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Random walk in random environment in a
two-dimensional stratified medium with orientations®
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Abstract

We consider a model of random walk in Z? with (fixed or random) orientation of
the horizontal lines (layers) and with non constant iid probability to stay on these
lines. We prove the transience of the walk for any fixed orientations under general
hypotheses. This contrasts with the model of Campanino and Petritis [3], in which
probabilities to stay on these lines are all equal. We also establish a result of conver-
gence in distribution for this walk with suitable normalizations under more precise
assumptions. In particular, our model proves to be, in many cases, even more su-
perdiffusive than the random walks introduced by Campanino and Petritis.
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1 Introduction

We consider a random walk (M,,),, starting from 0 on an oriented version of Z?2. Let
€ = (e )kez be a sequence of random variables with values in {—1, 1} and joint distribu-
tion y. We assume that the k*" horizontal line is entirely oriented to the right if e, = 1,
and to the left if ¢, = —1. We suppose that the probabilities p; to stay on the k" horizon-
tal line are given by a sequence of independent identically distributed random variables
w = (pr)rez (with values in (0, 1) and joint distribution ) and that the probabilities to go
up or down are equal. More precisely, given ¢ and w, the process (M,, = (Mfll), Mﬁz)))n
is a Markov chain satisfying M, = (0, 0) with transition probabilities given by

P (M1 — M = (€0, 0) [Mo, ., M) = Py

1-— Py

and  Vye {11}, P (M~ My = (0,) | Mo, M) = —
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RWRE in a stratified oriented medium
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We also define the annealed probability IP as follows:

P(.):= /Pg’”(.)dm(w) du(e).

We denote by E and [E*'“ the expectations with regard to IP and P** respectively.

Our model corresponds to a random walk in a two dimensional stratified medium
with oriented horizontal layers and with random probability to stay on each layer.

The model with p;, = 1/2 and with the ¢} s iid and centered can be seen as a discrete
version of a model introduced by G. Matheron and G. de Marsily in [17] to modelize
transport in a stratified porus medium. This discrete model appears in [2] to simulate
the Matheron and de Marsily model. It has also been introduced, separately, by math-
ematicians with motivations linked to quantum field theory or propagation on large
networks (see respectively [3] and [4] and references therein).

In [3], M. Campanino and D. Petritis proved that, when the p;’s are all equal, the
behavior of the walk (M,,), depends on the choice of the orientations (). First, they
prove that the walk is recurrent when ¢, = (—1)* (i.e. when the horizontal even lines
are oriented to the right and the uneven to the left). Second, they prove that the walk
is almost surely transient when the ¢} s are iid and centered. These results have been
recently improved in [4]. Let us mention that extensions of this second model can be
found in [8, 19], and that its Martin boundary is computed in [15].

In order to take into account the different nature of the successive layers of a strat-
ified porus medium, it is natural to study the case where the p;’s are random instead
of being all equal. In this paper, we prove that taking the p;’s random and i.i.d. can
induce very different behaviors for the random walk.

First, we prove that under general hypotheses, the random walk is transient for
every deterministic or random orientations, contrarily to the results obtained by Cam-
panino and Petritis in [3] and [4] for their model. Hence, even very small random per-
turbations of their (constant) p;’s transform their recurrent walks into transient ones.

Second, it was proved in [9] that when the p;’s are all equal, the random walk is
superdiffusive, and that the horizontal position at time n is, asymptotically, of order
n3/4. This was conjectured in [17] and was one main motivation for the introduction of
this model. We prove that, depending on the law of pg, our model can be even more
superdiffusive, with horizontal position at time n of order n°, where § can take all the
values in [3/4,1).

More precisely, our results are the following. We start by stating our theorem about
transience.

Theorem 1.1 (Transience). Let (py)r be a sequence of independent identically dis-
tributed random variables. Suppose here that py is non-constant and that E[(1—pg)~%] <
oo (for some o > 1). Then, for every deterministic or random sequence (), the ran-
dom walk (M,,),, is transient for almost every w.
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We now give a functional theorem under more precise hypotheses. In particular, we

will assume that ; f;’j - is integrable and that the distribution of ; f;’)o - E {1 f‘;o} belongs

to the normal domain of attraction of a strictly stable distribution G of index g € (1, 2],
which means that

1P<n—wz( P _E[ Po D<> St Gpla), xR, (D)
k=1

1—px 1—po

the characteristic function (g of G 3 being of the form
C5(0) := exp[—|0]° (A1 +idasgn(0))], 0 €R, (1.2)

with A; > 0 and |[A] ' Ay| < |tan(w3/2)|. Notice that this is possible iff Ay = A; tan(73/2)
(since % >0a.s., see e.qg. [12, thm 2.6.7]).
If 8 € (1,2), we consider two independent right continuous stable processes (Z,, © >

0) and (Z_,, = > 0), with characteristic functions
E(e9?t) = exp[—A1[t]|0]°], teR,0eR.

If 5 = 2, we denote by Z a two-sided standard Brownian motion. We also introduce
a standard Brownian motion (B;, ¢ > 0), and denote by (L;(z), x € R, t > 0) the
jointly continuous version of its local time. We assume that Z and B are defined in the
same probability space and are independent processes. We now define, as in [14], the
continuous process

At = / Lt(l’) de, t> 0.
R
We prove the following result.

Theorem 1.2 (Functional limit theorem). Let (py)r be a sequence of independent iden-

tically distributed random variables with values in (0,1). Suppose here that E {120} <

oo and that the distribution of 15270 —E [120} belongs to the normal domain of attraction

of a strictly stable distribution of index € (1,2] (i.e. that we have (1.1) and (1.2)).
We also assume that (¢;,);, satisfies one of the following hypotheses :

(a) for every k, e, = (—1)%,

(b) (ex)x is a sequence of independent identically distributed centered random vari-
ables with values in {+1}; (e;)x is independent of (pi ).

Then, setting § := 1 + ., the sequence of processes

287
—Sar(1)  —1/2;3,(2)
((n Ml_ntjan MVLH)tZO)n

converges in distribution under the annealed probability IP (in the space of Skorokhod
D([0;+00), R2)) to (v 00 Ay, v~ V/2By)imo withy := 1 + [ f;,o] and with :

1
1/2
* o= (Var (%)) in case (a) with § = 2,

97N 1/2
*a:<E[( Po )D in case (b) with 8 = 2,

1—po

* g =1 in cases (a) or (b) with 8 € (1,2).
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We remind that 1{‘;0 has a finite variance if 3 = 2 (see e.g. [12, Thm 2.6.6.]), hence
o is finite in all cases.

