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Abstract

This work deals with a class of one-dimensional measure-valued kinetic equations,
which constitute extensions of the Kac caricature. It is known that if the initial da-
tum belongs to the domain of normal attraction of an a-stable law, the solution of the
equation converges weakly to a suitable scale mixture of centered a-stable laws. In
this paper we present explicit exponential rates for the convergence to equilibrium
in Kantorovich-Wasserstein distances of order p > «, under the natural assumption
that the distance between the initial datum and the limit distribution is finite. For
« = 2 this assumption reduces to the finiteness of the absolute moment of order p of
the initial datum. On the contrary, when a < 2, the situation is more problematic due
to the fact that both the limit distribution and the initial datum have infinite absolute
moment of any order p > «. For this case, we provide sufficient conditions for the
finiteness of the Kantorovich-Wasserstein distance.
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1 Introduction

This paper is concerned with the study of the speed of convergence to equilibrium —
with respect to Wasserstein distances — of the solution of the one-dimensional kinetic
equation

(1.1)

Ot + pe = QT (g, p1e)
Mo = Ho-

The solution p; = p(-) is a time-dependent probability measure on B(R), the Borel o-
field of R. Following [3, 10] we assume that Q7 is a suitable smoothing transformation.
More precisely, the probability measure Q" (u, i) is characterized by

[ 5@ @) <[ [ [ g(nL+ vaRutdon)u(an)]. (1.2)
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for all bounded and continuous test functions g € C,(R), where (L, R) is a random
vector of R? defined on a probability space (2, F,P) and E denotes the expectation
with respect to P.

For suitable choices of (L, R), equation (1.1)-(1.2) reduces to well-known simplified
models for a spatially homogeneous gas, in which particles move only in one spatial
direction. The basic assumption is that particles change their velocities only because of
binary collisions. When two particles collide, then their velocities change from v and w,
respectively, to

vV =Liv+ Riw w = Ryv+ Low

where (L1, Ry) and (Ls, Ry) are two identically distributed random vectors with the
same law of (L, R). A fundamental hypothesis on (L, R) in this kind of equation is that
there exists an « in (0, 2] such that

E[|L|* + |R|*] = 1. (1.3)

The first model of type (1.1)-(1.2) has been introduced by Kac [22], with collisional
parameters L = sinf and R = cos 6 for a random angle 6 uniformly distributed on [0, 27).

The inelastic Kac equation, introduced in [29] to describe gases with inelastically col-
liding molecules, corresponds to (1.1)-(1.2) with L = |sind|%sinf and R = | cosf|% cos¥,
where d > 0 is the parameter of inelasticity. In this case, (1.3) holds with o = 2/(d + 1).

A less standard application of equations of type (1.1)-(1.2) is concerned with the
construction of kinetic models for conservative economies. These models consider the
evolution of wealth distribution in a market of agents which interact through binary
trades, see for example [5, 7, 24, 27].

Finally, we mention that, using results in [9], it can be shown that the isotropic
solutions of the multidimensional inelastic homogeneous Boltzmann equation [8] are
functions of one-dimensional u; that are solutions of equation (1.1)-(1.2) for a suitable
choice of (L, R) and fig.

Recently, the generalized Kac-equation (1.1)-(1.2) has been extensively studied in
many aspects. In particular, the asymptotic behavior of the solutions of (1.1)-(1.2) has
been satisfactory treated in [2, 3, 10], while the problem of propagation of smoothness
has been addressed in [24, 25] when . =1 or o = 2.

In [3] it is proved that, if L and R are positive random variables such that (1.3) holds
true for a € (0,1) U (1,2], E[L? + RP] < 1 for some p > « and [iy belongs to the domain
of normal attraction of an a-stable law (jiy being centered if o > 1), then the solution
converges weakly to a probability measure p,, that is a mixture of centered a-stable
distributions. Some extra conditions are needed for the case a = 1, but the result is
essentially of the same type. For a precise statement of these results, see Theorems
2.2 and 2.3 in Section 2.4. As for the limit distribution, it is easy to see that u is a
steady state, that is a fixed point of the smoothing transformation Q. Moreover, it
has been proved that also the mixing distribution is a fixed point of another smoothing
transformation. For more information on fixed points of smoothing transformations see
[16]. See also the very recent paper [1] and the references therein.

In addition to the problem of finding sufficient (and eventually necessary, see e.g.
[20]) conditions for the relaxation to the steady state, an important problem is to deter-
mine explicit rates of convergence to the equilibrium with respect to suitable probability
metrics.

In the case of the Kac equation, that has the Gaussian distribution as steady state,
rates of convergence with respect to Kolmogorov’s uniform metric, weighted x-metrics
of order p > 2, Wasserstein metrics of order 1 and 2 and total variation distance have
been proved. See [14, 15, 19]. As for the inelastic Kac equation, in [4] rates of con-
vergence to equilibrium with respect to Kolmogorov’s uniform metric and y-weighted

EJP 18 (2013), paper 6. ejp.ejpecp.org
Page 2/35


http://dx.doi.org/10.1214/EJP.v18-2054
http://ejp.ejpecp.org/

Speed of convergence in Wasserstein metrics

metrics have been derived. For the solutions of the general model (1.1)-(1.2) less is
known. Some results for the Wasserstein distances, of order p < 2 have been proved in
[2, 3]

The aim of this article is to prove new exponential bounds for the speed of approach
to equilibrium for the solution of (1.1)-(1.2) with respect to Wasserstein metrics of any
order.

Our main results from Theorems 3.4, 3.5 and 3.14 can be summarized as follows:

Assume that L and R are positive random variables such that P{L > 0} + P{R >
0} > 1, (1.3) holds with o € (0,1)U(1, 2] and E[L? + RP] < 1 for some p > «. If iy belongs
to the domain of normal attraction of an «-stable law (i1 being centered if « > 1) and
the Wasserstein distance dy(fio, fto) is finite, then

dp(/uta fhoo) < CﬁmpeiKQ’pt
for suitable positive constants Cp, , and K, ;.

A similar result holds for o = 1, see Theorem 3.5. The constant K, ,, that will be
explicitly computed for o < 2, depends only on the law of (L, R), while C}, , depends
also on fip and is finite if dp(fo, o) < +o00. It is worth noticing that, if o < 2, the
assumption d,(fio, fteo) < 400 is a non-trivial requirement, since, with the exception of
some degenerate case, one has that [ [z|Pfio(dz) = 400 and [} |z]? e (dr) = 400 for
every p > «. For this reason, sufficient conditions for the finiteness of d,, (g, jtoc) Will be
presented.

The rest of the paper is organized as follows: Section 2 contains a brief summary of
some known results on the relaxation to equilibrium for the solution of equation (1.1)-
(1.2). Section 3 contains the main results of the paper. More specifically, Subsection
3.1 presents the exponential bound for the Wasserstein distance d, (i, (too) in the case
a < 2. Subsection 3.2 contains some sufficient condition for d,(fio, teo) < +00 when
a < 2. Finally, Subsection 3.3 treats the case a = 2. The proofs are collected in
Sections 4-7.

2 Preliminary results

The following assumption will be needed throughout the paper.

Assumption (Hy): L and R are non-negative random variables such that
P{L >0} +P{R >0} > 1, (2.1)
moreover there exist « in (0,2] and p > 0 satisfying
E[L* + RY] =1 (2.2)

and
E[L? + RP] < 1. (2.3)

For later reference, introduce the convex function S : [0, 00) — [—1, o0] by
S(s) =E[L° + R°] — 1,

with the convention that 0° = 0. Clearly, under (Hy), S(a) = 0 and S(p) < 0. In addition,
one has that
P{(L,R) € {0,1}*} <1 and S(0) > 0. (2.4)
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2.1 Probabilistic representation of the solution

In this paper we shall use the Fourier formulation of (1.1). We say that u; is a
(weak) solution of (1.1), with initial condition fig, if its Fourier-Stieltjes transform /i, () =
Jg €V 11¢(dv) obeys to the equation

O (€) + (&) = QF [, u)(€) (> 0,6 €R)

, (2.5)
fio(§) 1=/IR€l§“ﬂo(dU)

where

Q*1f.91(€) == B[f(LE)g(RE)] (2.6)

for any couple of characteristic functions (f, g).

As in the case of the Kac equation, it is easy to see that (2.5) admits a unique solution
i1¢ (in the class of the Fourier-Stieltjes transforms) which can be written as a Wild series
[33]

(€)=Y e (1 —e ") "gn(9), (2.7)

n>0

where ¢o(§) := f10(§) and, forn > 1,

|
—

AR SoA U1} 2.8)

Il
=)

J

In [3] it has been shown that the solution of (1.1) is related to a suitable stochastic
process. More precisely, the unique solution p; of (1.1) with initial datum i is the law
of the weighted random sum

Vei=) Bin X,
j=1

with the following elements defined on a sufficiently large probability space (2, F,P):

* asequence (X;);>; of i.i.d. random variables with distribution fio;
* a stochastic process (NV;);>o which takes values in IN and with

P{N;=n}=ct(1—-eHn!

foreveryn > 1 and t > 0;
* arandom array of weights (5;,, : j =1,...,n),>1 recursively defined by:

1,1 =
(B1,2, Ba,2) == (L1, Ry)
(ﬁl,n-&-ly v aﬁn-ﬁ-l,n-&-l)
= (/61,7L7 cee 5171,—1,7“ Lnﬂln,m Rnﬁfn,na 5In,+1,n7 cee ;ﬁn,n)-

where (L,, R,),>1 is a sequence of independent and identically distributed (i.i.d.,
for short) random vectors with the same distribution of (L, R), and (I,,),>1 is a
sequence of independent random variables such that I,, is uniformly distributed
on {1,...,n} for every n > 1;

* (Xj)j>1, (Ne)t>0, (Lns Rn)n>1, (In)n>1 are stochastically independent.
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As a matter of fact, it is possible to prove that for every n > 1, ¢,_1 — defined in (2.8) —
is the characteristic function of the random variable

W =Y BinX;. (2.9)
j=1

See the proof of Proposition 1 in [3]. Since V; = Wy, from (2.7) it follows that y; is the
law of V.

2.2 Martingale of weights and fixed point equations for distributions

It is easy to prove that, under (Hy), Z;;l B, is a (positive) martingale and hence it

converges a.s. (as n — +o0) to a random variable Még‘) )

fixed point equation for distributions

. Moreover, Mé? satisfies the

M £ LM, + ROMEY, (2.10)

In (2.10), M)

co1r Mg (a) and (L, R) are stochastically independent, M " )1 and MS)Q have
the same law of Méo), and 7, 4 Z5 means that the random variables Z; and Z5 have
the same distribution. For a proof of these facts see Proposition 2 in [3].

