.
The following equality in law

p p
Ap ¢ = efﬁKp/q <Zeﬁ(Kp/qui/q)> (i) efﬁKp/q (ZeﬁKt’/q>7

=0 =0
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leads to e~ (P/0¢x (g {A;}/B} =EWD {A;,é/ﬁ} , where A, , = S0 efRi/a, Lete > 0 be
such that (4.9) holds and observe that flp’q > 1 a.s. for every (p,q) in N x IN*. Thus,

W A-0+8)/8| « gV | A-1/8| < ED i —Kiq|
B [4579/7] <8O [417]) <BO | it oo

Since ¢ (1) = 0 and E[K?

1/q] < 00, Theorem A in [26] implies

D8] [ie[(ifgmme_&/q] ~ Cq(p/q)—l/{ as s oo,

where C'q is a finite positive constant. We define for z > 1,
Dy(z,p) = (p/a) /2B 4557

Moreover, we note that there exists py € IN such that for p > pg, Dy(1,p) < ZC’q.

Our aim is to prove that D,(1,p) converges, as p increases, to a finite positive con-
stant da(q). Then, we introduce an arbitrary z € (0, (Cr/M)/¢¢=1/8) and apply Theorem
9 with

b(2) = F(2), d(z) =2 (n,r,6) = (1,1/(28),1/8).

Observe that F is a Lipschitz function and that under the probability measure P,
(@n,bn)n>0 = (exp(B(Km+1)/q — Kny/q))s r7P¢71),>0 is an i.i.d. sequence of random vari-
ables with E(M[log(ag)] = 0, since ¢, (1) = 0. Moreover, a simple computation gives

E(l)[aal] — elox(1-B)=¢x(1))/a 0,

so that the moment conditions of Theorem 9 are satisfied. We apply the result with

n—1
B, = qilafﬁZeﬁKU% n € IN*
i=0

and we get the existence of a positive finite real number b(q, ) such that

(p/q)l/QE(l) [F(w‘ﬁflp,q/q)} —b(q,z), as p— oo.
Taking expectation in (4.9) yields
(/)" 2BV [F (277 4p0/4)] = Crag"/?Dy(1,p)| < Ma'+2q /7D,y (1 + £,p). (4.14)

Defining D, := liminf, ,. Dy(1,p) and D, := lim Sup,,_, o, Dq(1,p), we combine the two
last dispalys to get

C’qul/ﬁbq <b(q,x) + Mz ¢4/ lim sup D,(1+¢,p),

p—00
and
Cpqu/ﬁQq > b(g,x) — Mz g +9)/8 lim sup D,(1+¢,p).
p—00
Adding that D,(z,p) is non-increasing with respect to z, D,(1 +¢,p) < Dy(1,p) < 2C’q
for every p > pg and

= AMCyzg/?
D,-D, < ﬁ.
Cr
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Finally, letting z — 0, we get that D,(1, p) converges to a finite constant d»(g). Moreover,
from (4.14), we get for every integer p:

(Crag'/? + Ma'+2qU+/5)Dy(1,p) > (p/a) PED [F (279 Ay 0/a) |

Letting p — oo, we get that da(q) is positive, which gives (4.12).
Now, using (4.9), we get

E‘Fm — Cr (Apg/a)V? ’ <E [(Apvq/q)—(ws)/ﬁ] ’
so the asymptotic behavior in (4.11) will be proved as soon as we show that
—(1+ ﬁ _ _1 5
B[40 =0 (E[4;47]). as psoe.

From the Escheer transform (4.13), with A = 1 + ¢, and the independence of the
increments of K, we have

P —&/B 1 L -1/8
E{A;gue)/ﬁ] _ e<P/q>¢K<1>E<1>{(Ze—ﬁfﬂ/q) (Zeﬁ%/q—fﬂm)) }
1=0 1=0
< e<p/q)¢K<1>E<1>{ inf  eKisa  inf e—(Kp/q—ij}
B 0<i<|p/3) [2p/3]<i<p
— e(p/q)tﬁx(l)E(l){ inf esK'i/q]]E(l)[ inf e*Kj/q]
0<i<|p/3] 0<5<|p/3)

Using (4.4), we observe that EM[K;,,] = 0 and ]E(l)[Kf/q] < o0o. We can then apply
Theorem A in [26] to the random walks (—~K;/,)i>1 and (¢K;/,)i>1. Therefore, there
exists C'(¢) > 0 such that

B4, 49/°] < (@) /p)e 0 =0 (B[4,07]), as p oo

Taking c2(q) = da(q)q"/? leads to the result. O

Remark 2. In the particular case when g = 1, it is enough to apply Theorem 1.2 in [18]
to a geometric BPRE (X,,,n > 0) whose p.g.f’s satisfy

_ - kk _ _ DPn
fn(s) = anqns 1— Qn87
k=0
with 1/p, = 1+ exp {B (K(n+1)/q - Kn/q)}, and ¢, = 1 — p,,. Using E[A;,(ﬂ =P(X, >0)
and log fj(1) = K /4, allows to get the asymptotic behavior of E[A !] from the speed of
extinction of BPRE in the case of geometric reproduction law (with the extra assumption
gf)K(Q) < 00).

