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Abstract

In this paper, we introduce the idea of stochastic integrals with respect to an increas-
ing process in the G-framework and extend G-1t6’s formula. Moreover, we study the
solvability of the scalar valued stochastic differential equations driven by G-Brownian
motion with reflecting boundary conditions (RGSDEs).
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1 Introduction

In the classical framework, Skorokhod [19, 20] first introduced diffusion processes with
reflecting boundaries in the 1960s. Since then, reflected solutions to stochastic differ-
ential equations (SDEs) and Backward SDEs (BSDEs) have been investigated by many
authors. For the one-dimensional case, El Karoui [3], El Karoui and Chaleyat-Maurel
[4] and Yamada [26] studied reflected SDEs (RSDEs) on a half-line and El Karoui et al.
[5] obtained the solvability of reflected BSDEs. For the multidimensional case, the ex-
istence of weak solutions to reflected SDEs on a smooth domain was proved by Stroock
and Varadhan [24]. Subsequently, Tanaka [25] solved the similar problem on a convex
domain by a direct approach based on the solution to the Skorokhod problem. Further-
more, Lions and Sznitman [12] extended these results to a non-convex domain. The
corresponding results for reflected BSDEs can be found in Gegout-Petit and Pardoux
[7]1, Ramasubramanian [17] and Hu and Tang [9] and others.

Motivated by uncertainty problems, risk measures and super-hedging in finance, Peng
[15, 16] introduced a framework of time consistent nonlinear expectation E[|, i.e., G-
expectation, in which a new type of Brownian motion was constructed and the corre-
sponding stochastic calculus was established. In order to solve the super-replication
problem in an uncertainty volatility model, Denis and Martini [2] independently in-
troduced a notion of upper expectation and the related capacity theory. Moreover, a
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stochastic integral of It6’s type under a class of non-dominated probability measures
was formulated. Recently, Hu et al. [1] found there is a strong link that connects these
two frameworks, that is, the G-expectation [E[-] can be represented by a concrete weakly
compact family Pg of probability measures:

E[X] = sup EP[X], X € LE(Q).
G

Then, a Choquet capacity C(-) can be naturally introduced to the G-framework:

C(A) := sup P(A), A e B(Q),
PePc

by which we can have the following definition to the concept of “quasi-surely”, similar to
the one in Denis and Martini [2]: A set A C (2 is polar if C(A) = 0; and a property holds
“quasi-surely” (q.s. for short) if it holds outside a polar set. In these two frameworks,
a stochastic integral of It6 type is defined following a usual procedure, that is, giving a
definition first for some simple integrands and then completing the spaces of integrands
under the norm induced by the upper expectation related to Ps. This norm is much
stronger than that in the classical case and thus, the space of integrands is smaller
than the classical one. In other words, some additional regularity assumption should
be imposed on the integrands to ensure that the integrals are well defined. Using these
notions of stochastic calculus in the G-framework, the existence and uniqueness results
for some types of SDEs driven by G-Brownian motion (GSDEs) can be obtained (cf.
Peng [16], Gao [6] and Lin and Bai [11]). For the reason stated above, the authors
who studied GSDEs always assumed the following condition on the coefficients of the
equations: for each z € R,

f.(2), g.(x) € ME([0,T]).
At this price, all results in the works for GSDEs listed above hold in the “quasi-surely”
(g.s.) sense, i.e., outside a polar set, and all the processes are immediately aggregated.

Closely related to the G-framework, Soner et al. [21, 22, 23] have established an-
other type of “quasi-sure” stochastic analysis and also a complete theory for second
order BSDEs (2BSDEs) under a uniform Lipschitz condition on the coefficients. In that
framework, another notion of “quasi-surely” was issued, which means that a property
holds P-a.s., for each probability measure P € Py, which is a class of local martingale
measure. Obviously, this definition of “quasi-surely” is weaker than the one made by
G-capacity. In this weaker sense, we can consider the stochastic integral with respect
to the canonical B under each probability measure P € Py, respectively and we only
need that these integrands meet the requirement for formulating a stochastic integral
with respect to a local martingale. Thus, this type of setting for 2BSDEs ensures that
we can treat the case that the coefficients have less regularity but that all the proper-
ties can only hold P-a.s., for each P € Py. Following the pioneering work of Soner et
al. [23], Matoussi et al. [14] have studied the problem of reflected 2BSDEs with a lower
obstacle.

The aim of this paper is to study the solvability of stochastic differential equations
driven by G-Brownian motion with reflecting boundary conditions (RGSDEs) in the
sense of “quasi-surely” defined by Denis et al. [1]. The scalar valued RGSDE that
we consider is defined as following:

t t t
Xi=az+ | fo(Xs)ds —|—/ hs(Xs)d(B)s +/ 9s(Xs)dBs + K, 0 <t <T, q.s.;
0 0 0
T (1.1)
Xt Z St, 0 S t S T‘7 q.s.; / (Xt - St)th = 0, q.s.,
0
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where (B) is the quadratic variation process of G-Brownian motion B and K is an
increasing process that pushes the solution X upwards to remain above the obstacle
S in a minimal way. Similarly to how the uniqueness results for classical reflected
SDEs have been proved, the corresponding ones for RGSDEs can also be deduced from
a priori estimates. Moreover, a solution in Mg([0,T]) to (1.1) can be constructed by
fixed-point iteration. Because of the reason that we have already explained, we need in
addition to some assumption on the coefficients f, h and g, which is similar to that in
Peng [16], Gao [6] and Lin and Bai [11], a regularity assumption on S to ensure that K
stays in the space M/ ([0, T]). To establish the comparison theorem, we need to develop
an extension of G-It6’s formula to deal with such a process X, which involves both the
stochastic integrals and an increasing process. This extended G-It6’s formula can have
its own interest and may be used in other situations.

This paper is organized as follows: Section 2 introduces notation and results in the G-
framework which are necessary for what follows. Section 3 introduces the stochastic
calculus with respect to an increasing process in the G-framework. Section 4 studies
reflected GG-Brownian motion and Section 5 presents our main results.

2 (G-Brownian motion, G-capacity and (G-stochastic calculus

The main purpose of this section is to recall some preliminary results in the G-framework,
which are necessary later in the text. The reader interested in a more detailed descrip-
tion of these notions is referred to Denis et al. [1], Gao [6] and Peng [16].

2.1 G-Brownian motion

Adapting the approach in Peng [16], let € be the space of all R-valued continuous paths
with wy = 0 equipped with the distance

o
plwhw?) =) 2N ((max |w; —wi|) A ),
N=1 -

B the canonical process and Cj 1;,(R") the collection of all local Lipschitz functions on
R™. For a fixed T' > 0, the space of finite dimensional cylinder random variables is
defined by

L?p(QT) = {@(Btw. . ~>Btn) n Z 1, 0 S tl S S tn S T, 2] S Cl,Lip(]Rn)},
on which E[] is a sublinear functional that satisfies: forall X, Y € L?p(QT),

(1) Monetonicity: if X > Y, then E[X]| > E[Y];

(2) Sub-additivity: E[X] — E[Y] < E[X — Y];

(3) Positive homogeneity: E[\X] = AE[X], for all A > 0;

(4) Constant translatability: E[X + ¢] = E[X] + ¢, for all ¢ € R.