Note that equation (2.10) can be written in terms of the characteristic function

7a(€) = Blexp{ie M} as
7a(€) = B[oa(L)7a(R)] (€ €R). (2.11)

In the next proposition we collect some useful properties of the solution of equations
(2.10)-(2.11).

Proposition 2.1 ([1, 16, 23]). Let (Hy) be in force with o < p. Then, there is a unique
probability distribution v, on B(R™") with [, vve(dv) = 1 and Fourier-Stieltjes trans-
form 04 (§) = [ €*"va(dv) satisfying equation (2.11). Moreover,

(i) If L* + R* = 1 almost surely, then v, (-) = 61(-);
(i) IfP{L*+ R* = 1} < 1, then v, is non-degenerate and, for any q > «, [ v vy (dv)
< 400 if and only if S(q) < 0

2.3 Stable laws

Recall that a probability distribution g, is said to be a centered stable law of expo-
nent o (with 0 < o < 2) and real parameters (A, 5), A > 0 and |3] < 1, if its Fourier-
Stieltjes transform jo(§) = [ €”ga(dv) has the form

exp{—M|¢|*(1 —iBtan(ra/2)sign &)} ifa € (0,1)U (1,2)
9a(§) = { exp{=Al¢|(1 + 2if/mlog [¢|sign &)} ifa=1 (2.12)
exp{—\[¢|?} ifa=2.

By definition, a probability measure iy belongs to the domain of normal attraction
of a stable law of exponent « if for any sequence of i.i.d. real-valued random variables
(Xn)n>1 with common distribution fig, there exists a sequence of real numbers (¢;,)n>1
such that the law of n=1/¢ """ | X, — ¢, converges weakly to a stable law of exponent .

It is well-known that, provided o # 2, a probability measure [y belongs to the
domain of normal attraction of an a-stable law if and only if its distribution function

Fy(z) := ﬂo((—oo,:v]) satisfies

lim 2%(1 — Fy(z)) = cf < +oo, lim |2[*Fy(z) = ¢ < +00. (2.13)
r——+0o0 T——00
EJP 18 (2013), paper 6. ejp.ejpecp.org
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Typically, one also requires that car + ¢y > 0in order to exclude convergence to the
probability measure concentrated in 0, but here we shall include the situation ¢ =
¢, = 0 as a special case. The parameters A and § of the associated stable law in (2.12)
are related to ¢ and c; by

(g +co)m _ %~

M(a)sn(rajz) P~ =1 (2.14)

>\:
ca'—i-co

with the convention that 8 = 0 if ¢j + ¢, = 0. In contrast, if « = 2, F;) belongs to the

domain of normal attraction of a Gaussian law if and only if it has finite variance 2.
2

The parameter )\ of the associated Gaussian law in (2.12) is given by A = %-. See for

2
example Chapter 17 of [18] and Chapter 2 of [21].

2.4 Convergence to Steady states

We are ready to state the results concerning the convergence of y; to a steady state,
that is a probability measure ., such that

Hoo = QJF(,LLOO?,[I“OO)'

Theorem 2.2 ([3]). Assume that (Hy) holds true with o # 1 and that F| satisfies (2.13).
In addition, assume that f]R vig(dv) = 0 ifa > 1. If p < «, then u; converges weakly to
the degenerate probability measure dy, while, if p > «, then u; converges weakly to a
steady state 1, with Fourier-Stieltjes transform

/ ei&’,uoo(dv) _ / B—Am|§|0[17iﬁtan(ag)signg]ya(dm) (5 c R), (2.15)
R [0,400)

where v, is the same as in Proposition 2.1 and the parameters \ and 3 are defined in
(2.14) for o < 2 and (), B) = (0%/2,0) for a = 2.

We conclude this section by considering the case in which a = 1. We state a slight
variant of Theorem 4 in [3].

Theorem 2.3. Assume that (Hy) holds with « = 1. Suppose that Fy satisfies
lim_ [z Fy(x) = xgrfwmﬁ - F0<x)} = o € [0, +00) (2.16)
and suppose, in addition, that

lim xdFy(z) = o 2.17)
R—+o0 (—R,R)
with —oo < 7y < +o0o. If p < 1, then u; converges weakly to the degenerate probability
measure §y, while, if p > 1, then u; converges weakly, ast — 400, to a steady state [
with Fourier-Stieltjes transform

/ € (d) = / emir0g=coml€l) (i) (2.18)
R JRT

where v, is the same as in Proposition 2.1.

This theorem can be proved in a very similar way of Theorem 1 of [3], for the sake
of completeness a sketch of the proof is given in Appendix B.

Remark 2.4. It is worth noticing that the steady states j, described in Theorems
2.2-2.3 are the unique possible fixed points of QT. See Theorems 2.1 and 2.2 in [1].
Necessary conditions for the convergence of i to a steady state i, are investigated in
[28].
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3 Rates of convergence in Wasserstein distances

The minimal L,-metric — or Kantorovich-Wasserstein distance of order p — (p > 0)
between two probability measures 1 and p2 on B(R) is defined by

)1/\1/[} (3 1)

)= ot ([ o= ypm(daay)
where M (j11, j12) is the class of all the probability measures on B(RR?) with marginals y
and pug, that is the probability measures m such that m(- x R) = p1(-) and m(R x -) =
p2(+). In general, the infimum in (3.1) may be infinite; a sufficient (but not necessary)
condition for having finite distance between y; and ps is that both [}, [v[Pu1(dv) < +o0
and f]R |v|P 2 (dv) < 4+00. An important property of the Kantorovich-Wasserstein distance
is its close connection with weak convergence of probability measures; namely, if (v;);>0
is a family of probability measures such that [ [v[P;(dv) < +oc for every ¢t > 0 and v
is a probability measure such that [, [v[Pve(dv) < 400, then dy (v, Vo) — 0, ast — +oo,
if and only if v; converges weakly to v, and

/|a:|p1/t(da:)—>/ Prac(dz) for t — oc.
R R

See, e.g., Lemma 8.4.35 in [30]. Recall also that d, (v, Vo) — 0, @s t — +oo, yields the
weak convergence of v to v, even if [ [v[Pv(dv) = 400 for every ¢ > 0.

In the rest of the section we deal with the problem of providing an upper bound
for d,(ut, ploo) When p; is the solution of (1.1) with initial condition fiy and po is the
corresponding steady state.

When o # 1,2, taking advantage of a probabilistic representation of the solution re-
called in Section 2.1, it is relatively easy to get an upper bound for d, (4, ftoc) Whenever
p < 2. The reason of the restriction to p < 2 is that in proving such kind of estimates a
key point is the employment of the von Bahr - Esseen inequality for sums of independent
random variables — see (4.5) -, which holds only if p < 2. In order to enunciate these
rates of convergence we recall that the so-called spectral function, introduced in [10],
is the function ¢: (0, +00) — R := RU {—o0c, +0o} defined by

(3.2)

Theorem 3.1 ([3]). Let the same assumptions of Theorem 2.2 be in force for some p
withl <a<p<2ora<p<1l Ifd,(fig, o) < +00, then

l — —
dp(pi1, proc) < AP dy(fig, froo e~ 19PN,
with A =1ifp <1, or A = 2 otherwise.

Remark 3.2. It is worth noticing that, if a« < 2 and cg + ¢; > 0, the assumption
dp([io, hoo) < 400 is a non-trivial requirement, since [}, |x|Pfio(dx) = 400 and

Jg |z|Ppios (dzz) = +o00 for every p > «. In Section 3.2 we will give sufficient conditions
for the finiteness of d,(fig, foo)-

Theorem 3.1 does not cover the cases « = 1 and o = 2 and the cases a € (0,1) and
p>lorace(1,2)and p > 2. In the next sections we will plug this gap.

3.1 Statement of the main results for o < 2

In this section we will enunciate two results which provide (exponential) rates of
convergence to equilibrium for the solution of (1.1) with respect to the Wasserstein dis-
tances of any order. The proofs of these statements will be established by using the
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probabilistic representation of the solution of (1.1) and employing an inductive argu-
ment inspired by a technique developed in [17]. This inductive argument makes use
of rates of convergence to equilibrium with respect to Wasserstein distances of order
p < 2; thus, it is crucial to have estimates for d,(u, o) When p < 2. Theorem 3.1
fulfills our need if o # 1, while, when o = 1, we have to prove an estimate that will
make us able to proceed with the next inductive argument. This key step is provided by
the following theorem.

Theorem 3.3. Assume that (H) holds true with « = 1 and 1 < p < 2, and that fi
satisfies the assumptions of Theorem 2.3. If d,(fio, ftec) < +00, then

dy (it Hoo) < Cpe™1#@ (3.3)
for a suitable constant C), = Cy(fip) < +00.

Note that if [}, |v|fio(dv) < +oo, then ¢ = 0, vo = [ vfio(dv) and pieo(-) = v1(-/70).
By Proposition 2.1 (ii), since S(p) < 0, we know that fR+ vPy1(dv) < 4oc and hence
Ji [v[P oo (dv) < 4o00. Thus, dy(fio, fies) < o0 if and only if [} [v[Pfio(dv) < 400 and
Theorem 3.3 reduces to Theorem 5 of [3]. Analogously, if jiy is symmetric and satisfies
(2.16), then the previous theorem reduces to Theorem 2.4 in [2].

In order to introduce the generalizations of Theorems 3.1 and 3.3 to Kantorovich-
Wasserstein metrics of higher order, we define, for: = 1,2 and every ¢ > 1,

Ki(q) = max{p(i), p(q)}

We are now in the position to enunciate the aforementioned exponential rates of con-
vergence, which are divided into two different theorems according to the value of a.

Theorem 3.4 (0 < a < 1). Assume that (H,) holds true with 0 < a < 1 and p > 1.
Assume also that fiy satisfies the hypotheses of Theorem 2.2 and that dp,(fio, fteo) < +00.
Then there exists a constant C,, = C,,(fip) < +oo such that

Cpe P if o(p) # (1)

dp(:ut?/-l/oo) S{ Cpteft‘Kl(p)‘ if o(p) (3.4)

for everyt > 0.

Theorem 3.5 (1 < a < 2). Assume that (Hp) holds true with1 < o« < 2 and p > 2. If
«a = 1 suppose that jiy satisfies the hypotheses of Theorem 2.3, while if 1 < a < 2 assume
that fiy satisfies the hypotheses of Theorem 2.2. Assume also that d,(fio, fteo) < +00.
Then there exists a constant C), = Cp,(fip) < +oo such that

Cpe K2 if o(p) # ¢(2)

<
dp(/JtaNoo) _{ Cpte_t‘Kz(p)‘ if o(p) (3.5)

for everyt > 0.
We conclude this subsection with a couple of examples.