Recall that 7 is the root of ¢ on ]0,1], i.e. ¢k (7) = ming<s<10xK(s).

Lemma 12. Assume that ¢ (0) < 0, ¢’x(1) > 0 and 0,4, > B + 1. Then there exist two
positive constants d(q) and c3(q) such that

F,, ~ 03(q)(p/q)_B/Qe(p/q)‘i’f{(ﬂ7 as p— oo, (4.15)

and
E [(Ap,q/Q)‘”ﬂ ~ d(q)(p/q)~*?e®/Vox(T)as p— oo, (4.16)
EJP 18 (2013), paper 106. ejp.ejpecp.org
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Proof. First we apply Theorem 9 where, for z > 0,

b(z)=F(z),  d(z)=z""  (n,r&)=(1,7/8,1/8).

Again F is a Lipschitz function, and under the probability measure P(7), (n, bn)n>0 =
(exp(—=B(K (n+1)/q — Knyq))s ¢ Y)n>0, is an i.i.d. sequence of random variables such that
E( [log(ag)] = 0, since ¢4 (7) = 0. The moment conditions

E® [ag/ﬁ] —e /i <00 and  EM[gpl] = e@xBr-ox(M)/a < o,

enable us to apply Theorem 9. In this case,
n—1
B, = q_lze_ﬁKi/Q, n € IN*.
=0

Then there exists ¢3(¢) > 0 such that
E[F(Apq/q)] e~ P/09x () = |7 [F(Ap,q/Q)e_TKp/q] ~ CS(Q)(?/Q)_3/27

as p — oo. This gives (4.15).
To prove
_ _ 3 r
E [(4p0/a)"7] ~ da)(p/a) /2550, s p o

for d(q) > 0, we follow the same arguments as those used in the proof of Lemma 11. In
other words, we define for z > 1,

Dy(2,p) = (p/q)¥/2e=#/D¢x () {A;Z/B} 7

which is non-increasing with respect to z. We obtain the same type of inequalities as in
Lemma 11, for the random variable A instead of A.

Again we take € > 0 such that (4.9) holds. Then Lemma 7 in [22] yields the existence
of C; > 0 such that for p large enough,

e —1 i —Kijg| ~ —3/2 T
E [Ap,é +6)/l3} <E [Ap’q/ﬂ} <E Le[(l)rgnwe / } C,(p/q) /2(p/0)$x (7).

Finally, we use Theorem 9 to get 0 < liminf, _,o Dy(1,n) = limsup,,_,., Dy(1,n) < oo,
which completes the proof. O

Lemma 13. Assume that ¢ (0) = 0 and 0,4, > (. Then there exist two positive
constants b(q) and c4(q) such that

Fpq~ca(q)(p/a)~"?, as p— oo, (4.17)

and
E |(4p./a) ] ~b(a)p/a) % as p— oo (4.18)

Proof. The proof is almqst the same as the proof of Lemma 12. We first apply Theorem
9 to the same function v and sequence (ay, b,)n>o defined in Lemma 12 but under the
probability measure P instead of P(7). Then, we get

E[F(Ap,q/q)} ~ea(@)p/e)” 2, as p - oo,
Now, we define for z > 1,
Dy(2,p) = (p/a)/*E[4,5/7],

and from Theorem A in [26] and Theorem 9, we obtain that Dq(l7 p) has a positive finite
limit when p goes to infinity. O
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4.3 From the discretized process to the continuous process

Up to now, the asymptotic behavior of the processes was depending on the step size
1/q. By letting ¢ tend to infinity, we obtain our results in continuous time. To do this we
shall use several times a technical Lemma on limits of sequences.