The triple (2, L, (Qr), E) is called a sublinear expectation space.

Definition 2.1. A scalar valued random variable X € L?p(QT) is G-normal distributed
with parameters (0, [0?,52]), i.e., X ~ N(0,[0?,5?]), if for each ¢ € C; 1ip(R), u(t,z) :=
E[p(z + v/tX)] is a viscosity solution to the following PDE on R+ x R:

ou 0%u
e G(m:) =0;
u|t:0 =,
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where
G(a) == =(a™5* —a"c?), a € R.

Remark 2.2. Without loss of generality, we always assume that > = 1 in what follows.

Definition 2.3. We call a sublinear expectation It : L?p(QT) — R a G-expectation if the
canonical process B is a G-Brownian motion under IE[], that is, foreach0 < s <t < T,
the increment B, — Bs ~ N(0,[(t — s)a?,(t — s)]) and foralln >0,0<t; <...<t,<T
and p e Cleip(Rn),

E[@(Btl, ey Btn,1 s Btn — Btnfl)] = E[¢(Bt17 ey Btn—l)]7
where ¢(3717 s 7x7z—1) = E[@(xh ce s Tp—1,V/tn — tn—lBl)]-

For p > 1, we denote by L{,(Qr) the completion of L (€r) under the Banach norm
1

E[| - 7).
2.2 (G-capacity

Derived in Denis et al. [1], G-expectation E[] can be viewed as an upper expectation
E[-] associated with a weakly compact family P of probability measures on L, (Qr),
ie.,

E[X] = E[X] := sup EY[X], X € LEL(Qr).

In this sense, the domain of G-expectation can be extended from L, (27) to the space
of all B(€2r) measurable random variables L°(27) by setting

E[X] := Sup EY[X], X € L°(Q7).
G

Naturally, we can define a corresponding regular Choquet capacity on €:

C(A) = ]Pseué) P(A), Ae B(Q),

with respect to which, we have the following notions:

Definition 2.4. A set A € B(Q) is called polar if C(A) = 0. A property is said to hold
quasi-surely (q.s.) if it holds outside a polar set.

Definition 2.5. A random variable X is said to be quasi-continuous (q.c.) if for any
arbitrarily small ¢ > 0, there exists an open set O C Q with C(O) < ¢ such that X is
continuous in w on OF€.

Definition 2.6. We say that a random variable X has a q.c. version if there exists a
g.c. random variable Y such that X =Y, q.s..

In the language of G-capacity, Denis et al. [1] proved that for each p > 1, the function
space L%,(Qr) has a dual representation, which is much more explicit to verify:

Theorem 2.7.
L2(Qr) = {X € L°(Qr) : X has a g.c. version, Nlir_r& E[|X|P1x|>n] = 0}.
— 400

Unlike in the classical framework, the downwards monotone convergence theorem only
holds true for a sequence of random variables from a subset of L°(Q7) (cf. Theorem 31
in Denis et al. [1]).

Theorem 2.8. Let {X"},ew C L& (Qr) be such that X" | X, g.s., then E[X"] | E[X].

Remark 2.9. We note that dominated convergence theorem does not exist in the G-
framework, even though we assume that {X"},cn is a sequence in L{,(Q2r). The lack of
this theorem is one of the main difficulties we shall overcome in the following sections.
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2.3 G-stochastic calculus
In Peng [16], generalized It6 integrals with respect to G-Brownian motion are estab-
lished:

Definition 2.10. A partition of [0,T] is a finite ordered subset W[I(\)[T] = {to,t1,...,tn}
suchthat0 =ty <t; <...<ty =7T. We set

N . _
(g, 7p) = fo DX [ter1 — tkl.

For each p > 1, define

N—-1
A@%mm:{mzﬁkﬂmMMm&e%mm}
k=0

and denote by M%([0,T]) the completion of MZ°([0,T]) under the norm

1 [T »
llrzory = ([ Ellnd7iae)”

Remark 2.11. By Definition 2.10, if n is an element in M}([0,T]), then there exists a
sequence of processes {1 },cn in M%°([0,T]), such that lirf fOT E[|nr —ne|P)dt — 0. It
n— 400

is easily observed that for almost every t € [0,T], {n"}nen C L% (Q:) and E[|n]" — n|P] —
0, thus 1, is an element in L7, ().

Definition 2.12. For eachn € Mé’o([o, T)), we define

N-1

T
Zio,11(n) :/O nsdBs 1= Z &u(Biyy, — Byy)-

k=0
The mapping Zjo 1) : Mé’o([O,T]) — L%(Qr) is continuous and linear and thus, can be
uniquely extended to Iy ) : MZ([0,T]) — L%(Qr). Then, for each n € MZ([0,T]),
the stochastic integral with respect to G-Brownian motion B is defined by fOT nsdBg 1=
I[O,T] (n)-

Unlike the classical theory, the quadratic variation process of G-Brownian motion B is
not always a deterministic process (unless @ = ¢) and it can be formulated in Lé(Qt) by

N-1 t
(B);:= lim (Bin  — Byn)? = B — 2/ B.dB,.
H("T[]g,t])*o kZ:o k41 k t o

Definition 2.13. For eachn € M}"([0,T]), we define

N-1

T
Qpo,11(n) :/0 nsd(B)s = Y &((B)uyy — (B)u)-

k=0

The mapping Qo1 : ML°([0,T]) — LL(Qr) is continuous and linear and thus, can be

uniquely extended to Qo 1) : M&([0,T]) — L (Qr). Then, for each n € M([0,T)), the

stochastic integral with respect to the quadratic variation process (B) is defined by
T

Jo nsd(B)s := Qio,ry(n).

In view of the dual formulation of G-expectation, as well as the properties of the quadratic
variation process (B) in the G-framework, the following BDG type inequalities are ob-
vious.
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Lemma 2.14. Letp > 1,n e MZ([0,T]) and 0 < s <t <T. Then,

/ " nd(B),

Lemma 2.15. Letp > 2, ne€ M([0,T]) and 0 < s <t < T. Then,

u p t
/ N-dB, ]ngEH/ |77u|2du

where C, is a positive constant independent of 7.

p s
l_E{ sup } < |t—8\p_1/ E[|n.|7)du.
¢

s<u<t

E[ sup ]gcp|t—s|zl | EllnaPla

s<u<t

3 Stochastic calculus with respect to an increasing process

In this section, we define the stochastic integrals with respect to an increasing pro-
cess with continuous paths, and then we extend G-It6’s formula to the case where an
increasing process appears in the dynamics. In the following, C' and M denote two
positive constants whose values may vary from line to line.

3.1 Stochastic integrals with respect to an increasing process

Definition 3.1. We denote by M.([0,T]) the collection of all q.s. continuous processes
X whose paths X.(w) : t — X;(w) are continuous in t on [0, T] outside a polar set A.