Example 3.6. Let us consider the case in which L = 1 — R = U where U is a random
variable uniformly distibuted on (0,1). In this special case S(s) = 175 and ¢(s) = ;75
Since 0 = S(1) > S(p) for every p > 1, Theorem 2.3 can be applied. In particular, using
also Proposition 2.1 (i), we have that v = ¢ and u, is a Cauchy distribution of scale
parameter mcy and position parameter 7. Noticing that ¢(2) = ¢(3) = —1/6, Lemma

5.2 in Section 5 entails that Theorem 3.5 holds with

o =1/6 if2<p<3
Kalp) = { A=p)/(p+p?) ifp>3.
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Example 3.7. Another interesting example is the case of the inelastic Kac equation
[29]. The inelastic Kac equation can be reduced to a special case of equation (1.1)-
(1.2) with L = |cos(6)|**? and R = |sin(f)|'*%, § being a random variable uniformly
distributed on (0,27) and d > 0. In this case

1
S(s) = Py 0 )(| sin(0)|(l+d)S + |cos(0)|(1+d)s)d9 -1

d
— 1 in(0)|Hdsg9 — 1 = 2 I( —515 + %)
| sin(0)| 1 prm)
7 J(0,2m) VT T(4H s +1)

where T'(z) = f0+°° t*~le~tdt. Clearly S(o) = 0 for o = 2/(d + 1), moreover S(p) < 0

for every p > «, so that Theorems 2.2-2.3 can be applied. As before, v, = §; and

loo 1S an a-stable distribution. Since lim;_, o S(s) = —1, then lims_,; ¢(s) = 0 and,

invoking Lemma 5.2, one proves that ¢(s) has a unique minimum point in péd)

-1

. Clearly
péd) = p(()l)Q/(d + 1) where p(()l) is the unique minimum point of

(s+3)

Numerically one sees thatpél) ~ 2.413. On the one hand, it is easy to check that ifd < 1,

i.e. a > 1, one has péd) > 2. Hence, in this case, there exists a point p;; > 2 such that
Ks(p) = ¢(2) if 2 < p < p} and Ks(p) = ¢(p) if p > pj. On the other hand, if d > 1,
i.e. o < 1, one has two different situations: (i) p(()d) < 1 whenever d > 2p(()1) — 1~ 3.826,
thus K1(p) = ¢(p) for every p > 1; (ii) péd) > 1 whenever d < 2p(()1) — 1 =~ 3.826, thus
Ki(p) = (1) if1 < p < p} and K1(p) = ¢(p) if p > p}; for a suitable p}; > 1.

3.2 Asymptotic expansion for the tails of i, and sufficient conditions for the
finiteness of d, ([, /toc) When o < 2

In the theorems of the previous subsection the constants C, — which could be explic-
itly computed in the proofs of Theorems 3.4 and 3.5 — depend on d,(fio, tt~) and hence
the assumption d,(fio, fteo) < +00 is a fundamental requirement for (3.4) and (3.5) to be
meaningful. In some particular cases this assumption reduces to a simpler hypothesis
on the finiteness of the absolute p-th moment of the initial datum jiy. More precisely, as
already noted after Theorem 3.3, if « = 1 and [ |v|fo(dv) < +oo, then d,(fio, fioc) < +00
if and only if [; [v[Pfio(dv) < +oo. Furthermore, if a € (0,1) U (1,2) and ¢ 4+ ¢; = 0,
then puo = 0o, and therefore d,(u¢, o) — in Theorems 3.4 and 3.5 — reduces to the
absolute moment of order p of y,. In particular, d,(fo, fteo) < +00 holds true if and only
if [ [#|Pfio(dr) < +oc. All the other cases are more problematic. Indeed, as already
recalled, if « < 2 and ¢§ + ¢y >0, then [, |2|Pjig(dz) = +oo as well [, |[2[P oo (dz) = +o0
for every p > a.

Here we give a criterion that provides the finiteness of d,(fio, ftoc) When p > «. The
main result of this section is contained in Theorem 3.10 which extends Lemma 1 of [3].
Let us start by noticing that (2.15) can be immediately rewritten in terms of random
variables as follows: under the hypotheses of Proposition 2.1 and Theorem 2.2, let
Még ) be the unique solution of equation (2.10), consider an a-stable random variable
S, of parameters (), 8) given by (2.14) and assume that Méff ) and S, are stochastically
independent. Finally, let V, be a random variable whose probability distribution is pi.
Then, (2.15) becomes

Ve 25, (Még))é. (3.6)
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Note that, in the same way, (2.18) becomes
Vio £ (81 +70) M) = Oy MY, (3.7)
where C) ,, is a Cauchy random variable of scale parameter A = 7mcy and position pa-

rameter vy, and S; = C) o. In other words, for every o € (0,2], V. is an a-stable random

variable randomly rescaled by (MCES‘ )) E.

It is useful to observe that, in order to obtain sufficient conditions for the finiteness
of dp,(fio, toc), When o = 1 we can suppose, without loss of generality, that 7o = 0. This
fact is justified by the next lemma.

Lemma 3.8. Let (H) hold true with « = 1 and p > 1. Assume that [ip satisfies (2.16)
and (2.17), define i§(-) := fo(- + 1) and let u’_, be the corresponding steady state.

Then, limp_, 1« f(_R ) TAS(dz) = 0 and

/ €' o (dv) = / LTS (dm). (3.8)
R R

In addition, d,(fi, fteo) < +00 if and only if d, (g, pk,) < +oc.

Hence, in the rest of this section, we assume that 7y = 0 whenever o = 1. Under
this assumption, (3.7) reduces to (3.6) and we can write

Fuola) i= i ((=o0.21) = {50 (1)) " <)

_1
—E [Fa (x (Méfj‘)) ) Ly sy + ]I{$>0}]I{Még>_0}}

where F, is the distribution function of S,. At this stage we can derive a useful asymp-
totic expansion of F, combining (3.9) with the well-known asymptotic expansion for
the probability distribution function of a stable law.

(3.9)

Proposition 3.9. Let0 < o < 2. Ifa # 1 let the same assumptions of Theorem 2.2 hold
with ¢f + ¢y > 0, while if « = 1 let the same hypotheses of Theorem 2.3 be in force with
Yo = 0 and ¢y > 0. Let F, be the distribution function of the steady state ., described
in Theorem 2.2, Theorem 2.3 respectively. Then

() Ifa # 1, |B] # 1 and S(a(k + §)) < 0 for some integer k > 1 and some § € (0, 1],
then m; := B[(M{2)'] < 400 fori =1,...,k and

_ G & G ( 1 ) 3
Foo(z) = FERAmER 4+ .+ P +0 FIGHE forx — —c0 (3.10)
~+ ~+ ~+
_ _G oG G ( 1 )
1—-F(x) = s + —a 4+ e +0 e forxz — +o00 (3.11)
where & := ctm,, fori = 0,...,k — 1, with ¢ being defined by (2.13) and
(cii)lgigk,l suitable constants (see (A.3) in Appendix A). If « # 1 and 8 = —1

[8 = 1, resp.] and S(a(k +8)) < 0, then (3.10) holds and 1 — Fao(z) = o(ﬁ) for

x — 400 [(3.11) holds and Fu.(z) = O(ﬁ) for t — —oo, resp.] for everyn > 0
such that S(n) < 0.
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(ii) If« =1 and S(2k — 1+ §) < 0 for some integer k > 1 and § € (0, 2], then mg;11 :=
E[(M)2+1] < 400 fori =0,...,k — 1, Fs, is symmetric and

k=1 .
c; 1
Foo(z) = Z |22 +0 <$|2k—1+5) for z — —oco.
i=0

with ;=GN forj =0, k-1,

For the proof of this proposition the reader is deferred to Appendix A.

It is worth noticing that — with the exception of few cases, see e.g. [6] — in general
there is no analytical expression of the law of Méf,‘ ), i.e. v,. Nevertheless, having an
explicit expression of the mixed moment of (L, R), it is always possible to recursively
determine the exact expression of the integer moments of v,, i.e. m; = E[(Még ))Z]
Indeed, my =1 and, fori =2,...,k,

i—1

1 i L
_ i RGN m
m; = [ B[Lo + R g (j)E[L TR ™D mm,_;.

Jj=1

This recursive formula can be easily obtained using (2.10) and Newton binomial for-
mula. The next theorem provides the announced sufficient conditions on the initial
datum fiy that ensure the finiteness of d,(fio, ttoc ). Essentially, dp(fio, fteo) is finite when-
ever the tails of F|y are close enough to the tails of F.

Theorem 3.10. Let 0 < o < 2. If o # 1 let the same assumptions of Theorem 2.2 hold
with ¢f + ¢y > 0, while if « = 1 let the same hypotheses of Theorem 2.3 be in force with

Yo =0andcy > 0. Letp > « and set k := {14—%]

(i) Let|3| # 1. Assume that S(s) < 0 for some s > o + (p — «)/p and that F, satisfies

< 2D om0 (3.12)
|I|(1+pzTa)(x

k-1 ._
G
‘Fo(a:) - Z BIGRE
=

2

‘1 F kf I I C) B S (3.13)
0(1.) - |x|(i+1)a - |x‘(1+p;;‘)a ore o0 ’
where &, ,¢q,¢1,¢,...,C,_4,Cr_, are given in Proposition 3.9 and
¢: (0,+00) — RT is a continuous, monotone decreasing function on [B,+00) such
that N
oo i .
/ SUC R (3.14)
B X

for some B > 0. Then
dp(ﬂO,Moo) < +00.
(ii) If « # 1, p = =1 [8 = 1, resp.], suppose that (3.12) [(3.13), resp.] holds true,
that f0+°° |x|PdFy(x) < 400 [LOOO |z|PdFy(x) < 400, resp.] and S(s) < 0 for some
s > max(p,a+ (p — «)/p). Then

dy (fio, f1oe) < +00.

Remark 3.11. A simple example of function ¢ is {(x) := |z|~¢ for some ¢ > 0, but
one can also take functions that decrease to infinity slower than a power, for instance

((x) = (logz) "> .
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Note thatif p > o > 1 then1 <1+ E2% < 2. Hence, In this case k = [1+ E2=| = 1.
This means that (3.12)-(3.13) are similar to the conditions that describe to so-called

strong domain of attraction of an a-stable law, i.e.

+ —
_ % 1 G 1
1— Fo(z) = o +O(7\m|“+5)’ Fy(z) = o O(7|$|°‘+6)’

for |x| — oo and for some 6 > 0. See, for instance, [12].