Lemma 14. Assume that the non-negative sequences (an.q)(n,q)eN?, (a5, 4)(n,q)en? and
(bn)nen satisfy for every (n,q) € IN?:

li
QAn g < bn < amqv

and that there exist three sequences (a(q))qen, (¢ (q))qen and (¢t (q)qew such that
. e . 12 o+
nhﬁngoan,q =c¢ (q)a(q), nIL%a7L7q =c"(

g)a(g), and limc™(g) = lim c"(q) =1.
q—o0

q—o0

Then there exists a non-negative constant a such that

lim a(q) = lim b, = a.
q—o0 n— 00

Proof. From our assumptions, it is clear that for every ¢ € IN

limsupb, < c(q)a(g) and ¢ (g)a(q) < liniinf by,

n—oo

Then letting ¢ go to infinity, we obtain

limsup b, <liminfa(q) and limsupa(q) < liminfb,,

n— o0 g—o0 q—o00 n—00

which ends the proof. O
Recalling the notations (4.11) to (4.18), we prove the following limits :

Lemma 15. There exist five finite positive constants b, d, co, c3 and ¢4 such that

(b(Q)7d(q)aCQ(Q)7C3(Q)764(q)) - (bv da 02363364)7 as q — oo. (4.19)

Proof. First we prove the convergence of d(g). From Lemma 8, we know that for every
n € N*

e¢;(<1q>—w\E{(Anqu/q)—l/ﬁ} < E[(/O" e‘ﬂK”du)il/ﬁ} < eﬁ((quME[(Anq,17q/q)71/ﬁ]

(4.20)
A direct application of Lemma 14 with

alg) = d(q), ¢ (q) = ePxW=1D/a  and ¢t(q) = e@xM+hD/a,

yields that d(q) converges as ¢ — oo to a finite non-negative constant d. Let us now

prove that d is positive. Let (g1, ¢2) be in IN2. According to (4.16) and (4.20) there exists

n € IN such that
=17l

O<e @ d(q1)/2< n3/267"¢K(T)E[(/ eiﬁK“du)

71/5} dF D+~ (1)
0

< 2e az d(gz).

Letting ¢» go to infinity, we conclude that liminf,_, ., d(q) > 0. Similar arguments imply
the convergence of b(q) to a positive constant.

Now, we prove the convergence of ¢3(q), ¢3(¢) and ¢4(q). Again the proofs of the
three cases are very similar, so we only prove the second one. From Lemmas 8 and 12,
we know that for every (n, q) € IN?,

(+)

(=)
E |:F(e,@(|'y|/q+al/q)Anq7q/q>:| < aF(n) <E |:F(B_B(|'Y|/Q+<T1/q)Anq_17q/q):| .
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Using (4.10), we obtain

Frgq+ ME [(;w/qﬂri;g 7 1} E RAWQ)—;}

Fuge 5 [0 ] (s ]
' q

Thus, dividing by n~3/2 exp(n¢x (7)) in the above inequality, we get the convergence

using Lemmas 12, 14 and Equation (4.10) with

a(q) = es(q), ¢ (g) = | Md(g)(etx DD/ — 1) g = | Md(g)(e@x DR/ — 1)

c3(q) c3(q)

We then prove that lim,_, c3(¢) is positive using similar arguments as previously. O

4.4 Proof of Theorem 7

Proof of Theorem 7 a/ (i). Recall from Lemma II.2 in [6] that the process (Kt—K(t_s)f ,0<
s < t) has the same law as (K;,0 < s <t). Then

t t t t
/e—ﬂKSdS:/ e—ﬂKafs)dS:e—ﬁKt/ eﬁKt—ﬁK<H>d8@6—ﬂKt/ PEe g
0 0 0 0

We first note that for every ¢ € N* and ¢ > 2/¢, Lemma 8 leads to

t 71/[3 2/(] _1/5
(/ e_ﬁsts) E / e PKsds
0 0

(+)

< ql/ﬁelvl/qE(effl/q(Afc)l)fl/ﬁ>

E

IA

< b (S EDLH D)

)<oo,
q

where q’)}r{ was defined in (4.2). Hence using (4.13), with A = 1, we have

t —-1/B t —-1/8 t —-1/B
(/ e_ﬂsts> efte (/ eﬂsts> ] = etox(MED) (/ e’Bsts> 1 .
0 0 0

The above identity implies that the decreasing function ¢ — EM( fot ePEads)=1/P] is
finite for all t > 0. So it converges to a non-negative and finite limit ¢;, as ¢ increases.
This limit is positive, since under the probability P(!), K is still a Lévy process with
negative mean E(")(K;) = ¢/(1) and according to Theorem 1 in [7], we have

E =E

/ ePBeds < o0, PW.as.
0
Hence, we only need to prove
b gk N\ T8
ap(t) ~ CFE[(/ e h Sds) } as t— oco. 4.21)
0

Recall that 0,4, > 1 and ¢%x(1) < 0. So we can choose ¢ > 0 such that (4.9) holds,
14+¢€ < Omaz, dx(1+¢) < ¢x(1) and ¢ (1 +€) < 0. Therefore

t t -1/B t
F (/ e_ﬁKSds) —Cp (/ 6_6K5d8> <M (/ e_ﬁKSds)
0 0 0
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In other words, it is enough to show