Remark 3.2. For example, from the proofs of Theorem 2.1 and Theorem 2.2 in Gao [6],
(fot nsdBs)o<i<T and (f(;5 nsd(B)s)o<t<T have continuous modifications in M.([0,T1]).

Definition 3.3. We denote by M;([0,T]) the collection of q.s. increasing processes
K € M.([0,T]) whose paths K.(w) : t — K,;(w) are increasing in ¢t on [0,T] outside a
polar set A.

Remark 3.4. Obviously, an increasing process K in M;([0,T]) has q.s. finite total
variation on [0,T] and thus, its quadratic variation is g.s. 0.

Definition 3.5. We define, for a fixed X € M.([0,T)]), the stochastic integral with re-
spect to a given K € M;([0,T]) by

T
T c.
(/ XmKt) (w) = /0 XlwdKe(w), w e 4% (3.1)
0 0, weA,

where A is a polar set and on the complementary of which, X.(w) is continuous and
K.(w) is increasing in t.

Remark 3.6. Because for a fixed w € A€, the function X.(w) is continuous and the
function K.(w) is of bounded variation on [0,T], the Riemann-Stieltjes integral on the
right-hand side always exists (cf. Hildebrandt [8]). Thus, (3.1) is well defined. Similar
definitions can be made for those X whose paths are q.s. piecewisely continuous and
without discontinuity of the second kind , i.e., for each w € A°, the function X.(w) is
discontinuous at a finite number of points and these discontinuous points are removable
or of the first kind.

N+1

Remark 3.7. Given a sequence of refining partitions {W[JX_T]}NGH\] (ie., W[](\)IT] C o)

for all N € IN) such that ,LL(TI'[I(\)[7T]) — 0, we set a sequence of binary functions:

N-1
Vi (X K) (W) = Y Xy (@) (K (W) = Ky (W), (3.2)
k=0
EJP 18 (2013), paper 9. ejp.ejpecp.org
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where uf € [t} t},,). For a fixed w € A°, by the Heine-Cantor theorem, X.(w) and
K.(w) are uniformly continuous in t on [0,T]. Therefore, we can find an M,, > 0 such
that Kr(w) < M,, then, for any arbitrarily small € > 0, there exists a § > 0 such that
forall |t — s| < ¢, | X¢(w) — Xs(w|) < e/M,,. It is sufficient to choose an Ny € IN such that
u(mory) < 0, then, for all N > No,

T
Vi - ([ k) @) <=
0
from which we deduce
T
Vo (X, K) — /0 X.dK;, q.s5., as N — +o0. (3.3)

The construction of sequence (3.2) provides a q.s. approximation to the stochastic
integral fOT X,dK,;. We note that the convergence (3.3) depends only on the sequence of
refined partitions (TF[](\)]’T])NG]N but is independent of the selection of the points of division
and the representatives X,y on [ty th,), k=0,1,...,N—1, N eN.

The following propositions can be verified directly by Definition 3.5 and the Heine-
Cantor theorem.

Proposition 3.8. Let X, X!, X% € M.([0,T)), K, K', K* € M;([0,T]) and 0 < s <r <
t < T, then we have

) [ X dK, = [[ X, dK, + [f X,dK,, q.s.;
@) [HaX!+X2)dK, =a [l X dK, + [l X2dK,, q.s., where a € L°(Q,);
3) [I X d(K'+ K?), = [! X, dK} + [' X,dK2, g.s..

Remark 3.9. By a classical argument, a q.s. continuous and bounded variation process
can be viewed as the difference of two increasing processes K1 — K5, where K; and
K, € M;(]0,T]). By Proposition 3.8 (3), the stochastic integral with respect to K; — Ko
can be defined in the same way as Definition 3.5.

Proposition 3.10. Let X € M.([0,T]) and K € M;([0,T]), then the integral [, X,dK, is
g.s. continuous int, i.e., (f(;5 XdKg)o<t<T € M:([0,T]).

As shown above, (3.1) defines a random variable fOT X:dK; in LO(QT). A natural ques-
tion arises: if we assume that for some appropriate p and ¢, X € MA([0,7]) and
K € M{([0,T7), can this random variable fOT X;dK; be verified as an element in L} (Qr)
or not? In general, the answer is negative. This is because the integrability of X and
K cannot ensure the quasi-continuity of fOT X:dK; (cf. Definition 2.5 and Theorem 2.7).
More precisely, the pathwise convergence (3.3) is not necessarily uniform in w outside
a polar set A and it is hard to verify directly the convergence in the sense of LE(QT)
due to the lack of the dominated convergence theorem in the G-framework. However,
in some special cases, a proper sequence {Vﬁ 7] (X, K)} nen approximating to fOT X dK;
can be found and thus, the quasi-continuity is inherited during the approximation.

Proposition 3.11. Let K € M([0,T]) N M&([0,T]), Kr € L%(Qr) and ¢ : R — R is a
Lipschitz function, then fOT #(K;)dK, is an element in L (Qr).

Proof: Consider a sequence of refining partitions {7‘('[](\), 7] } New mentioned in Remark 3.7
and define the sequence of approximation: for each N € N,

k+1 k

N-1
Vo (@(K), K)(w) = Y ¢ ) (@) (K| (w) = Kyy ().
k=0
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From the explanation in Remark 2.11, we can always assume that at the points of divi-
sion, Ky € L% (Q7), k=0,1,...,N —1, N € N. As K is increasing, we have

s ( oy, gt 0
N—

Z - tkN|2 10, g.s., as N — +oo.
k=0

Vi (¢ / (K)dK,| <

On the other hand, it is easy to verify by Theorem 2.7 that for all N € I, V[Ig 7] (p(K), K)
and 0! Ky | — Ky |2 € LE(Qr). Then, by Theorem 2.8, we obtain

N—-1
}<E{Z|Kt1v —KtNﬂ 10, as N — +oc.
k=0

EHV{X,T] (6(K), K / o(K1)dK,

From the completeness of L{,(Q2r) under E[| - |], we deduce the desired result. O

Remark 3.12. To verify that for all N € N, V[ON_T] (¢(K), K) and Zi\:ol |Ktkzv+1 — Kix 1> €
L{ (Q27), we should assume here that Kr € LZ,(Qr).

Proposition 3.13. Let X be a q.s. continuous G-It6 process such that
t t t
Xy =x+ fsds +/ hsd(B)s +/ gsdBs, 0 <t < T, (3.4)
0 0 0

where f, h and g are elements in M,([0,T]), p > 2. Let K € M;([0,T]) N ML([0,T]) and
Kr € L{,(Qr), where 1/p+1/q = 1. Then, fOT X;dK, is an element in L}, (Qr).

Proof: Given a sequence of refining partitions {ﬂ'[](\)]’T] } ven, we construct sequence (3.2).
By the definitions of stochastic integrals and the BDG type inequalities, one can verify
that for each ¢ € [0,T], X; € Lf;(Q). Therefore, for all N € N, Vi§ (X, K) € Lg(Qr).
Applying the BDG type inequalities, we have

Bl sup X, — X7 < ¢ (j-s ([ (Bl + Bl P)du

s<u<t
p t_
wle= sl [ Bl ).