3.3 Some estimates for o = 2

In this section we assume that (Hj) holds true with & = 2 and we provide some
estimates for the rate of convergence to equilibrium with respect to Wasserstein dis-
tances of order p > 2. To do so, we will employ the same inductive argument on the
order p used in the proof of Theorems 3.4 and 3.5. The first obstacle in this procedure
is that, at the best of our knowledge, when o = 2, there is not a result comparable to
those of Theorems 3.1 and 3.3. The only exception is for the Kac model; in this case
rates of convergence both in d; and in d, are known [19]. It would be useful to prove a
result similar to Theorems 3.1 and 3.3 for o = 2 to get estimates for d, (i, ptoo) — With
1 < p <2 — and use them as the first step of the inductive argument. The main problem
is that we do not manage to give non trivial upper bounds for d,(p, peo) With 1 < p < 2.
Indeed, the only explicit estimate that we are able to provide is given by

dp (s proo) < T2 (3.15)

for some positive constant I's, for every ¢ > 0 and for every 1 < p < 2. This trivial
inequality follows since d, < dy for every 1 < p < 2 and da(p¢, pioo) — 0 as t — +oo.
The convergence to zero of da(uu, fteo) iS @ consequence of the weak convergence of i,
to us supplemented by the fact that, when [ satisfies the assumptions of Theorem 2.2
(i.e. it has zero mean and finite variance), one has f]R 22 py(de) = f]R 22 100 (dz) for every
t>0.

As for d;, we obtain a non trivial bound passing through Fourier distances. Recall that
for every s > 0 the Fourier distance y (also known as weighted y-metric of order s)
between two probability measures y; and uz on B(R) is defined as

Xs (B, p2) == supM
RIS IR

where /1;(§) = [ " pi(dx) for every £ € R and i = 1,2. These distances are very useful
in order to easily obtain rates of convergence to equilibrium for every « € (0, 2]. Indeed,
one can plainly prove the following:

Proposition 3.12. Assume that (Hy) holds true with o € (0,2] andp > «a. Ifa # 1
suppose that iy satisfies the hypotheses of Theorem 2.2, while if o = 1 suppose that jig
satisfies the hypotheses of Theorem 2.3. If x,(fio, ftoc) < +00, One has

Xp (112, Hoo) < Xp (0, foo )™ P).

In Section 6 we will prove that, for a suitable § > 0, the Fourier distance of order
246 can be used as an upper bound for the Wasserstein distance of order 1. Combining
this fact with Proposition 3.12 with a = 2, we will prove the following:

Theorem 3.13. Assume that (Hy) holds true with o« = 2 and p > 2, and that i, satisfies
the hypotheses of Theorem 2.2. Then, for every § € (0,1) such that 2+ § < p and
Jg [2[*T fip(dx) < +o0, there exists a constant 0 < C' < +oo such that

p(2+9)
3

1
dl(MtaMoo) < CX2+5(/]O7MOO)3(2+5) et
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for every t > 0 with xay5(fio, teo) < +00.

The next theorem provides some estimates for the rate of convergence to equilib-
rium with respect to Wasserstein distances of order higher than 2.

Theorem 3.14 (o = 2). Assume that (Hy) holds true with « = 2 and p > 2, and that
fio satisfies the hypotheses of Theorem 2.2. If [ |x|Pfio(dz) < 400, then there exist a
constant 0 < Cp, = Cp(fip) < +o0o such that for everyt > 0

Cpe ' if S(p) #

#(2 Ep)
d <
p(ﬂtyﬂoo) { C 5 —tRp If S( )

1
3
3 (2+€p)

with —R, = max{p(p), “’(23725”)} and where ¢, € (0, 1] is the fractionary part of p.

4 Proofs of Theorem 3.3 and Lemma 3.8

We start with some useful remarks related to the probabilistic representation of the
solution. Here and in the rest of the paper £(Z) denotes the law of a random variable
Z.

Combining (2.6) and (2.8), it is plain to check that

Wi < LW; +RW, ,_;  foreveryn>1 (4.1)

where (W})i>1, (W])k>1 are independent sequences of random variables such that

W, Lw Lw,  for every k> 1
and, in addition, (I,),>1 are independent random variables uniformly distributed on
{L,...,n}, W))k>1, W] )k>1, (In)n>1, (L, R) are stochastically independent.

Under the assumptions of Theorem 2.2 or Theorem 2.3, let (V;);>1 be a sequence of
ii.d. random variables with common law y., and independent of (5;,, : j=1,...,n),>1.
Since s is a stationary distribution for Q*, using (2.9) with fip = uo and (4.1), it
immediately follows by induction that

E(iﬂmvj) = pioe 4.2)
j=1

for every n > 1.

4.1 Proof of Lemma 3.8

We begin by proving a simple lemma.
Lemma 4.1. Consider two probability measures p; and ps on B(R) such thatd,(u1, p2) <
+o0o for some p > 1. Let ji; be a probability measure on B(R?) such that L(U - V) =

w1 when (U, V) is distributed according to j1;. Then, there exists a random vector

(X411, X192, Xo) such that the law of (X11, X12) is fi1, the law of X is us and
p
dp(pr, p2) = E‘X11X12 - XQ‘

Proof. Let (X1, X5) be an optimal coupling for (u1, yz). If pio|1 denotes the conditional
law of X, given X1, then the Disintegration Theorem leads to

—_
dg(/lhuz):E‘Xl—Xz’ =//|CE1—$2\pﬂ2|1(d$2\$1)m(d$1)
RJR
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and, since [i |21 — x2|P o)1 (do|21) is finite iy a.s., we can write

P
dp(pa, p2) = / / |z11712 — T2|P po1 (d2a|T11212) fi1 (A1, dor2) = B X711 X712 — Xo
Rz JR
where (X171, X172, X2) is a random vector whose probability distribution is

p(dziy, dryg, drg) = M2\1(d332|$11$12)ﬂ1(d$11, dz1s).

Thanks to the previous lemma, we can prove Lemma 3.8.

Proof of Lemma 3.8. From the definition of 7y, it is clear that

li fg(dz) =0
Rl - zjig(dz)
and (3.8) follows from (2.18). It remains to prove the equivalence between the finiteness
of dy,(fu, ftoo) and the one of d, (i, ). Firstly, suppose that d,(fig, fioc) < +00. Note
that pieo = L(MQCANO) where C) ., is a Cauchy distribution of scale parameter A = co7

) has law v1 and, finally, C) ,, and Méé) are stochastically indepen-

and position 7y, M(gol
dent. Hence, by Lemma 4.1 applied with 1y = pioo, g2 = fig @nd fig = L((Ch o, Mé;))) we
get the existence of a random vector (C ,, MY, Xo) with £(Xo) = fio, ﬁ(é%"/o]\;[éé)) =

oo and

D=

i - (gl 10 — %,
dp(:an Uoo) =|E C)\,’Y(JMOO — Xo
Put X; = Xo — o, V5 = (ém - ’Yo)Mc%)- Then, £(X}) = fif, £(VX) = . and hence

1

N N . N NPT
)p = (E‘Xo — %0 — Cr o MY +70M<%)‘ )

1
P

IN

dy(s i) < (B[xG -V

A

1
~ P\ p
< dylfio, oo + ol (B[t = 110[)”

and the last term is finite since d,(fio, iec) < +00 and S(p) < 0, which entails that
~ P
]E‘Méé)‘ is finite by Proposition 2.1.

Conversely, suppose that d,(fg, p5,) < +oo. Note that pf, = L(MQ)C,\O) and hence
let (Sf,Méi)*,Xa‘) be the random vector given by Lemma 4.1 applied with pu; = pl,
po = it and iy = £(Co, M), Thus, £(X}) = fg, £(S: M) = 2, and

o0

1
P\
dy(iiss ) = (B[Si MO = x5[)" (4.3)

Put Xo = X§ + 70, Vo = (57 + 7o) M)*. Then, £(X) = fio, £L(V o) = fise and hence

p)%

1
_ — P\
dplj0;100) < (E|Xo = Vo] )" = (B|XG +90 = MY"ST = oM "

(4.4)

p) 3
and the last term is finite since d, (i, 1h,) < +oo and S(p) < 0. This concludes the
proof. O

< dyli, 1) + 1ol (B[t - M
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4.2 Proof of Theorem 3.3

As already anticipated in the introduction of Section 3, the von Bahr-Esseen inequal-
ity has played an important role in proving rates of convergence to equilibrium with
respect to Wasserstein metrics of order p < 2 in the cases in which a # 1 (i.e. Theo-
rem 3.1). For the reader’s convenience we recall the statement of the von Bahr-Esseen
inequality [32]: let 71, ..., Z, be independent (real valued) random variables such that
E[Z;] = 0 and E[|Z;|P] < 400 for some 1 < p < 2, then

5e
=1

In this section we establish the upper bound (3.3) employing once again the von Bahr-
Esseen inequality. To do this we will need to prove the existence of a random vector
(X0, V) with marginal laws, respectively, jigp and /i, and such that X, — V| has finite
p-th absolute momentum and zero mean. These properties will be proved in Lemma 4.2
which constitutes the main tool for the proof of Theorem 3.3.

p} < ZiE[\ZiI”L (4.5)
=1

Lemma 4.2. Assume that [iy satisfies (2.16) and that (2.17) holds. If d,(fio, fieo) < +00
for some p > 1 such that S(p) < 0, then there exists a random vector (X, V) such that

(1) L(Xo) = fio, L(Vo) = fioo;
— — |P
(i) [ X — Vo| < +o00;
(i) B(Xo — Vo) = 0.
Proof. By Lemma 3.8, since d,(fio, tec) < 400, then d,(fig, p15,) < +oo and (4.3) holds
with S} and MY stochastically independent. Now define

YO = XS + Yo, Vo = Méé)* (ST +’70).

Then (i) is trivially satisfied. As for (ii), it follows by (4.4). It remains to prove (iii). If

co = 0 then, by Theorem 2.3, Vg £ 'yOMéi) and hence by Proposition 2.1 it has finite
p-th moment. Thus, hypothesis d,(fio, pec) < +00 entails that [, [z[Pfig(dz) < 400 and
Jg lz|fi0(dx) < 400. Combining this fact with (2.17) one has E(X¢) = ~ and (iii) follows
since one also has E(Vy) = v. Now, let us consider the case ¢y > 0. Thanks to

(ii), Xo — Vy has finite absolute momentum. Recalling that ]E(Méé)*) = 1, from the

definition of (X, V() one immediately gets
E(YO - Vo) - E(Xg - MQ*S}‘).