—(1+¢)/B87

t
E (/ eﬁKSds> =o(e!*c(), as t— oco.
0

From the Escheer transform (4.13), with A = 1 + ¢, we deduce

¢ —(1+e)/B i t —(1+e)/8
(/ e_ﬁK”ds> E |1 te)K: (/ eBKSds>
0 i 0
t —(1+e)/B
_ G tox(tepte) [(/ eﬂKSds) ] _
0

Again from Lemma 8, we obtain for ¢ > ¢/2,

E

_1+4e

t B +
. < / s ds) < 149 o (20 (L + ) + 6 (1 £ Lo
0 q

implying that the decreasing function ¢ — E0+9)[( [ exp(SK,)ds)~(1+)/f] is finite for
all ¢ > 0. This completes the proof. O

Remark 3. In the particular case when = 1, it is enough to apply Theorem 1.1 in [18]
to the geometric BPRE (X,,,n > 0) defined in Remark 2 to get the result.

Proof of Theorem 7 a/ (ii), (iii), and b/. The proofs are very similar for the three regimes,
for this reason we only focus on the proof of the regime in a/(iii).

Let ¢ > 0. Thanks to Lemma 15, we can choose ¢ € IN* such that ¢ > 1/¢ and
(1 —¢€)es < e3(q) < (1+¢€)cg. Then for every ¢ > 1, the monotonicty of F' yields

E[F(Cloyo¢”//q)] < ar(t) < BF(D|gy-1,0e7V1/q)).
Applying (4.10), we obtain :

‘E[F(thtLqeﬁM/q/Q)] — Flgt) q

_ by —
(B[ F(Dygey 1,06~ 7/1/)] = Flgiy o < (R0 — 1)ME[(A}g0)1,0/0) ],

< (1= e =IO ME[ (A ey o/ 0) 7],

Taking ¢ to infinity, it is clear from Lemma 12 that both terms are bounded by
I(e)t—3/2etox(T) = [QMd(es(\vHaﬁX(l)) _ e—s(h\—@(l)))e—ew(r)}t—3/26t¢x(7) (4.22)
where ¢ and ¢ . are defined in (4.2), and I(¢) goes to 0 when ¢ decreases. On the other
hand, for t large enough
(1= 2e)ext ™29 < Flyy g < ap(t) < Flgy-1q < (14 2e)est™ /296,

which completes the proof of Theorem 7. O

5 Application to a cell division model

When the reproduction law has a finite second moment, the scaling limit of the
GW process is a Feller diffusion with growth ¢ and diffusion part ¢2. That is to say,
the stable case with § = 1 and additional drift term ¢g. Such a process is also the
scaling limit of birth and death processes. It gives a natural model for populations
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which die and multiply fast, randomly, without interaction. Such a model is considered
in [5] for parasites growing in dividing cells. The cell divides at constant rate r and
a random fraction © € (0,1) of parasites enters the first daughter cell, whereas the
remainder enters the second daughter cell. Following the infection in a cell line, the
parasites grow as a Feller diffusion process and undergo a catastrophe when the cell
divides. We denote by N, and N; the numbers of cells and infected cells at time ¢,
respectively. We say that the cell population recovers when the asymptotic proportion
of contaminated cells vanishes. If there is one infected cell at time 0, E[N;] = ¢"* and
E[N;] = e"P(Y; > 0), where

t t t 1
Y, =1 —|—/ gYids —|—/ v/ 202Y,dB, +/ / (0 —1)Y;_p(ds, df). (5.1)
0 0 o Jo

Here B is a Brownian motion and p(ds,df) a Poisson random measure with intensity
2rdsP(© € df). Note that the intensity of p is twice the cell division rate. This bias
follows from the fact that if we pick an individual at random at time ¢, we are more
likely to choose a lineage in which many division events have occurred. Hence the
ancestral lineages from typical individuals at time t have a division rate 2r.

Corollary 2 and Proposition 5 with 3 = 1, ¢)(\) = —gA+ 02\ and v(dx) = 2rP(O € dx)
imply the following result.

Corollary 16. a/ We assume that g < 2rlE [log(1/0)]. Then there exist positive con-
stants cq, co, c3 such that

(i) Ifg < 2rE[Olog(1/0)], then
E[N/] ~cie?, as t— oc.
(i) If g = 2rE [©log(1/©)], then
E[N;] ~ cot™2e9, as t— .
(iii) If g > 2rE [©log(1/0©)], then
E[N;] ~ cst™3/%e?t, as t— .
where a = minyc(,1j{g + 2r(E[6*] — 1/2)} < g.
b/ We now assume g = 2rE [log(1/0)], then there exists ¢4 > 0 such that,
E[N;] ~ cst™ 2™, as t— oco.
¢/ Finally, if g > 2rTE [log(1/©)], then there exists 0 < ¢5 < 1 such that,
E[N;] ~cse™, as t— oc.