The proof of this second result is based on the proof of the functional limit theorem
established by N. Guillotin and A. Le Ny [9] for the walk of M. Campanino and D. Petritis
(with (pg)r constant and (ex); centered, independent and identically distributed).

It may be possible that the transience remains true for every non degenerate dis-
tribution of the p;’s on (0,1). Indeed, roughly speaking, taking the p;’s closer to one
should make the random walk even more transient; however this is just an intuition
and not a mathematical evidence. We prove our Theorem 1.1 under a very general mo-
ment condition, which covers all the cases of our Theorem 1.2. In particular, the most
superdiffusive cases, with § > 3/4, are obtained when the support of 1/(1 — pog) is not
compact.

The proof of our first result is built from the proof of [3, Thm 1.8] with many adap-
tations. The idea is to prove that, when (ex)rcz is a fixed sequence of orientations, that
is when p is a Dirac measure,

> P(My = (0,0)) < +00. (1.3)
k>1

In the model we consider here, contrarily to the models envisaged in [3], the second
coordinate of (M,,), is not a random walk but it is a random walk in a random envi-
ronment, since the probability to stay on a horizontal line depends on the line, which
complicates the model. Even if a central limit theorem and a functional limit theorem
have been established in [11] and in [10] for Mff), the local limit theorem for M,(LQ) has
not already been proved, to the extent of our knowledge. Moreover, in Theorem 1.1
we do not assume that the distribution of % belongs to the domain of attraction of a
stable distribution. For these reasons, it does not seem simple to make a precise esti-
mation of P(M,, = (0,0)) as it has been done in [5]. We also mention that the random
walk (M,,),, is not reversible.

It will be useful to observe that under P*“ and P, (M:(Fi))n is a simple random walk
(Sn)n on Z, where the T,,’s are the times of vertical displacement :

Ty:=0; Vn>1, T, :=inf{k>T, , : M # M}

We will use several times the fact that there exists M > 0 such that, for every n > 1, we
have P(S,, = 0) < Mn~2. Now, let us write X,, the first coordinate of My, . We observe
that
Xnp1 — Xn =¢€5,&n,

where &, :=T,,41—T,,—1 corresponds to the duration of the stay on the horizontal line S,,
after the n-th change of line. Moreover, given w = (px)rez, € = (ex)kez and S = (Sk)x,
the ¢;.’s are independent and with distribution given by P** (¢ = m|S) = (1 — ps, )p3.
for every k > 0 and m > 0. With these notations, we have

n—1
Xn = Z SSk£k~
k=0
This representation of (M7 ), will be very useful in the proof of both the results.

2 Estimate of the variance

To point out the difference between our model and the model with (py), constant
considered by M. Campanino and D. Petritis in [3], we start by estimating the variance of
Xs,, under the probability P for these two models in the particular case when g5, = (—1)*
for every k € Z and when (1 — py)~! is square integrable.
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Proposition 2.1. Let ¢, = (—1)* for every k € Z.

1. Ifthe py’s do not depend on k, then Var(Xs,) = E [(13’%)2} n.

2. If the (1 — pi)~Y’s are iid, square integrable with positive variance, then there
exists C' > 0 such that Var(Xapn) ~n—too Cn/2.

Proof of Proposition 2.1. We observe that

B[] S] = 22— ’_’S;S and Var'(6]$) = 17 _p;'; >

Moreover, S is independent of w under PP, hence [E(X5,) = 0. We have

Var(Xs,) = IE [(&ar — &orv1) (S20 — E2041)]

= Y E [(§2k - €2k+1)2} +2 Y El(&r — Sur1) (S0 — Saear)]

k=0 0<k<t<n—1
n—1

o Do b1
a E[(1p0)2 * (1—-p1)?

Do 1
+ -
(1—170 1—p1>

n—1
Psq Ds, DSy PSapia
= 2 —kE — - .
on+2 30~ )(1 )]

1 — PSo 1 —DPs, — DS,y 7p521€+1

+2 Z n—k)E[(§o — &) (Sor — Sonyr)]

This gives the result in case (1). Now, to prove the result in case (2), we notice that,
since p, and p,s are independent as soon as y # y’, we have

E[( P DPs, )( PSa  PSaia )]
1- Po 1 _pS1 1 _pS% 1 _p82k+1

2
|: Do DPSo, DPs, PSorqa :| —9F |: Po :|
1 — Po 1- PSay 1- Pps, 1- PSar+1

(e[t =)
2< { 1_p0 2] E [1_]30]2) P(Say, = 0)

) PS5 =)

We conclude as H. Kesten and F. Spitzer did in [14, p. 6], using the fact that P(Sy, =
0) ~ ck~1/2 (as k goes to infinity) for some ¢ > 0. 0O

= 2Var <

3 Proof of Theorem 1.1 (transience)

We come back to the general case. It is enough to prove the result for any fixed
(ex)k- Let (ex)rez be some fixed sequence of orientations. Hence p is a Dirac measure
on {—1,1}%. Without any loss of generality, we assume throughout the proof of Theorem
1.1 that ¢ = 1 and a < 2. We have

> P(Mi = (0,0)) = > P(S2n =0 and Xy, <0 < Xopi1).

k>1 n>1
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Hence, to prove the transience, it is enough to prove that

> P(S2, =0and Xz, <0< Xap11) < +00. (3.1)

n>1

This sum is divided into 8 terms which are separately estimated in Lemmas 3.1, 3.2,
3.3, 3.4, 3.5, 3.8, 3.9 and 3.10 provided 4y, d1, 02, d3 are well chosen. One way to choose
these §; so that they satisfy simultaneously the hypotheses of all these lemmas is given
at the end of this section.

For every y € Z and m € IN, we define N,,(y) := #{k=0,...m—1 : S = y}. We
will use the fact that Xs,, = Sa,, + D, with

2n—1
£ J—
Dy, = Z yipyNzn(y) and S, := Z €Sy, (fk — Pk > .

yez L TPy k=0 1=ps,

Roughly speaking, the idea of the proof is that X5, < 0 < X5, implies that X5, cannot
be very far away from 0, which means that D, and Ss, should be of the same order,
but this is false with a large probability. More precisely, we will prove that, with a large
probability, we have |Ds,| > ni=% and |San| < nit3a+v for small 63 > 0 and v > 0
(see the definition of B,, and the end of the proof of Lemma 3.3). Now let us carry out
carefully this idea.