Denote by F|j and FZ, the probability distribution functions of z and u)_, respectively.
Let (F;)~! and (F%)~! be the corresponding quantile functions. Since (XS‘,M&)*S{)
is an optimal coupling for (&, i), it follows that (X, Mé;)*Sf) has the same law of
(F)~Y(U),(Fx)~Y(U)) where U is a random variable with uniform distribution on
(0,1). Combining all these facts it easily follows that

l—ep

B(Xo- 7o) = lim (F) ™ (w) = (F) ™ ()| du

n—-+o0o
En

for any sequence (e,,),>1 such that ¢, | 0 as n — +oo. Recalling that F} is a symmetric
distribution function, one gets

[“%@;r%wwzo

n
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for every n > 1, which means that
l—en

JE(YO —VO) = lim (F) ™Y (w)du.

n—-+o00 c

For the sake of notational simplicity, from now on, write F, in place of F{j. In order to
choose an appropriate sequence (&,,),>1, consider a real sequence (a,,),>1 such that for
everyn > 1 F 1 (F*(an)> = a, and lim,,_, ;- a,, = —oc. Defining ¢,, := F.(a,,) for every
n > 1, it is easy to prove that

/sisnF*_l(u)du - /(F*%sn),F*l(l—sn)) b )
+P§%1—5m{1—&f—R{UTJQ—sm_ﬂ}n:Am)+BUU

where F,(z~) := lim,_,,- F.(y). To show (iii) we have to prove that (A(n)) _, and
(B(n))n>1 are infinitesimal as n — +oo. For this purpose, we have to study the a;symp-
totic behaviors of F,(x) as || — +oo and of F, !(u) as u — 0% or u — 1~. From (2.16),
we deduce that for every fixed § € (0, ¢o) there exists T = Z(d) such that

=90

5
< Fy(z) < _Got for every z < —2

x - x
co+0

1- < Fu(x) <

for every x > .
Put A; = A1(8) :=cp + 0 and Ay = A3(d) := ¢y — 0 and define two functions G, G2 by
— A ife < -2

Gi(x) = 4 f-rz<z<z
1-4 ife>z

for+=1,2. Then
Ga(z) < Fu(z) < Gi(x)  foreveryz < —z,
Gi(x) < Fi(z) < Go(z)  for every x > Z.
Hence, for every u € (0, Go(—7)),

A A
~S =G ) S PN w) < Gyt(u) = =22
u u
and, for every u € (G2(%),1),
Ay 1 1 -1 Ay
= <F < =
1—u o (u) < F7(u) <Gy (u) 1—u
Finally, observe that given § and Z, there exists 7 = (4, Z) such that for every n > 7
A,
1—e, € (G2(2),1), &, € (0,Go(—1)), ?Z >z

Thus, for n > 7n one has

F'l-g,) >z and F () < -7

With this information on F, and F, ! we are ready to prove that lim, .. A(n) = 0
and lim,,, ;- B(n) = 0. Firstly, consider B(n): for every n > 7 we know that A2 <

Fl(1-¢,) < ? and hence, by monotonicity of F,,

() 1 k() ) 1 -0() - (1)
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On the other hand,

1—5n—F*(F*_1(1—5n)_) > 1—5n—F*(1:—:) > 1—5n—G2(f—j) :fsn(j—j—l).
Since F (1 —¢,) > 7 > 0, we get
En (j—j - I)F*_l(l —en) < B(n) < 8”(% - I)F*_l(l —En)-

Note that A; > A,, which entails that ﬁ—; > 1 and hence B(n) < ¢, (% — 1) Gl_l(l —&n)

and B(n) > ¢, (—ﬁf — )G;l(l — €p). This implies that
A2 Al
- < < JR
A1<A1 1) S B(n) S A1<A2 1)
for every n > n, that is, by definition of A;,

co+ 6
2
5 6

~25 < B(n) <

Co —
for every § > 0 and for every n > (4, ). Hence, lim,_, - B(n) = 0.
Finally, consider A(n). Recall that, from Lemma 3.8,

lim zdF,(z) = 0. (4.6)
R—+400 (-R,R)

We will take advantage of this property by splitting the integral A(n) into two integrals,
one of them over a symmetric interval about the origin. Fix n > n. If —F;!(g,) <
F7'(1—e¢,), then

/ xdF,(dx) :/ xdF,(x)
(F (en) FT (1=en)) (FZH(en),=F (en) 4.7)
—|—/ xdFy (dz).
[~ F (en) F ' (1-en))
On the other hand, if —F, (g,,) > F; (1 —¢,), then
/ xdF,(dx) :/ xdFy(x)
(F:l(en)vF;l(lfsn)) (Fil(sn)va;l(sn)) (4 8)

—/ xdF,(dx).
[Ffl(l_en)v_F;l(En))

Thanks to (4.6), the first integrals on the right hand side of both (4.7) and (4.8) converge
to zero when n — +o0o. As concerns the second integrals, recall that for every n > n
one has

A < —F7en) < A and Az <F'1—-g,)< A

En En En En

0 S/ xdF,(x) §/ xdFy(x),
[~ F7 (en) P (1=20) [£2.53)

en’en

0= / zdF,(z) < / wdFy (2).
[F (1—en),— P (en)) (A2 A1)

The positiveness can be obtained by further increasing 7, if needed. Thus, in order to
prove that the second integrals in (4.7) and (4.8) converge to zero as n — 0o we have

and hence
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to show that f Az Ary xdF,(x) converge to zero as n — +oo. By partial integration and

using the estimates of F, with G; and G; we get

/[A2 ﬂ)xdF*(:r) < F*K?—:) }I:—:—F*Ki?) }I:j—/(AQ ﬂ]F*(gc)agx

B Ty S e P
= (1-ge)i- (1-%€n)’4§ (-7
+ A110g%2

20
= 25+(co+5)log<1+ )
Co — 1)
Thanks to the arbitrariness of § > 0, this entails that the second integrals in (4.7) and
(4.8) converge to zero as n — +oo and hence lim,,_,, A(n) = 0. This implies (iii) and
concludes the proof. O

Proof of Theorem 3.3. Let (70, VO) be the random vector given by Lemma 4.2. Consider
a sequence (X;,V;);>1 of i.i.d. random vectors with the same distribution of (X, V)
and such that (X, V;);>1 is stochastically independent of B =o{(8,, : j=1,...,n)n>1}.
By (4.2) we already know that Z;\ll B;,n,V; has probability distribution p... Now, for
every n > 0, denote by p,, the law of the random variable W, 1, defined in (2.9). Hence,
by convexity

B (i, proo) < Y e (1= )" D (Hn1, froo)
n>1
- P
<> e 1= e Y (X - V)
n>1 j=1

Since E|X; — V;|? < 400 and E(X; — V;) = 0, we can make use of the von Bahr-Esseen
inequality (4.5) — conditionally to B — and get

B30 8,5, — V)| = B[] 30 8505, — v 5]
=1 5=1

< QE(iﬁme“Xj — Vj|P’BD = 2| X, —Vo\PE(iﬁin)-

j=1 j=1

From Lemma 2 in [3], one has

"y Tt S
B( %) = v + 1 @9

and hence, recalling that forevery y > —land 0 <u <1

’Y +n) n—1 —(v+1)
1—u =y~ 4.10
Z et (4.10)
one gets
+S(@)
dp(pht, poo) < Cpe P
with Cp = (2E|YO - V0|p) 5. O
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5 Proof of Theorems 3.4 and 3.5

In this section we will prove the exponential rates of convergence to equilibrium
which have been presented in Section 3.1. We will develop in details only the proof of
Theorem 3.4 since Theorem 3.5 can be proved in a very similar way with slight adap-
tations. As already anticipated, both Theorems 3.4 and 3.5 descend from an inductive
argument — applied to the order of the Wasserstein distance — supplemented by the
probabilistic representation of the solution of (1.1) briefly recalled in Section 2.1. Re-
call that for every n > 0, u, is the law of the random variable W,,; introduced in
(2.9).

We start by proving two simple lemmata:

Lemma 5.1. Assume that (Hy) holds true for some p > « such that d,(fio, fteo) < +00.
Then the function

t— o(p Z e (l—eH"™ 1dm"‘x(” 1)( n—1, oo) (5.1)
n>1

is continuous and bounded on every interval [0, T].

Proof. For every fixed ¢t € [0,7], we have to show that the series in (5.1) converges. In
view of the hypothesis d,(fio, teo) < +00, there exists a random vector (X, Vo) such
that £(Xo) = fo, L(Veo) = oo and dp(fig, poo) = (]E\XO—VOOP’)m. Consider a
sequence (X;,V;);>1 of i.i.d. random vectors distributed as (XO, V) and independent

of (Bjn:j=1,...,n)n>1. By (4.2), we have that Zj 1B8inVy = VOO, hence
Ze _ ) 1dmax(p1)(Mn_1"uoo Ze (1— e tyn= 1E‘Z/8JTLX —V)
n>1 n>1
< Z e~ 1 — e rL lnrnaX(pJ)_l]E(Zﬂfn)dgla)((p7l)(ﬂ0a,u/oo)-
n>1 j=1

By (4.9), we conclude that the series in (5.1) converges. Thus, the function defined in
(5.1) is bounded and continuous at every ¢ € [0,T]. O

Lemma 5.2. Let ¢ be the function defined in (3.2). Assume that (Hy) holds true for
some p > « and define p := sup{q > a : ¢(q) < 0}. If p < 400 and ¢(p) < 0 then the
function ¢ is continuous on |«, p], otherwise it is continuous on |«, p). Moreover one of
the following is true:

(i) the function ¢ is strictly decreasing on («, p);

(ii) there exists a point py < p such that the function y is strictly decreasing on («, py)
and strictly increasing on (po, p);

Proof. First of all, by the dominated convergence theorem, one proves that ¢ — S(q) is
continuous on its domain, i.e. where it is finite. Moreover, one can easily show that for
every g belonging to the interior of the domain of S

d d
_ — (14 q — q q
15 E[dq (L +R )] IE(L log L+ R logR), (5.2)
and
i (log L)*> + R(log R)* 5.3
i2S(@) = B[L%(log L)* + R(log R)’] (5.3)
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Now consider ¢ on the interval (0, p); this interval is obviously included in the interior
of the domain of S and, therefore, ¢ is differentiable on (0, p) and

Slq) = 3’(q)Qq2— S(a)

Now we claim that there is at most one point py € (0,p) such that ¢’'(py) = 0, i.e.
S'(po)po — S(po) = 0. Computing the derivative one gets

d

& (5’(Q)q - S(q)) =qS8"(q)

which, from (5.3), is strictly positive since P{(L, R) € {0,1}?} < 1 (see (2.4)). Thus,
qg+— S'(q¢)qg — S(q) is a strictly increasing function and the claim follows if we show that

lim sup (S/(q)q — S(q)) <0. (5.4)

q—0t

To this end, fix ¢ € (0, o] and note that
Lyp~0y < Wyocr<iy + L1y

and that the right hand side is integrable; an analogous fact obviously holds for R.
Then, by dominated convergence theorem,

lim S(q) = lim BE|LT o0 +RqH{R>O}} 1

q—0Tt q—0t

= P{L>0}+P{R>0}-1

which, by hypothesis (2.1), is strictly positive and hence — lim,_,o+ S(q) < 0.