Hence if g > 2rE [log(1/0)] (supercritical case c/), the mean number of infected cells
is equivalent to the mean number of cells. In the critical case (b/), there are somewhat
fewer infected cells, owing to the additional square root term. In the strongly subcritical
regime (a/ (i)), the mean number of infected cells is of the same order as the number of
parasites. This suggests that parasites do not accumulate in some infected cells. The
asymptotic behavior in the two remaining cases is more complex.

We stress the fact that fixing the growth rate g of parasites and the cell division rate
r, but making the law of the repartition © vary, it changes the asymptotic behavior of
the number of infected cells. For example, if we focus on random variables O satisfying
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PO =0)=PO =1-0) =1/2 for a given 0 €]0,1/2], the different regimes can be
described easily (see Figure 1).

If g/r > log 2, the cell population either recovers or not, depending on the asymme-
try of the parasite sharing. If g/r < log2/2, the cell population recovers but the speed
of recovery increases with respect to the asymmetry of the parasite sharing, as soon as
the weakly subcritical regime is reached. Such phenomena were known in the discrete
time, discrete space framework (see [2]), but the boundaries between the regimes are
not the same, due to the bias in division rate in the continuous setting. Moreover, we
note that if g/r € (log2/2,log2), then parasites are in the weakly subcritical regime
whatever the distribution of © on ]0,1[. This phenomenon also only occurs in the con-
tinuous setting.

supercritical

weakly subcritical

strongly subecritical

0 o 12

Figure 1: Extinction regimes in the case P(© = §) = P(© = 1 — §) = 1/2. Boundaries
between the different regimes are given by g/r = —log(6(1 — 6)) (supercritical and
subcritical) and g/r = —0log 6 — (1 — ) log(1 — ) (strongly and weakly subcritical).

6 Auxiliary results

This section is devoted to the technical results which are necessary for the previous
proofs.

6.1 Existence and uniqueness of the backward ordinary differential equation

The Laplace exponent of Z in Theorem 1 is the solution of a backward ODE. The
existence and uniqueness of this latter are stated and proved below.

Proposition 17. Let § be in BY(R™"). Then the backward ordinary differential equation
(2.5) admits a unique solution.

The proof relies on a classical approximation of the solution of (2.5) and the Cauchy-
Lipschitz Theorem. When there is no accumulation of jumps, the latter provides the
existence and uniqueness of the solution between two successive jump times of §. The
problem remains on the times where accumulation of jumps occurs. Let us define the
family of functions 6" by deleting the small jumps of §,

op =0 — Z (53 - 53_>1{\5S—5s,|<1/n}-

s<t
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We note that 1 is continuous, and s — €979 is piecewise C'! on Rt with a finite
number of discontinuities. From the Cauchy-Lipschitz Theorem, for every n € IN* we
can define a solution v}*(., A\, §) continuous with cadlag first derivative of the backward
differential equation:

%’U?(S, )\,6) = egs+62’¢0 (e_gs_(s"?v?(sv )\76))’ 0 <s< ta U?(@ Aa 6) = A

We want to show that the sequence (v}'(., A,0)),>1 converges to a function v (., A, d)
which is solution of (2.5). This follows from the next result. We fix ¢ > 0 and define

S = sup {69”5?,6795752}. (6.1)
s€[0,t],nEN*

Lemma 18. For every A > 0, there exists a positive finite constant C such that for all
0<n<k<AS,
0 < 4o(k) —to(n) < C(k —mn). (6.2)

Proof. First, we observe that S is finite and that for all 0 < n < k¥ < AS, we have
0<e " —e "4 (k—n)zx < (k—mn)xfor z > 0 since z — e * + z is increasing and
e " < e~ ", Moreover

0<e®—14z<zAz? (6.3)

and combining these inequalities yields
Yo(k) = to(n)

=0 (k> —n°) + /100 (e‘” —e "4 (k- n)x)u(dx)
e [ Cr(— () + / (e Lk (= e ) e uda)
< o2(52 —1P) + (5 — 1) / " eudz) + (5 — ) / " 2u(de) + (r - n)? / ' su(de)

< [prsor+ [Tantan) + 35 [ auan)] s ),

which proves Lemma 18. O
Next, we prove the existence and uniqueness result.