Let n > 1. Following [3], we consider §; > 0 and > > 0 and we define :

1 1
A, =14 max [Sg| <n2t% and max Ny, (y) < n2to2 |
0<k<2n YeZ

Our first lemma is standard, we give a proof for the sake of completeness.

Lemma 3.1.
D P(A) < +oo. (3.2)

n>0

Proof. Let p > 1. Thanks to Doob’s maximal inequality and since E(|S,|?) = O(n?/?),
we have E[maxg<k<an |Sk|?] = O(n?%) and so, by the Chebychev inequality,

= O(nfp‘sl).

N E[maxo<k<2n |Sk|*]
P +01 ) <« ==
(@?%’énw’“' >n2 ) = nP(3+d1)

According to [14, Lem. 11, we also have max, E[Ny,(y)?] = O(n?) and hence

2n
’ (maXNzn@) > ném) < S P(Nauly) > 0t = Ol %)
)
y=-—2n

The result follows by taking p large enough. O

Let 6gp > 0 and set

Eo(n) :={py <1—1/nzatd}|

We have

Lemma 3.2.
> P(Sz =0, Ep(n)) < +oc. (3.3)
n>0
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Proof. Indeed, since S is independent of (pg)recz, we have

M 1 , M I
P(Sa, = 0, Eg(n)°) < ——P 2wt ) < E
(S2 » Eo(n)?) < vn (1—290 -n ) ~ nltdoa {(1_190) ]

whose sum is finite. O

We also consider the conditional expectation of X5,, with respect to (w, (Sp),) which

is equal to Dy, = ZyGZ %N%(y). We introduce 43 > 0 and

B, = {\DM > n%—%} .

1
Let ¢, := na(3191)+% and

1
Ei(n):= {Vy € {—nt/#Ho pl/2toy T < cn} )
y

Since py € (0,1) a.s., there exist 0 < a < b < 1 such that P(a < py < b) =: 79 > 0. Let
A, ={k€{0,...,2n — 1}, a < ps, < b},

P:={y€Z,a<p, <b}, and (, := 1{qcp, <p}, ¥ € Z. We have #A,, = ZyEZ CyNan(y) =
> yep Non(y). Let

’Eg(n) = {#A\,, > yon} ‘

B o\ 1/2
Define V,,, := ( iigl (gk T ) ) and

1=ps,,

E5(n) := {V;n < nd+5°} ,

withd =3 + 1 + 35, + 2t + 5, and

E4(n) :{ : m Snd} .

k=0

Lemma 3.3. Ifé5 + 2 + %2 + 30y < 1 — .1, then we have
D P (Son = 0; Xon <0< Xonyr, Ap, B, Mg Ei(n)) < oc. (3.4)
neN
Proof. Uniformly on Ey(n) N Ey(n), we have
P (S5, = 0 and X, < 0 < Xoy11, A, By, E2(n), E3(n))
< ) P¥(Sy, =0and Xa, = —k, An, By, Ea(n), E3(n))(1 — n~1/(20) =00k

k>0

nl/(20)+250

< > PY(San =0and Xy, = —k, An, By, Ea(n), Bs(n)) + O(n™?)
k=0
< Po¥(Sy, =0and —n!/C9F2%0 < X, <0, A,, By, Ex(n), Es(n)) + O(n"2)(3.5)
EJP 18 (2013), paper 18. ejp.ejpecp.org
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In order to apply an inequality proved by Nagaev ([18], Thm 1), we define X :=

( ) recall that Ss,, = iigl X ., and introduce
1/2
. ., 1/2 2n—1 Ps.
B2n = (EE’W {S2n|s:|) = Z : 2
= (1-ps;)
We have N
2n
By O
y: py>a py
Let C(2n) = 32" e [m;‘* |5]. On A, N E1(n) N Es(n), we have
Nay, 2n — #A, 2 — A, 2 — Noy,
Z 2 (y)2 S n # - S 70 # . S ’YO Z 2 (y)2 (3.6)
y:pa<a (1=py) (I-a) Y (1-a) R py2a< —py)
and so 16N 16N 32 N
Clm) < Y ) o 5 ) B Sl
o~ (L=py)° = 5 (1-py) %0, 5%, (1= py)
Let Lo, := C(2n)/By,. On A, N E1(n) N Ex(n), we have
—1/2
— 32 N. 32 1-—
L < —5 | D Ay)z tn < —a——cn
Yoa®/ yipy>a (I—py) Yoa®/? \/Fon
32(1 —a) n—%-i—i-&-%-&-éo < n—260’ (3.7)
(70a)3/2

e . s 1
if n is large enough, since 71 + 3dy < 5= 5a-

— _on1/2
Let us recall that V5, = ( iiol Xi) . We can now apply Nagaev ([18], Thm 1),
which gives uniformly on A, N E1(n) N Ex(n),

Pe,w(‘§2n| > n‘S”VQn |S>

n2§0 n2§0 o s C/l
/
< 2<4log2+1> exp (— 1 (1—cLopn 0))+26Xp —fg

= Of(exp(—n®)) (3.8)

where ¢’ > 0 and ¢’ > 0 are universal constants. We recall that X,,, = Zk o 5Sk5k =
Son + Da,. We have, for large n, on A,, N B, N Ey(n) N Ex(n),

P20 < Xy, < 0, By(n)]S)

< P <|X2n — Dyp| >0 ni+250,E3(n)|S)
< PEY([Sg,| > noonldt0)/2 Bo(n)|S)
S P87w(|§2n| Z n50V2n|S)7
since 5= +28p < 2 — 03 and since 03 + 2 + 2 + 35y < 4 — ;L. Integrating this proves the
lemma, by (3.5) and (3.8). O
Lemma 3.4.
> P(Ey(n)°) < 4oc. (3.9)
n>0
EJP 18 (2013), paper 18. ejp.ejpecp.org
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Proof. According to [7, Thm 1.3] applied twice with u = ~¢/2 : first with the scenery
(Y0 = 1{a<p,, <b} )yez and with the strongly aperiodic Markov chain (S2;,/2),>0, and sec-
ond with the scenery (yg — Lia<ps, s sl<b})y€Z and with the strongly aperiodic Markov
chain ((S2n+1 — S1)/2)n>0 conditionally on S;, we get the existence of ¢; > 0 such that,
for every n > 1, we have

P(E2(n)¢) < exp (—cln%> .