On the other hand, since S is convex and (Hy) holds, then ¢S’(¢) < 0 for every ¢ € (0, a;
therefore

limsup ¢S’'(q) <0
q—0+t

and hence (5.4) holds. Thus, we obtain that there is at most one point py such that
¢'(po) = 0. The thesis follows since 0 = S(«) > S(p) and hence 0 = ¢(a) > ¢(p) for
a<p<p. O

Here we prove a proposition that will give the fundamental tools for the inductive
argument that we will use in the proofs of Theorems 3.4-3.5-3.14.

Proposition 5.3. Assume that the assumptions of Lemma 5.1 are in force. Consider
the function o; defined in (5.1) and a real number q such that 1 < q < p. Then there is
a suitable constant B, such that

e ifl1 < q<2then

t
o1la) < difo. po)e' S + SOB, [ e S 0a1(1)ar (5.5)
0
e ifp>2andq> 2 then
t
o1la) < difo.po)e' S + OB, [ SO0 (o i G.6)
0
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Moreover, for every s > 1 one has

d3(pes proc) < 04(s). (5.7)

Proof. Statement (5.7) is trivial since, by Jensen’s inequality, one has

sty phoo) Ze (1—e” nds(ﬂnvﬂw)—at(s)
n>0

Now we prove (5.5) and (5.6). Consider two stochastically independent sequences
(W, VD k>1, W/, V" )k>1, suchthat V] = V” < V..; additionally, suppose that (W, VDk>1,
(W}, V")k>1, are stochastically independent of ((Ly,, Ry.))n>1, (In)n>1, (N¢)¢>0 and, for
every k > 1, (W, V/) and (W), V}') are optimal couplings for ds(ux—1,lteo) for every
s > 1. Let us specify that we can always find such random variables since, having
defined for every z € R

Fi(z) == pu((—00,z])

Fo () := poo((—00, x])a

it suffices to choose W} = F;, ', (U}), W' = F, ' (U}),V), = FN(UY}), V' = FXH(U}) with
(Ui)k>1, (U )k>1, i.i.d. random variables uniformly distributed on (0,1). Recall also the
following fact: if a,b € R* and ¢ > 1, then

(a+0b)7 <a? + b7+ cy(a? b+ ab?™t) (5.8)

with ¢, == ¢ if ¢ € [2,3] and ¢, := ¢2973 otherwise; see, e.g., Lemma 3.1 in [24]. Now
put A, 41(8) := d5(pin, o) for every n > 0 and s > 1. Thanks to the independence of
(W}, V) and (W], V}), (4.1) and (5.8) lead to

q

pula) s = e'ou(a) < Da(@) + D (1= e B[OV, = Vi) + ROWiaog, = Vs )

n>1

gAl(q)—FZ(l—e_t) [ (Lq|W1 Vi 9+ RIYW, =Vl 1n|>

n>1

+CqE(Lq71R‘WI -V |7 W o~ Vaiiog,

+ LRI W = Vi Wi, ;;I_In\q*)}

S [(B@Ew; - v

—t\n

1@"‘2%

+ e (]E(Lq‘lR)E’W,; vl

q
+E R7) E‘ 1=k — Vagi—k

"
E‘ n+1 k Vn-&-l—k‘

= )

Q)+ % > (E(Lq + Rq)lE‘W,; —v

n>1 k=1

n E(LRQ*l)E’W,g SR V4 ol 7 S T

+ e B(LSIR + LR‘A’*l)E)W,; vl

1
E‘ n+1 k n+1—kD'

Recalling that (W], V) and (W}/,V}”) have been defined as optimal couplings for
ds(pr—1, phoo) for every s > 1 and putting A\, := E(L9+ R?) = S(q) +1, By := ¢,E(LI 'R+
LR971), one has

pi(q) < Ai(g Z Z (/\qu(q) n BqE(W,; W qilAnH_k(l)). (5.9)

n>1 k=1
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At this stage, we have to distinguish two different situations, i.e. 1 < ¢ < 2 or ¢ > 2
(which is possible if p > 2). The reason for this distinction lies in the fact that if ¢ > 2
then ¢ — 1 > 1 and hence (by definition of (Wy, V{)r>1) E[W] — V/|*"! = dl” " k1, o)
while, if ¢ < 2 then ¢ — 1 < 1 and E|W} — V//|9"! is not equal to dg_1 (px—1, uoo) We begin
to consider the case ¢ > 2: as already noticed, E|W] — V/|97! = Ay(¢ — 1) and hence,
from (5.9), one has

o) < Mafg) + 30 L=y (Aqu(cn + ByAklg — DAax(1))
n>1 k=1
— e )itk
)+ T (k@) + B - 08,0 ()
k>15>0
Yy / e dr (A Au(a) + Bydi(a — DA 1 (1)
k>15>0

= Ai(q) + /t [Z (Ze‘T(l — e_T)j)(l —e )N, Ak(q)

0 "k>1 " j>0

3 (Y=Y AL (1) Byl ) T Aulg = 1)|dr

k>1 §>0

=Ai(g) + /Ot (Aq,of(q) + Bgor(1)pr(q — 1))dT,

which means that

t t

pe(@) < A1(q) + A | pr(@)dr + By | € o-(1)o,(q—1)dr.
0 0

Thanks to Gronwall Lemma (whose applicability is guaranteed by Lemma 5.1), it follows
that

¢
pe(q) < Ai(g)et + Bq/ e o (1o (g — 1)dr.
0

Hence, for any g > 2,
t
or(q) < Ai(g)e 1) 4 e_t(l_)‘“)Bq/ "1 2)o_ (1), (g —1)dr (5.10)
0

which gives (5.6). On the other hand, if 1 < ¢ < 2 then, by Jensen’s inequality, E|W, —

q—1
Vit < (]E|W,g - Vk’|> = A?7'(1) and, with the same technique used to get (5.10)
from (5.9), one can easily obtain

t
oi(q) < Al((J)eft(lf’\‘f) + eft(lfx“)Bq/ em(1= )Uq(l)dT
0

which gives (5.5). O
We are now ready to prove Theorem 3.4 and Theorem 3.5.

Proof of Theorem 3.4. From the hypotheses one knows that S(a) = 0, S(p) < 0 and
p > 1; hence, thanks to the convexity of S, it is clear that S(1) < 0. Thus, from the proof
of Theorem 5 in [3] we have that

o1 (1) < di(fig, proo )erS M. (5.11)
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Define the integer k, > 1 and the real number ¢, € (0,1] such that p = k, + ¢, i.e. k,
and ¢, are, respectively, the integer and the fractionary part of p.

Step 1. Let us assume that
o(i+ep) #p(l) foreveryi=1,...,kp. (5.12)
Under this assumption we show by mathematical induction that
oi(i+ep) < Cipe e 0T foreveryi=1,...,k, (5.13)
for suitable constants 0 < C’i+5p < 400 with
—K(i+¢ep) :=max{S(i +¢p),S(1)(i +¢&p)}. (5.14)

Note that (5.13)-(5.14) for ¢ = k,, supplemented by (5.7), gives (3.4). In order to prove
(5.13)-(5.14) for ¢+ = 1, it suffices to combine (5.5) and (5.11) to get

or(1+p) <AL(1 4 ¢,)etS0Fer)

' 5.15
betSUte g, / Oy erl=Srep) +S () (A+ey)] g (5.15)
0

with C; := di (Jio, feo )57 By hypothesis (5.12) it follows that —S(1+¢,)+S(1)(1+¢,) #
0 and hence, solving the integral, one obtains that

O't(l +5p) < Cl+€pe—tK(1+Ep)

for a suitable constant 0 < C14., < +oo. This proves (5.13)-(5.14) fori = 1. If k, = 1,
there is nothing else to be proved. If k, > 2 we proceed by induction. Assuming that
(5.13)-(5.14) hold true forevery ¢ =1,...,5 — 1 (2 < j < k), we show that they hold for
1 = j. By (5.6) and (5.11) we have that

0i(j +ep) < A1(j +ep)etSUTER)

. t _ | (5.16)
4 Bye 10 se e!SUED) / TS UHe) S ()—K (G- 1+ep)] g
P I3
0

Let us now show that the exponent in the integral above is non-zero, i.e. —S(j + ¢;,) +
S(1) — K(j — 1+ ¢p) # 0 whatever is the value of o(j —1+¢p). If p(j —1+¢,) > p(1)
then, by Lemma 5.2, ¢(j +¢,) > ¢(j — 1 +¢,) and hence

S +ep)+SA)—K(—1+ep) <=8 +ep) +o(i—1+¢ep)
(i —1+ep)(—1+ep) ==S(+ep) +(i —1+6,)J +¢p)
<=8 +ep) ol +ep)j+ep) =0.

On the other hand, if p(j — 1 +¢,) < ¢(1), then

—S(+ep) +SAU)—K({G—14¢p)=-8S(G+ep) +S1)
+(—1+ep)S(1) =S +ep) +S1)(j+¢p) #0

by assumption (5.12). Having proved that the exponent in the integral in (5.16) is non-
zero, an explicit integration gives (5.13)-(5.14) provided that the equality

max{S(j +,),S(1) — K(j — 1 +&,)} = —K(j +¢,) (5.17)
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holds. Thus, let us prove this equality. If ¢(j +¢,) < ¢(1) then, by Lemma 5.2, ¢(j — 1+
ep) < (1) and by the inductive step —K(j —1+¢,) = (j — 1+ ¢,)S(1). Hence,

max{S(j +&p), S(1) = K(j — 1+ &)} = max{S(j +¢&p), (j +&)S5(1)}

which is (5.17). On the other hand, let us assume that ¢(j + ¢,) > ¢(1). We need to
treat separately two cases. If p(j —1+¢,) < ¢(1) then —K(j —1+4¢,) = (j —1+¢,)S(1)
and hence (5.17) holds. If p(j —1+¢,) > ¢(1) then

max{S(j +¢,),S(1) — K(j —1+¢p)} =max{S(j+¢&,),S1)+S(G —1+4+¢,)}
and, by Lemma 5.2, (j 4+ £,) > ¢(j — 1 +£,) > ¢(1). Hence
S +8G—1+ep) <p(i—1+ep)(j+ep) <S(+ep)
This shows that
max{S(j +&p),S(1) — K(j — 1+ &)} = S(j + &p) = max{S(j +&,),S(1)(j + &)}

which is (5.17). This concludes the proof when (5.12) holds.