Proof of Proposition 17. We now prove that (vj'(s,\,d),s € [0,t]),>0 is a Cauchy se-
quence. For simplicity, we denote v"(s) = v}’(s, A,d), and for all v > 0:

P (s,0) = 9% qhg (e79 %) and  P>(s,v) = €90y (eI T0).

We have for any 0 < s <t and m,n > 1:

[v"(s) =™ (s)]

‘ /st ™ (u, 0™ (u))du — /st ™ (u, Um(U))du‘ (6.4)

IN

[+ R [ ) -

where for any u € [0, ],

RU(u) = [ (0" () = ¥ (u,0" (u)

< eI |y (e‘gu_éﬁvn(u)) — g (e_g"_‘s“'v”(u))‘ + e9%g (e_g“_éuv"(u)) ’e‘sg — e,
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Moreover, from (6.1) to (6.2), we obtain

R'(u) < scx‘eﬂ—e*éu

+ elgltz/Jo(AS)‘e‘ss — O

< (SC’)\ + e'g‘two(AS)) sup} {‘6752 — e 0u,

- we[0,t

Using similar arguments as above, we get from (6.2),

[ 0" () = 6 (0" (W) < O

o™ (u) — vm(u)’.
From (6.4), we use Gronwall’s Lemma (see e.g. Lemma 3.2 in [14]) with

Ron(s) = /st R™(u)du + /: R™(u)du,

to deduce that forall 0 < s <,
t
0" (5) = 0™ ()] < Rmn () + C.S2eC5 =) / Ry (1),

Recalling that R, (u) < s, and f; R"(u)du < ts, for u < t, we get for every ny € IN*,
sup  [o"(s) = 0" (s)| < ¢[1 4+ CS2 ] sup (04 5m):
m,n>ng,s€0,t] m,n>ngo

Adding that s,, — 0 ensures that (v"(s),s € [0,t])»>0 is a Cauchy sequence under the
uniform norm. Then there exists a continuous function v on [0, ¢] such that v™ — v, as n
goes to oo.

Next, we prove that v is solution of the Equation (2.5). As ¢ satisfies (6.1), we have
for any s € [0,t] and n € IN*:

‘v(s) — /: P> (s,v(s))ds — )\’
<o) =]+ [ 05, 0(6)) — (s, vl s + / t

<tsp + (14 CS?) sup {‘v(s) - v”(s)‘, s € [O,t]},

Pr(s,v(s)) — 9" (s,0"(s))|ds

so that letting n — oo yields ‘v(s) - f; P> (s,v(s))ds — /\’ = 0. It proves that v is solution
of (2.5). The uniqueness follows from Gronwall’s lemma. O

6.2 An upper bound for v

The study of the Laplace exponent of 7 in Corollary 2 requires a fine control of the
branching mechanism .

Lemma 19. Assume that the process (gt + Ay, t > 0) goes to +oo a.s. There exists a
non-negative increasing function k on R™ such that for every A > 0

bo(\) < Ak(\)  and / k(e*<9t+ﬁt>)dt<oo.
0

Proof. The inequality (6.3) implies that for every A > 0,

Po(A) < oA +/ (N2%1pn<ay + A2lpaaay) 1(dz)
0
1 1/X 00
< (0’2 +/ zzu(dz)) A+ >\21{,\<1} / 22u(dz) + )\/ zp(dz).
0 1 1/
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Now, using condition (2.10) we obtain the existence of a positive constant ¢ such that
A zu(dz) < AMog= 9 (1 +1/)) / 2log't e (14 2)p(dz) < eAlog= 1) (14 1/).
/X /A
Next, let us introduce the function f, given by
f(z)=2""log" (1 4 2), for z € [1,00).

If we derivate the function f, we deduce that there exists a positive real number A > 1
such that f is decreasing on [A, 00). Therefore, for every A < 1/A4,

VA Zloghte (1 + 2)

YA g —(14¢)
/A AN z%u(dz) = Alog (1+1/)\)f(1/)\)/A o) u(dz)
/A
< Alog (49 (1+1/)\)/ log™ (1 4 2)u(dz).
A

Adding that \? flA Z2pu(dz) < XN2A [[° zp(dz) and using again condition (2.10), we deduce
that there exists a positive constant ¢’ such that for every A > 0,

Yo(N) < ¢ (A2 + Alog™ (9 (14 1/3)).