Lemma 3.5. We have

> P(E4(n)\ Es(n)) < oc. (3.10)

nelN
Proof. We recall that, taken w and S, (fk — %) is a sequence of independent,
k y,k B
centered random variables. For every integer v > 2, there exists a constant C,, > 0

such that ’]EE’“ [(gk — %)’WSH < C, (1f;sk.> P-almost surely. Consequently, for

every N > 1, there exists a constant C'y > 0 such that

Ds Cy 1\’
Vv e{2,...,2N}, E&v — =2 WIS < .
Y { } ‘ [(Sk l_psk) :H (1_p5k)

Hence, for every n > 1 and N > 1, we have on E4(n) :

) 2n—12n—1 2n—1

EC(Vo)Ns) = 3 Y B

k1=0 k2=0 kn=0

»—AEZ
al
P,?.?‘NJ

ILI

=
2n—12n—1 2n—1

2n—1
= Z Z Z e H Yjej(klw»kN)LS,
=0

k1=0 k2=0 kn=0

IN

> 2 (5=

2n—12n—1 2n—1 2n—1
( C
1 —pg.
k1=0 ka—0  kn—=0 j=0 Ds;

>29j(k1,...,kN)

2n—1 N
= (CN)2N (Z (1_]]‘)3)2> < (CN)QNndN
k=0 k

where 0;(ky, ko, ..., kn) :==#{1 <i < N, k; = j}. Consequently, on E4(n),
Pe,w(vgn > nd+5o|S) < n—(d+5o)NEE,w {(Vgn)]\qs} < (CN)2Nn—§0N — O(n—Q)

by taking N large enough. Integrating this on F4(n) yields the result. O

Lemma 3.6. We have on Es(n), uniformly onw, S and on k € Z:
P (Xo, = —k|S) = O ( n(n)n— ) . (3.11)

Proof. On E»(n), we have :

1 (" - -
P (Xon = —K|S) = o [ B[] 5] M dt

™ —T
1 T ,

< o Es,w itXon S dt

< g [ [E )
1 ™

< o[ Howen™

0 ep
EJP 18 (2013), paper 18. ejp.ejpecp.org
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with

_ 1-p

© (1+p? —2pcos(t))z

Since y,(¢) is decreasing in p and since 0 < ¢ < p, < b < 1 for y € P, there exist
0 < 8 < 7/2and ¢ > 0 such that

1-p
1 — peit

1) = [0 o = 5] = |

1—a
fora.e.w, Vy e P, Vt € |0,[], t) <
Y 0.8, X, () (14 a2 —2a cos(t))%

Let us define a, := \/2In(n)/(cyon). Since #A, = >  p Non(y) > von on Ex(n), we

have

< exp(—ct?).

B B B
/ H (Xp, ()N W) gt < / exp(—ct?#A,) dt < / exp(—ct?yon) dt <n~!

yeP On n

on Fsy(n). Moreover,

/ ' H (Xp, )N W) dt < a,
0

yeP
and
T ™ Nan (y) Yon/2
1—p 1—a
(Xp, (1) V2 W) at < / (y ) dt < () ,
‘/'8 ylgj ' B ylga 1 — py cos(B) 1 —acos(p)
sincep >a > 0forpec P. O

Lemma 3.7. Suppose that ¢’ := 3 — %2 — 901 >0andd3+ 0o < i. Then, uniformly on pg
and (Sk)k,

P(A, \ B,|S,po) = O (nfé’) .

Proof. Up to an enlargement of the probability space, we consider a centered gaussian
random variable (¢ with variance n2 2% independent of (w, S). We have

P(|Dap| < ﬂ%763|57p0)1P(|G| < n%ﬂss) <P (|D2n + G| < 2n%753|57p0)

and so
3 3
IP(|D27L| < n1*53|‘5‘7p0) < P (|D2n + G‘ < aniég‘SaPO) /Oa6

Let x be the characteristic function of ; f;o. Since pg is non-constant, there exist B >0
and ¢ > 0 such that !

<2

Yu € [—3;3]7 IxX(u)] <e .

Consequently,
3_5§ . 3_5
3 2n17% sin(2tn % . )
P (1020 + Gl < 20t js. ) = 2o [ IERL D greinuns e a
T Jr 2ni%
3 3
20170 sin(2tni=9%) ;, _wo_p, - 2 3-26
— ( T )enl—po Nan (0) H X (gyNop(y)t) e 2™" *dt
s R 2tna—9%
y#0
3
2193 B 42 3253
< p- 11 1% cyNan)t) e 2" dt.
R y#0
1 Applying [16, Lemma 3.7.5, p. 58] to the random variable Y := 15270 — 1371 which is not identically
equal to 0 and whose characteristic function is |¥|?, we get that for every » > 0 and every t € [f%; ﬂ

1 —|%(t))? > %]E[YQIHY‘ST}]. We take J such that ¢ := %E[Y21{IY|§B*1}] > 0. For every u € [—8; ],
we have |1 — [¥(u)|| > [1 — |%(u)[?| > éu? and so [¥(u)| < 1 — éu?.
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Let 6, > 0 be such that 05 :== 1 — §3 — 6o — 6, > 0 and let b, := nd%4+9-1 On the one
hand, we have

12 3 _2s. 2 3 o5
I = / TT 1% ey Nanmt) =57 ar < / A
{ {It|>Bbn}

015860} 20
< n‘sv%/ e /2 s
{|s|>Bn’4}

< 271637%6752”254 /2,

A

On the other hand, we will estimate the following quantity on A4, :

3 _254

~ 28
P ::/ i H IX (eyNan(y)t)| e 2 dt.
{1800} 30
Let us define F, := {y # 0 : Na,(y) > n'/?>7%1/2} and p,, := #F,. On A,, we have
2n—n!/202 <37 L Nan(y) < pnnl/2+62+(2n1/2+51—pn)"l/;a1 and hence p,, > n'/2=%2/2
(if n is large enough). Therefore, on A,,, we have a,, := > Naoy,(y) > nl=%2701 /4,
Now, using the Hoélder inequality, we have