Thus,
N—1
E[ sup sup | X — Xw|P] < ]E{ Z sup | X; — Xy~ |p}
keE[0,N)NIN tr <t <tpi1 k o t<t<tl k

k+1

thi
sc ( [ = R B B + e~ 1 Bl 39

T T
sc(mg,ﬂ)pl / (B ol7] + Bllhol?])dt + p(rd g) 3! / E[|gt|p]dt>.

From the integrability of f, h and g, we have

E[ sup  sup |X;— X[ < OM(u(fy )" + iy, ) 571
k€[0,N)NN tp <t<tji1 k ) )
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For each N € N, we calculate

tkN]l[tkN,tkNH)(t) — Xy|dK,

I N—-1
S /
0

T
’Vﬁm (X, K) — / XdK,

< sup Z XtN]].[tkN’tkNJr (t)— X¢|Kpr < Kp  sup sup | Xy — Xyn .
0<t<T kE[0,N)NN tj, <t<tni1
Consequently,

E[[VY 1(X, K) = [ X,dF,|) < B[Kz  sup sup | X, — X, ||
’ KE[0,N)NN b, <t<tpi1 k

G A TRT
sup  swp X, — X [P (B[KL)
ke[0,N)NIN tk<t<tk+1

< (E
< OM(u(rl )Pt + p(rfl ) 2717 = 0, as N — +oo.

The desired result follows. O

3.2 An extension of G-Ito’s formula

For each 0 < s <t < T, consider a sum of a G-It0 process and an increasing process K:

t t t
Xt:Xs+/ fudu—l—/ hud<B>u+/ gudB, + K; — K.

Lemma 3.14. Let ® € C?(R) be a real function with bounded and Lipschitz derivatives.
Let f, h and g be bounded processes in MZ([0,T]) and K € M ([0, T))NMZ([0,T)) satisfy
foreacht € [0,T],

liir%EHKt — K [’ =0. (3.6)

Then,

20~ 005 = [ Pt [C P nam),

S

L dd L dd
—(Xu)gudBy, —(Xy)dK, 3.7
+ [ G Xnab.+ [ T (3.7

1 [td?®
— | —(X,)¢2d(B)y, q.s..
+3 | GErasdB).. s

The proof of this lemma is based on previous results in Peng [16] (cf. Lemma 6.1 and
Proposition 6.3 in Chapter III). To avoid redundancy, we first prove a reduced lemma
when f = h = g = 0 to show how the increasing process K plays a role in this dynamic
and then give a sketch to indicate some key points to combine the simple lemma with
the previous results in Peng [16].

Lemma 3.15. Let ® € C?(R) be a real function with bounded and Lipschitz derivatives
and K € M([0,7]) n M&([0,T)). Then,

B(:) - (k) = [ KL g

Proof: Consider a sequence of refining partitions {w[];'t]}Ne]N. For each N € NN, from
the second order Taylor expansion, we have

N-1
B(K,) — B(K.) = Y (D(Kyy, ) — B(Ky)

k=0

N-—-1 N— 1

d® 1 d>P
= 7(Kt;j)(KtkN+l _Kt;:’)+§ T(fk )(K, th _Kt{j)Q,
k=0 k=0
EJP 18 (2013), paper 9. ejp.ejpecp.org

Page 9/23


http://dx.doi.org/10.1214/EJP.v18-2566
http://ejp.ejpecp.org/

GSDEs with Reflecting Boundary Conditions

where f,iv satisfies KtkN < 5,]:] < KtkN+l, g.s.. For the first part, similar to that in Remark
3.7, we obtain

N-1 t
. d(I) dd
Nlﬁlgkloo —x k+1 - Kyy) —/S E(KU) w| =0, g.s..
k=0
For the second part, becaus [0,T]
is g.s. 0, then,
N-1 N—
1 <I> 1 9
5 T k+1 — 5 Z k+1 ) — O7 q.S., as N — +OO
k=0 k=0
The proof is complete. O

Sketch of the proof of Lemma 3.14: To combine the result above with the ones in

Peng [16], we decompose X into M X + K, where M~ denotes the G-It6 part of X. Given
N

a sequence of refining partitions {71'[25 t]}NE]N: for each N € N,

2N

W[Qs]:;}z{th,tl ...,t%Z}z{s,s—|—5,...,s—|—2N5:t},

we have from the second order Taylor expansion

2N _1
D(Xy) — (X,) = ;0 (P(Xx ) = (X))
2¥ 1 2N 1
ae X x 1 RL) X Y o
= 2 g W) Oy = M)t g D G (X (M = M)
=0 s
271 2N g
d2® o~ 1 B2 .~
Z $2( Ig )(Mjgi\: M;Q(N)(ngN Kt%-,N) + 5 Z ?( i )(ngN KtzN)Q
k=0 =0
1 2" d2q) N dQ(I) ‘. 2N _1 AP
+ = — d$2 ( k ) - ﬁ(Xt%N) (M k+1 MtiN) + /;O %(XtiN)(Ktii\r/l — KtiN)

2
=N+ 0+ L+ I) + I+ I,
where 5,%N satisfies X.,nv A Xov < sz < X.,ov VXon Q.S..
tk tk+1 tk tk+1
A key point in the proof is to verify the following convergences in MZ([0,77):

2N _1

dd dd
];) %(XtiN)]l[tzN t2+1)( ) = %(X.), as N — +4o0; (3.8)
and
2N -1 2P 2o
ko@pﬁnyﬂ%wgiﬁﬂ%zgﬂX%asN4+ﬂm. (3.9)

For the G-Itd part M ¥, we deduce by the BDG type inequalities
t —
/7]
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For the increasing process K, thanks to assumption (3.6), for each u € [s, ],

2N 1

lim IE{ Z KpnLiaw on ) (u) = Ky

N—+oco
2N _1
/ |: Z KzN]l tzN t2+1)( )

By Lebesgue’s dominated convergence theorem to the integral on [s, t], we deduce

t
lim
N—+o00 s

2
} =0. (3.11)

Moreover,

2 t
}du < / E[K2]du < +oc.

2N 1

Z KQN]ltzN t2+1)( )_

Combining (3. 10) and (3.12), (3.8) and (3.9) are readily obtained by the Lipschitz conti-
nuity of and Then, we can proceed similarly to Peng [16] to treat with I{¥ and
Y.

2
K, }du =0. (3.12)

dz2 .

On the other hand, due to the boundedness of 327%) and the boundedness and uniform
continuity of paths MX(w) and K.(w) on [0,T], for each w € A°, we can easily obtain
that I}V and I}¥ q.s. vanish.

For I, we calculate

2N1
<< Z|s ~ X My~ MNP

2N 1 2N _1

C N
S2< D ENET — Mav MGGy =M 32 €0 — Ky MGy —Mw)
k=0

where (¢1)2" satisfies M7y AMZy < (& )2V < M}Z(N VM7 and (€2)2" satisfies Kpn <
k k+1 L) o

(52)? < K~ , q.s.. The result in Peng [16] shows that the first part converges to 0
k41

in MZ([0,77]), whereas the second part vanishes as a result of the uniform continuity of

paths K.(w) on [0, 7], for all w € A€ and the g.s. boundedness of the quadratic variation

of the G-It6 part MX.