Since \? is negligible with respect to A log_(1+‘5)(1 +1/X) when A is close enough to 0 or
infinity, we conclude that there exists a positive constant ¢’ such that

Yo(A) < Alog™ M (1 +1/)).
Defining the function k(z) = ¢’ log~ ") (1 + 1/2), for z > 0, we get that:
B(em@20) ~ ¢10g™0%9(2), (2 0),
thus the integral of k(exp(—gt — A;)) is finite in a neighborhood of zero, and

0< /OO k(e_(gt+At))dt </ /Oo e_(gt"!‘At)(gt + At)—(1+6)dt7
1 1

which is finite since the process (gt + A;,¢ > 0) drifts +o0o and has finite first moment.
This completes the proof. O

6.3 Extinction versus explosion
We now verify that the process (Y;):>0 can be properly renormalized as t — co on
the non-extinction event. We use a classical branching argument.

Lemma 20. LetY be a non-negative Markov process satisfying the branching property.
We also assume that there exists a positive function a; such that for every xo > 0, there
exists a non-negative finite random variable W such that

t—o0

aYy —— W a.s, P,,(W >0) >0, ar — 0.
t—o00
Then
(W =0} = {Yt — o} P,, a.s.
t—o00
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Proof. First, we prove that

P, (limsupY; = oo | limsup¥; > 0) = 1. (6.5)

t—o00 t—o0

Let 0 < z < 2y < A be fixed. Since a; — 0 and P,(W > 0) > 0, there exists ¢, > 0
such that a := P,(Y;, > A) > 0. By the branching property, the process is stochastically
monotone as a function of its initial value. Thus, for every y > z (including y = x¢),

P,(Y;,, > A)>a>0.
We define recursively the stopping times
Ty =0, Tig1=inf{t >T,+t:Y; >z} (1 >0).
For any ¢ € IN*, the strong Markov property implies
Poy(Yrqt, > A| (Y2 :t<T), T; <) > a.

Conditionally on {limsup,_, ., Y; > z}, the stopping times 7; are finite a.s. and for all
O<x S o S A,
P, (Vi>0:Yp 1, < A, limsupY; > ) =0.

t—o00
Then, P,,(limsup,_, ., Y; < oo, limsup,_, ., ¥ > x) = 0. Now since {limsup,_,., ¥; > 0} =
Upe (0,201 1imsup,_, . ¥; > 2}, we get (6.5).
Next, we consider the stopping times 7,, = inf{¢ > 0 : Y; > n}. The strong Markov
property and branching property imply

Py (W = 0;T, < 00) = By (11, <0 Py, (W = 0)) < Po(a¥y — 0) = Py(aYy — 0)",

which goes to zero as n — oo, since Py (a:Y; g 0) =P (W =0) < 1. Then,

0=P,,(W=0;¥n:T, < 0) =P, (W =0,limsup¥; = o0) =P, (W =0,limsupY; > 0),

t—o0 t—o00

where the last identity comes from (6.5). This completes the proof. O

6.4 A Central limit theorem

We need the following central limit theorem for Lévy processes in Corollary 3.

Lemma 21. Under the assumption (2.11) we have

gt+ Ay —mt g
p\/{‘; t—o00

Proof. For simplicity, let n be the image measure of v under the mapping x + e¢*. Hence,
assumption (2.11) is equivalent to [ ., z*n(dz) < oo, or E[A?] < co.

We define T'(z) = n((—o0, —z)) +n((z,00)) and U(z) = 2 [; yT'(y)dy, and assume that
T(z) > 0 for all z > 0. According to Theorem 3.5 in Doney and Maller [13] there exist
two functions a(t), b(t) > 0 such that

gt+ A —alt) . @
0 o N(0,1), if and only if T —— oo,

N(0,1).

If the above condition is satisfied, then b is regularly varying with index 1/2 and it may
be chosen to be strictly increasing to oo as t — oo. Moreover b*(t) = tU(b(t)) and
a(t) = tA(b(t)), where

Aw =gt [ ez (000 (o0 1) + " (1((5.50)) = n((=o0.—)) ).
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Note that under our assumption ;z:QT(o:) — 0, as * — oo. Moreover, note
U(x) = 2°T(x) + / 2?n(dx) + / 22n(dz),
(—z,0) (0,z)

and

zn(dz) + x(n((w, 00)) = n((—oo0, —CL‘)))

Hence assumption (2.11) implies that

A(x)zg—i—/

{lzl<=}

U(x) —— Pn(dz) = p?, Alx) —— g+ /}R 2n(dz) = m,

T—00 (—00,00) T—00

Therefore, we deduce U(z)/(22T(z)) — oo as z — oo, b(t) ~ pv/t and a(t) ~ mt, as
t — oo.
Now assume that T'(z) = 0, for = large enough. Define

U(\t) = —logE {exp {M (W) H ’

where the functions «a(t) and b(t) are defined as above. Hence since the process (A;,t >
0) is of bounded variation, from the definition of a(¢) and the Lévy-Khintchine formula
we deduce