Step 2. Let us now assume that ¢(p) = ¢(1). By Lemma 5.2 it follows that ¢(j +¢&,) <
(1) for every j = 1,...,k, — 1. Hence, the proof can be developed by induction as in
Steplforj=1,...,k,—1and in particular —K(k, —1+¢,) = —K(p—1) = (p— 1)S(1).
Using this equality in (5.16), one gets

t
oi(p) < Al(p)ets(l’) JerClcp_letS(p)/ e PTle(P) =P (D] g7
0

= Ay (p)etS?P) + B,C1Cp_1te!SP) < CptetS®)

which gives (3.4) when ¢(p) = ¢(1).

Step 3. It remains to consider the case in which there exists i* € {1,...,k, — 1} such
that ¢(i* + ¢,) = ¢(1). Arguing as in Step 1, one proves that (5.13)-(5.14) hold for
i1=1,...,7" — 1. Moreover, arguing as in Step 2 one gets

o1 (i +¢p) < Ci*+spt€t8(i*+€p)-

Now we prove that (5.13)-(5.14) hold for 7+ = ¢* 4+ 1. By (5.6) and the above inequality
one gets

o(i"+1+ep) < A"+ 1+ Ep)ets(i*"'l“‘fp)

t
+ Bix114¢,C1Cix e ets(i*+1+ap)/ 7eT (S H1Hep)FSMFS el g
0
" (5.18)
< Al(Z* —|—1+€p)6t8(1 +1+4ep)

t
+ Biep14e,C1C 4o ™ +1+8”)/ eT[=S (T H1+ep)+SMFS (@ +ep)tnl g
0

for every n > 0. Moreover, one has

=SE" +14¢e,)+SA)+S(E" +¢ep) =-=S@E"+1+¢ep) + (" +¢p) +SE" +¢p)
[since p(i* +¢&,) = (1) = S(1)]
=S +1+ep) + (" +e,)("+1+¢p)
< =S +14+e)+o(E"+14¢ep)(@"+14¢,) =0
[since, by Lemma 5.2, ¢(i* +¢,) < o(i* + 14 ¢,)1.
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Hence,
—SE +14+¢e,)+SA)+SE +¢p)+n<0 (5.19)

for any n > 0 small enough. Thus, (5.18) gives
o (i +1+¢,) < Ci*+1+sp67tﬁ

with
—R=max{S(i" +1+¢),8(1) + 8" + &) +n}-

By (5.19) we get —& = S(i* + 1 + ¢;,) which entails (5.13)-(5.14) for ¢ = ¢* + 1 since, as
already observed, ¢(1) < ¢(i* + 1+ ¢,). The proof can be now concluded by induction
forj=1"+2,...,k, asin Step 1. O

Proof of Theorem 3.5. The proof follows the same argument used in the proof of Theo-
rem 3.4. In particular, firstly let us assume that

wli+ep) #p(2) fori=2,... kp. (5.20)
Under this assumption we prove by mathematical induction that
ou(i +ep) < Cipe e K0T foreveryi=2,....k, (5.21)
for suitable constants 0 < (., < 400, with
— K(i+ep) :=max{S(i +¢p), 0(2)(i +&p)}. (5.22)

Since p > 2, we use (5.6) as the fundamental tool for the induction. From the proofs of
Theorem 3.1 (when a # 1) and Theorem 3.3 (when o = 1) one has

01(2) < C2et53), (5.23)
By Lyapunov’s and Jensen’s inequalities one gets

1+e

and O't(1+€) SUf(Q) 2

Nl

oi(1) < o4(2)
for every 0 < ¢ < 1. Combining the above inequalities with (5.23) one has

01 (1) < V2d(fig, proo)e'*®  and

(5.24)
or(14e) < V2 dE (g, pso e E (9,
Using (5.24) in (5.6), it follows that
01(2+ ) SAL(2 4 g,)etSEFEr)
(5.25)

t
+etS@tep, / OyeTl=S@ e+ 2+en)] g
0

Noticing that the first step of induction is ¢ = 2, one can follow the same steps of
the proof of Theorem 3.4 using (5.24) in place of (5.11), (5.25) in place of (5.15) and
»(2) = %2) in place of ¢(1) = S(1). Finally, if (5.20) does not hold, one can follow the
same argument developed in Steps 2-3 of the proof of Theorem 3.4 with the appropriate
changes. O
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6 Proofs of Proposition 3.12 and Theorems 3.13, 3.14

We start by proving Proposition 3.12 which provides rates of convergence in Fourier
metrics of suitable orders for any « € (0, 2].

Proof of Proposition 3.12. By convexity of the Fourier distance we know that

Xa+6 Mt ,uoo Z e 1 —e Xa+§(/14n> /1400)
n>0

So we need a bound for x445(fin, oo )- By (4.2) one gets

H (Bjn€))- (6.1)
Now recall that for every n > 1if 2zq,...,2,, w1, ... w, are complex numbers such that
|z;] < 1and |w;| <1foreveryi=1,...,n, then

[I= T
i=1 i=1
Using this inequality and (6.1) one obtains

n
< g |z; — w;] .
i=1

Xa+6 (an Moo) = 23‘}3 ‘£|a+6
| HT‘L:1 /30 (/Bj,nf) - Hﬂ:1 floo (ﬁ],n§)|
— = J J
o0 ( €[+ )
< supE Z |/L0 B, n) = flo (Bj,n§)|

+4
g0\ €|

|,UO Bjng ﬂoo(ﬁj,ng” o jatd
2‘3232 Byaglers 10

— sup—mo( |)y|0‘+5 (Z "‘*5).

IN

So, by (4.9), one can write

I'(n+ S(a+9))

«@ ) oo 1_ t «@ 77 [es}
Xo+d /’Lt H ;6 € X +5(:u’0 H )F(n)F(S(a+5)+1)

and therefore, using (4.10),

Xa+6(/~bt7/~000) < XaH(ﬂo,/Loo)etS("*‘s).

In order to prove Theorem 3.13 we need the following

Proposition 6.1. For every two probability measures p1, o on R such that
Jg 2?pa(dz) < 400, [ #?p2(dr) < +oo and xa4s(p1, p2) < 400, then

dy(pr, po) < CXngé) (1, p2)
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with

1 [ 2%% 4

—1 1 2+

C = (2% 27) ME= =
* 27 352 T o5

and M, := max{ [ #*p1(dz), [ 2°po(dx)}.

The proof of this proposition can be done following the same argument, with slight
changes, of the proof of Theorem 2.21 of [11].

Proof of Theorem 3.13. It is worth noticing that x245(fio, teo) iS finite. Indeed, as al-
ready observed, both iy and u. have equal mean (more precisely, zero mean) and
equal variance. Thus, Proposition 2.6 in [11] entails the finiteness of x245(f0, tteo) PTO-
vided that [p [#[*"[ig(dz) < +oo and [, [2[*"pe(dz) < +oo; the former integral is
finite by hypothesis, the latter is finite since S(2 + §) < 0. Under the assumptions of
Theorem 3.14, one has [p 2%/ (dx) = [, #* oo (dz) for every ¢t > 0 and hence one can
apply Proposition 6.1 to get

d (Mtvﬂoo) < CX;$;5> (,utv,uoc)

with C' that does not depend on ¢. Now Proposition 3.12 gives

S(2+96)

dy (Mta Moo) < stfg(;) <M07 Moo)et B(2138)
which proves Theorem 3.13. -

We are now ready to prove Theorem 3.14.

Proof of Theorem 3.14. Define the integer k, > 2 and the real number ¢, € (0,1] such
that p = k, +¢,. We prove by induction that

e Mirer i S(j+e,) #

‘ 2+¢p)
_ iten o( 2 .
ol +ep) < { Cjge te”Fiter i S(j+e,) = 30 o

1
i

for j =2,...,k,, where —R;,. :=max{S(j +¢p),20(2+¢,)}. Ifk, =2thenp=2+¢,
and, in order to use (5.6) with ¢ = 2+ ¢, we have to compute 0,(1) and 0,(1+¢,). Since
Jg [z[**e7 fig(dz) < 400 by hypothesis, one clearly has [ [x[*"» 1, (dz) < +oo for every
n > 1. Moreover, [p|z[*un(dx) = [g|2[*toc(dz). Then, Proposition 6.1 and Jensen’s
inequality give

S c e ]- —e X2+6p (:U’nu ;U/oo) 3(2+€p)

1
_ 52 +ep)
<C(Z€ tl—e X2+sp(ﬂna/i0<>>)d o

and hence, arguing as in the proof of Proposition 3.12,
or(1) < Cletii((;:;)) — O es9(2Fen)
where C := Cxaye, (flo, foo) s . Moreover, by (3.15),

t(1+¢ep) Z e '(1—e” "diiz‘)(un,uoo) < F;ﬁp.
n>0
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Thus, using (5.6) and the above estimates for ¢,(1) and o,(1 + ¢;,), one has
04(2+ &p) < Ap(2+ &)/ S Tr)
t
+CiTy 7 By S r) / e TSt iRt gr
0

=0(2+¢p) <A1(2+ sp)et‘s(%‘sp)

t 53¢
1+-¢, —78(2 P 3
+O1F2+Esz+gp6t3(2+€p)/ e T (24¢p) 5732, dr.
0

Clearly S(2 + ¢p) gigz” # 0 and hence we get
o (2+¢p) < C2+spet max{5(2+ep), 30(2+ep)}
which is the thesis since max{S(2 + ¢,), w(2;6p)} — 50(2;:5@) = —Ry,.,. This concludes

the proof if £, = 2. On the other hand, if k, > 3, assume that (6.2) holds true for
j=2,...,k, — 1. Using (5.6) we get

a1 (kp + p) < Ai(kp + gp)e"Strter)

t
4 By e, C1Cl 1y, e SU+en) / el SUten) theCtenlg (b _ 14 ¢))dr.
0

By the inductive hypothesis, o,(k, —1+¢,) < D for a suitable constant D > 0 and hence
or(kp +ep) < Ax(kp + 5p)et$(kp+€p)

t
+ DBy, 1e,C1Ck, —1+¢ ets(kp"'gp)/ eT=Stkpten)t50(2ten)l gy
0
and the thesis follows. O

7 Proof of Theorem 3.10

The proof of this theorem is inspired by the proof of Lemma 3.19 in [13]. See also
Lemma 3.1 in [31].