For I, it converges to ft 42 (X,)dK,, q.s. by Definition 3.5. O

Remark 3.16. In the proof of the classical It6’s formula, (3.8) and (3.9) can be verified
directly by the pathwise continuity of X and Lebesgue’s dominated convergence theo-
rem on the product space [s,t] x Q. But in the G-framework, we lack such a theorem.
In general, given an X € M¢([0,T]), the sequence of step processes

2N 1
{ Z Xt2N]l[f2N f%fl)(.)}NelN

k=0

could not converge to X in the sense of MZ([0,T]). Thus, (3.6) is needed to ensure that
(3.11) holds true.

In fact, the left-hand side of (3.7), particularly the term f: %(Xu)dKu, still belongs to
L% (). A sufficient condition of this result is that K; € LZ((;), which can be verified
by choosing a sequence such thatt, — t and foralln € N, X, € L%(Q:,) (Remark 2.11
ensures the existence of this sequence) and by deduction from assumption (3.6).

EJP 18 (2013), paper 9. ejp.ejpecp.org
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Similar to Theorem 6.5 of Peng [16], we can extend G-It6’s formula in Lemma 3.14

to those ® whose second derivatives f;? have polynomial growth. Unfortunately, this

extension is at the cost of more restrictions on the increasing process K.

Theorem 3.17. Let ® € C%(R) be a real function such that ZZT? satisfies the poly-

nomial growth condition. Let f, h and g be bounded processes in MZ([0,T]) and
K € M;([0,7]) n MZ([0,T)) satisfies that for each t € [0,T),

lim EB[|K; — K,*] =0;
s—t
and for any p > 2, E[K}] < +oc. Then,

tdd tdd
B~ 0(x) = [ Tt fudut [ T X,
tdd tdd

1 [t d*®
— | —(X.,)¢2d(B)y, q.s..
+5 [ G XgdB) 0
Proof: By the same argument in the proof of Theorem 6.5 of Peng [16], we can choose
a sequence of functions ®V € C2(R), such that for each = € R,

ddN AP ‘ d2oN L

|<I)N(9C)—‘I)($)|+‘ e (:c)—a(m) + W(x)_w( ¢

<50+ lz[F),  (3.14)

2)

where C and k are positive constants independent of N. Obviously, ®V satisfies the
conditions in Lemma 3.14. Therefore,
t N t N
dod dd
oV (X)) —dN(X,) = | —(Xy)fud / ——(Xu)hud(B),
(%) =¥ (X) = [ G fudu+ [ G (XobaiB)
t J&N t a&HN
dd dd
——(Xu)gudBy —(Xy)dK, 3.15
+ [ G agan.+ [ S5 (3.15)
1 [t d?eN
— [ —(X,)g2d(B),.
+3 [ G Xgtan)
Borrowing the notation in the proof of Lemma 3.14 and using the BDG type inequalities,
we have

E[ sup |X:?*] < C(E[ sup |M**] + E[|Kr|**]) < 4o0. (3.16)
0<t<T 0<t<T

Then, from (3.14) and (3.16), we deduce that as N — +o0o,
OV (X;) — ®(X,), in LE(Q);

doN dd

%(X) - %(X)’ in M&([0,T7)); (3.17)
d?eN L) .
W(X') — ﬁ(‘x')? in M&([0,T7).

We can proceed as in Peng [16] to show that the terms on the right-hand side of (3.15),
N

except f: %(Xu)dKu, converge to their corresponding terms in (3.13). To complete

the proof, it suffices to show that for each w € A€,

‘ /: %(Xu(W))dKu(W) - /t %(Xu(w))df(u(w)

S

t
< %/ (1+ | X (w)|F)dK, (w) < %(1 + ME)K7(w) = 0, as N — 400,

by the continuity and boundedness of paths X.(w) and K.(w) on [0, T]. O
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Remark 3.18. If|§7‘f(x)| < O(1 + |z|*), for some k > 1, then the condition on K could
be weakened to E[|Kr|>*+3)] < +oo.

Remark 3.19. Following exactly the procedure above, we can obtain a similar result
when a bounded variation process K, — Ko appears in the dynamic.

4 Reflected (G-Brownian motion

Before moving to the main result of this paper, we first consider a reduced RGSDE, that
is, taking f = h = 0 and ¢ = 1, only a G-Brownian motion and an increasing process
drive the dynamic on the right-hand side of (1.1). In what follows, we establish the
solvability to the RGSDE of this type, i.e., the existence and uniqueness of reflected
G-Brownian Motion.

Let y be a real valued continuous function on [0, 7] with yo > 0. It is well-known that
there exists a unique pair (z, k) of functions on [0,7] such that x = y + k, where z is
positive, k is an increasing and continuous function that starts from 0. Moreover, the
Riemann-Stieltjes integral fOT xidk; = 0. The solution to this Skorokhod problem on
[0,T] is given by

Ty = Yy + ki;
k; =supxy, 4.1
s<t

which is explicit and unique.

Theorem 4.1. Foranyp > 1, there exists a unique pair of processes (X, K) in ME ([0, T])x
(M;([0,T]) N ME([0,T])), such that

Xt :Bt+Kt7 OStST, q.S., (42)
where (a) Ko = 0; (b) X is positive; and (c) fOT XidK; =0, g.s..
Proof: With the help of (4.1), we define a pair of processes (X, K) pathwisely on [0, T]:

Xi(w) = Bi(w) + Ki(w);
Ki(w) = sup By (w). (4.3)
s<t

Obviously, K € M;(]0,T]) and (a), (b) and (c) are satisfied. Therefore, to complete the
proof, we need only verify that K € M2 ([0, T]).

Because for all 1 < p’ < p, Mg([O,T]) C ME([0,7T7), we can assume that p > 2 without
loss of generality. Given a sequence of partitions {W[JX.T]} NeN, we set

N—-1
(BONW) = Y By(w)lyy oy, ,)(8), 0t < T
k=0
and
N-1

BN = B 1 D, 0<t<T.
o (B = 2y P Mg (0, 012

We observe that both ((B; )" )o<;<7 and ( sup (B;)"™)o<t<r are step processes in ME ([0, T]).

0<s<t
Because
E[| sup (B;)Y — sup By |P] <E[sup [(B;)" - B, |"]
0<s<t 0<s<t 0<s<t
<E[ sup |BY — By|P] <E[ sup sup  |By — By [?],
0<t<T EEINN[O,N) tp <t<tpi1 ’
EJP 18 (2013), paper 9. ejp.ejpecp.org

Page 13/23


http://dx.doi.org/10.1214/EJP.v18-2566
http://ejp.ejpecp.org/

GSDEs with Reflecting Boundary Conditions

then, letting f = h =0 and g = 1 in (3.5), we obtain

Bl sup (B7)N — sup By P < Cpu(rll )51 =0, as N = +os,
0<s<t 0<s<t

which shows that ( sup (B;)™)o<t<r converges to K in M%([0,T]).
0<s<t

On the other hand, the uniqueness of such a pair (X, K) is inherited from the solution
to the Skorokhod problem pathwisely. The proof is complete. (]

Remark 4.2. We call the process X in Theorem 4.1 a G-reflected Brownian motion on
the half-line [0, +00).