H </ _ ‘X(EyNQn(y)t”W dt)
er, {It|I<Bbn}

Y

sup / \)Z(%Nzn(y)t”N;"n(y) dt
yeF, {|t|<Bbn}

< b, sup (/ ) |)Z(5yN2n(y)vbn)|Nzan"(y> dv) .
lv[<B

yeF,

yEF,

Nan (y)
an

I

IN

IN

Let us notice that, if |v| < 3, we have on 4,
ey Nan (y)vba| < fn'/>+omndt ¥4 = =0 < §,

since d5 > 0. Hence, on A,,, we have

¢ S\)2,,2, 28 +265-3  ap
I, < b, sup / ~ o ENan ()04 2073 anes
yeF, \J{v|<h}

o 2, 254+263— 5 —62-61
b, sup / e~ ENan(y)v7n % dy
yeF, \ J{|v[<B}

S2+67 1
b n_53_54+T+Z - 2
< sup = e /4 s
R

IN

yeF, N2n(y)
< \/in—§+51+%2/ e"/4 gs.
R

Hence, uniformly on A,, and on py, we have

P(A, \ Bal(Sk)k. po) = O(n+%5),

O
Lemma 3.8. Under the same hypotheses, we have
ZIP(S2n = 07 X2n S 0 S X2n+1§An N E2(n) \ Bn) < 00.
n
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Proof. According to Lemma 3.6, Lemma 3.7 and since P(S;, = 0) = O(n~'/?) and
E[1/(1 — po)] < oo, we have
(o)
E > P (Sy, =0, Xa, = —k, Ay N Ea(n) \ By)ph
k=0

E

oo
Z PoL18sn=0y LA\ BB () PT (Xa2p = —K[S)
k=0

1
S C (lnn)n—lE |:1 — ]-{Sz":O}IP(An \ B7L|S,p0):|
= O '""Viun). (3.12)
O
Lemma 3.9. If jpa < 61, we have
ZIP (S2n = 0, X5, <0< Xopyr, B4(n), Ay, Ea(n), Eg(n)) < 4o00. (3.13)
n
Proof. We notice that on Ey(n) N A,
P(E4(n)°[S, po) (3.14)
- 12k X a/2
S Tlida/2E 7N2n(y) Sapﬂ
R e
1 o 1 o
< pode2R 3 ﬁNQ,{?(y) + ﬁ1\72,{2(0) S,po| (3.15)
LIyl <nt/2+51 20 (1=py) (1= o)

1

< poda? <2nl/2+51]E [
(1—po)

} - né+5oa) nt/2H02)0/2 = O (p=3%00/2) (3.16)

since o < 2, dpar < &1 and d = 3 + L + 22 4 35, + 6,. Similarly as in (3.12), this yields

o0

Z ]Ps’w(Sgn =0, Xy, = —k, E4(n)c NA,N Ez(n) n Eo(n))pg
k=0

E = O(n_l_?"s"o‘/2 Inn).

Hence we have

P (SZn = O7X2n S 0 S X2n+17E4(n)chn7E2(n)7E0(n)) = O(n7175go¢/2 \% hl?’L)

Lemma 3.10. If§; < (1 — 1), we have

[e%

Z]P (Sgn =0, Xo, <0< X2n+1, Eg(n) \E1(n)) < Q.

Proof. Notice that on {{=- < ¢, }, we have

1 2n!/2+0 1\
P(E1(n)°[po) < 2n'/?T0P ( —— > ¢, ) < E = O0(n="?).
(E1(n)%lpo) < 2n —p ) S T e O(n=%%)

Similarly as in (3.12), since E[1/(1 — pg)] < oo, for dy small enough, we have
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E ZIPE’M(SZH — O,XQn = —k,EQ(n) \El(n))pgl

k=0

o0
E Y 0615020} Los(nn\ i (m P (Xon = _kw)]
k=0

Z 1)°[po)1{(1-po)- l<(n}po]

1
+ ]E |:1 _ 1{(1 pO 1>('n}:|)

= O(n*lfc‘s0 Inn),

IN

Cv/(Inn)n—1n=1/2 <

where we can use Holder’s inequality, to deal with the second term of the third line,
since o > 1 and 6y < (1 —1). O

We take 65 € (0,3 — 5-) (since a > 1) and then é; > 0 and & > 0 such that

1 1 1 i 6 1 1 d2
51<6,52<6,62<Z—53,E+5<§—%—63,51+5<53
and finally dy such that
01 O 1 1
50< 500&<51&1’1df+f+3(5(]<*—7—(53.
2 2 2c

Combining all the previous lemmas with these choices for §g,d1,d2,03, we get (3.1),
which proves Theorem 1.1.

4 Proof of Theorem 1.2 (functional limit theorem)
We assume that (py)j satisfies the conditions of Theorem 1.2.

Lemma 4.1. Let (¢i) be a (fixed or random) sequence with values in {—1;1}. Let (py)x
be as in Theorem 1.2. Then, under P, the sequence of random variables

s, )
— Ps; ’

converges in distribution (in the space of Skorokhod D([0; +00), R?)) to (0,0):>0.

[nt]—1

n_6 Z &‘Sk <§k— 1
k=0

t>0/ ,,

Proof. We first notice that it is enough to prove that

Zfsk (Ek

N—° sup

0<n<N

)‘ —N-—4o00 0

in probability.
Let us define

L — - 1 < %"F%-‘rv
Ey(N,v) =< a E <N .

k=0 - PSk
We proceed as in formula (3.15) (with a conditioning with respect to S only, and
a < B but close enough to ) to prove that P[(E4(N,v))¢|S] < N~ on Ay for ¢ > 0 and
N large enough. Moreover, P(A%) —N—+c 0 by Lemma 3.1, which gives

Jim_ P <E4(N,v)) ~ 1
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Now, taken (g, S,w), ( N es, (fk - 1pp )) is a martingale. Hence, according to the
n

maximal inequality for martingales we have for every 6 > 0,

n—1 2
P [ sup Z5Sk (fk — pS’“) > 0°N*»| S
=0 L = ps,

n<N

2
. W n—1 Psy
2 sup E* [ (fk l_p’;k) S]

n<N
— 92N25
_ 23050 e
— 92]\726
1 1
oNzTEtY .
< Tpnm AR

on E‘4(n,v), since § = % + ﬁ Hence, we get

P g 3 (5 7225)

From this we conclude that lim, . P (sup7,<N ‘Zk 0 €Sk (ﬁk —

> 9N5> <1 —P(E4(N,v)) +2N"217972,

) -
>>9N)OD

1115

The next lemma follows from the proof of [9, Thm 4] when 8 = 2. The proof of the
general case § € (1, 2] is postponed to Section 5.