(A t) = —id <b‘g§) - ZES) +t/R (1 - eb??w)n(dz)

e A (iN)? 5 t(ir)? 2
= t/ 1—e?®” 4+ —x 4+ x* )n(dx) — / x°n(dx)
{Jz1<b(t)} ( b(t)  2b*(t) > 26%(t) J{ja|<b(e)}

o /{|x|>b(t>} (1 - e%m)"(dx) + Z"\t(”(b(t)a 00) — 1(—00, —b(t))>~

Since T'(x) = 0 for all z large, b(t) — oo and t~1b%(t) — p?, as t — oo, therefore

)\2
R i

which implies the result thanks to Lévy’s Theorem. O

6.5 A technical Lemma

We now prove a technical lemma that is needed in the proofs of Section 4.

Proof of Lemma 10. To obtain (4.9), it is enough to choose ¢ < 1 as we assume in (4.5)
that ¢ > 1.

In order to prove (4.10), we first define the function i : 2 € RT — (1+z)'=<h(z) and
let 0 < x <y. Then,

F(x) - F(y)

o < (@) @) ) (1) ) — ()

+‘B(x)‘(<1+x)—1/ﬂ—1 - (1+y)—1/5—1). (6.6)

We deal with the second term of the right hand side. Denoting by k the Lipschitz
constant of / and applying the Mean Value Theorem to z € R + (z + 1)~/ on [z,],
we get

(L+9) 77 h@) — h(y)| < by + D7 —2) < kB (@ + )7V =+ 1) 7).
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Moreover, as 8 € (0,1], we have the following inequalities :

1+1/B 1/B 1/8
1+y 1< 1+y 1 1+yi1 < (g)/ 1 21—|—y
14z - 14z 14+ T 14+

Dividing by (1 + »)/#*! and using (1 +y)/[(1 + z)(1 + y)'/A+1] < y~1/F yield

(1+2)" V=1 (14 y)"V/E1 < Q(x—l/ﬁ _ y—l/ﬂ).
Similarly (14 2)~/% — (1 +y)~"/# < 2=1/8 — y~1/8 and equation (6.6) give us
0< F(a) = Fly) < Cp(L+ 20l + k8] (a7 = y1/7).

This completes the proof. O

6.6 Approximations of the survival probability for v(0, c0) = co

Finally, we prove Corollary 6 in the case when v(0, c0) = cc.

End of the proof of Corollary 6. We let A2 = (0,1—¢1)U(14e2,00), where 0 < 1—¢; <
1 < 1+ &y and define the Poisson random measure N;"'°* as the restriction of N; to
Rt x A°t*2. We denote by div®°2(dm) for its intensity measure, where v°-2(dm) =
1{meac1.=23v(dm), and the corresponding Lévy process A2 is defined by

t
AVE :/ / logm N;{V%(ds,dm).
0 J(0,00)

We also consider the CSBP’s Y°1:¢2 (resp Y¢**2~ and Y*°°2") with branching mecha-
nism 1 (resp. ¥_ and ¢ ) and the same catastrophes A®1-*2 via (2.3). Since v*1*2(0, 00) <
oo, from the first step we have uZ';*(\) < w®°2(t,\) < uZ'y*(\), where as expected
Elexp{—\Y""*"}] = exp{—u;"*(\)} for each € {+,0, —}.

Similarly, let A=t = (0,1 —e;) U (1, 00) and define the Poisson random measure Ny'
as the restriction of N; to R+ x A°! with intensity measure dtv®! (dm), where v°! (dm) =
1mea=1yv(dm). Let us fix t in RY, and define Y** as the unique strong solution of

¢ ¢ t
Y =Yy + / gYtds + / V202Y5 dBs + / /
0 0 0 J[

0,00)

t
+/ / (m = 1) Y2 NP (ds, dm).
0 J[0,00)

We already know from Theorem 1 that Equation (6.7) has a unique non-negative strong
solution. Moreover, from Theorem 5.5 in [16] and the fact that N7' has the same jumps
as N;"“? plus additional jumps greater than one, we conclude

szaf1 ~
/ 2Np(ds, dz, du)
0 (6.7)

}/;81,82 S }/;51’ a.s.

Using assumption (2.2), we can apply Gronwall’s Lemma to the non-negative function
t— E[Y' — Y, "% and obtain

B[y, -y | = 0.

g9—0
Now, since Y¢1:¢2 is decreasing with 5, we finally get, Y722 255 V1 as g9 — 0.
g Yy g t t
Using similar arguments as above for Y¢1:¢2°F and Y*1°2:~, we deduce
1> €1,
u y(A) S ut(t,A) < uly(A).

In order to complete the proof, we let £; tend to 0. O
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