Furthermore, if the G-Brownian motion B is replaced by some G-It6 process, we have
the following statement similar to Theorem 4.1.

Theorem 4.3. For some p > 2, consider a q.s. continuous G-It6 process Y defined in
the form of (3.4) whose coefficients are all elements in M/,([0,T]). Then, there exists a
unique pair of processes (X, K) in Mg ([0,T7) x (M;([0,T]) N ME([0,T7)) such that

X =Y+ K, 0<t<T, gq.s., (4.4)
where (a) X is positive; (b) Ko = 0; and (c) fOT XidK; =0, g.s..

We omit the proof, because it is an analogue to the proof above and deduced mainly by
the integrability of the coefficients of Y and (3.5).

5 Scalar valued RGSDEs

We state our main result in this section by giving the existence and uniqueness of the
solutions to the scalar valued RGSDEs with Lipschitz coefficients. Additionally, a com-
parison theorem is given at the end of this paper.

5.1 Formulation to RGSDEs
We consider the following scalar valued RGSDE:

t t t
X.==z —|—/ fs(Xs)ds +/ hs(Xs)d(B)s +/ 9s(Xs)dBs + K, 0<t<T, q.s., (5.1)
0 0 0
where

(A1) The initial condition x € R;

(A2) For some p > 2, the coefficients f, h and g : Q x [0,7] x R — R are given functions
that satisfy for each z € R, f.(z), h.(z) and g.(z) € ME([0,T));

(A3) The coefficients f, h and g that satisfy a Lipschitz condition, i.e., for each ¢ € [0, T]
and z, 2" € R, |fi(z) = fi(2")| + [hu(2) — ha(2")] + [ge(2) — gu(2")] < CLlz —2'|, @85

(A4) The obstacle is a G-It6 process whose coefficients are all elements in Mg ([0,77),
and we shall always assume that Sy < z, g.s..

The solution of the RGSDE (5.1) is a pair of processes (X, K) that take values both in R
and satisfy:

(A5) X € ME([0,T]) and X, > S;, 0 <t < T, q.s.;
(A6) K € M;([0,T]) N ME([0,T]) and Ky =0, q.s.;
A7) [T (X, - 8,)dEK; =0, q.s..
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5.2 Some a priori estimates and the uniqueness result
Let (X, K) be a solution to (5.1). Replacing Y; by = + fot fs(Xs)ds + fot hs(Xs)d(B)s +
fo 9s(Xs)dBs — Sy and X; by X; — S; in (4.4), we have the following representation of K:

K; = sup <a: + /S fu(Xy)du + /S hoy (Xy)d{(B), (5.2)
0 0

0<s<t

+/ gu(Xu)dBu - Ss*) , 0<t<T, g.s..
0

We now give an a priori estimate on the uniform norm of the solution.

Proposition 5.1. Let (X, K) be a solution to (5.1). Then, there exists a constant C' > 0
such that

T
B[ sup IXt”]HE[K%]SC(IxI” | @®isop

0<t<T
+ Ee(O)P] + Ellae (0Pt + B sup [7P]).
0<t<T
Proof: As X is the solution of (5.1), we obtain
E[ sup |X,7] < ]E[ sup. |z + 5 fu(Xu)du+ [5 hu(Xu)d(B)u + 5 gu(Xu)dBy, + K]
0<s<t _
< C(\xl” + E[ Sup Ifo fu(Xu)dulP] + E Sup | Jo hu(Xu)d(B)u|?]
<s<t
+ [ sup Ifo gu w)dBy[P] + B[ K¢ [7]).

(5.3)
In a similar way to (5.3), from the representation of K (5.2), we have
BIKY) < Bl sup (2 4+ 5 fulXu)du + [5 hu(X)d(B)u + J5 gu(Xu)dBy — 82)7))
< J‘E[O p (7 4+ fulXu)du+ [ hu(X)d(B)u + [} gu(Xu)dBu — ST)7)]
< I_E[ u;_) 4 [7 fu(Xo)du + [3 hu(X)d(B). +f03 9u(X0)dBy — SH|P]
< C(lap + Bl [ sup | fo fu(Xu)dul?] + B sup | [; hu(Xu)d(B)l?]
E[ sup \fo gu(Xu)dB,|?) +E[ sup. |5+\p])
ogsgt
(5.4)

Combining (5.3) and (5.4) and applying BDG type inequalities, we get
E[ sup |X,|7] + E[K}] < C(lal+ [5 (Bl (Xo)]

0<s<t
+ Ef|hs (X)[P] + B[] g (Xs)[P])ds + E[Oiugt |1S517).

By assumption (A3), we calculate
E[Oitigth P14+ BIKT) < C(l2fP + [o (B[(| £+(0)] + Cp| X)) + E[(|hs(0)] + Cr| X, ])?)
+ E[(|g5(0) + Cr|Xs D¥Dds + Ef sup |5;717]
< Oz + Jy (B[ fs( )I”]+E[Ih ( )\P] + E[|gs(0)[*])ds

+ EJ sup [SF|P] + fo E[| X,|P]ds)
0<s<

< C( |l‘|p+fo E[|f(0)I7] + E[l7: (0)["] + E[| 9. (0)["])dt
JFIE[ sup |S;r P +fo E[ sup | Xy[P]ds).
0<t<T 0<u<s
(5.5)
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Applying Gronwall’s lemma to E[ sup |X,|?], we deduce
0<s<t

E[oilipt [ X¢|7) < C<|w|p+ Jo E[l£(0)17] + E[/h (0)/7]

(5.6)
+ Ellg (0t + [ sup |S+m), 0<t<T
<t<T
Putting (5.6) into (5.5), the result follows. |

In the following theorem, we estimate the variation in the solutions induced by a varia-
tion in the coefficients and the obstacle processes.

Theorem 5.2. Let (z!, f1,h', g%, SY) and (22, f2, h?, g2, S?) be two sets of coefficients
that satisfy the assumptions (Al)-(A4) and (Xi,Ki) the solution to the RGSDE corre-
sponding to (z*, ', hi, ¢, S%), i = 1,2. Define

Az =z — 2%, Af = f'— 2, Ah:=h! — h?, Ag:=g' — ¢%
AS = 51752, AX = X' - X? AK := K' - K%

Then there exists a constant C' > 0 such that

— T — —
Bl sup |AX") < 0 (180 + [ BIARK P B (X7

+E[[Agy(X)P])dt + E[ sup |A5t|p])

0<t<

Proof: Defining
(MX)i =o' + [ fi(XDds + [y hi(XDd(B)s + [y g2 (X2)dB,, 0<t < T, i =1,2;

and
AMX = (M¥)! = (M¥)2,
we calculate in a similar way to the proof of Proposition 5.1
E[ sup I(AMX) 7] < E[ sup \M+f0 (Xy) = f2(X2))du
- b - e, 08D — (X)aB