Lemma 4.2. Let § € (1,2]. Let S = (Sy)n>0 be a random walk on Z starting from
So = 0, with iid centered square integrable and non-constant increments and such
that ged{k : P(S1 = k) > 0} = 1. Let (¢,)ycz be a sequence of iid random variables

independent of S with symmetric distribution and such that (n_% > r_i Ek)n converges
in distribution to a random variable Y with stable distribution of index (3. Then, the
following convergence holds in distribution in D([0, +00), R?)

|nt]—1
n=° Z 5Sk7n—%sw —n—+oo (Atth)th
t>0

with § = § + 2[3, where (B,), is a Brownian motion such that Var(B;) = Var(S;) and

with (Lt( ))w the jointly continuous version of its local time and where

At ::/Lf( )dZT,
R

with Z independent of B given by two independent right continuous stable processes
(ZI)I>0 and (Z «)z>0 With stationary independent increments such that 71, Z_1 have
the same distribution as Y.

Now, we prove a functional limit theorem for (X |,;|, S|n¢|) from which we will deduce
our theorem 1.2.

Proposition 4.3. Under the assumptions and with the notations of Theorem 1.2, the

sequence of processes
<(n6XLntJ ; nl/QSLntJ)t>O>
=/ n
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converges in distribution under P (in the space of Skorokhod D([0;+0),R?)) to the
process (0 Ay, By)i>o.

Proof of Proposition 4.3. We observe that X,, can be rewritten

n—1 n—1
Ps ps
Xn:ZESk (gk_lk >+Z€Sk1
k=0 k=0

k
pSk pSk

According to Lemma 4.1, it is enough to prove, under P, the convergence

[nt]—1
n Z €Sy DS ’n71/25m” —n—stoo (0AL, Bt)i>0 (4.1)
k=0 1= ps,

t>0/ ,,

in distribution in D([0; +00), R?).

In case (b), (éy = eylf Z)y) is a sequence of independent identically distributed
Yy

random variables with symmetric distribution such that (n=/# ZZ=1 €,)n converges in
distribution to a random variable with characteristic function 6 — exp(—A4;|0|?), where
Ay :==E(p2/(1 — po)?)/2 if B = 2. Hence the result follows from Lemma 4.2.

In case (a) with § = 2, we observe that ZZ;& s, is equal to 0 if n is even and is
equal to 1 if n is odd. Hence, ((n~%/* ,ng_l €s,)t>0)n converges to 0 in D([0; +o0), R)
and it remains to prove the convergence of

[nt]—1

R S (LN I BV

k=0 1=po

t>0/ ,,

Let us write A for the characteristic function of ; f‘;o - E [1 f‘;o} . Since 15[;))0 has a finite
variance and A(e,-) behaves as A at 0, we can follow the proof of the convergence of
the finite distributions of [9, prop 1], which gives the convergence in distribution in
D([0; +0), R?) thanks to the tightness that can be proved for the first coordinate as in
[14].

Now, let us explain how case (a) with 5 € (1,2) will also be deduced from Lemma
4.2. This comes from the following lemma.

Lemma 4.4. Let 5 € (1,2). Let S = (S,), be a simple symmetric random walk on
Z starting from Sy = 0. Let (ay)ycz be a sequence of iid random variables such that
E(|ag|) < oo, independent of S. We have

[nt]—1

> (=Dkag, = G2y — d2y—1) Njne (29) | 50 — (0,0)

k=0 Y >0

in distribution as n goes to infinity (in D([0; +00), R?)), with § := 1 + .

Proof of Lemma 4.4. Let us write

n—1
en =Y (—1)¥as, — > (dy — azy—1) Na(2y).
k=0 Y

We notice that it is enough to prove that

_ P
n~% sup lex] —n— 400 O.

0<k<n
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Let n > 0 be such that 29 < % — i (such a n exists since 8 < 2). For every n > 1, we
consider the set 2], defined by

O = {sup [Sp| <nEt sup sup |Ni(y) — Ni(y — 1) < nit?
k<n 0<k<n 14y
ly|<n2 7741

Let us show that lim,,, 4o, P(€2,) = 1. As in Lemma 3.1, we have,

n

n—-+o0o

lim P (sup |Sk| < né"'n) =1.
k<n
Now we recall that for any even integer m,
sup E[| Ny, (y) — Ny — 1)|™] = O(n'?),
Y
as n goes to infinity (see [14, lem 3] and [13, p. 77]). Hence, using again the Markov
inequality and taking m large enough, we get

E[[Nn(y) = Nu(y — 1)|™]

ndtm

P(2,) >1—o0(1) — 3n3 " sup

n,y

=1-o0(1).

On Q) , using the fact that

N
[

(—1)as, = Y (a2yNe(2y) — day—1Ne(2y — 1)),
0 Y

~
I

for every k =0, ...,n, we have

S a1 (Nk(2y) ~ Ni(2y—1) < Y g, lntn.

Y

lex| =

1
ly|<n2*741

Hence, thanks to the Markov inequality, we get for 6 > 0.

IN

(1-P(Q,)+P S Jayl > onete i

1
ly<n2*741

P (n_‘s sup |eg| > 9)

0<k<n

< (1P + SBUGD, it

6
Hence, for every 6 > 0, we have lim,, ;o P(n™° supg< <, lex| > 0) = 0. O
Now we observe that the characteristic function of &, := 29 — ;P=t-is ¢
Yy Y=

X (t)|* (where ¥ stands for the characteristic function of —22-). The distribution of &
1—po

is symmetric and (n*% > r_ik)n converges in distribution to a random variable with
characteristic function 6 ~ exp(—24,/0|?). According to Lemma 4.2 applied with the

_ Sog

random walk (Sk = T)k' we have

[nt]—1

_ - _1 S 2n A ~
n=? E €g,»n 2 L2 2 —n—stoo (At; Br)i>o0,
k=0

t>0
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in distribution in D([0; +00), R?), where (B, ), is a Brownian motion such that Var(B;) =
3 and with (L¢(x)): . the jointly continuous version of its local time and where

At :/it(l‘)dZI,
R

with Z independent of B given by two independent right continuous stable processes
(Zz)z>0 and (Z_;).>0 such that the characteristic functions of Z; and of Z_; are 6 —
exp(—24,|6|?). Hence, we have

[nt/2]—1

~ _1 S n A >,
n=° Z €5, é% —n—4oo (At/2aBt/2)t20’

k=0 0

and so

(n_6 Z EyNnt) (2y), Tf%s[nt]) —n—+oo (At/Qa Bi)¢>o0,
Y t>0

with B; := 2]§t/2. Now we observe that

At/gz/it/z(x) de:/Lt(M) de:/Lt(x) dZ.,
R R R

where L denotes the local time of B and with Z, := ~w s2- Now Lemma 4.4 applied to

(%) gives (4.1), which proves Proposition 4.3 in the case (a) with 3 € (1,2). O
v/ yez

Proof of Theorem 1.2. We recall that for every n, we have
X, =My and 5, = M.