Proof of Part (i) Let § € [0,1) such that k + 4 = 1+ B2 Let ¢5,¢5,¢ .6,
...,&,_1,¢_, be given in Proposition 3.9. Note that, since |3| # 1, ¢f > 0 and ¢; > 0.
Recall that if U is a random variable uniformly distributed on (0, 1) then (F;, ' (U), FZ' (U))
is a coupling for d,(fio, ieo) and hence

dp([0s fhoo) < (E’FJI(U) B Fo_ol(U)’p)%/\l

(7.1)
1 1 AN 1 1 AN
< (EF @) -c @) + (Ble ) - Fi'@)])
where G is a real-valued function of real argument defined by
k-1 & .
Zi:o W lfx < —M1
Gla):=1{ Y0 e f-Mi<z <M, (7.2)
1
k— &r .
1= Y000 soime it > My
with M; > 0, M5 > 0 being such that G is a distribution function, i.e.
k-1 & .
M Xiso s <L
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+

& k-1 ¢
2) o5 e S1-2iny yeme
(3) G'(xz) > 0forevery x € R\ {—M;, Ma}.
As for (1) and (2), it suffices to choose M; and M, sufficiently large. Regarding (3), note
that
k=1 & (i+D)a .
> i=0 m(z&% if v € (—o0, —M)
G/(ZE) = 0 ifz € (—Ml,Mg)
Zf:ol ;(;Erzj)»izrl ifz e (M2a +OO)7
which is positive for sufficiently large M;’s. Thus, the function G is a distribution func-
tion and G~! is its quantile. With a simple change of variables in (7.1) we can write

EYNI

i) < ([ |67 ) =" aru)™" = ([ |67 Pt = o apct))”

G (Fo(y)) *y’ dFy(y ) +Cx

G () — o F)

1A1

_ p »
where M > max{My, My}, Cp := (f(iﬁ&ﬁ) ‘G_l(FO(y)) — y’ dFo(y)> < 400, Cp =

P %/\1
(f(_MJrM) ‘G‘l(Foo(y)) - y‘ dFoo(y)) < 4o00. Hence, the finiteness of the d, dis-
tance between [ip and p follows if we show that

/( —M,+M)e
/( —M,+M)e

Let us start studying the first integral confining ourselves to the calculus on the interval
(M, 4+0o0) (the integral on (—oo, —M) can be treated in the same way): we introduce the
function

G~ (Foy)) — | dFu(y) < +ox,

G (Fuo(y)) — y’deoo(y) < +oo.

H(z) = Fy(z) — G(z)  (z > ).

By hypotheses (3.13) and (3.14) we deduce that H(z) = O W) Assuming, without

loss of generality that F(M) > G(Mz), using Taylor expansion of G~!(Fy(z)) around
G(x) we have that

d

G H(Fo(z)) = G7HG(z)+H(z)) =G (G(x) + H(z )duG’l(U) o)
H*(z) d?
( )72 1(7.L) -
2 du u=G(z)+0H (z)
for some 6 € (0,1). Now, putting R, := G~1(G(x) + 6H(z)), we obtain
- H(x) H(z) G"(R.)G'(z)
Y(F —r= 1-— . 7.
R = G (- @ ) 72
From the definition of G given in (7.2) we compute
k—1 ~+
(14 1)a acy
Z |$|(z+1)a+1 = P (I4+0(1)) forz— +o0
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k=1 -y
Gl+Daf(i+Da+1] ala+ 1)
Z 2G0T = —— v (1+o(1))  forz = oo

G//
and therefore (7.3) becomes

G (Fof) — 2| = | H@)lJ2]** (1 +0(1)
acy (7.4)

a+1H(z) |Ry[?*t! '
[ 2 o

for x — +00. We now show that H(x)% = o(1) for + — +oo. By further increasing
M, if needed, we can say that there exist A, > 0, A_ > 0 such that for every x > M

G- (x) <G(x) < Gy(2)

where G4 (z) := 1 — 2% . In particular

Jale

A_ )é

( o )é =Gl <G (Y <G(y = (ﬂ

11—y

for every y sufficiently close to 1. Since G(z) + 6 H(x) — 1 for £ — 400, we obtain

R, = G YG(x)+0H(z)) <G ' G(x)+0H(z)) = A% T
1= [G() + 0H (2)])”
§ A7 _ A7
- (1-Gi -or@)" (1= (1~ 2%) - oH@)"
_ Az lal - m((j;)é —I—o(l))

<A+ - 9|x|“H(x)) .

where o(1) is for z — 4o00. Recalling that H(z) = O( ‘ml(,}ma ) we can conclude that

2a+1 I2a+1 B é at1
) < i () o)™ = o)

for x — +oo and therefore, from (7.4),

G (Fufe) | = e B0+ o)

Hence, for suitable positive constants C,C’,C”, C"’, we can write

/+W‘G_1(F0(x))—x’de0(m) < c/Mm <|H(m)||m\a+1>de0(m)

M

oo () P

< ! a+1

= C/ﬁ (|x|<k+6>a|x‘ ) dFo(e)
+oo

= 0 [ ablapt RO R )
M
+oo

= ' [ llablalap()
M
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From Lemma 7.1 below the last term is finite by further increasing M in order to have
M > B. This argument, which proves that [, ’G_l(Fo(y)) —y deo(y) < 400, can be
extended to the same integral with (—oo, —M) as domain of integration.

The integral [, (T TT)
noticing that, in view of Proposition 3.9, F, satisfies conditions similar to (3.12) and
(3.13) with ¢ () = || ~*T(+*&)2_ This shows that d,,(jio, fiee) < +00.

p
G Fx(y)) — y‘ dF+(y) can be treated in the same way

Proof of Part (ii) Suppose that 5 = —1 (the case g = 1 can be done in an analogous
way). We start as in the proof of Part (i) writing

A1

(/01 [y () - F;l(u)’pdu> ’
< </OF°(O) By ) —Fogl(u)]pdu> " + (/F;O) ]Fol(u)’pdu> "

F 1Al ial
0(0) p P P
< / ‘Fgl(u) —F;l(u)‘ du + / |z[PdFy ()

0 [Fo ' (Fo(0)),+00)

0
A1

P
+(f o[ dFo(z)
[F" (Fo(0)),+00)

The first integral can be treated with the same argument of Part (i); the second integral
is finite by hypothesis; the third, by partial integration, is finite whenever f0+°°(1 —
Foo(x))zP~1dz is finite. Now, since S(s) < 0, Proposition 3.9 gives 1 — F..(z) = O(z~%)
and hence ["°(1 — Fioo(2))a?'da < C [;7 2P~ 1"%dz < +oo.

O
The proof of the following lemma is left to the reader.

Lemma 7.1. Let ( be the function defined in Theorem 3.10 and suppose that (3.14)
holds true. Then
+oo
/ CP(x)zdFy(x) < +o0.
B

A Proof of Proposition 3.9

In this appendix we prove Proposition 3.9. The main point is to recall the well-
known asymptotic expansion for the probability distribution function of an a-stable law
with « # 1:

Proposition A.1 ([13, 21, 34]). Let F,, be the distribution function of an «-stable law
of parameters (), 5) with o # 1.
If|B| # 1, then for every k > 1

Fa(:r)*i il +...+C’€7—1+0(#> forr — —oo (A1)

- ‘m|a |x|2(x ‘mlka |Z‘|(k+1)a
+ + +
G ] Cr_1 1
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where c(jf are related to (A, 5) by (2.14) and

(= D)INHID (i + 1)) sin(E (i + 1) (o £ )
= D) 2 (A.3)

fori=1,...,k— 1 where (5\, B) are related to (A, 8) by
.9 T -
B = — arctan(g tan(K(a)i)), A= ——
i

with

a ifa<1
a—2 ifa>1.

k(@)= {

Moreover, if § = —1[8 = 1, resp.], then (A.1) [(A.2), resp.] holds true and 1 — F,(x) =
O(L) [Fo(x) = O(lw), resp.] for x — +o0 [for x — —oo, resp.] for every n > 0.

]

This proposition follows from Theorem 1.4 of [13] by a simple integration of the
density therein. See also Section 2.4 of [21] and Section 2.4 of [34].
On the other hand, if « = 1 and ¢ = ¢;, then F} is a symmetric Cauchy distribution of
scale parameter \ = cg 7w and a straightforward asymptotic expansion gives

k—1 )\21+1

1

=0

for every k > 1. Combining (3.9), Proposition A.1 and (A.4) we obtain Proposition 3.9.

B Proof of Theorem 2.3

Proof of Theorem 2.3. The theorem can be proved in a very similar way of Theorem 1 of
[3]. In particular it is based on the following simple result: Let (X,,),>1 be a sequence of
i.i.d. random variables with common distribution function Fy. Assume that (ajn)jzl,n21
is a sequence of positive weights such that

lim E Ain = G and lim max a;, = 0.
n——+00 4 Jn > n—+o00 1<j<n I

If Fy satisfy (2.16) and (2.17) holds, then Z?:I ajnX; converges in law to a Cauchy
random variable of scale parameter ma..co and position parameter a,7y. To prove this
result, according to the classical general central limit theorem for array of independent
random variables, it is enough to prove that

. (oo Co
lim ¢, (z) = 0), B.1
lim lim o2 =(e) =0, (B.2)
e—0+ n—+o0
lim 7, = asYo (B.3)
n—-+4oo
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are simultaneously satisfied where

<>—ﬂ{x<0}§j@jn +H{x>0}§j —Qin(x) (zER),

/ o 22 dQsn() — ( /( _E7+6]dej,n(x)> boe>o),

1- Qj,n(l) - Qj,n(_l) + /(_1 . dej,n(x)}7

1
(aj.x) with the convention Fy(-/0) := Ijg 400 ().

See, e.g., Theorem 30 and Proposition 11 in [18]. Conditions (B.1) and (B.2) can be
proved exactly as the analogous conditions of Lemma 5 in [3]. As for condition (B.3)
note that

n
m=>an [
j=1

(=1/ajn,1/ajn]

mﬁw+§%4@44;»éfppégéj

Using the assumption on Fy and (a;y,);» it follows immediately that

limZajn/ xdFo(il') = G0
j=1

(=1/ajn,1/ajn)

and

= 1 1 1y 1
w3 (1)) (- )] et =0
1nmz a; [ 1-—Fy ) an F ) am aoo(co —co) =0
j=1
This gives (B.3). Using this result one obtains the analogous of Lemma 5 in [3] for o = 1.
At this stage the proof can be completed following the proof of Theorem 1 in [3]. O
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