<Elsup [Ac+ [7 Af(XDdu+ [{(F(X]) — (X)) du
4 AL XDA(B) + [ 02058 — 182 d(),
+ Jo Agu(X)dBu + [ (92(X0) — g2(X3)dBul”]
< O(|Af + [y (BIAL (X)) + E[ Ahy (X))
+ B[ Agy(XD)P))ds + [; B[ AX,[7]ds)

and
E[ sup |AK[P] =E[sup | sup (M), —S,)” — sup ((M¥); - S5)~|"]
0<s<t B 0<s<t 0<u<s Ogu s
<E[sup | sup [(M7¥), —Sy)~ — (M¥); = S3)~|I7]
_ 0<s<t 0<u<s
=E[Os<up [(MX)y = 85)~ = (M*)2 = 82)~ "] (5.7)
<E[s e [(MX)y = 83) — (M*)Z = S2)|7]
< CO(F[ sup [AGMX), 7]+ B[ sup [AS.P)).
0<s<t 0<s<t
EJP 18 (2013), paper 9. ejp.ejpecp.org
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Then, we have

E[ sup |AX,["] < E[sup [(AMY), + AK, ||
0<s<t 0<s<t
< C(E[ sup [(AMY), Ip]+E[ sup. |AK,[P])
0<s<t
< C(J Azl + [3(B IAfs(Xl)\p] +1E[|Ah (X))
+ E[|Ags(XH|P])ds + B[ sup |ASS|P] +f0 [|[AX|P]ds).
]<
< C(|Axl + [ (BAf(X, |"]+1E[|Aht( DIP] + E[|Ag (X{)[P])dt
+ E[ sup |AS;|P] —|—f0 sup |AX,|P]ds).
0<t<T <u<s
Gronwall’s lemma gives the desired result. (|

We deduce immediately the following uniqueness result by taking z' = 22, f! = f2,
h' = h?, ¢! = g? and S' = S? in Theorem 5.2.

Theorem 5.3. Under assumptions (A1)-(A4), there exists at most one solution in M, ([0, T) x

(M;([0,T]) N MZ([0,T])) to the RGSDE (5.1).

5.3 Existence result

We now turn to the following existence result for the RGSDE (5.1). The proof will be
based on a Picard iteration.

Theorem 5.4. Under assumptions (A1l)-(A4), there exists a unique solution in Mg([o, T7) x
(M;([0,T]) N MZ%([0,T))) to the RGSDE (5.1).

Proof: We set X° = z and K° = 0. For each n > 0, X"*! is given by recurrence:

xpt =k [ nocas s [ nOam)+ [ o0kt 0<i<T, 69

0 0 0

where

(a) X1 e ME([0,T]), X;t > S, 0<t<T, g5,

(b) K" e My([0,T])) N ME([0,T)), Kgt' =0, ¢.s;

¢) J (Xt = 5,)dKP T =0, g.s..
Substituting X™*! by X"t +5, on the left-hand side of (5.8), we know that (X "1, K"+1)
is well defined in ME([0,T]) x (M ([0,7]) N ME(]0,T])) by Theorem 4.3.
First, we establish an a priori estimate uniform in n for {E[ sup |X[*|"]}nen. In a similar
way to (5.5), we have Pt

E[ sup [ Xy 7] < C(le” +/O (E[£:(0)[P] + E[|h(0)["]

0<s<t

t
+ E[|g:(0 )I”])dt+E[ sup | S [P] + / E[ sup IXSI”W)-
<t<T 0 0<u<s

By recurrence, it is easy to verify that for all n € N,

E[ sup |XIP] <p(t), 0<t<T,
0<s<t

where p(-) is the solution to the following ordinary differential equation:

T t
p(t) —C<Iw|p+/0 (E[ fe(0)[P] + E[lhe (0)[P] + E[lge (0) |7 ])dHE[ sup |8, ["] + /0 p(S)d8>;

<t<T
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and p(-) is continuous and thus, bounded on [0, 7.

Secondly, for each n and m € IN, we define

u?-i-l,m — I_E[ sup |X;1+m+1 _ AXSTL-HV?}7 0<t<T.
0<s<t

Following the procedures in the proof of Theorem 5.2, we have
t
u?“’m < C/ ur™ds.
0

Set

then
¢ t ¢
0 <upth™ < C sup / uy™ds < C/ sup uy"ds = C’/ vids.
0 0 0

meN meN

Taking the supremum over all m € IN on the left-hand side, we obtain

0< Uf“ = sup u"+1 m< C/ vids.
meN
Finally, we define
oy = limsupvy, 0 <t <T.

n—-+o0o

It is easy to find that v}* < Cp(t), where C is independent of n. By the Fatou-Lebesgue
theorem, we have

t
Ogath/ agds.
0

Gronwall’s lemma gives
ar=0,0<t<T,

which implies that {X"},en is a Cauchy sequence under the norm (E[ sup | - |p])%,
0<t<T

whose limit is certainly in M ([0,7]). We denote the limit by X and set

K= sup (m+/ FulX du+/ hu(Xu)d<B>u+/( gu(Xu)dBu—SS> L0<t<T.
0

0<s<t

Obviously, the pair of processes (X, K) satisfies (A5) - (A7). We notice that

E| sup /O(fs(XS)—fs(Xs))ds

Lo<t<T

p Tﬁ
]<c/'MMf—&mw
0

P T
}gc/'MXfxma
0
T

P
}sc/'MMf&ﬂﬁ.
0

E| sup /(hs(X:)*hs(Xs))d<B>s
Lo<t<T | Jo

E| sup A«mxw—%uwma

L 0<t<T

Then, one can verify that K" converges to K in M([0,T]) following the steps of (5.7).
We conclude that the pair of processes (X, K), well defined in M& ([0, T]) x (M;([0,T]) N
ME.(]0,77)), is a solution to the RGSDE (5.1). O
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Remark 5.5. Unlike a classical RSDE or RBSDE, the constraint process S here is as-
sumed to be a G-Itd process instead of a continuous process with E[ sup (S;7)2] < +oo
0<t<T

(cf. El Karoui et al. [3]). In fact, this is a sufficient condition to ensure_tﬂat K"t s still
a MY ([0,T]) process in (5.8) by Theorem 4.3, which may be weakened to:

E[ sup |S, — Ss|?] < CJt — s|5.
s<u<t

Remark 5.6. We could also consider (5.1) with less regularity assumptions on the co-
efficients f, h, g and the obstacle S under a family Py of local martingale measures
by using the approach introduced in Soner et al. [21, 22, 23]. The only problem in
this case is the aggregation of the processes in the Picard iteration (5.8) for the proof
of existence. Adapting to the assumptions of Theorem 2.2 in Nutz [13], we assume
in addition that we work under Zermelo-Fraenkel set theory with the axiom of choice
and the continuum hypothesis, then the stochastic integral of It6’s type fot 9s(X)dBs
can be well aggregated at each step of the recurrence. Thus, we can define from (4.1)
a universal pair (X"*1 K"*!) to make (5.8) P-a.s. hold for all P € Py,. Following
the argument in the proof of Theorem 5.4 under each P € Py, there exists a pair
(XT, K?) such that (5.1) holds true P-a.s. and (X", K") converges to (X*, K¥) in prob-
ability measure IP. By Lemma 2.5 in Nutz [13], there exists a universal pair (X, K) such
that (X, K) = (X¥, K¥), P-a.s., which solves (5.1) under each P € P and thus, in the
(weaker) sense of Py -q.s..