Moreover we observe that we have

n—1

Tn:Z(§k+1)7

k=0
that can be rewritten

n—1 n—1
DSy DSy Do Po
n=S (a2 ) o 5 (2o n [ )Y (1w ]2 ),
<5k 1—Psk) — (1—psk {1—1)0 1—po

k=0 k=0

We recall thaty =1+ E [lff;o} and we define (U,),, such that

U, :=max{k >0 : T <n}.
We notice that the sequences of processes

[nt]—1 [nt]—1

1 s, ) 1 < DS, [ Do D
- — >0 and | — ——— —E ,t2>0
n Z (gk 1—-ps n Z 1—ps, 1—po

k=0 k k=0
n n

converge in distribution in D([0,+o0),R) to 0. The first convergence follows from
Lemma 4.1 where we take ¢, = 1 for every k € Z. The second convergence is a conse-
quence of [14, Thm 1.1] since n’ /n — 0 as n — +oo. Hence (n~'T},,t > 0)  converges

in distribution to (vt);, We conclude that ((n‘lU [nt] ) t>0) converges in distribution (in
="/n
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D([0; +00),R)) to (t/7):. Therefore, according to Proposition 4.3 and to [1, Lem p. 151,
Thm 3.9], the sequence of processes

—5 ~1/2
((n XUy 1 SU Ly )t>0)

converges in distribution (in D([0; +00), R?)) to (cA+, Bt );>0. This means that
L >

t
5

—5 () —1/2 7 7(2) )
M , M
((n T ey ™ 10 t>0>n

converges in distribution (in D([0; +00), R?)) to (cA+, B+ )i>o0.
Y ol -
Moreover, we have B: =~ '/?B] and Zs = 1B 7! where (B!);>¢ is a standard
L >
Brownian motion, and (Z.,),cr has the same distribution as (Z,),cr and is independent

of (Bj);>0. Furthermore we have

Le(z)=~"Y2Li(yY2%2), t>0, z€R,

2o

where (L});>¢ is the local time of (B;); and so
Ar =772 / Li(v2w)dZ, :v"s/ Li(y) dZ,.
K R R

Hence (0A ., Bt )>o has the same distribution as (67 %A, 72 By)s>o.
vy il - -
Now we observe that we have

MO _ @

lnt] = Ty and ‘M(l) My, < &0y

[nt] TU[ntj

|nt]

and that for every 6§ > 0 and T > 0,

nT
P( sup n %, =0 < > P(&>06n)
te[0;T) k=0
nT
E[(&)""] _
k=0
for 1) > 0 small enough, since 63 > 1 and since * (if n < 4 —1) E[(¢)""|po] < C 7,55
a.s. and £ [O_Tl)ﬂ,,} < o0o. This completes the proof of Theorem 1.2. O

5 Proof of Lemma 4.2

The proof is very similar to those in [14] and [9], with some adaptations.

We define D,, := > yez EylNn(y), n € N,

Lemma 5.1. If 3 € (1,2], the finite dimensional distributions of(DLntJ /n®, Sint]/V/1)>0
converge to those of(At, Bt)t20~

Before proving Lemma 5.1, we first introduce some preliminary results.
We observe that n=1/# ZZ:1 €, converges in distribution to a stable random variable
of parameter (3, with characteristic function 55(9) := exp(—A4y|0|?) (for some Ay > 0).

We can now compute the characteristic function of the finite dimensional distributions
of (At, Bt)tZO-

2This comes from the Hélder inequality since |E [(50)2\1)0] < ﬁ.
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Lemma 5.2. Letk € IN*, (t1,t,...,t;) € R% and (9{”,93‘), . 0,(;4))1-:1_,2 € R2%*. We have,

k
exp ZZ 9(1)Atj + 9.5-2)Btj)

j=1
+oo | K ~ A k ~
—E |exp —Ao/ STOWL ()| do|exp (i) 0P By || (5.1)
o |j=1 j=1

Proof. We condition by B and we proceed as in [14, Lem 5]. We get

k ~ ~ 400
E|exp i 0VA, || B| =exp —Ao/ STOW L ()| da |,

—oo |52

which gives the result. O

For fixed k € N* and (t1,12,...,1;) € R%, we define for every (61,0, ...,0;) € (R?)",

B8
k k
Sinp
Ya(01,02,....0) =B |exp | =40 > S0 N s, ()n ™8| | exp iZGf)%
yeZ |j=1 j=1
and
- SR @) S|nt;)
01,05,...,0;) = E (65'n°D 0, —
¢n( 1,92, ’ k?) €xXp ij:; [nt; ] + \/ﬁ )
[ k 2 2 Sints |
= IE H )\ Z \_nt J 76 exp ZZGJ( )Tnj
lvez  \j=1 i=1

where \(6) := E[exp(ifé)] for every 6 € R and 6; = (9§1), 9§2)) forevery j € {1,...,n}.
Lemma 5.3. For every k € IN*, (t1,t,...,t;) € RX and (61,0s,...,0;) € (R?)",

ngr}goo |,¢)n(91)027 e 7016) - ¢n(91;027 .. ‘79k)| = 0.

Proof. Asin [14, p. 7], we have 1 — A(6) ~_,0 Ao|6]? since the distribution of &, belongs
to the normal domain of attraction of the stable distribution with characteristic function
¢g. The remainder of the proof is the same as in [9, Lem 5] with ¢ instead of 3/4 and

3 instead of 2, since P(n~? Sup,cz, | 2521 Gﬁl)Ntnm(yﬂ > €) —pstoeo 0 for e > 0 by
[14, Lem 4] and since we have E(}, 5 |n—? Zle 93('1)Ntnth (y)|?) < C < 0 by [6, Lem
3.31. O