Remark 5.7. In contrast with the fact mentioned in Remark 3.3 of Matoussi et al. [14],
our results can be directly applied to the symmetrical problem, i.e., the RGSDE with
an upper barrier. This conclusion is because the proof is only based on a pathwise
construction and a fixed-point iteration.

5.4 Comparison principle

In this subsection, we establish a comparison principle for RGSDEs. At first, we assume
additionally a bounded condition on the coefficients f, h and g and the obstacle process
S, and then we remove it in the second step.

Theorem 5.8. Given two RGSDEs that satisfy the assumptions (A1)-(A4), we addition-
ally suppose in the following:

(1) ' < a?;
(2) f% k' and ¢g' = g% = g are bounded and S’ are uniformly bounded above, i = 1,2;
(3) foreachz € R, f}(x) < f2(x), ht(z) < h?(z);and S} < S2,0<t<T, q.s..

Let (X', K') be a solution to the RGSDE with data (f%, h',g,5"), i = 1,2, then
X} <X?2,0<t<T, qs.

Proof: Since f, h' and g are bounded and S* are uniformly bounded above, i = 1,2,
using the BDG type inequalities to (5.2), we deduce that KZT has the moment for any
arbitrarily large order and for each ¢ € [0, 7], lim E[|K] - Ki]?)|=0,i=1,2.

S—r

Notice that (z7)? is not a C*>(R) function. We have to consider (z*)? and apply the
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extended G-1t6’s formula to ((X} — X?)™7)3, then
(x} - - 3/ (X! = X2)F (LKD) — FA(X2)ds
+3 / (X2 = X2PFR(RAXD) — R2(X2)d(B),
3 f X - X2 P(gu(XD) - ga(X2)dB, (5.9)
v [ 100 - XA )
0
3 f (XD = X2 1gu (X)) — g (XD Pa(B),.
Ason {X} > X?}, X} > X? > S? > S}, we have
/|X1 )T PA(KY — K2) = /| — X5 TPdK! - /|X1 XA t2dK?
/ (X! —SHT|PdK! — / (X! — XHTPdK?  (5.10)
- / (X! — X2)*[PdK2 <0, g.s.

We put (5.10) into (5.9) and then, by Lipschitz condition (A3) and by taking G-expectation
on both sides of (5.10), we conclude

E[((X} - X2)")"] < CB [ / (- X§>+>3ds] <cf CE[(X - X2)*)ds.

Using Gronwall’s lemma, it follows that E[((X} — X?)*)3] = 0, which implies the result.
O

Theorem 5.9. Given two given RGSDEs that satisfy the assumptions (A1)-(A4), we
additionally suppose in the following:

(1) 2! <2?and g' = ¢*> = g;
(2) foreachz € R, fl(x) < f(z) and h}(x) < hi(z); and S} < S?,0<t<T, gs..

Let (X', K*) be a solution to the RGSDE with data (f*,h',g,S*%), i = 1,2, then
X} <X?2,0<t<T, qs.

Proof: First, we define the truncated functions for the coefficients and the obstacle
process: for each N > 0, &V (x) := (=N V & (z)) A N, where £ denote f?, h%, gand z € R;
and (SH)N = SIAN,0<t<T,i=1,2. Itis easy to verify that the truncated coefficients
and the obstacle processes satisfy (A2) and (A3). Moreover, the truncated functions
keep the order of the coefficients and the obstacle processes, that is, for each N > 0,

(fl)fv(x) < (fQ)iV(a:) and (hl)iv(x) < (hz)iv(x), forallz e R, 0<t<T, q.s;

and
(SHY < (8, 0<t<T, gs..
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Consider the following RGSDEs:
t t
(XY =2+ / POV (X Y)ds + / (W)Y (X)N)d(B),
t
+/ gN(XHMdB, + (KDY, 0<t<T, qs.,i=1,2,
0

under the following conditions:

(a) (XN € ME([0,T)), (X)) > (S)Y, 0<t<T, g5

(b) (Ki)N € Mz([O 1) N ME([0,7]), (K95 =0, g.5;

fo — (SHMYA(KHN =0, ¢.s..
By Theorem 5.8, it is readily observed that for each V € NN,
(XHN < (XN, 0<t< T, ¢s.. (5.11)
Meanwhile, by Theorem 5.2, we have
E[Oiggt (XY = XiP] < C(fy BN (X)) = FEDI]+ B[(h)N (X]) = hy(X)I7]
+E[gY (X]) — ge(XDP])dt + E[ sup_|(S*))Y — Si|7]
0<t<T

—l—fo [ sup [(XH)N — XE|P]ds).

0<u<s
Applying again Gronwall’s lemma, we obtain

T
E[ sup |(X"); - X;|"] < C(/O (BIYEXE) = £ XN+ BN (8, X3) — b (8, X))I7]

0<t<T

(g™ (1, XE) — (6, X)) Pt + B[ sup [(SY — sﬂp]).

0<t<T
For each t € [0,T], we calculate
E[|(f)¢ (X0) = FiXDP] < E[F(XDPL s xiy> ]
< E[(1£(0)] + CLIX{ )L 50y +-cp1xin>N]
< CE[If O)"L g0y ] + BIXGL x5 4]).
Taking into consideration that f.(0) and X* € MZ([0,77), from the argument in Remark
2.11, we know that f;(0) and X; € L%([0,T]) for almost every ¢ € [0,7]. Therefore,
letting N — +o00, we have
E[|(f)N(X7) = fIXDIP] =0
Similarly, we also obtain B ‘ A o
E[|(h"){" (X{) — hi(X))[P] = 0;
and o . o
E[l(¢")f" (X{) — gi(X))["] — 0.
Using Lebsgue’s dominated convergence theorem to the integrals on [0,7], it follows
that

T
yhm (B[N XE) = 1t XD P+ E[(h1)Y (¢, X7) — 1 (t, X])|P] (5.12)
—+o0 Jo
+E[g" (¢, X7) — g(t, X})|P])dt = 0.
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On the other hand,

E[ sup [(5°)) — SiP] < B[ sup (ISiP1ysisny)] < E[ sup [SPL{ g (si=ny)-
0<t<T 0<t<T 0<t<T 0<teT

By the proof of Theorem 4.3, we know that sup S} is an element in L%, (27). So we

0<t<T
have
E[ sup |(SHN — SiP] < E[ sup |S,f|”]1{ sup |si|>n}) — 0, as N — +oo. (5.13)
0<t<T 0<t<T o<t<T
Combining (5.12) and (5.13), we obtain
E[ sup [(X)Y - X/|P] =0, as N — +oo. (5.14)
0<t<T
Then, (5.11) and (5.14) yield the desired result . U
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