We now prove

Lemma 5.4. Forevery k € N*, (t;,to,...,tx) € ]R’fF and (0y,0,...,0;) € (R2)F,

k
_MZ 29( Nint, (v 7292 Sint, 1 /v

yeZ |j=1 7j=1
n

EJP 18 (2013), paper 18. ejp.ejpecp.org
Page 19/23


http://dx.doi.org/10.1214/EJP.v18-2459
http://ejp.ejpecp.org/

RWRE in a stratified oriented medium

converges in distribution as n — +oco to

k

+oo | K w 9) =
/ STOWL ()| da,y 0P By,
I

j=1

Proof. The proof is very similar to the one of [9, Lem 6], and to the proof of [14, Lem
6] which deals with the first coordinate. Throughout the proof, C' denotes a positive
constant, which can vary from line to line, and can depend on (9§Z),z’ =1,2;5=1,...,k).
For n € IN and real numbers a < b and ¢t > 0, we introduce the notation

[nt] /n
T} (a,b) = /0 Lia<s| ) /v/n<b} S,

which is the occupation time of [a,b) by S|,.|/v/n up to time |nt]/n. We consider 7 > 0
and two real numbers p; and py. We define for M >0,/ € Z and n € N,

B
k
U(T7 M, n) = Mln_éﬁ Z Z ej(l)NLnt]J (y) )
y<—Mt/n j=l1
ory>M7/n
T(tn) = Zemw e, (0+1)7 Ze)(” > Ninty) (),
Jj=1 "= Lry/n<y<({+1)7v/n
k
V(M) = mr' ™ 3 T(n)f + pan 2008 )
—M<U<M j=1
We are interested in
A(r,M,n) := Ze Nine,) ()| + MQZQ U(r, M,n) — V(r,M,n)

yGZjl

k
- 2 > > 05 Nty (4)

—M<U<M br/n<y<(€+1)Ty/n |J=1

—m Y TATE ).

—M<U<M

First step: We define c¢(¢,n) := #{y € Z, {7/n <y < (£+ 1)7y/n}. As in [14], we have
for uy #0,

uflA(T,M,n)
X B
- 3 0= IS O N e, ()| — 0P (rv/m) T 0)]P [5.2)
—M<U<M g1 /n<y<(+1)T/n Jj=1
+ Y [Py Pe(t,n) — P TP (5.3)
—M<l<M

As in [14, p. 19], the right hand side of (5.3) tends to 0 in probability as n — +oc. Then
we just have to study (5.2). To this aim, we use the inequality suggested by [14], that is

Y(a,b) € RZ,  [a” — | < Bla—b|(a” ! +b°71) < 2BJa —b|(a+b)P
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since 8 > 1. We define T'(¢,n) by the same formula as T'(¢,n) where we replace each
0§1) by |0§1)|. We consider, for {7/n <y < ({+ 1)7y/n,

B

E i 08 Niwt, ) ()] = (r/m) | (6, m)? (5.4)
k k p-1
< 288 | |32 0Ny )|~ LTl 081N )+ T )
j=1 j=1
. o\ 1/2
< 2BE Z@”NM J(y)—@m,n) (5.5)
. 2(8-1)\ /2
xE Z|9§1>|Nw(y)+@T’(ﬁ,n) (5.6)

j=1

by the Cauchy-Schwarz inequality and by the second triangular inequality in (5.5). In
the following RHS will stand for right hand side. We have by [14] equations (3.9) and
(2.26),

RHS of (5.5) < (Cyn)Y/2, (5.7)

where C is a constant, which is finite since ged{k : P(S; = k) > 0} = 1. Moreover,
setting a(¢,n) := 7¢y/n, by the Holder inequality and [9, p. 346], we have

2

k
[RHS of (5.6)]7° T < I Z | Njt, ) ( )Jr@T'(é,n) (5.8)
k
< C E(N . (2)2)3 + E(N) . (y)3)?/3
< ;a(m) Joax (B (@) 4 BN ey (0)7)77)
< CE(Npnmax(is,...t)) (0)%)*3 < Cn (5.9)

by [14, Lem 1]. Combining (5.7) and (5.9), we get
B
2

RHS of (5.4) < Cr2n?z.

Hence, .
E(|RHS of (5.2)]) < C(2M + 1)73.

As in [14, p. 20], for each n > 0 we can take M7 so large that
PUM,n,7)#0) <n (5.10)

and then 7 so small that
E(|RHS of (5.2)]) < n?/| . (5.11)

Hence, by (5.10) and (5.11), and since the right hand side of (5.3) tends to 0 in proba-
bility as n — +00, we get for n large enough (even when p; = 0),

P(JA(T,M,n) + U(r, M, n)| > 3n) < P(|A(r, M,n)| > 3n) + P(U(M,n,7) # 0) < 3n.
Second step: As in [9, Lem 2], we have

(T (0r, (€ 4+ 1)7), Sty ) /) =1,ostm ot = (A, (07, (€4 1)T), B, ) gt sme
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in distribution, as n — +o00, where A.(a,b) = ff Li(x)dx for t > 0 and a < b. Conse-
quently, (V (7, M,n)),, converges in distribution as n — +oo to

B
k k
Vir M) =m0 3" STOWA (e 0+ 0)7)| Y 0P By
—M<t<M |j=1 j=1
Since ﬂt(.) is continuous with a compact support, we get almost surely
o k
- 9y =
9;_1)Ltj (z)| do+p2y 9;_ 'B,, =

Jj=1 Jj=1

+oo | K
V(Ta M) _>]\/[‘r—)+oo,7—>0 ,U/1/ Z

— 00

<

Hence by choosing adequate M and 7 we get for n large enough

B

k k
v (1) : (2) Sty | 5
E |exp 58 ZHj Nint, | (v) —i—ngHj T —Eexp(iV)| < 11n.

yeZ |j=1 j=1

Since this is true for every p; € R, pe € R and n > 0, this proves Lemma 5.4. O

Proof of Lemma 5.1. Applying Lemma 5.4, we get the convergence of ¢, (61,...,0;) to
the right hand side of (5.1) as n — 400. This combined with Lemma 5.2 and Lemma 5.3
proves Lemma 5.1. O

Proof of Lemma 4.2. We now turn to the tightness. We know that (DLnt ] /n®, t > 0),
and (S|n¢|/v/n, t > 0), both converge in distribution in D([0, +-00), R) to continuous pro-
cesses (respectively by [14] and by the theorem of Donsker), and the finite dimensional
distributions of (DLntJ /n?, S|nt|/v/1)t>0 converge to those of (A, Bt)fzo by Lemma 5.1,
hence the distributions of (EW ] /n?, S|nt|/v/1)i>0 are tight in D([0, +00), R?) (this is a
consequence of [1] Theorems 13.2 and 13.4, Corollary p.142 and inequalities (12.7) and
(12.9)). This proves Lemma 4.2. O
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